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Abstract

Geometry of conditional independence

by

Jason Ryder Morton

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Bernd Sturmfels, Chair

This thesis investigates geometric aspects of the notions of conditional independence and

conditional probability. In Chapter 2, we develop the connection between conditional in-

dependence models and polyhedral fans. The main result uses algebraic techniques and

the permutohedron, a polytope that plays an important role in the geometry of conditional

independence. The results are applied to define a class of rank tests useful for exploratory

data analysis. In Chapter 3, we further develop this class of rank tests, called topograph-

ical models, for use in analyzing microarray data. We find the necessary algorithms and

counting theorems required to make this test practical. We apply these methods to two

data sets. In Chapter 4, we use the machinery of Chapter 2 to settle three open theoretical

questions about conditional independence models. In doing so we explore a more algebraic

perspective on semigraphoids. In Chapter 5, we answer a question raised by the work of

Besag on the relations among conditional probabilities. This is accomplished via toric ge-

ometry. We also show that the moment map relates the space of conditional probability
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distributions to generalized permutohedra.

Professor Bernd Sturmfels
Dissertation Committee Chair
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Matúš, and Seth Sullivant have also provided helpful comments. I would like to thank

my committee members, Bernd, Lior, Xin Guo, and (honorary member) Steve Evans, for

their generous provision of teaching, time, and patience in helping me on the climb toward

graduation. I appreciate the editors of Proceedings of the Third European Workshop on

Probabalistic Graphical Models, Statistical Applications in Genetics and Molecular Biology

and Combinatorics, Probability and Computing providing permission to include published

and in-press material. I would like to thank my department for supporting me financially

in the early years of graduate school and Bernd and DARPA for supporting me during the

research years. I would like to thank my parents Mel and Ginny for their support and

encouragement throughout my educational career. Finally, I thank my wife Sarah for her

much needed love, encouragement, and support.



1

Chapter 1

Introduction

In this thesis we study the geometry of conditional independence and conditional

probability. In this Chapter we introduce some of the concepts required for our study. In

Section 1.1, we cover polyhedral geometry; in Section 1.2, toric geometry; and in Section

1.3, we introduce some concepts from algebraic statistics.

1.1 Polyhedral geometry

In this section, we define essential concepts in polyhedral geometry, based on the

exposition in [69] and [73]. A point set K ⊂ Rd is convex if given u, v ∈ K, K contains

the segment {λu + (1 − λ)v : λ ∈ [0, 1]}. For a set S ⊂ Rd, the convex hull conv(S) is the

intersection of all convex sets containing S:

conv(S) =
⋂
{K ⊂ Rd : S ⊂ K, K convex}.

A polyhedron is a finite intersection of closed halfspaces in Rd, and accordingly may be

written as P = {x ∈ Rd : x>A ≤ b>} for a d × n matrix A. When b = 0, there are points
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a1, . . . , am in Rd such that P = pos(a1, . . . , am) := {λ1a1 + · · · + λmam : λj ∈ R≥0}. This

is a polyhedron by the Weyl-Minkowski Theorem [73]. Such a polyhedron is a polyhedral

cone . A cone is pointed if it contains no line. The lineality space of a polyhedron P is the

inclusion-maximal linear space contained in P . A bounded polyhedron (i.e. one containing

no ray) is a polytope . Every polytope may be written as the convex hull of a finite set of

points in Rd, and in particular is the convex hull of its vertices.

Let P ⊂ Rd be a polyhedron and w ∈ (Rd)∗ a linear functional. Define facew(P ) :=

{u ∈ P : w · u ≥ w · v for all v ∈ P}. A face of P is a subset of this form. The dimension

of a face is the dimension of its affine span. Vertices are 0-dimensional faces, edges 1-

dimensional. Faces other than the polytope itself are proper faces, and facets are maximal

proper faces. The face lattice of a polytope is the poset of all faces of P , partially ordered

by inclusion. A d-dimensional polytope is simplicial if all its proper faces are simplices, i.e.

if every facet has d vertices. A polytope is simple if every vertex is contained in only d

facets.

Definition 1.1.1. A fan in Rn is a finite collection F of polyhedral cones which satisfies

the following properties:

(i) if C ∈ F and C ′ is a face of C, then C ′ ∈ F ,

(ii) if C,C ′ ∈ F , then C ∩ C ′ is a face of C.

Definition 1.1.2. [32] Let P be a d-polytope. Its normal fan is the collection of, for each

nonempty face F ⊂ P , the set CF of all vectors w ∈ Rd such that the linear function

v 7→ 〈w, v〉 is maximized by all points in F .

There is an inclusion-reversing bijection between the faces of a polytope and the

faces of its normal fan. A fan can be described by the sets of vectors that generate its
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cones. In Chapter 2 we will define another notion of normal fans, the vector normal fan

that retains more information about these generating vectors. A fan is simplicial if all its

cones are simplex cones and complete if its cones cover the ambient Rd.

Finally, we need the notion of Minkowski sum. Given two polytopes P,Q ⊂ Rd,

their Minkowski sum is

P + Q = {x + y : x ∈ P, y ∈ Q}.

P is a Minkowski summand of Q if there exists a third polytope P ′ ⊂ Rd and λ > 0 such

that λQ = P + P ′. By [73], Proposition 7.12, the normal fan of a Minkowski sum is the

common refinement of the individual fans, where the common refinement of two fans F ,G

is the fan {C ∩ C ′ : C ∈ F ,G}. Every polyhedron P can be written as the Minkowski sum

P = Q + C of a polytope Q and a polyhedral cone C. The cone C is unique and is called

the recession cone of P [69, 60].

Let P = conv(A) where the columns of A lie in a common hyperplane in Rd.

As in [69], define the Ehrhart polynomial EP : N → N, r 7→ |ZA ∩ rP |. Here ZA denotes

the abelian group generated by A. It can be shown that EP is a polynomial of degree

dim P ≤ d−1. The leading coefficient of this polynomial is denoted Vol(P ), the normalized

volume of P . When dim(P ) = d − 1, and vol(P ) is the Euclidean volume of P , Vol(P ) =

vol(P ) · dim(P )! · |Zd/ZA|.

1.2 Toric ideals and toric varieties

Here we collect several useful facts about toric ideals and toric varieties based

primarily on Sturmfels’ book [69], also referring to [18, 24, 26, 48, 52].
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1.2.1 Affine toric varieties

Let A be a d×m integer matrix, with columns a·,1, . . . , a·m. Let C[x1, . . . , xm] be

a polynomial ring in m variables, and for u ∈ Zm let xu =
∏m

j=1 x
uj

j . The matrix A defines

a toric ideal

IA = 〈xu+ − xu− : u ∈ kerA ∩ Zm〉,

where u+ is the positive part of u and u− the negative. The toric ideal IA is a prime ideal.

A minimal set of binomials which generates IA is said to be a Markov basis for the matrix

A. A Gröbner basis {f1, . . . , fk} for an ideal I with respect to a monomial term order �

has in�(I) = 〈in�(f1), . . . in�(fk)〉. A Gröbner basis is universal if it is a Gröbner basis for

all term orders �.

In the affine space Cm with coordinates x1, . . . , xm, the ideal IA cuts out the affine

toric variety XA. The R≥0-span of the columns of A define a cone pos(A), and the N-

span defines a semigroup NA. The corresponding semigroup ring C[NA] is isomorphic to

the affine coordinate ring C[x1, . . . , xm]/IA, i.e.XA ∼= Spec(C[x1, . . . xm]/IA) ∼= Spec C[NA].

Such varieties are not always normal.

Proposition 1.2.1. For a d×m integer matrix A, the following are equivalent

(i) the affine coordinate ring C[NA] ∼= [̧x1, . . . , xm]/IA is normal,

(ii) the affine toric variety XA is normal,

(iii) the semigroup NA is normal,

(iv) NA = pos(A) ∩ Zd.

Proposition 1.2.1 also tells us one way to construct the normalization of a toric
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variety, namely by normalizing its semigroup [13]. Let σ be the cone {η ∈ Rd : η>A ≥ 0};

then σ∨ = pos(A) and the normalization of XA is Xσ as defined in [26].

The matrix A defines a map fA : θ 7→ θA from the d-dimensional torus Td to the

toric variety XA. This gives an explicit torus action and torus embedding. The closure of

the image of f is XA.

1.2.2 Polytopes and projective toric varieties

Let conv(A) be the convex hull of the columns of A. This is a polytope. Let YA

be the projective toric variety defined by taking the closure of the image of fA, and viewing

x1, . . . , xm as homogeneous coordinates. The corresponding homogeneous toric ideal is the

ideal

JA = 〈xu+ − xu− : u ∈ kerA ∩ Zm, ‖u+‖1 = ‖u−‖1〉. (1.1)

The affine cone over YA is the toric variety XA′ , whereA′ isA with a row of ones added at the

bottom unless the vector of all ones already lies in rowspan(A). This induces homogeneity

with respect to the Z-grading. When A has (1, 1, . . . , 1) in its row span (e.g. by having

equal column sums or (1, 1, . . . , 1) as a row), we say it is Z-graded and the norm restriction

in (1.1) is not required. Instead of (1, 1, . . . , 1), we can use another grading of the columns

of A to obtain multihomogeneous ideals. We will make use of such a grading in Chapter 5.

The following definition and lemma are given in Geiger, Meek, and Sturmfels [29]

and will be used in Chapter 4. A subset F of [m] = {1, . . . ,m} is facial if there is a vector

c ∈ Rd such that c>aj = 0 for i ∈ F and c>ai ≥ 1 for i ∈ [m] \ F . Thus the vector c is

orthogonal to the columns whose index is in F and not orthogonal to the other columns of

A. The characteristic vector of F is (z1, . . . , zm) with zi = 1 if i ∈ F and zi = 0 if i /∈ F .
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Proposition 1.2.2 ([29]). For a subset F of [m] and a matrix A, the following are equiv-

alent:

1. F is facial for A,

2. The characteristic vector of F lies in the nonnegative toric variety XA,

3. There exists a vector with support F in the nonnegative toric variety XA.

1.2.3 The moment map

The moment map sends a projective toric variety YA onto its polytope conv(A),

bijectively on the nonnegative part of the variety. In Chapter 5, we will use a version of

this theorem for toric varieties in a product of projective spaces.

Theorem 1.2.3. Let A be a d×m, Z-graded matrix, and YA the corresponding projective

toric variety. Then the map

µ : YA → conv(A), given by

µ(y) =
1

Z(y)

∑
j

|yj |a·j ,

where Z(y) =
∑

j |yj |, is a bijection from YA,≥0 onto conv(A). If further rank(A) = d, with

fA the torus embedding, then µ ◦ fA is homeomorphism Rd
>0 → conv(A)◦.

Proof. The map µ is the composition of two maps: µ1 : YA → ∆m−1 sending (y1 : · · · :

ym) to p = ( 1
Z(y) |y1|, . . . , 1

Z(y) |ym|), and µ2 : ∆m−1 → conv(A) sending p to Ap. For a

representative of a nonnegative point in YA which is scaled so its coordinates sum to one,

µ1 is the identity; µ2 is also an identity in the special case where A = Id, the identity

matrix. In general, given a point b ∈ conv(A), there is ambiguity in that there is a polytope
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PA(b) = {p : Ap = b} ∩ ∆m−1 of barycentric coordinates p ∈ ∆m−1 mapping to b under

µ2, and correspondingly there could be a space of toroidal fibers in YA. As it turns out,

only one point in YA,≥0 maps to b under µ. This point is the maximum entropy point in

the space PA(b) of feasible points of ∆m−1, or equivalently the point which minimizes the

KL-divergence to the uniform distribution pj = 1/m for all j.

Let D(p) = D(p||puniform) =
∑

j pj log pj − log 1
m

∑
j pj . Then the Hessian is 1

pj

on the diagonal and zero otherwise. This Hessian is positive definite on the interior ∆◦
m−1,

and on points of the relative interior of the faces of ∆m−1 after restricting to nonzero

coordinates. Thus D has a unique minimum on ∆m−1: were there another, the (possibly

restricted) Hessian would be positive definite on the open segment connecting the two

points, contradicting their minimality.

We argue that this minimum p∗ lies in YA. First suppose p∗ is a point in the

interior and u ∈ kerA. Then since p∗ lies in the interior, for small t so does p∗ + tu and

D(p∗ + tu) =
∑

j

(pj + tuj) log(pj + tuj)− log(
1
m

)
∑

j

(pj + tuj).

Then dD
dt =

∑
j uj log(pj + tuj) where the other terms vanish because the Z-grading of A

means that (1, 1, . . . , 1) lies in its rowspan and
∑

j uj = 0. Setting dD
dt = 0 at t = 0 to

satisfy the first order condition, we have
∑

j ujpj = 0. Grouping by the sign of the uj and

exponentiating, we have pu+
= pu− so p ∈ YA.

Now suppose p∗ lies on the boundary of ∆m−1, where one or more coordinates

pj are zero, and again let u ∈ ker(A). If the zeros of p are outside supp(u), the interior

argument holds after extending D with the limit p log(p) → 0 as p → 0. If a pj is zero in

both supp(u+) and supp(u−), the relation holds as 0 = 0. If pj = 1 for some j ∈ supp(u)

and the rest are 0, we will again obtain 0 = 0 for any nontrivial relation. Suppose then that
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we have the remaining case: pi = 0 for i ∈ supp(u+) but 0 < pj < 1 for all j ∈ supp(u−).

Then since ui > 0 for i ∈ supp(u+), for small t we have p∗ + tu ∈ ∆m−1. Now

dD

dt
=
∑

i:pi=0

ui(pi + tui) +
∑

j:pj 6=0

uj(pj + tuj)

which goes to −∞ as t→ 0, contradicting minimality of p∗, so this case cannot arise.

1.3 Algebraic statistics and conditional independence

1.3.1 A projective view of probability

Consider a probability space with m disjoint atomic events ([m], 2[m], P ). The

space of probability distributions P on them is typically represented as a probability simplex

as in Figure 1.1.

3•

1•










 2•
22

22
22

22
22

2 P (1) = 1, P (2) = 0, P (3) = 0oo

P (1) = P (2) = P (3) = 1
3

oo•

Figure 1.1: Probability simplex

Where each P (i) is a coordinate pi such that pi ≥ 0 and
∑

i pi = 1. We will be

describing families of probability distributions in terms of algebraic varieties, and we prefer

to think of points (p1 : · · · : pm) as lying in complex projective space because it is easier to

work with. There are two ways to match up the notion of the probability simplex with that

of complex projective space. One way to do so is to identify the probability simplex ∆m−1

with the real, positive part of the affine open
∑

i yi 6= 0 of the Pm−1 with homogeneous

coordinates (y1 : y2 : · · · : ym) as illustrated in Figure 1.2.
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Figure 1.2: Probability simplex in the projective plane

Another representation, which is equivalent in the special case that (y1 : · · · :

ym) ∈ ∆m−1, is to use the moment map (Theorem 1.2.3). The identity matrix A = Im

comprised of standard unit vectors ei defines the probability simplex ∆m−1 = conv(A).

The toric variety YA is then the projective space Pm−1 and the moment map is:

µ : Pm−1 → ∆m−1

µ((y1 : · · · : ym)) :
1∑
i |yi|
|yi|ei

The moment map µ is the identity map on the probability simplex, but allows us to define

a point on the probability simplex for more general points in complex projective space.

The fiber over any of these points is the torus (S1)n, a product of m unit circles, since

µ(y1 : . . . , : ym) = µ(eiθ1y1 : · · · : eiθmym). This point of view is also used in quantum

physics and elsewhere with the modified moment map µ′(y) : 1P
i |yi|2 |yi|2ei.

1.3.2 Algebraic statistical models

A (discrete) random variable X is a set of states {x1, . . . , xm} together with a

function P : {x1, . . . , xm} → [0, 1] such that
∑

i P (xi) = 1. The number P (xi) is the
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probability of X taking on the value xi. This function P is called a probability distribution.

A statistical model is family (a set) of probability distributions, i.e. a set of points in the

simplex ∆m−1 ⊂ Rm. In algebraic statistics [52], we consider statistical models that are

defined by the vanishing of systems of polynomial equations and possibly inequalities in the

indeterminates p1, . . . , pm, together with the constraints pi ≥ 0 ∀i, and
∑

i pi = 1; these are

semi-algebraic sets.

Typically, algebraic statistical models are defined parametrically as the image

of some parameter space Θ ⊂ Rd under a polynomial function f = (f1, . . . , fm). Then

P (xj) = 1
Z(θ)fj(θ), θ ∈ Θ where Z(θ) =

∑
j fj(θ) is a normalizing factor. Algebraic statisti-

cal models are extremely common in applications, and include log-linear exponential fami-

lies, hierarchical models, and graphical models such as Bayesian networks, hidden Markov

models, and Markov random fields [52].

Theorem 1.2.3 is also called Birch’s theorem; in Pachter and Sturmfels [52], Birch’s

theorem has the following form. Given the matrix A ∈ Nd×m and any vector b ∈ Rd, we

consider the relatively open polytope

P̃A(b) =
{

p ∈ Rm : A · p =
1
N
· b and pj > 0 for all j

}
.

Theorem 1.3.1 (Birch’s Theorem). Fix a toric model A and let u ∈ Nm
>0 be a strictly

positive data vector with sufficient statistic b = Au. The intersection of the polytope P̃A(b)

with the toric model f(Rd
>0) consists of precisely one point. That point is the maximum

likelihood estimate p̂ for the data u.
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1.3.3 Conditional independence

Conditional independence statements [19] describe the dependence relationship

among random variables. A conditional independence (CI) statement on a finite set of

random variables, indexed by [n] = {1, 2, . . . , n}, is a formal symbol I ⊥⊥ J |K where I, J, K

are disjoint subsets of [n]. The symbol I ⊥⊥ J |K represents the statement that the joint

random variables I and J are conditionally independent given the joint random variable K.

For K = ∅, we abbreviate I ⊥⊥ J |K by I ⊥⊥ J . A CI statement is called elementary if it is

of the form i ⊥⊥ j |K where i and j are singletons. A conditional independence model is a

set M of CI statements, typically subject to certain consistency axioms or other inference

rules.

For any joint probability distribution on n random variables, the set M of all

CI statements that are valid for the given distribution is a semigraphoid. However, it was

shown by Studený [65] that semigraphoids do not provide a complete set of axioms for

probabilistic conditional independence, and in fact no finite set of axioms could do so.

Definition 1.3.2. A semigraphoid [53] is a setM of conditional independence statements

satisfying, for X, Y, Z pairwise disjoint subsets of [n],

(SG1) X ⊥⊥ Y |Z ∈M =⇒ Y ⊥⊥ X |Z ∈M

(SG2) X ⊥⊥ Y |Z ∈M and U ⊂ X =⇒ U ⊥⊥ Y |Z ∈M

(SG3) X ⊥⊥ Y |Z ∈M and U ⊂ X =⇒ X ⊥⊥ Y | (U ∪ Z) ∈M

(SG4) X ⊥⊥ Y |Z ∈M and X ⊥⊥W | (Y ∪ Z) =⇒ X ⊥⊥ (W ∪ Y ) |Z ∈M.

Taken together, we refer to these conditions as the semigraphoid axiom (SG). A semi-

graphoid N is a coarsening of a semigraphoid M if every CI statement in M is also in



12

N .

In later chapters, we will develop three more versions of (SG): an elementary

CI statement version (SG′), and versions in terms of additive (SG′′) and multiplicative

(SG′′′) relations. These will also have geometric interpretations. Studený’s book [67] gives

an introduction to semigraphoids and their role in statistical learning theory. For further

details and references see also Matúš [44, 46].

A CI statement indicates that the combined random variable XI is independent

of the combined random variable XJ given knowledge of the state of the combined random

variable XK . In terms of probability this means

P (xiI∪J
I∪J |x

iK
K ) = P (xiI

I |x
iK
K )P (xiI

I |x
iK
K ).

for the details, including the continuous case, see the book by Lauritzen [39].

1.3.4 Graphical models

Hierarchical models on n random variables describe dependence relationships topo-

logically by a simplicial complex ∆ on [n] = {1, . . . , n}. A hierarchical model for discrete

random variables X1, X2, . . . , Xn where Xi has the finite state space {1, . . . , di} is a model

in the exponential family which takes the form

P (X1 = x1, . . . , Xn = xn) =
1
Z

∏
C∈∆

φC(xC). (1.2)

For each C∈∆, φC is a potential function depending only on the random variables indexed

by C; Z is a normalizing constant. These are algebraic statistical models [52]: they are

given by polynomial parameterizations. Undirected graphical models are defined by a graph

G on n vertices, with ∆ the set of cliques of G.
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The Hammersley-Clifford Theorem [29] states that under suitable assumptions,

graphical models with no hidden variables are probabilistic CI models (statistical models

completely described by the CI statements they satisfy). In other words, graphical models

may be described either as a factorization such as (1.2) of probability distributions or in

terms of conditional independence statements (Markov properties) [27, 29, 39]. This duality

between the factorization and CI representation is one of the facts about graphical models

that make them so useful in practice [52].

We would like to study CI models algebraically. Key to this effort is the observation

that a CI statement translates into an ideal of polynomial relations on the joint probabilities.

This ideal is generated by the cross product differences; for I, J, K a disjoint cover of 1, . . . , n,

II⊥⊥J |K = 〈p
x

iI
I x

iJ
J x

iK
K

p
x

i′
I

I x
i′
J

J x
iK
K

− p
x

i′
I

I x
iJ
J x

iK
K

p
x

iI
I x

i′
J

J x
iK
K

: ∀iI 6= i′I , iJ 6= i′J , iK〉

Thus given a CI modelM (a set of CI statements), we define the conditional independence

ideal

IM =
∑

I⊥⊥J |K∈M

II⊥⊥J |K .

Let Ipairwise(G) be the ideal generated by all conditional independence statements

i ⊥⊥ j|K where i, j are single variables and K = [n] \ {i, j}. The following version of the

Hammersley-Clifford theorem is stated by Geiger, Meek, and Sturmfels [29].

Theorem 1.3.3 (Hammersley-Clifford Theorem). Let G be an undirected graphical model.

A strictly positive probability distribution P factors according to A(G) if and only if P is in

the variety Xpairwise(G),>0; that is, XA(G),>0 = Xpairwise(G),>0.
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Chapter 2

Convex rank tests and

semigraphoids

2.1 Introduction

The material in this chapter is based on the papers “Convex Rank Tests and

Semigraphoids” [51] and “Geometry of Rank Tests” [50], which were authored jointly with L.

Pachter, A. Shiu, B. Sturmfels and O. Wienand. Algorithm 2.6.1 and various improvements

to the proofs of Theorem 2.3.3 and 2.4.1 are new. In this chapter, we develop the theory of

convex rank tests and their connection to statistical learning theory. In Chapter 3, we will

detail how to apply convex rank tests in practice.

The non-parametric approach to statistics was introduced by [54] via the method

of permutation testing. Subsequent development of these ideas revealed a close connection

between non-parametric tests and rank tests, which are statistical tests suitable for ordinal

data. Beginning in the 1950s, many rank tests were developed for specific applications,
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such as the comparison of populations or testing hypotheses for determining the location

of a population. The polyhedral geometry of these tests was first considered in in [17].

More recently, the search for patterns in large datasets has spurred the development and

exploration of new tests. For instance, the emergence of microarray data in molecular

biology has led to tests for identifying significant patterns in gene expression time series; see

e.g. [1, 16, 23, 72]. This application motivated us to develop a mathematical theory of rank

tests. We propose that a rank test is a partition of Sn induced by a map τ : Sn → T from

the symmetric group Sn of all permutations of [n] = {1, . . . , n} onto a set T of statistics.

The statistic τ(π) is the signature of the permutation π ∈ Sn. Each rank test defines a

partition of Sn into classes, where π and π′ are in the same class if and only if τ(π) = τ(π′).

We identify T = image(τ) with the set of all classes in this partition of Sn. Assuming the

uniform distribution on Sn, the probability of seeing a particular signature t ∈ T is 1/n!

times |τ−1(t)|. The computation of a p-value for a given permutation π ∈ Sn leads to the

problem of summing

Pr(π′) =
1
n!
· | τ−1

(
τ(π′)

)
| (2.1)

over permutations π′ with Pr(π′) ≤ Pr(π), a computational task to be addressed in Section

2.6.

This chapter is organized as follows. In Section 2.2 we explain how existing rank

tests in non-parametric statistics can be understood from our geometric point of view, and

how they are described in the language of algebraic combinatorics [63]. In Section 2.3 we

define the class of convex rank tests. These tests are most natural from both the statistical

and the combinatorial point of view. Convex rank tests can be defined as polyhedral fans

that coarsen the hyperplane arrangement of Sn. Our main result (Theorem 2.3.3) states
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that convex rank tests are in bijection with conditional independence structures known as

semigraphoids [67, 19, 53].

Section 2.4 is devoted to convex rank tests that are induced by submodular func-

tions. These submodular rank tests are in bijection with Minkowski summands of the (n−1)-

dimensional permutohedron and with structural imset models [67]. These tests are at a

suitable level of generality for the biological applications [72, 49] that motivated us. The

connection between polytopes and conditional independence models is made concrete in the

classification of small models in Remarks 2.4.6–2.4.8.

In Section 2.5 we study the subclass of graphical tests or topographical models.

In combinatorics, these correspond to graph associahedra, and in statistics to undirected

graphical models. The equivalence of these two structures is shown in Theorem 2.5.2. As

with graphical models, topographical models provide a large class of easily-interpretable

models that interface well with domain knowledge. In doing so, they extend the graph-

ical model formalism to new types of data. The implementation of convex rank tests in

applications (Chapter 3) requires the efficient enumeration of linear extensions of partially

ordered sets. Our algorithms and software are discussed in Section 2.6. A key ingredient is

the efficient computation of distributive lattices.

2.2 Rank tests and posets

A permutation π in Sn is a total order on the set [n] := {1, . . . , n}. This means

that π is a set of
(
n
2

)
ordered pairs of elements in [n]. For example, π = {(1, 2), (2, 3), (1, 3)}

represents the total order 1 > 2 > 3. If π and π′ are permutations then π ∩ π′ is a partial

order.
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In the applications we have in mind, the data are vectors u ∈ Rn with distinct

coordinates. The permutation associated with u is the total order π = { (i, j) ∈ [n]× [n] :

ui < uj }. We shall employ two other ways of writing a permutation. The first is the rank

vector ρ = (ρ1, . . . , ρn), whose defining properties are {ρ1, . . . , ρn} = [n] and ρi < ρj if and

only if ui < uj . That is, the coordinate of the rank vector with value i is at the same position

as the ith smallest coordinate of u. The second is the descent vector δ = (δ1|δ2| . . . |δn).

The descent vector is defined by uδi
> uδi+1

for i = 1, 2, . . . , n−1. Thus the ith coordinate

of the descent vector is the position of the ith largest value of the data vector u. For

example, if u = (11, 7, 13) then its permutation is represented by π = {(2, 1), (1, 3), (2, 3)},

by ρ = (2, 1, 3), or by δ = (3|1|2).

A permutation π is a linear extension of a partial order P on [n] if P ⊆ π, i.e. π

is a total order that refines the partial order P . We write L(P ) ⊆ Sn for the set of linear

extensions of P . A partition τ of the symmetric group Sn is a pre-convex rank test if the

following axiom holds:

(PC) If τ(π) = τ(π′) and π′′ ∈ L(π ∩ π′) then τ(π)=τ(π′)=τ(π′′).

Note that π′′ ∈ L(π ∩ π′) means π ∩ π′ ⊆ π′′. The number of all rank tests τ on [n] is the

Bell number Bn!, which is the number of set partitions of a set of cardinality n!.

Example 2.2.1. For n = 3 there are B6 = 203 rank tests, or partitions of the symmet-

ric group S3, which consists of six permutations. Of these 203 rank tests, only 40 satisfy

the axiom (PC). One example is the pre-convex rank test in Figure 2.1. Here the sym-

metric group S3 is partitioned into the four classes
{
(1|2|3)

}
,
{
(2|1|3)

}
,
{
(2|3|1)

}
, and{

(1|3|2), (3|1|2), (3|2|1)
}
.

Each class C of a pre-convex rank test τ corresponds to a poset P on the ground
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set [n]; namely, the partial order P is the intersection of all total orders in that class:

P =
⋂

π∈C π. The axiom (PC) ensures that C coincides with the set L(P ) of all linear

extensions of P . The inclusion C ⊆ L(P ) is clear. The proof of the reverse inclusion

L(P ) ⊆ C is based on the fact that, from any permutation π in L(P ), we can obtain any

other π′ in L(P ) by a sequence of reversals (a, b) 7→ (b, a), where each intermediate π̂ is

also in L(P ). Consider any π0 ∈ L(P ) and suppose that π1 ∈ C differs by only one reversal

(a, b) ∈ π0, (b, a) ∈ π1. Then (b, a) /∈ P , so there is some π2 ∈ C such that (a, b) ∈ π2; thus,

π0 ∈ L(π1 ∩ π2) by (PC). This shows π0 ∈ C.

A pre-convex rank test therefore can be characterized by an unordered collection

of posets P1, P2, . . . , Pk on [n] that satisfies the property that the symmetric group Sn is

the disjoint union of the subsets L(P1),L(P2), . . . ,L(Pk). This structure was discovered

independently and studied by Postnikov, Reiner and Williams [56, §3] who used the term

complete fan of posets for what we shall call a convex rank test in Section 2.3. The posets

P1, P2, . . . , Pk that represent the classes in a pre-convex rank test capture the shapes of data

vectors. In graphical rank tests (Section 2.5), this shape can be interpreted as a smoothed

topographic map of the data vector.

Example 2.2.2 (The sign test for paired data). The sign test is performed on data that

are paired as two vectors u = (u1, u2, . . . , um) and v = (v1, v2, . . . , vm). The null hypothesis

is that the median of the differences ui − vi is 0. The test statistic is the number of

differences that are positive. This test is a rank test, because u and v can be transformed

into the overall ranks of the n = 2m values, and the rank vector entries can then be

compared. This test coarsens the convex rank test which is the MSS test of Section 2.4

with K = {{1,m + 1}, {2,m + 2}, . . . }.
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Example 2.2.3 (Runs tests). A runs test can be used when there is a natural ordering

on the data points, such as in a time series. The data are transformed into a sequence of

‘pluses’ and ‘minuses,’ and the null hypothesis is that the number of observed runs is no

more than that expected by chance. Common types of runs tests include the sequential

runs test (‘plus’ if consecutive data points increase, ‘minus’ if they decrease), and the runs

test to check randomness of residuals, i.e. deviation from a curve fit to the data. A runs

test is a coarsening of a convex rank test, known as up-down analysis [72, §6.1.1], which is

described in Example 2.3.4 below.

qqqqq

MMMMM

MMMMMMMMM

qqqqqqqqq

1|2|3 1|3|2

3|1|2

3|2|12|3|1

2|1|3

Figure 2.1: Illustration of a pre-convex rank test that is not convex. Cones are labeled by
descent vectors, so 1|2|3 indicates the cone u1 > u2 > u3. This rank test is specified by
the four posets P1 = {3<1, 2<1, 3<2}, P2 = {1<2, 3<2, 3<1}, P3 = {3<2, 1<3, 1<2} and
P4 = {2<3}.

These two examples suggest that many rank tests from classical non-parametric

statistics have a natural refinement by a pre-convex rank test. However, not all tests have

this property. Because many classical rank tests apply to loosely grouped data (e.g. data

which are divided into two samples), the axiom (PC) is not always satisfied. In such cases,

the pre-convex rank test is a first step, after which permutations are grouped together under

additional symmetries, e.g., the permutations δ = (1|2|3|4|5) and δ′ = (5|4|3|2|1) might

be identified.

The adjective “pre-convex” refers to the following interpretation of the axiom (PC).
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Consider any two data vectors u and u′ in Rn, and a convex combination u′′ = λu+(1−λ)u′,

with 0 < λ < 1. If π, π′, π′′ are the permutations of u, u′, u′′ then π′′ ∈ L(π ∩ π′). Thus

the equivalence classes in Rn specified by a pre-convex rank test are convex cones. In the

next section, we shall remove the prefix from “pre-convex” if the faces of these cones fit

together well.

2.3 Convex rank tests

Two vectors u and v in Rn are permutation equivalent when ui < uj if and only if

vi < vj , and ui = uj if and only if vi = vj for all i, j ∈ [n]. Note that for two data vectors,

each with distinct coordinates, they are permutation equivalent if and only if they have the

same rank vector. The permutation equivalence classes (of which there are 13 for n = 3)

induce a fan (see Definition 1.1.1) called the Sn-fan. The set of sets of vectors generating

this fan defines a vector fan (§2.4) as well. The arrangement of hyperplanes {xi = xj}

that defines these classes is also known as the braid arrangement , and its regions as the

Weyl chambers of the Lie algebra sl(n). The maximal cones in the Sn-fan, which are the

closures of the permutation equivalence classes, are indexed by descent permutations δ in

Sn. A coarsening of the Sn-fan is a fan F such that each permutation equivalence class of

Rn is fully contained in a cone C of F . Such a fan F defines a partition of Sn because each

maximal cone of the Sn-fan is contained in some cone C ∈ F .

Definition 2.3.1. A convex rank test is a partition of the symmetric group Sn which is

induced by a coarsening of the Sn-fan. We identify the fan with that rank test.

We say that two maximal cones, indexed by δ and δ′, of the Sn-fan share a wall

if there exists an index k such that δk = δ′k+1, δk+1 = δ′k, and δi = δ′i for i 6∈ {k, k + 1}.
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This condition means that the corresponding permutations δ and δ′ differ by an adjacent

transposition. To such an unordered pair {δ, δ′}, we associate the following (elementary)

conditional independence (CI) statement:

δk ⊥⊥ δk+1 | {δ1, . . . , δk−1}. (2.2)

Example 2.3.2. For n = 3 there are 40 pre-convex rank tests (Example 2.2.1), but only

22 of them are convex rank tests. The corresponding CI models are shown in Figure 5.6 on

page 108 in [67].

The formula (2.2) defines a map from the set of walls of the Sn-fan onto the set

Tn :=
{

i ⊥⊥ j |K : K ⊆ [n]\{i, j}
}
.

of all elementary CI statements. In this manner, each wall of the Sn-fan is labeled by a CI

statement. The map from walls to CI statements is not injective; there are (n−k−1)!(k−1)!

walls which are labeled by (2.2). See Figure 2.2(c) for an illustration.

The Sn-fan is the normal fan of the permutohedron Pn, which is the (n − 1)-

dimensional convex hull of the vectors (ρ1, . . . , ρn) ∈ Rn, where ρ runs over all rank vectors

of permutations in Sn. Each edge of Pn joins two permutations if they differ by an adjacent

transposition. In other words, each edge corresponds to a wall and is thus labeled by a CI

statement. A collection of parallel edges of Pn that are perpendicular to a given hyperplane

{xi = xj} corresponds to the set of CI statements i ⊥⊥ j|K, where K ranges over all subsets

of [n]\{i, j}.

The two-dimensional faces of Pn are squares and regular hexagons, and two edges

of Pn have the same label in Tn if, but not only if, they are opposite edges of a square.

Figure 2.2(c) depicts the subset of P5 in which the last two coordinates of u ∈ Rn are less
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than or equal to all other coordinates. It consists of two copies of the hexagon in 2(a), with

the final two entries of the descent vector either 4|5 (in the top hexagon) or 5|4 (in the

bottom hexagon). All vertical edges are labeled by the CI statement 4 ⊥⊥ 5|{1, 2, 3}.

++
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1|2|3
•

1|3|2
•
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2|1|3• 11
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11111111
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q
q

q
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• •
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{{
{CCCCCCC

{{{{{{{
4 ⊥⊥ 5|{1, 2, 3}

∗|∗|∗|4|5

∗|∗|∗|5|4

(a) (b) (c)

Figure 2.2: (a) The permutohedron P3 and (b) the S3-fan projected to the plane. The
indicated rank test is up-down analysis. Each permutation is represented by its descent
vector δ = δ1|δ2|δ3. Missing walls of the Sn-fan, or solid edges of Pn, are labeled by CI
statements. (c) Edges of the permutohedron on opposite sides of a square (here, all vertical
edges) are labeled by the same CI statement; hexagonal prisms such as the one pictured
here appear in Pn for n ≥ 5.

Any convex rank test F is characterized by the collection of walls {δ, δ′} that are

removed when passing from the Sn-fan to F . So, from (2.2), any convex rank test F maps

to a setMF of CI statements corresponding to missing walls, or a set MF of edges of the

permutohedron. For example, if F is the fan obtained by removing the two dashed rays in

Figure 2.2 (b) then the corresponding set of CI statements is MF =
{
1 ⊥⊥ 3|∅, 1 ⊥⊥ 3|{2}

}
.

Recall from Section 1.3.3 that a semigraphoid is a set of CI statements subject to

certain axioms. In fact, a semigraphoid is determined by its trace among elementary CI

statements of the form i ⊥⊥ j |K where i and j are singletons. Namely, I ⊥⊥ J |K holds if

and only if i ⊥⊥ j|L for all i ∈ I, j ∈ J and L such that K ⊆ L ⊆ (I ∪ J ∪K) \ ij; see [43].

Casting the semigraphoid axiom in terms of the trace, we say that a subset M of Tn is a



23

semigraphoid if i ⊥⊥ j |K ∈M implies j ⊥⊥ i |K ∈M and the following axiom holds:

(SG′) i ⊥⊥ j |K ∪ ` ∈M and i ⊥⊥ ` |K ∈M

implies i ⊥⊥ j |K ∈M and i ⊥⊥ ` |K∪j ∈M.

This axiom is stated in [67, 46]. Our first result is that semigraphoids and convex rank tests

are the same combinatorial object:

Theorem 2.3.3. The map F 7→ MF is a bijection between convex rank tests and semi-

graphoids.

Before presenting the proof of this theorem, we shall discuss an important example.

Example 2.3.4 (Up-down analysis). Let F denote the convex rank test called up-down

analysis [72]. In this test, each permutation π ∈ Sn is mapped to the sign vector of

its first differences, or, equivalently, its descent set. Thus this test is the natural map

τ : Sn → {−,+}n−1. The corresponding semigraphoid MF consists of all CI statements

i ⊥⊥ j |K where |i− j| ≥ 2.

This convex rank test is visualized in Figure 2.2(a,b) for n = 3. Permutations

are in the same class (have the same sign pattern) if they are connected by a solid edge;

there are four classes. In the S3-fan, the two missing walls are labeled by conditional

independence statements as defined in (2.2). For n = 4 the up-down analysis test F is

depicted in Figure 2.3. The double edges correspond to the twelve CI statements in MF .

There are eight classes; e.g., the class {3|4|1|2, 3|1|4|2, 1|3|4|2, 1|3|2|4, 3|1|2|4} consists of the

five permutations in S4 which have the up-down pattern (−,+,−).

Our proof of Theorem 2.3.3 rests on translating the semigraphoid axiom (SG′)

into geometric statements about edges of the permutohedron. Recall that a semigraphoid
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Figure 2.3: The permutohedron P4 with vertices marked by descent vectors δ (bars | omit-
ted). The convex rank test indicated by the double edges is up-down analysis.

M can be identified with the set M of edges of the permutohedron whose CI statement

labels are those ofM.

Observation 2.3.5. A set M of edges of the permutohedron Pn is a semigraphoid if and

only if the set M satisfies the following two geometric axioms:

Square axiom: Whenever an edge of a square is in M, then the opposite edge is also in M.

• •

• •
=⇒

• •

• •

Hexagon axiom: Whenever two adjacent edges of a hexagon are in M, then the two

opposite edges of that hexagon are also in M.

• •
•
••

•



 =⇒

• •
•
••

•











Let M be the subgraph of the edge graph of Pn defined by the statements inM;

that is, M consists of edges whose labels are in M. Each class of the rank test defined by
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M consists of the permutations in some connected component of M. We regard a path

from δ to δ′ on Pn as a word σ(1) · · ·σ(l) in the free associative algebra A generated by the

adjacent transpositions of [n]. For example, the transposition σ23 := (23) gives the path

from δ to δ′ = σ23δ = δ1|δ3|δ2|δ4| . . . |δn. The following relations in A define a presentation

of the group algebra of Sn as a quotient of A:

(BS) σi,i+1 · σi+k+1,i+k+2 − σi+k+1,i+k+2 · σi,i+1,

(BH) σi,i+1 · σi+1,i+2 · σi,i+1 − σi+1,i+2 · σi,i+1σi+1,i+2, and

(BN) σ2
i,i+1 − 1,

where suitable i and k vary over [n]. The first two are the braid relations , and the third

represents the idempotency of each transposition.

Now, we regard these relations as properties of a set of edges of Pn, by identifying

a word and a permutation δ with the set of edges that comprise the corresponding path in

Pn. For example, a set satisfying (BS) is one such that, starting from any δ, the edges of the

path σi,i+1σi+k+1,i+k+2 are in the set if and only if the edges of the path σi+k+1,i+k+2σi,i+1

are in the set. Note then, that (BS) is the square axiom, and (BH) is a weaker version of the

hexagon axiom of semigraphoids. That is, implications in either direction hold in a semi-

graphoid. However, (BN) holds only directionally in a semigraphoid: if an edge lies in the

semigraphoid, then its two vertices are in the same class; but the empty path at some vertex

δ certainly does not imply the presence of all incident edges in the semigraphoid. Thus,

for a semigraphoid, (BS) and (BH) hold, but (BN) must be replaced with the directional

version

(BN′) σ2
i,i+1 → 1.
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We now consider a path p from δ to δ′ in a semigraphoid. Here is a crucial lemma for our

proof:

Lemma 2.3.6. Suppose that M is a semigraphoid. If δ and δ′ lie in the same class of M,

then so do all shortest paths on Pn between them.

The lemma in turn depends on the following version of a classical result due to

Jacques Tits. This result, which can be found in [12, p. 49-51], essentially states that the

relations (BS),(BH),(BN) form a Gröbner basis for the two-sided ideals they generate in A.

Theorem 2.3.7 (Tits [70]). Let p and q be words representing paths on Pn.

(1) A word p is (BS),(BH),(BN)-reduced if and only if it is (BS),(BH),(BN’)-reduced.

(2) If p and q are reduced, then they represent the same element of the symmetric group

Sn if and only if p can be transformed to q by the application of (BS) and (BH) only.

Proof of Lemma 2.3.6. Theorem 2.3.7 (1) says that if there is any path connecting δ and

δ′, then there is a shortest path connecting them. Thus if δ and δ′ lie in the same class

of M, some shortest path δ → δ′ also lies in that class. Now (2) says that if p and q are

both shortest paths, then q can be obtained from p by application of only the square and

hexagon axioms, (BS) and (BH). Thus if any shortest path δ → δ′ lies in the class of M

containing them both, so do all other shortest paths connecting them.

Proof of Theorem 2.3.3. Both semigraphoids and convex rank tests can be regarded as sets

of edges of Pn. We first show that a semigraphoid satisfies (PC). Consider δ, δ′ in the same

class C of a semigraphoid, and let δ′′ ∈ L(δ∩δ′). Further, let p be a shortest path from δ to

δ′′ (so, pδ = δ′′), and let q be a shortest path from δ′′ to δ′. We claim that qp is a shortest

path from δ to δ′, and thus δ′′ ∈ C by Lemma 2.3.6. Suppose qp is not a shortest path.
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Then, we can obtain a shorter path in the semigraphoid by some sequence of substitutions

according to (BS), (BH), and (BN’). Only (BN’) decreases the length of a path, so the

sequence must involve (BN’). Therefore, there is some i, j in [n], such that their positions

relative to each other are reversed twice in qp. But p and q are shortest paths, hence one

reversal occurs in each of p and q. Then δ and δ′ agree on whether i > j or j > i, but the

reverse holds in δ′′, contradicting δ′′ ∈ L(δ ∩ δ′). Thus every semigraphoid is a pre-convex

rank test.

Now, we show that a semigraphoid corresponds to a fan. Consider the cone cor-

responding to a class C. We need only show that it meets any other cone in a shared

face. Since C is a cone of a coarsening of the Sn-fan, each nonmaximal face of C lies in a

hyperplane H = {xi = xj}. Suppose a face of C coincides with the hyperplane H and that

i > j in C. A vertex δ borders H if i and j are adjacent in δ. We will show that if δ, δ′ ∈ C

border H, then their reflections δ̂ = δ1| . . . |j|i| . . . |δn and δ̂′ = δ′1| . . . |j|i| . . . |δ′n both lie in

some class C ′. Consider a ‘great circle’ path between δ and δ′ which stays closest to H: all

vertices in the path have i and j separated by at most one position, and no two consecutive

vertices have i and j nonadjacent. This is a shortest path, so it lies in C, by Lemma 2.3.6.

Using the square and hexagon axioms (Observation 2.3.5), we see that the reflection of the

path across H is a path in the semigraphoid that connects δ̂ to δ̂′ (Figure 2.4). Thus a

semigraphoid is a convex rank test.

Finally, if M is a set of edges of Pn representing a convex rank test, then it is easy

to show that M satisfies the square and hexagon axioms.
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Figure 2.4: Reflecting a path across a hyperplane.

2.4 The submodular cone

In this section we focus on a subclass of the convex rank tests. Let 2[n] denote

the collection of all subsets of [n] = {1, 2, . . . , n}. Any real-valued function w : 2[n] → R

defines a convex polytope Qw of dimension ≤ n− 1 as follows:

Qw :=
{

x ∈ Rn : x1 + x2 + · · ·+ xn = w([n])

and
∑

i∈I xi ≤ w(I) for all ∅ 6= I ⊆ [n]
}
.

A function w : 2[n] → R is called submodular if w(I) + w(J) ≥ w(I ∩ J) + w(I ∪ J) for

I, J ⊆ [n]. The submodular cone is the cone Cn of all submodular functions w : 2[n] → R.

Working modulo its lineality space Cn∩(−Cn), we regard Cn as a pointed cone of dimension

2n − n− 1.

Studying functions w means that in considering the normal fan of a polytope Qw,

we want to retain information about non-binding inequalities that are just barely so, i.e. that

hold with equality. For this reason we define the vector (normal) fan [6]. The indicator

function of each I ∈ 2[n] defines a vector eI in the 1-skeleton of the Sn-fan, understood

modulo e[n]; for example, these vectors for n = 3 are e001, e010, e100, e011, . . . , e111. A vector

fan F with base {eI : I ∈ 2[n]} is a collection of subsets of 2[n] such that eI , eJ ∈ F implies

eI∩J ∈ F. A vector fan defines a usual fan by taking the maximal cones of the fan to be the
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cones generated by the vector sets in the vector fan. We say that a vector fan is complete

if its fan is. A vector fan F coarsens another vector fan G if for all eI ∈ G, there exists

eJ ∈ F with I ⊂ J .

Given a function w : 2[n] → R, Each I also defines an inequality
∑

i∈I xi ≤ wI

appearing in the definition of Qw; the vector normal fan tells us which of these inequalities

holds with equality on some face of Qw. We define the vector normal fan of a function

w : 2[n] → R is the set of subsets of {eI : I ∈ 2[n],
∑

i∈I xi = wI for all x in some face of

Qw}. The vector normal fan of w defines a fan which is the normal fan of Qw; however the

vector fan retains additional information about w.

Proposition 2.4.1. A function w : 2[n] → R is submodular if and only if the vector normal

fan of w is a coarsening of the vector Sn-fan.

Example 2.4.2. Let w1 = w2 = w3 = 1, w12 = w13 = w23 = w123 = 3. The polytope Qw

is the point (1, 1, 1) but the function w is not submodular. The vector normal fan F of w is

{{e001, e010, e100}} and the normal fan is all of R3/(1, 1, 1). F does not coarsen the Sn-fan

since, for example, e110 is not contained in any set in F.

However, if we change w slightly to define the same Qw but with the inequalities

corresponding to 011, 101, and 110 also holding with equality, e.g. w1 = w2 = w3 = 1, w12 =

w13 = w23 = 2, and w123 = 3, the resulting vector normal fan of w is a coarsening of the

(vector) Sn-fan.

Proof. We show only the if direction. Suppose w is not submodular. Then there exist

I, J ⊂ 2[n] such that

wI + wJ < wI∩J + wI∪J
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We also have that

∑
i∈I∪J

xi +
∑

i∈I∩J

xi =
∑
i∈I

xi +
∑
i∈J

xi

≤ wI + wJ < wI∩J + wI∪J

So
∑

i∈I∪J xi < wI∪J + (wI∩J −
∑

i∈I∩J xi) and similarly
∑

i∈I∩J xi < wI∩J + (wI∪J −∑
i∈I∪J xi), so that at most one of the inequalities corresponding to I ∪ J and I ∩ J can

hold with equality at any point of Qw. Then either eI∩J or eI∪J is not contained in any of

the sets in the vector normal fan of w.

Proposition 2.4.1 can be paraphrased as follows: the function w is submodular if

and only if the optimal solution of

maximize u · x subject to x ∈ Qw

depends only on the permutation equivalence class of u. Thus, solving this linear program-

ming problem constitutes a convex rank test. Any such test is called a submodular rank test

.

Recall that a convex polytope is a Minkowski summand of another polytope if

the normal fan of the latter refines the normal fan of the former. The polytope Qw that

represents a submodular rank test is a summand of the permutohedron Pn.

Theorem 2.4.3. The following combinatorial objects are equivalent for any positive inte-

ger n:

1. submodular rank tests,

2. summands of the permutohedron Pn,

3. structural conditional independence models [67],

4. faces of the submodular cone Cn in R2n
.
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Proof. We have 1 ⇐⇒ 2 from Proposition 2.4.1, and 1 ⇐⇒ 3 follows from [67]. Further,

1⇐⇒ 4 is a direct consequence of our definition of submodular rank tests.

Remark 2.4.4. All 22 convex rank tests for n = 3 are submodular. The submodular cone

C3 is a 4-dimensional cone whose base is a bipyramid. Its f-vector is (1, 5, 9, 6, 1). The

polytopes Qw, as w ranges over representatives of the faces of C3, are all the Minkowski

summands of P3.

Proposition 2.4.5. For n ≥ 4, there exist convex rank tests that are not submodular rank

tests. Equivalently, there are fans that coarsen the Sn-fan but are not the normal fan of any

polytope.

Proof. This result is well-known. It is stated in Section 2.2.4 of [67] in the following form:

“There exist semigraphoids that are not structural.”

An interesting example which also proves Proposition 2.4.5 is the following semi-

graphoid:

M =
{
2 ⊥⊥ 3|{1, 4}, 1 ⊥⊥ 4|{2, 3}, 1 ⊥⊥ 2|∅, 3 ⊥⊥ 4|∅

}
.

The corresponding fan consists of unimodular cones, or, equivalently, the posets Pi repre-

senting this non-submodular convex rank test are all trees. This example answers a question

posed in the first version of [56]. In Chapter 4, we will develop a systematic method for

showing that a semigraphoid is not submodular.

Remark 2.4.6. For n = 4 there are 22108 submodular rank tests, one for each face of the

11-dimensional cone C4. The base of this submodular cone is a 10-dimensional polytope

with f -vector (1, 37, 356, 1596, 3985, 5980, 5560, 3212, 1128, 228, 24, 1). The 37 vertices of

this polytope correspond to the maximal semigraphoids. These come in seven symmetry
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Type Symmetry Count i ⊥⊥ j

1 1× and ∗ 2 all
2 4× and ∗ 8 all
3 6× incl. ∗ 6 all but 1 ⊥⊥ 2
4 4× and ∗ 8 all
5 1×, self-∗ 1 all
6 6× incl. ∗ 6 all but 1 ⊥⊥ 2
7 6× incl. ∗ 6 3 ⊥⊥ 4

Type i ⊥⊥ j|k i ⊥⊥ j|{k, l}
1 all none
2 all but 2 ⊥⊥ 3|1, 1 ⊥⊥ 3|2, 1 ⊥⊥ 2|3 3 ⊥⊥ 4|12, 2 ⊥⊥ 4|13, 1 ⊥⊥ 4|23
3 all but 1 ⊥⊥ 2|3, 1 ⊥⊥ 2|4 all but 1 ⊥⊥ 2|34
4 2 ⊥⊥ 3|4, 2 ⊥⊥ 4|3, 3 ⊥⊥ 4|2 3 ⊥⊥ 4|12, 2 ⊥⊥ 4|13, 2 ⊥⊥ 3|14
5 none all
6 2 ⊥⊥ 3|1, 2 ⊥⊥ 4|1, 1 ⊥⊥ 3|2, 1 ⊥⊥ 4|2 all but 3 ⊥⊥ 4|12
7 all but 2 ⊥⊥ 3|4, 2 ⊥⊥ 4|3, 1 ⊥⊥ 4|3, 1 ⊥⊥ 3|4 1 ⊥⊥ 2|34

Table 2.1: Maximal semigraphoids for n = 4.

classes up to the ∗ involution and the S4-action. The types of maximal semigraphoids for

n = 4 are displayed in Table 2.1.

Remark 2.4.7. For n = 5 there are 117978 coarsest submodular rank tests, in 1319 S5

symmetry classes. We confirmed this result of [68] with POLYMAKE [28].

We now define a class of submodular rank tests, which we call Minkowski sum

of simplices (MSS) tests . Note that each subset K of [n] defines a submodular function

wK by setting wK(I) = 1 if K ∩ I is non-empty and wK(I) = 0 if K ∩ I is empty. The

corresponding polytope QwK is the simplex ∆K = conv{ek : k ∈ K}.

Now consider an arbitrary subset K = {K1,K2, . . . ,Kr} of 2[n]. It defines the

submodular function wK = wK1 + wK2 + · · · + wKr . The corresponding polytope is the

Minkowski sum

∆K = ∆K1 + ∆K2 + · · ·+ ∆Kr . (2.3)
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The associated MSS test τK is defined as follows. Given ρ ∈ Sn, we compute the number of

indices j ∈ [r] such that max{ρk : k ∈ Kj} = ρi, for each i ∈ [n]. The signature τK(ρ) is

the vector in Nn whose ith coordinate is that number. Few submodular rank tests are MSS

tests:

Remark 2.4.8. For n = 3, there are 22 submodular rank tests, but only 15 of them are MSS

tests. For n = 4, there are 22108 submodular rank tests, but only 1218 of them are MSS

tests.

In light of Theorem 2.3.3, it is natural to ask which semigraphoids correspond

to an MSS test. Geometrically, we wish to know which edges of the permutohedron Pn

are contracted when passing to the polytope QwK . To be precise, let MK denote the

semigraphoid derived from FwK using the bijection in Theorem 2.3.3. We then have the

following result:

Proposition 2.4.9. The semigraphoid MK is the set of CI statements of the form i ⊥⊥

j |K where all sets containing {i, j} and contained in {i, j} ∪ [n]\K are not in K.

Proof. Consider two permutations δ and δ′ which are adjacent on the permutohedron Pn,

and let i ⊥⊥ j |K be the label of the edge that connects δ and δ′. That CI statement is in

MK if and only if δ and δ′ are mapped to the same vertex in ∆K if and only if δ and δ′ are

mapped to the same vertex in each simplex ∆Kl
for l = 1, 2, . . . , r. For each l, this means

that the leftmost entry of the descent vector δ that lies in Kl agrees with the leftmost entry

of the other descent vector δ′ that lies in Kl. This condition is equivalent to

Kl ∩ ( K ∪ {i, j} ) 6= {i, j} for l = 1, 2, . . . , r.

Thus i ⊥⊥ j |K is in the semigraphoid MK associated with the set family K if and only
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if K contains no set whose intersection with K ∪ {i, j} equals {i, j}. This is precisely our

claim.

There is a natural involution ∗ on the set of all CI statements which is defined as

follows:

(i ⊥⊥ j |C)∗ := i ⊥⊥ j | [n]\(C ∪ {i, j}).

IfM is any semigraphoid, then the semigraphoidM∗ is obtained by applying the involution

∗ to all the CI statements in the modelM. This involution is referred to as duality in [42].

In the boolean lattice, whose elements are the subsets of [n], the involution corresponds to

switching the role of set intersection and set union.

The MSS test τK was defined above in terms of weight functions w. What fol-

lows is a similar construction for the duals of MSS tests. Let zK(J) = 1 for J ∈ K and

zK(J) = 0 otherwise. Then the function w∗ : 2[n] → R defined by w∗
K(I) :=

∑
J⊂I zK(J)

is supermodular. We set

Q∗
w :=

{
x ∈ Rn : x1 + x2 + · · ·+ xn = w([n])

and
∑

i∈I xi ≥ w(I) for all ∅ 6= I ⊆ [n]
}
.

Then the equality Q∗
wK = ∆K holds for ∆K = ∆K1 + ∆K2 + · · · + ∆Kr . This equality

is precisely the statement in Proposition 6.3 of Postnikov’s “Permutohedra, Associahedra,

and Beyond” [55].

2.5 Graphical tests

We have seen that semigraphoids are equivalent to convex rank tests. We now

explore the connection to graphical models. Let G be a graph with vertex set [n] and K(G)
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the collection of all subsets K ⊆ [n] such that the induced subgraph of G|K is connected.

Recall that the undirected graphical model (or Markov random field) derived from the graph

G is the setMG of CI statements:

MG =
{

i ⊥⊥ j |C : the restriction of G to [n]\C contains no path from i to j
}
.

(2.4)

Theorem 2.5.1. The set MG of CI statements in the graphical model G is equal to the

semigraphoid MK(G) associated with the family K(G) of connected induced subgraphs of G.

Proof. The defining condition in (2.4) is equivalent to saying that the restriction of G to

any node set containing {i, j} and contained in {i, j} ∪ ([n]\C) is disconnected. With this

observation, Theorem 2.5.1 follows directly from Proposition 2.4.9.

The polytope ∆G = ∆K(G) associated with the graph G is the graph associahedron.

This is a well-studied object in combinatorics [55, 14]. Carr and Devadoss [14] showed that

∆G is a simple polytope whose faces are in bijection with the tubings of the graph G.

Tubings are defined as follows. Two subsets A,B ⊂ [n] are compatible for G if one of the

following conditions holds: A ⊂ B, B ⊂ A, or A∩B = ∅, and there is no edge between any

node in A and B. A tubing of the graph G is a subset T of 2[n] such that any two elements

of T are compatible. The set of all tubings on G is a simplicial complex; it is dual to the

face lattice of the simple polytope ∆G.

For any graph G on [n] we now have two convex rank tests. First, there is the

graphical model rank test τK(G), which is the MSS test of the set family K(G). Second, we

have the graphical tubing rank test τ∗K(G), which is the convex rank test associated with the
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semigraphoid (MG)∗ dual to MG. Explicitly, that dual semigraphoid is given by

(MG)∗ =
{

i ⊥⊥ j |C : the restriction of G to C ∪ {i, j} contains no path from i to j
}
.

(2.5)
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Figure 2.5: The permutohedron P4. Double edges indicate the MSS test τK(G) where G is
the 4-chain. Edges with large dots indicate the dual tubing test τ∗K(G).

We summarize our discussion in the following theorem:

Theorem 2.5.2. The following four combinatorial objects are isomorphic for any graph G

on [n]:

• the graphical model rank test τK(G),

• the graphical tubing rank test τ∗K(G),

• the fan of the graph associahedron ∆G,

• the simplicial complex of all tubings on G.

We note that when the graph G is a path of length n, then ∆G is the associahedron,

and when it is an n-cycle, then ∆G is the cyclohedron. The number of classes in either the

MSS test τK(G) or the tubing test τ∗K(G) is the G-Catalan number of [55]. This number
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equals the classical Catalan number 1
n+1

(
2n
n

)
for the associahedron test and it equals

(
2n−2
n−1

)
for the cyclohedron test.

Example 2.5.3. Let n = 4 and let G be the 4-chain 1—2—3—4. Then

MG = {1 ⊥⊥ 3|24, 1 ⊥⊥ 4|23, 2 ⊥⊥ 4|13, 1 ⊥⊥ 3|2, 1 ⊥⊥ 4|2, 1 ⊥⊥ 4|3, 2 ⊥⊥ 4|3},

(MG)∗ = {1 ⊥⊥ 3, 1 ⊥⊥ 4, 2 ⊥⊥ 4, 1 ⊥⊥ 3|4, 1 ⊥⊥ 4|3, 1 ⊥⊥ 4|2, 2 ⊥⊥ 4|1}.

The corresponding tests τK(G) and τ∗K(G) are depicted in Figure 2.5. Note that contracting

either class of marked edges on the permutohedron in Figure 2.5 leads to the 3-dimensional

associahedron ∆G. The associahedron ∆G is the Minkowski sum of the simplices ∆K where

K runs over

K(G) =
{
{1}, {2}, {3}, {4}, {1, 2}, {2, 3}, {3, 4}, {1, 2, 3}, {2, 3, 4}, {1, 2, 3, 4}

}
.

The 3-dimensional simple polytope ∆4 has 14 vertices, one for each of the 14 tubings of

G.

In our application of graphical rank tests, we found it more natural to work with

the tubing test τ∗K(G) instead of the MSS test τK(G). Chapter 3 gives a detailed discussion

of the cyclohedron test and its applications. By the cyclohedron test we mean the tubing

test τ∗K(G) where the graph G is a cycle of length n.

Applying the tubing test to a data vector u ∈ Rn can be viewed as an iterative

procedure for drawing a topographic map on the graph G. Namely, we encircle the vertices

of G by sets U1, . . . , Un in the order δ1, δ2, . . . , δn−1, with the following provision: if δi is

next to be encircled and shares an edge with some vertex j which has already been encircled

by some Uj , then Ui must also contain the circle Uj . The result is a collection U of n − 1

encircled sets U1, U2, . . . , Un−1, and this unordered collection of sets is the signature of v.
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Figure 2.6: Tubing of the 6-chain. Encircled regions indicate the sets Uj .

The height hi of the i-th node in the topographic map for v is the number of sets Uj which

contain i. We can identify the signature U with the height vector h = (h1, h2, . . . , hn), since

U can be recovered uniquely from the vector h. The map u 7→ h(u) can be interpreted as

a smoothing of the data. Figure 6 displays the topographic map when the data vector is

u = (2.1, 0.3, 1.8, , 2.0, 1.1, 0.1). Here G is the 6-chain 1—2—3—4—5—6. and the descent

vector of u equals δ = (1|5|3|2|4|6). Because of the interpretation of the tubing as a

topographic map, we call the statistical models derived from this procedure topographical

models . We will have more to say about these in the next chapter.

2.6 On counting linear extensions

In this chapter, we have introduced a hierarchy of rank tests, which range from pre-

convex to graphical. Convex rank tests are applied to data vectors u ∈ Rn, or permutations

π ∈ Sn, and determine their cones in a fan F which coarsens the Sn-fan. The significance

of a data vector in such a test is measured by a certain p-value, whose precise derivation

is described in Chapter 3. Computation of that p-value rests on our ability to compute

the quantity | τ−1
(
τ(π)

)
|, which is the number of permutations in the maximal cone of

F corresponding to π. Recall that the cones of a convex rank test are indexed by posets
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P1, P2, . . . , Pk on [n], and our computations amount to finding the cardinality of the set

L(Pi) of linear extensions of Pi.

The problem of computing linear extensions of general posets is #P-complete [10],

so our task is an intractable problem when n grows large. However, for special classes of

posets, and for moderate values of n, the situation is not so bad. For example, in the

up-down analysis of Willbrand et.al (see Example 2.3.4), we need to count all permutations

with a fixed descent set, a task for which an explicit determinantal formula appears in

Stanley [63, page 69]. We refer to [11] for a detailed study of the combinatorics of these

up-down numbers.

Likewise, there is an efficient method for computing the quantities | τ−1
(
τ(π)

)
|

for any graphical graphical tubing test τ∗K(G), as defined in Section 2.5. Indeed, here the

fan F is unimodular, and hence the posets Pi are all trees. The special trees arising from a

graph G in this manner are known as G-trees [55, 14]. The G-tree of a permutation π is a

representation of the poset Pi as a tree T = τ∗K(G)(π) with the minimum value as the root

and maximal values as the leaves. Suppose the root of the tree T has k children, each of

which is a root of a subtree T i for i = 1, . . . , k. Writing |T i| for the number of nodes in T i,

we have

| τ−1(T ) | =
( ∑k

i=1 |T i|
|T 1|, . . . , |T k|

)( k∏
i=1

|τ−1(T i)|

)
.

This recursive formula translates into an efficient iterative algorithm. Our implementation

of this algorithm, when G is the n-cycle, is the workhorse behind our computations in

Chapter 3. For a graph G, let nbhd(i) be the set of vertices j such that there is an edge

(i, j) in G.
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Algorithm 2.6.1. (Permutation Counting)

Input: A data point u as a descent permutation δ and a graph G.

Output: The number of permutations with the same signature as δ, | τ−1τ(π(u)) |.

Initialize:
An indexed set of largest enclosing sets LE1 = · · · = LEn = ∅, and counter

c = 1
for δi in δ:

Initialize ` an empty list of enclosed tree lengths
LEδi

= {δi}
for j in nbhd(δi):

if LEj 6= ∅ and j /∈ LEδi
:

LEδi
= LEδi

t LEj

append |LEj | to `

c = c ·
(P

i(`i)
`

)
for j in LEδi

:
LEj = LEδi

Return the permutation count c

Actual Python code implementing this algorithm is (assuming a function multichoose, and

indexing from zero):

def count(delta, nbhd):
n = len(delta); LE=[[]]*n; c=1
for delta_i in delta[:n-1]:

li=[]
LE[delta_i] = [delta_i]
for j in nbhd[delta_i]:

if j not in LE[delta_i] and LE[j]:
LE[delta_i] = LE[delta_i]+LE[j]
li.append(len(LE[j]))

c = c * multichoose(sum(li),li)
for j in LE[delta_i]:

LE[j]=LE[delta_i]
return c

In the remainder of this section we discuss our method for performing these com-

putations for an arbitrary convex rank test. The test is specified (implicitly or explicitly) by

a collection of posets P1, . . . , Pk on [n]. From the given permutation, we identify the unique
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poset Pi of which that permutation is a linear extension, and we construct the distributive

lattice L(Pi) whose elements are the order ideals of Pi. Recall that an order ideal of Pi is a

subset O of [n] such that if l ∈ O and (k, l) ∈ Pi then k ∈ O. The set of all order ideals is a

distributive lattice with meet and join operations given by set intersection O ∩ O′ and set

union O ∪O′.

The distributive lattice L(Pi) is a sublattice of the Boolean lattice 2[n], whose

nodes are the 2n subsets of [n] = {1, 2, . . . , n}, and we represent L(Pi) by its nodes and

edges (cover relations) in 2[n]. We write each edge in 2[n] as a pair (K, l) where K ⊂ [n]

and l ∈ [n]\K. The edge in the Boolean lattice 2[n] represented by the pair (K, l) is the

cover relation K ⊂ K ∪ {l}.

Permutations in Sn are in natural bijection with maximal chains in the Boolean

lattice 2[n]. For example, the descent permutation δ = (4|2|1|3) corresponds to the maximal

chain
(
∅, {4}, {2, 4}, {1, 2, 4}, {1, 2, 3, 4}

)
in the Boolean lattice 2[4]. If the poset Pi is the

linear order δ then L(Pi) is the subgraph of 2[4] consisting of the five nodes in the chain

and the four edges (∅, 4), ({4}, 2), ({2, 4}, 1) and ({1, 2, 4}, 3) which connect them. The

maximal chains in 2[n] that lie in the sublattice L(Pi) are precisely the permutations that

are linear extensions of Pi. Therefore our task is to construct L(Pi) and then count its

maximal chains.

Remark 2.6.2. The linear extensions of the poset Pi are in bijection with the maximal

chains in the distributive lattice L(Pi). See [63, Section 3.5] for further information on this

bijection.

In general, L(Pi) is the graph whose nodes are those subsets of [n] which are order

ideals in Pi, and the edges are (K, l) where both K and K ∪ {l} are order ideals in Pi.
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Our strategy in computing the graph which represents L(Pi) is as follows. We start with a

given permutation δ which lies in the class indexed by Pi. That permutation determines a

maximal chain in 2[n] which must lie in L(Pi). We then compute a certain closure of that

subgraph in 2[n] with respect to the semigraphoidM under consideration. This is precisely

what is done in Algorithm 2.6.3 below. Knowledge of the distributive lattice L(Pi) solves

our problem since the number of maximal chains of L(Pi) can be read off easily from the

representation of L(Pi) in terms of nodes and edges.

Algorithm 2.6.3. (Building the Distributive Lattice)

Input: A data point as a descent permutation δ and a semigraphoidM.

Output: A distributive lattice L(Pi) representing the class of δ in the convex rank testM.

Initialize:
A set of confirmed lattice nodes, H =

{
∅, {δ1}, {δ1, δ2}, . . . , {δ1, . . . , δn}

}
A set of checked lattice edges, E =

{
({δ1, . . . , δn−1}, δn)

}
,

where each pair has the form (history, next position).
A stack of edges waiting to be checked:
W =

[
(∅, δ1), ({δ1}, δ2), ({δ1, δ2}, δ3), . . . , ({δ1, . . . , δn−2}, δn−1)

]
While W 6= ∅:

Pop (H, i) from the stack W
Add (H, i) to E
for j such that (H ∪ {i}, j) ∈ E:

if i ⊥⊥ j|H ∈M:
Add (H, j) to E
if H ∪ {j} /∈ H:

Add H ∪ {j} to H
Push (H ∪ {j}, i) onto W

Return the distributive lattice L(Pi) =
(
H, E

)
Using a program based on Algorithm 2.6.3, computing the number of linear ex-

tensions of the Boolean poset P = 2[5] (consisting of all subsets of {1, 2, 3, 4, 5}) took less

than one second on a laptop and found that

|L(2[5])| = 14, 807, 804, 035, 657, 359, 360.
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This computation was inspired by work in population genetics by Weinreich [71] who reports

the same calculation for P = 2[4].
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Chapter 3

The cyclohedron test

3.1 Introduction

The material in this chapter is based on the paper “The cyclohedron test for

finding periodic genes in time course expression studies” [49] which was authored jointly

with L. Pachter, A. Shiu, and B. Sturmfels. The implementation described in Section

3.7 and the application in Section 3.8 are new. In this chapter, we will apply one of

the topographical model tests first introduced in Section 2.5 to biologically-derived time

series. The search for the molecular components of biological clocks is an important first

step towards understanding the regulatory mechanisms underlying periodic behavior at the

molecular level. Examples of clocks that have been studied include the circadian clock

[47], the respiratory cycle clock in yeast [38, 62] and the segmentation clock in vertebrates

[57]. In order to find clock-related genes in a high-throughput fashion, time course array

experiments are performed to measure the expression levels of genes on a genome-wide

scale. This is followed by a statistical analysis to find periodically expressed genes. The

analysis is non-trivial for reasons that include noisy measurements, variable times between
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experiments, vague notions of periodicity, and loss of power due to multiple testing.

The question of how best to analyze cyclic time series is a topic of extensive

research in statistics [15]. Recent approaches, proposed in the context of microarray analysis

include splines and other curve approximations [40, 64], methods based on signal processing

techniques such as the Lomb-Scargle test [30], and non-parametric rank tests [72]. Several

of these approaches to pattern detection, including the cyclohedron test, are compared in

Dequéant et al. [20].

The cyclohedron Cn is the graph associahedron when the graph G is the n-cycle,

and the cyclohedron test is the greedy method for linear programming on Cn. It is equiva-

lent to the test denoted by τ∗K(G) in Chapter 2. Cyclohedra are also known as Bott-Taubes

polytopes, and they play an important role in representation theory [25, Section 3.2], com-

binatorics [37, 59], and homotopy theory [41].

When using rank tests, an expression time-course is represented by a permutation.

This has the advantage of providing robustness to noise, monotonic transformations, and

uncertainty with respect to the underlying probability distributions, and the disadvantage

of precluding a parametric analysis of the untransformed time courses.

The cyclohedron test is explained in detail in Section 3.2. In Section 3.3 we present

a method for assigning p-values to top-ranked groups of genes. This is done within a multiple

hypothesis testing framework, which is compatible with any rank test for permutation

data, including up-down analysis (Example 2.3.4). In Sections 3.5 and 3.6 we develop the

combinatorial details and efficient algorithms for the cyclohedron test. Our R and Python

code is available online, and its use is described in Section 3.7.

We apply the cyclohedron test to data reported in [21], consisting of 17 distinct ex-

pression array experiments from the presomitic mesoderm tissue of mouse embryos. These
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data were chosen because of the analyses already undertaken and the possibility for bio-

logical validation. Results are discussed in Section 3.4. We find that although the high-

throughput array experiments are effective for finding groups of genes likely to be involved

with clock regulation, multiple testing issues preclude the assignment of significance to any

individual gene on the basis of periodic-looking patterns alone.

3.2 The cyclohedron test

The cyclohedron test is appropriate when seeking to determine whether a time

course expression is periodic. Within a single hypothesis setting, the null hypothesis states

that a gene or other unit of interest does not exhibit cyclic expression. As with other

convex rank tests, the cyclohedron test provides the permutation count as a test statistic,

replacing this vague null hypothesis. The test applies to data vectors v = (v1, . . . , vn) whose

coordinates are distinct real numbers. The coordinates vi are measurements of the same

quantity at distinct points. In our applications, the ordering of each vector should be with

respect to some ‘cyclic’ time, so that any v′ = (vi, vi+1, . . . , vn, v1, . . . , vi−1) is an equally

meaningful ordering. For example, the data vectors v we analyze in Section 3.4 are ordered

within a somite-formation cycle; so vj is a measurement taken before vj+1 in the cycle,

where j + 1 is understood mod n.

The following specialization of Algorithm 2.6.1 computes, for any given data vector

v, its permutation signature (maximal tubing) σ(v) and its permutation count c(v). The

signature is an unordered set σ = {σ1, σ2, . . . , σn−1} of subsets of {1, 2, . . . , n} and the

permutation count is a positive integer.

Algorithm 3.2.1. (Cyclohedron test)
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Input: A vector v = (v1, . . . , vn) of distinct real numbers.

Output: The signature σ = {σ1, σ2, . . . , σn−1} and the permutation count c for v.

Initialize c := 1.

For i from 1 to n−1, do

Initialize σi = ∅, the empty set.

Let δi be the unique index such that vδi
is the i-th largest coordinate of v.

Initialize Left := ∅ and Right := ∅.

For k from 1 to i−1, do

if σk contains δi−1 (modulo n) then set Left := σk,

if σk contains δi+1 (modulo n) then set Right := σk.

Set σi := {δi} ∪ Right ∪ Left and c := c ·
(|Right|+|Left|

|Right|
)
.

Let Cn denote the set of all signatures σ(v) as v runs over Rn. Algorithm 3.2.1

constructs not only the signature σ and the permutation count c but also the descent vector

δ = (δ1, δ2, . . . , δn) of the data vector v = (v1, v2, . . . , vn). Since σ(v) depends only on the

descent vector δ, our algorithm specifies a map δ 7→ σ from the symmetric group Sn onto

the set Cn. For n ≥ 4, this map is not injective, and we are interested in the cardinalities of

the preimages. For instance, the permutations δ = (1, 3, 2, 4) and δ′ = (3, 1, 2, 4) have the

same signature σ(δ) = σ(δ′) =
{
{1}, {3}, {1, 2, 3}

}
.

The test statistic, the permutation count c, is the number of permutations having

the same signature as the permutation of interest. Significant data vectors have small

test statistics, because it is unlikely that a random permutation will have a topographical

map shared by few permutations. The permutation count c = c(v) has the following

interpretation. Suppose that under the null hypothesis, the data generating distribution for
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each data vector v induces the uniform distribution on all descent order permutations δ in

the symmetric group Sn. Note that this assumption is valid if the coordinates of the data

vector are independent and identically distributed under the null distribution, so our test is

therefore broadly applicable. For each signature σ ∈ Cn, let p(σ) denote the probability that

the signature σ would be observed under such a null distribution. The following proposition

states that p(σ) is the fraction of permutations δ that map to σ.

Proposition 3.2.2. The permutation count c computed by Algorithm 3.2.1 depends only

on the signature σ. It equals the number of permutations δ that are mapped to σ, and hence

c = c(σ) = p(σ) · n!.

Proof. For each σi in the signature σ, at most two other sets σj and σk are contained

in σi and are maximal with this property. Here σj and σk are necessarily disjoint. The

permutation count c is the product of the corresponding binomial coefficients
(|σj∪σk|

|σj |
)
.

It depends only on σ. The second statement is proved by induction on n, using the fact

that any valid permutation of σj can be shuffled with any valid permutation of σk, and

augmented by δi, to get a valid permutation for σi. Carrying out this process until i = n,

with σn = {1, 2, . . . , n}, yields precisely all permutations δ that have signature σ.

As discussed in §2.5 for general graphs G, the signature σ(v), can be viewed as

a topographic map on the n-cycle that captures the shape of the data v. Algorithm 3.2.1

is an iterative procedure for drawing this topographic map in the cyclic case. Namely, we

encircle the vertices of the n-cycle in decreasing order of their corresponding data vector

coordinates, that is, in the order δ1, δ2, . . . , δn−1. (The first circle is the set σ1, the second

is σ2, and so on.) We do this according to the following provision: in order to encircle δi, if

it is adjacent to some vertex j which has already been encircled by some σk, then σi must
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contain the σk circle. Accordingly, the sets “Left” and “Right” keep track of how far to the

left and right σi must extend for the result to form a valid tubing. The resulting tubing is

an unordered set σ of n−1 encircled sets σ1, σ2, . . . , σn−1. Figure 3.1 displays the beginning

of an example of this encircling process for n = 11.

Figure 3.1: Algorithm 3.2.1 constructs a topographic map on the n-cycle by subsequently
encircling vertices in order of decreasing size of the corresponding component of a data
vector. Displayed at the top are the formations of the first two components σi, and at the
bottom are the third and fourth, of the signature for an example with n = 11.

We say that the height hi of the i-th vertex in the topographic map for v is the

number of sets σj which contain i. We can identify the signature σ with the height vector

h = (h1, h2, . . . , hn), because σ can be recovered uniquely from the vector h. The map

v 7→ h(v) can be viewed as a smoothing of the data; see Figure 3.2.

Remark 3.2.3. The cyclohedron test applies when there are no ties vi = vj in the data.
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When ties occur, we examine all possible permutations δ arising from small perturbations.

Example 3.2.4. In our analysis in Section 3.4, the number of microarray experiments is

n = 17, and the number of probesets (labels of the data vectors) is N = 13, 873. The

probeset ranked first in Table 3.1 represents a gene named Obox. Its data vector equals

v =
(
0.738, 0.996, 0.705, 0.150,−0.566,−0.673, 0.774,−0.736,−0.788,

−0.802,−1.276,−0.521, 0.238,−0.258,−0.249,−0.084,−0.117
)
.

The descent order permutation for this vector v equals

δ =
(
2, 7, 1, 3, 13, 4, 16, 17, 15, 14, 12, 5, 6, 8, 9, 10, 11

)
.

The signature σ is given by the unordered set σ1 = {2}, σ2 = {7}, σ3 = {1, 2}, σ4 =

{1, 2, 3}, etc. The permutation count c = 480 is the product of the three contribu-

tions made by 5, 8 and 12, respectively, when constructing σ8 = {1, 2, 3, 4, 16, 17}, σ10 =

{1, 2, 3, 4, 13, 14, 15, 16, 17}, and σ13 = {1, 2, 3, 4, 5, 6, 7, 12, 13, 14, 15, 16, 17}. When viewing

σ as a topographic map for the data v, we obtain the height vector

h(v) =
(
12, 13, 11, 10, 5, 4, 5, 3, 2, 1, 0, 6, 8, 7, 8, 10, 9

)
.

Figure 3.2 displays the data v and the height vector h(v) plotted around the circle. �

3.3 Significance testing

Multiple hypothesis testing is of concern in microarray experiments, because the

number of hypotheses that are tested simultaneously is large. In our application, there are

N = 13, 873 null hypotheses. The hypotheses take the form “the r genes with the smallest
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Figure 3.2: The data v (left) and the height vector h(v) (right) for the gene Obox.

counts c arose by chance”, for r = 1, 2, . . . , N . In this section, we explain how to assign

p-values to these groups, leading to a criterion for determining which hypotheses to reject.

Applying the cyclohedron test to N data vectors v(1), . . . , v(N) in Rn means com-

puting their permutation counts c(v(1)), . . . , c(v(N)) . The highest ranked data are those for

which c(v(i)) is smallest. Under the null hypothesis, the probability distribution on Rn of

each data vector v(i) induces the uniform distribution U on the n! permutations δ. Viewed

as a random variable, the permutation count c has probability distribution function

Pc : im(c)→ [0, 1] , γ 7→ Pr
U

(c(δ) = γ). (3.1)

Here im(c) = {γ1 < γ2 < · · · < γsn} is the set of all positive integers that arise as

permutation counts c(σ) for some σ ∈ Cn. The probability distribution function Pc is

displayed in Figure 3.3 for n = 17, which will be the number of time points in Section 3.4.

Figure 3.3: The probability distribution function of c for n = 17.
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We now fix two integers 1 ≤ r ≤ N . The order statistic C(r) is the function

RN×n → im(c) which takes any list of N data vectors V = (v(1), . . . , v(N)) and returns the

rth smallest value among the permutation counts c(v(1)), . . . , c(v(N)). Recall that under the

null hypothesis, each v(i) has a distribution on Rn which induces the uniform distribution

on permutations δ. Further let us assume that the data vectors v(i) are independent. This

induces a joint distribution Q0 on the vector
(
c(v(1)), . . . , c(v(N))

)
∈ RN×n of counts. In

this framework, we view the order statistic C(r) as a random variable with distribution

F(r) : im(c)→ [0, 1], γ 7→ Pr
Q0

(C(r) = γ).

In other words, F(r)(γ) is the probability that the r-th smallest value among the permuta-

tion counts c(v(1)), . . . , c(v(N)) of N random data vectors equals γ. The function F(r)(γ)

depends only on n, N and r. Its efficient computation is explained in Section 3.6.

Definition 3.3.1. (p-value) Suppose we apply the cyclohedron test to N data vectors

in Rn, and the data vector whose permutation count is the r-th smallest has permutation

count γk. Then the collective p-value of the group of r highest ranked data vectors is

Pr
Q0

(C(r) ≤ γk) = F(r)(γ1) + F(r)(γ2) + · · ·+ F(r)(γk). (3.2)

The p-value (3.2) is the probability that the r-th order statistic for random data under the

null would be less or equal to the value of the r-th order statistic for the observed data.

3.4 Application to mouse microarray data

We applied the cyclohedron test to microarray data from recent work that investi-

gated the mouse segmentation clock [21]. Dequéant et al. took 17 expression measurements
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from mouse presomitic mesoderm on Affymetrix MOE430A arrays. By independently mea-

suring the expression of the gene Lunatic Fringe (Lfng) which is known to be periodic

within the somitogenesis cycle of embryonic development, Dequéant et al. ordered the 17

experiments within the cycle. Each array consisted of over 22, 000 probesets, however we

restrict the analysis to a subset of 13, 873 probesets by removing genes whose expressions

are deemed “absent” across the experiments by Affymetrix standards (which also employ

rank tests). In other words, the data consisted of 13,873 data vectors v, each of which was

the expression level of one gene (divided by the mean across experiments and transformed

to log2). We then applied the cyclohedron test to these data. We were interested in those

genes whose counts c(v) were small. Accordingly, we ranked the genes by their counts;

Table 3.1 presents the first 32 genes. Table 3.2 lists the significance of top groups of genes.

For example, the first 32 genes collectively have a p-value of 0.081, which suggests that these

32 genes are of interest. At this point we recall the definition of a p-value which was given

in equation (3.2). The p-value of the rank-1 gene Obox1 is the probability under the null

hypothesis that the top-ranked permutation count is less than or equal to 480, while the

p-value of the first 16 genes (the number 0.008 in Table 2) is the probability that the gene

ranked 16 has permutation count less than or equal to 4928. It is important to emphasize

that the p-values do not reveal the significance of any individual gene, but rather of a col-

lection of genes. For example, the top 19 genes having a collective p-value of 0.046 means

this: the probability that the first 19 genes would collectively all have permutation count

at most 6825 under the null distribution is 0.046. In other words, the group as a whole is

significant. However, we determine whether any individual gene in that group is significant.

For example, there is no significance to the fact that Obox1 is ranked first. While it appears

to be the most periodic pattern in the data by our analysis, that could have happened
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Rank ProbeSet Gene Name Gene Description Count
1 1456017 x Obox1 similar to oocyte specific gene 480
2 1452041 Klhl26 kelch-like 26 (Drosophila) 1440
3 1418593 Taf6 TAF6 RNA polymerase II 1560
4 1417985 Nrarp Notch-regulated ankyrin repeat protein 1950
5 1436845 Axin2 axin2 2240
5 1436343 Chd4 chromodomain helicase DNA binding prot. 2240
7 1426267 Zbtb8os zinc finger and BTB domain 2310
8 1420360 Dkk1 dickkopf homolog 1 (Xenopus laevis) 2520
9 1449643 s Btf3 basic transcription factor 3 2772
10 1417399 Gas6 growth arrest specific 6 2800
11 1418102 Hes1 hairy and enhancer of split 1 (Drosophila) 3120
12 1448799 s Mrps12 mitochondrial ribosomal protein S12 3150
13 1418729 Star steroidogenic acute regulatory protein 3600
14 1425424 MGC7817 hypothetical protein LOC620031 3850
15 1455740 Hnrpa1 heterogeneous nuclear ribonucleoprotein 4004
16 1450204 a Mynn myoneurin 4928
17 1449120 a Pcm1 pericentriolar material 1 6006
18 1423106 Ube2b ubiquitin-conjugating enzyme E2B 6720
19 1420386 Seh1l SEH1-like (S. cerevisiae) 6825
20 1456380 x Cnn3 calponin 3, acidic 8008
21 1419438 Sim2 single-minded homolog 2 (Drosophila) 8640
22 1426524 Gnpda2 glucosamine-6-phosphate deaminase 2 9009
23 1438557 x Dnpep aspartyl aminopeptidase 9450
24 1454904 Mtm1 X-linked myotubular myopathy gene 1 10500
25 1448951 Tnfrsf1b tumor necrosis factor receptor superfamily 10530
25 1433952 Tufm Tu translation elongation factor 10530
27 1422327 s G6pd2/

G6pdx glucose-6-phosphate dehydrogenase 2 10725
28 1416295 a Il2rg interleukin 2 receptor, gamma chain 10920
29 1417316 Them2 thioesterase superfamily member 2 11025
30 1450242 Tlr5 toll-like receptor 5 11232
31 1449164 Cd68 CD68 antigen 11340
32 1418337 Rpia ribose 5-phosphate isomerase A 11760
...

...
...

...
...

Table 3.1: The 32 genes ranked highest by the cyclohedron test. Gene descriptions are de-
rived from those provided by Affymetrix. The suffix “ at” was removed from each ProbeSet
ID.
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by chance (p-value 0.279). A natural cutoff value is to look at the first 32 genes because

collectively they have a p-value of 0.081 (the next ten p-values are between 0.13 and 0.30).

Note that analyses of microarray data have this property, that Type-1 errors are all but

guaranteed due to the large number of genes (and thus the large number of hypotheses)

that are tested. Our computations were performed with the statistical software R [58] and

the language Python, using the implementation described in Section 3.7.

Dequéant et al. performed significance testing according to a Lomb-Scargle anal-

ysis, and then based on gene expression profile clustering, they identified genes belonging

to three pathways Notch/FGF and Wnt that are involved with somitogenesis. There are

genes that are deemed interesting by both the analysis of Dequéant et al. and the cyclo-

hedron test. For example, Axin2 is ranked highly by the Lomb-Scargle (rank 6) and the

cyclohedron test (rank 5). In addition, nrarp (rank 4 according to the cyclohedron test)

is ranked poorly by Lomb-Scargle (rank 482), although it belongs to the Notch pathway

and its gene expression clusters accordingly. Finally, there are novel genes such as Obox

(rank 1 by the cyclohedron test, but not known to be related to somitogenesis) that require

further investigation. This suggests that to find periodic gene expression, it is beneficial to

apply many methods, including Lomb-Scargle, clustering, and the cyclohedron test. Doing

so enables us to find genes overlooked by each method, as well as to confirm findings of

other tests. In other words, the findings of each method complement those of others by

identifying candidate genes for knockout experiments. In Dequéant et al. [20], we compare

various methods, including Lomb-Scargle, up-down analysis, and the cyclohedron test, for

identifying cyclic genes from this data set.

In conclusion, we remark that, although microarray expression analyses are fre-

quently criticized due to the noise in individual measurements, the massively parallel nature
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Group 1..1 1..2 1..3 1..4 1..5 1..6 1..7 1..8
p-value 0.279 0.458 0.244 0.204 0.064 0.064 0.031 0.020
Group 1..9 1..10 1..11 1..12 1..13 1..14 1..15 1..16
p-value 0.014 0.005 0.005 0.002 0.003 0.003 0.002 0.008
Group 1..17 1..18 1..19 1..20 1..21 1..22 1..23 1..24
p-value 0.047 0.069 0.046 0.139 0.165 0.173 0.195 0.312
Group 1..25 1..26 1..27 1..28 1..29 1..30 1..31 1..32
p-value 0.192 0.192 0.168 0.159 0.118 0.096 0.075 0.081

Table 3.2: Significance of top-ranked groups of genes. For example, the first 32 genes have
a collective p-value of 0.081.

of the experiments provide the possibility for finding groups of significant genes. Indeed,

we confirm this in our analysis of the Dequéant et al. experiments [21], in which we are

unable to confirm whether any individual gene is statistically significant, yet we can identify

a group of genes that collectively are significant. The biological significance of individual

genes can be determined by further targeted experimental validation.

3.5 Combinatorics of the cyclohedron test

We now describe the combinatorics and geometry particular to the cyclohedron

test. First, the set Cn of cyclic signatures is in natural bijection with the vertices of a

certain convex polytope. The n-cycle has n(n−1) connected induced proper subgraphs,

namely, the cyclic segments of the form S = {i, i + 1, . . . , i + k}. Here k < n−1, and the

indices are understood modulo n. The cyclohedron vertex of a data vector v ∈ Rn is the

vector τ(v) ∈ Nn whose i-th coordinate τ(v)i is the number of cyclic segments S containing

i such that vi = min{vs : s ∈ S}. The cyclohedron Cn is the convex hull in Rn of all

the cyclohedron vertices τ(v) where v ranges over Rn. For n = 4 and the data vector

v = (0.49, 5.73, 4.01, 2.67), we have τ(v) = (6, 1, 2, 3), while for v′ = (0.49, 5.73, 2.67, 4.01)
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Figure 3.4: The cyclohedron C4; its vertices correspond to the distinct signatures for n = 4.
The string 1

324 labels the cyclohedron vertex of data vectors whose descent permutation is
1324 or 3124.

we have τ(v′) = (6, 1, 4, 1). For example, τ(v)3 = 2 because v3 = 4.01 is minimal in S1 = {3}

and S2 = {2, 3}.

Two vectors in R4 share the same signature σ = {σ1, σ2, σ3} if and only if they

are mapped to the same cyclohedron vertex τ . The convex hull of all cyclohedron vertices

τ(v) is the 3-dimensional cyclohedron C4. This is a simple polytope with 20 vertices, 30

edges and 12 facets (for the 12 cyclic segments). It is depicted in Figure 3.4. Vertices in

the figure, incident to a ‘double’ edge indicate signatures σ with c(σ) = 2. Thus the set C4

of all signatures has 20 elements, one for each vertex of C4.

The following theorem summarizes what is known about the cyclohedron. It is

extracted from [25, 37, 41].

Theorem 3.5.1. The cyclohedron Cn is an (n−1)-dimensional polytope. It is the solution
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set in Rn of the following system of one linear equation and n(n− 1) linear inequalities:

x1 + x2 + · · ·+ xn = n(n− 1), (3.3)

∑
s∈S

xs ≥
(
|S|+ 1

2

)
for each cyclic segment S. (3.4)

The cyclohedron Cn is simple, i.e. each vertex lies on precisely n−1 facets. Each inequality

(3.4) defines a facet. The total number of vertices equals
(
2n−2
n−1

)
. More generally, the number

fi of i-dimensional faces of the cyclohedron is given by the generating function

n−1∑
i=0

fi · zi =
n−1∑
k=0

(
n− 1

k

)2

· (z + 1)k. (3.5)

Algorithm 3.2.1 is a greedy method for linear programming on the cyclohedron

Cn. Indeed, computing the cyclohedron vertex τ(v) of a data vector v = (v1, . . . , vn) is

equivalent to the linear program of minimizing
∑n

i=1 vixi subject to the constraints (3.3)

and (3.4). The optimal vertex of that linear program on Cn is precisely the vector x = τ(v).

Given the linear functional
∑n

i=1 vixi to be minimized, Algorithm 3.2.1 generates

a collection σ = {σ1, σ2, . . . , σn−1} of subsets of {1, 2, . . . , n}. These sets S = σi are cyclic

segments, and they indicate which n−1 inequalities (3.4) are tight at the optimal vertex

x = τ(v) of Cn. This implies that τ(v) can be recovered from σ(v) and vice versa:

Corollary 3.5.2. The cyclohedron vertex τ(v) of any data vector v ∈ Rn can be obtained

from the signature σ(v) = {σ1, σ2, . . . , σn−1} by solving the linear system of equations

(3.3) and
∑
s∈σi

xs =
(
|σi|+ 1

2

)
for i = 1, 2, . . . , n−1. (3.6)

Conversely, the signature σ(v) is recovered from the vertex τ(v) by substituting x = τ(v)

into the inequalities (3.4) and collecting all index sets S for which equality holds.
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In light of Corollary 3.5.2, we henceforth shall identify signatures σ ∈ Cn with their

corresponding vertices τ of the cyclohedron Cn. We note that the solution τ to (3.6) can

be read off easily within Algorithm 3.2.1. It always holds that τδn :=
(
n
2

)
, and the other

n−1 coordinates are obtained by adding one line at the end of the main i loop:

Output τδi
= (|Left|+ 1) · (|Right|+ 1).

Two data vectors v and v′ are cyclically equivalent if and only if σ(v) = σ(v′) , i.e.,

if and only if the linear functionals corresponding to v and v′ are minimized at the same

vertex τ(v) = τ(v′) of the cyclohedron Cn. The cyclic equivalence classes are the normal

cones at the vertices of Cn. They are specified by the inequalities v
δi

< v
δk

for all inclusions

σk ⊂ σj in σ(v). Since Cn is simple, n−1 inequalities suffice, and these can be generated

by augmenting Algorithm 3.2.1, again at the end of the main i loop, as follows:

if Right 6= ∅ or Left 6= ∅ then output vδi
< vδk

.

The generated inequalities permit the study of confidence regions for the cyclohedron test.

Example 3.5.3. Fix n = 17 and let v be the data vector for the Obox gene in Example

3.2.4. The augmented Algorithm 3.2.1 reveals that the cyclic equivalence class of v is given

by

v11 < v10 < v9 < v8 < v6 < v5 < v12 < v14 < v15 < v17 < v4 < v3 < v1 < v2

and v6 < v7 and v17 < v16 and v14 < v13.

These inequalities specify the normal cone at the vertex

τ(v) =
(
2, 1, 3, 4, 11, 24, 1, 14, 15, 16, 136, 10, 1, 16, 7, 1, 10

)
of the 16-dimensional cyclohedron C17. Recall that the possible signatures for data with
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n = 17 are (in bijection with) the vertices of C17, and their total number equals

|C17| =
(

2 · 17− 2
17− 1

)
=
(

32
16

)
= 601, 080, 390.

Among all these signatures, the vertex τ(v) is of interest because the probability that a

random linear functional attains its minimum over C17 at that vertex is rather small:

p(v) = c(v)/n! = 480/17! = 1.35 · 10−12.

The results of our analysis for the full data set were presented in Section 3.4.

3.6 Null distribution of the counts and order statistics

We next compute two probability distribution functions, that of the random vari-

able c and of its order statistics. In the first part of this section we introduce a generating

function that represents the distribution Pc of c under the null distribution. This is applied

in the second part to derive the order statistics of Pc and a formula for computing the col-

lective p-values (3.2) exactly. Recall that the set Cn of signatures equals the set of maximal

tubings or vertices of the cyclohedron Cn. For each σ ∈ Cn, the quantity c(σ) = p(σ) ·n! is

the number of permutations δ which map to τ . See Algorithm 3.2.1 and Proposition 3.2.2.

We define the count generating function for the cyclohedron test to be the poly-

nomial

Γn(t) :=
∑
σ∈Cn

tc(σ).

By Theorem 3.5.1, this polynomial gives a refinement of the central binomial coefficient:

Γn(1) = |Vert(Cn)| =
(

2n− 2
n− 1

)
.

Similarly, the first derivative Γ′n(t) = d
dtΓn(t) gives a refined count of the permutations:

Γ′n(1) = |Sn| = n!.



61

We list the first few non-trivial instances of the count generating function:

Γ4(t) = 4t2 + 16t,

Γ5(t) = 20t3 + 10t2 + 40t,

Γ6(t) = 12t8 + 24t6 + 48t4 + 48t3 + 24t2 + 96t,

Γ7(t) = 28t20 + 56t15 + 140t10 + 28t8 + 56t6 + 112t5+112t4+112t3+56t2+224t,

Γ8(t) = 8t80 + 32t48 + 128t45 + 64t40 + 64t36 + 64t30 + · · ·+ 256t3+128t2+512t,

Γ9(t) = 72t210 + 72t168 + 108t140 + 144t126 + 432t105 + · · ·+576t3+288t2+1152t.

The count generation function encodes the probability distribution function of c:

Remark 3.6.1. The probability Pc(γ) is the coefficient of tγ in the polynomial (t/n!)·Γ′n(t).

Example 3.6.2. Consider the case n = 7. The s7 = 10 possible permutation counts are

im(c) =
{
1, 2, 3, 4, 5, 6, 8, 10, 15, 20

}
.

The probability for each of these counts to be observed is the corresponding coefficient in

∑
γ∈im(c)

Pc(γ) · tγ =
t

5040
· Γ′7(t) =

1
9
t20 +

1
6
t15 +

5
18

t10 + · · ·+ 1
45

t2 +
2
45

t.

For instance, the cyclohedron C6 has 56 vertices σ with c(σ) = 15, and this accounts for

56 · 15 = 840 of the 5040 permutations δ in S7. Thus the probability that a random data

vector v ∈ R7 has permutation count c(v) = 15 is equal to Pc(15) = 840/5040 = 1/6.

We now describe a formula for computing the count generating function. Let Tm

denote the set of unlabeled rooted trees with m nodes, where each node has at most two

children. The number of these trees is the Wedderburn-Etherington number , denoted by

tm := |Tm|. Starting with t0 = 1, the Wedderburn-Etherington numbers are

1, 1, 2, 3, 6, 11, 23, 46, 98, 207, 451, 983, 2179, 4850, 10905, 24631, 56011, 127912, . . .
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and they can be computed by the following recursion:

tm =
bm/2c−1∑

i=0
ti · tm−i−1 if m is even,

tm =
(t(m−1)/2

2

)
+

bm/2c−1∑
i=0

ti · tm−i−1 if m is odd.

This holds because each tree T in Tm is constructed uniquely by taking an unordered pair

consisting of a tree T1 in Ti and a tree T2 in Tm−i−1 and attaching them to a new root. Note

that t0 = 1 corresponds to the case when the new root has outdegree one. We call
(
m−1

i

)
the order of the root. The node is called balanced if i = (m− 1)/2 and the two subtrees T1

and T2 are isomorphic. In this manner, each node of a tree T ∈ Tm has an order, and it

is either balanced or unbalanced. For instance, all leaves are balanced of order 1, all nodes

with one child are unbalanced of order 1, and nodes with two children have order ≥ 2. For

a tree T ∈ Tm let unbal(T ) denote the number of unbalanced nodes in the tree T , and let

order(T ) denote the product of the orders of all nodes in T .

Theorem 3.6.3. The count generating function for the cyclohedron test equals

Γn(t) = n ·
∑

T∈Tn−1

2unbal(T ) · torder(T ).

Proof. Every signature σ = {σ1, . . . , σn−1} in Cn maps to an unordered tree T = T (σ) in

Tn−1. If n = 2 then T is the tree with one node. For n ≥ 3 we construct T iteratively as in

Algorithm 3.2.1: by induction, the sets Left and Right correspond to two subtrees T1 and

T2, and a new root is attached to form the tree corresponding to {δi} ∪ Right ∪ Left. The

order of the resulting tree T (σ) equals the permutation count c(σ) computed. It remains

to be shown that the set of all signatures σ which are mapped to the same tree T ∈ Tn−1

has precisely n · 2unbal(T ) elements. The factor n comes from the fact that the last element

δn can be chosen arbitrarily. So, let us suppose δn = n. Then the indices appearing in
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σ are precisely 1, 2, . . . , n−1. Let T1 and T2 be the two subtrees of the root of T , and

suppose they have i and n − 2 − i nodes respectively. If i 6= n/2 then either δn−1 = i + 1

and both {1, 2, . . . , i} and {n−2−i, . . . , n−2, n−1} are in σ, or δn−1 = n−1−i and both

{1, 2, . . . , n−2−i} and {n − i, . . . , n−2, n−1} are in σ. If i = n/2 then δn−1 = n/2 and

both {1, 2, . . . , n/2− 1} and {n/2 + 1, . . . , n− 1} are in σ. The choices for the remaining

elements of σ are constructed inductively by identifying the nodes of the two subtrees with

these two sets. If the two subtrees are identical (i.e. the root is balanced) then there is only

one identification to be considered, otherwise we must consider two cases. Proceeding in

this manner along the tree, we see that there are 2order(T ) many choices of signatures σ on

{1, 2, . . . , n− 1} which map to T .

We next present a recursive method for computing the count generating function

Γn(t). Let f =
∑

i ait
i and g =

∑
j bjt

j be any two generating functions and M any positive

integer. Then we define the ∗-product of f and g with respect to M as follows:

f ∗M g :=
∑
i,j

ai · bj · ti·j·M . (3.7)

Corollary 3.6.4. Let Ωn(t) be the polynomial defined recursively by

Ω0(t) = Ω1(t) = t and Ωm(t) =
m−1∑
i=0

Ωi(t) ∗(m−1
i ) Ωm−1−i(t).

Then Γn(t) = n · Ωn−1(t) is the count generating function for the cyclohedron test.

Proof. This follows from the recursive tree construction in the proof of Theorem 3.6.3.

Example 3.6.5. Corollary 3.6.4 easily yields the full expansion of Ωn(t) for small values

of n. For n = 17, the case of interest in Section 3.4 (see also Examples 3.2.4 and 3.5.3), we
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find

Γ17(t) = 272t108108000 + 544t89689600 + 272t86486400 + 544t80720640 + · · · · · · + 348160t8

+278528t7 + 417792t6 + 278528t5 + 278528t4 + 278528t3 + 139264t2 + 557056t.

The number of terms in this polynomial equals | im(c)| = 2438. The 2438 values of the

probability distribution function Pc are plotted on a logarithmic scale in Figure 3.3. For

larger values of n, say n ≥ 30, it becomes infeasible to compute the expansion of Γn(t), but

Corollary 3.6.4 can still be used to design efficient methods for sampling from Pc.

The distribution function F(r)(γ) of the order statistic C(r) is now computed.

Defining pi = Pc(γi) to be the probability under the null hypothesis that the count is

equal to γi, Remark 3.6.1 tells us that

(t/n!) · Γ′n(t) = p1t
γ1 + p2t

γ2 + · · ·+ psntγsn , where γ1 < γ2 < · · · < γsn .

Consider the identity

(p1 + p2 + · · ·+ psn)N =
∑

i1+i2+···+isn=N

(
N

i1 i2 · · · isn

)
· pi1

1 pi2
2 · · · p

isn
sn

= 1.

By definition, F(r)(γk) is the sub-sum of all terms in this sum whose indices satisfy

i1 + · · ·+ ik−1 < r ≤ N − ik+1 − · · · − isn .

For the purpose of computational efficiency we rewrite this sub-sum as follows. The formula

below furnishes us with an efficient method for computing the collective p-values.

Lemma 3.6.6. The probability distribution function under the null distribution Q0 of the

order statistic C(r) is given by

F(r)(γk) =
N∑

i=1

min(r−1,N−i)∑
j=max(0,r−i)

(
N

i, j, N−i−j

)
(p1 + · · ·+ pk−1)j · pi

k · (pk+1 + · · ·+ psn)N−i−j
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Proof. The first sum is over the number of data points that have permutation count γk.

The second sum is over j, the number of data points whose permutation count is less than

γk. Then, the multinomial coefficient gives the possible ways to partition {1, 2, . . . , N} into

sets of size i, j, and N − i − j; that is, it accounts for possible rearrangements among the

permutation counts equal to, less than, and greater than γk. The probability that such

rearrangement occurs is the product (p1 + · · ·+ pk−1)j · pi
k · (pk+1 + · · ·+ psn)N−i−j .

3.7 R and Python code for the cyclohedron test

The R source code topoGraph.R is available for the cyclohedron test. The software

can be downloaded from

http://bio.math.berkeley.edu/ranktests/index.html

Our code requires the free statistical software package R [58]. Here we describe how to

perform basic tasks related to the cyclohedron test. The data file must be a CSV (comma-

separated values) file, where the first column consists of identifying labels (such as gene

names), and the first row labels the time points (all other rows are the corresponding data

vectors). We illustrate the use of the basic functions with the data file (named ‘13873.csv’)

that we described in Section 3.4. The first column consists of the ProbeSet IDs. The source

code containing the R functions is topoGraph.R. First, we call the source code and load

the data file from an R command line (here, we assume that both files are in the current

working directory):

source("topoGraph.R")
dataset<-loaddata("13873.csv")

Next, we calculate the count of each data vector, which is done by the following command:
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counts<-cycleCounts(dataset)

This defines “counts,” a vector which lists the counts c of the data vectors in the order

given by the data file. To list the genes according to their count ranking, as shown in Table

1, we call the function rankby which outputs the labels (here, the ProbeSet IDs) of the

genes. The following command outputs the ten highest ranked ProbeSets.

rankby(row.names(dataset),counts)[1:10]
[1] "1456017_x_at" "1452041_at" "1418593_at" "1417985_at"
[5] "1436845_at" "1436343_at" "1426267_at" "1420360_at"
[9] "1449643_s_at" "1417399_at"

More extensive documentation is available online. The Python code implementing the

cyclohedron test and other graphical tests is available at http://math.berkeley.edu/ ∼

mortonj/code.html.

3.8 Roots

We also applied this method to root expression data generated by Siobhan Brady

and Philip Benfey [9]. This data was far less noisy and resulted in a 17 “perfectly cyclical”

gene expression time series: topographical maps with preimage size 1. This remained highly

significant after correcting for multiple hypothesis testing as above. The top 17 genes are

shown in Figure 3.5, and correspond to the following probesets.

255502_at, 248530_at, 248526_at, 254363_at, 257697_at, 247024_at,
249971_at, 262236_at, 262371_at, 256237_at, 259195_at, 266135_at,
257823_at, 256723_at, 261144_s_at, 261772_at



67

Figure 3.5: Top 17 longitudinal probesets in the Arabidopsis data.
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Chapter 4

Three counterexamples on

semigraphoids

4.1 Introduction

The material in this chapter is based on the paper “Three counterexamples in

Semigraphoids,” [34] which was authored jointly with R. Hemmecke, A. Shiu, B. Sturmfels

and O. Wienand. While Chapter 3 focused on applications, in this chapter we exploit

Theorem 2.3.3 to answer three purely theoretical questions about conditional independence.

The following two problems about semigraphoids were stated by Studený:

(Q1) Is it true that every coatom of the lattice of (disjoint) semigraphoids over [n] is a struc-

tural independence model over [n]? [67, Question 4, page 194]

(Q2) Is every structural imset over [n] already a combinatorial imset over [n]? [67, Question

7, page 207]

Let Pn−1 denote the (n−1)-dimensional permutohedron and let Cn = [0, 1]n denote
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the standard n-dimensional cube. Recall that the vertices of Pn−1 are in bijection with the

elements of the symmetric group Sn; they are also in bijection with the monotone edge

paths from (0, 0, . . . , 0) to (1, 1, . . . , 1) on the cube Cn. The 2-dimensional faces of Cn are

in bijection with the CI statements on [n]. Namely, i ⊥⊥ j |K = j ⊥⊥ i |K represents the

2-face of Cn with xk = 1 for k ∈ K and xl = 0 for l ∈ [n]\(K ∪{i, j}). The number of these

2-cubes equals γn :=
(
n
2

)
2n−2. There is a natural surjection from the edges of Pn−1 onto

the 2-faces of Cn. Namely, an edge of Pn−1 corresponds to a pair of adjacent monotone edge

paths on Cn. These adjacent paths differ only along a 2-cube [i ⊥⊥ j |K]. In this manner,

we identify any setM of CI statements on [n] with a set of 2-cubes on the boundary of Cn.

As in (2.2), we also identifyM with a set of edges of the permutohedron Pn−1, bearing in

mind that opposite edges of a square have the same CI statement as their label.

A basic question about any semigraphoid M is whether its corresponding convex

rank test is submodular (§2.4), in other words, whether it is the normal fan of a convex

polytope. That polytope would then be a Minkowski summand of Pn−1, i.e. a generalized

permutohedra [55, 56].

Studený’s first question has the following geometric translations:

(Q1) Is every coarsest convex rank test submodular?

(Q1) Is every fan which maximally coarsens the Sn-arrangement the normal fan of a gen-

eralized permutohedron?

In the first version of [56], Postnikov, Reiner and Williams asked a similar question:

(Q3) Is every simplicial fan which coarsens the Sn-arrangement the normal fan of a simple

generalized permutohedron?

This chapter answers all three questions. In Section 4.2 we derive and explain our
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counterexample for Question (Q3). That example is discussed in [56, Example 3.8]. By

Studený’s classification of the 26424 semigraphoids for n = 4, it had been known that the

answers to Questions (Q1) and (Q2) are affirmative for n ≤ 4. In Sections 4.3 and 4.4 we

construct counterexamples for (Q1) and (Q2) with n = 5.

Question (Q2) has the following reformulation in the setting of toric algebra [48,

§7]. We now represent the elementary semigraphoid axiom (SG)′ of §2.3 as an additive

equation among CI statements as formal symbols (indeterminates):

(SG′′) [i ⊥⊥ j |K ∪ `] + [i ⊥⊥ ` |K] = [i ⊥⊥ j |K] + [i ⊥⊥ ` |K ∪ j]

for all i, j, l,K. We enclose the CI statements in brackets to emphasize that they are now

indeterminants. These relations span the kernel of the linear map

A : Zγn → Z2n
, [i ⊥⊥ j |K] 7→ eiK + ejK − eK − eijK . (4.1)

A semigraphoid is a solution to the equations (SG′′) in the semiring {0,++}, representing

“zero” and “positive”. A semigraphoid is submodular if it is the set of zero coordinates

of a solution to (SG′′) in the non-negative real numbers. These definitions furnish us

with an algebraic representation of a semigraphoidM and a systematic method for testing

submodularity ofM by linear programming. Studený’s question (Q2) concerns the N-linear

span of the columns of the matrix A:

(Q2) Is the semigroup A(Nγn) normal, i.e., does it coincide with A(Rγn

≥0) ∩ Z2n
?

4.2 A non-submodular simplicial semigraphoid

Let n = 4 and consider the 4-dimensional cube C4 and the 3-dimensional permu-

tohedron P3. Each hexagon on P3 corresponds to one of the eight facets of C4. Each facet
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specifies three semigraphoid axioms, written additively as in (SG′′):

[[1⊥⊥2|∅]] + [2⊥⊥3|1] = [2⊥⊥3|∅] + [1⊥⊥2|3] ⇐=

(∗, ∗, ∗, 0) [1⊥⊥3|∅] + [1⊥⊥2|3] = [[1⊥⊥2|∅]] + [1⊥⊥3|2]

[1⊥⊥3|∅] + [2⊥⊥3|1] = [2⊥⊥3|∅] + [1⊥⊥3|2]

[[1⊥⊥2|∅]] + [2⊥⊥4|1] = [2⊥⊥4|∅] + [1⊥⊥2|4]

(∗, ∗, 0, ∗) [[1⊥⊥2|∅]] + [1⊥⊥4|2] = [1⊥⊥4|∅] + [1⊥⊥2|4]

[1⊥⊥4|∅] + [2⊥⊥4|1] = [2⊥⊥4|∅] + [1⊥⊥4|2]

[1⊥⊥3|∅] + [1⊥⊥4|3] = [1⊥⊥4|∅] + [1⊥⊥3|4]

(∗, 0, ∗, ∗) [[3⊥⊥4|∅]] + [1⊥⊥3|4] = [1⊥⊥3|∅] + [3⊥⊥4|1]

[[3⊥⊥4|∅]] + [1⊥⊥4|3] = [1⊥⊥4|∅] + [3⊥⊥4|1] ⇐=

[2⊥⊥3|∅] + [3⊥⊥4|2] = [[3⊥⊥4|∅]] + [2⊥⊥3|4]

(0, ∗, ∗, ∗) [2⊥⊥4|∅] + [2⊥⊥3|4] = [2⊥⊥3|∅] + [2⊥⊥4|3]

[[3⊥⊥4|∅]] + [2⊥⊥4|3] = [2⊥⊥4|∅] + [3⊥⊥4|2]

[3⊥⊥4|1] + [[2⊥⊥3|14]] = [2⊥⊥3|1] + [3⊥⊥4|12] ⇐=

(∗, ∗, ∗, 1) [2⊥⊥4|1] + [[2⊥⊥3|14]] = [2⊥⊥3|1] + [2⊥⊥4|13]

[2⊥⊥4|1] + [3⊥⊥4|12] = [3⊥⊥4|1] + [2⊥⊥4|13]

[1⊥⊥3|2] + [3⊥⊥4|12] = [3⊥⊥4|2] + [1⊥⊥3|24]

(∗, ∗, 1, ∗) [1⊥⊥3|2] + [[1⊥⊥4|23]] = [1⊥⊥4|2] + [1⊥⊥3|24]

[3⊥⊥4|2] + [[1⊥⊥4|23]] = [1⊥⊥4|2] + [3⊥⊥4|12]

[1⊥⊥2|3] + [[1⊥⊥4|23]] = [1⊥⊥4|3] + [1⊥⊥2|34] ⇐=

(∗, 1, ∗, ∗) [1⊥⊥4|3] + [2⊥⊥4|13] = [2⊥⊥4|3] + [[1⊥⊥4|23]]

[1⊥⊥2|3] + [2⊥⊥4|13] = [2⊥⊥4|3] + [1⊥⊥2|34]
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[1⊥⊥3|4] + [[2⊥⊥3|14]] = [2⊥⊥3|4] + [1⊥⊥3|24]

(1, ∗, ∗, ∗) [1⊥⊥2|4] + [1⊥⊥3|24] = [1⊥⊥3|4] + [1⊥⊥2|34]

[1⊥⊥2|4] + [[2⊥⊥3|14]] = [2⊥⊥3|4] + [1⊥⊥2|34].

This is a system of 24 equations in γ4 = 24 formal symbols [i ⊥⊥ j |K].

A semigraphoid is a solution to these equations over the semiring {0,++}. More

precisely, given such a solution vector in {0,++}24, the semigraphoid M consists of all

coordinates [i ⊥⊥ j |K] that have the value 0. There are 26424 such semigraphoids. They

form a sublattice of the Boolean lattice {0,++}24, with ++ < 0. Question (Q1) concerns the

coatoms of this lattice. But let us first resolve Question (Q3).

We consider the following collection of CI statements:

M =
{

[[2 ⊥⊥ 3 | 14]], [[1 ⊥⊥ 4 | 23]], [[1 ⊥⊥ 2 | ∅]], [[3 ⊥⊥ 4 | ∅]]
}
. (4.2)

These four symbols are highlighted in the 24 equations above by the use of double brackets

[[ · · · ]]. Each equation (individually) can be solved among the positive reals after these four

symbols have been set to zero, or equivalently they can be solved as a system over {0,++}.

This shows thatM is a semigraphoid.

The semigraphoid M is represented geometrically by the three-dimensional poly-

tope in Figure 4.1. This polytope is simple, i.e., each of the 16 vertices is adjacent to

three other vertices. The eight vertices whose labels include three bars (such as 4|2|1|3)

correspond to unique permutations in S4 (namely the permutation 4213), while the eight

vertices whose labels have two bars (such as 4|1|23) correspond to pairs of permutations in

S4 (namely 4123 and 4132). This partition of S4 into eight singletons and eight pairs is

the convex rank test of M. The normal fan of the polytope in Figure 4.1 is a simplicial
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Figure 4.1: A simple 3-dimensional polytope with 16 vertices and 10 facets

fan which is combinatorially (but not geometrically) isomorphic to a fan that coarsens the

hyperplane arrangement of S4.

Proposition 4.2.1. The simplicial semigraphoid M is not submodular.

Proof. Suppose that M were submodular. Then the above equations have a solution in

(R≥0)24 whose coordinates inM are zero and whose other 20 coordinates are positive. The

four equations marked by an “⇐=” give the following four equations:

[2⊥⊥3|1] = [2⊥⊥3|∅] + [1⊥⊥2|3]

[1⊥⊥4|3] = [1⊥⊥4|∅] + [3⊥⊥4|1]

[3⊥⊥4|1] = [2⊥⊥3|1] + [3⊥⊥4|12]

[1⊥⊥2|3] = [1⊥⊥4|3] + [1⊥⊥2|34].
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Adding the left hand sides and the right hand sides of the four equations yields

[2⊥⊥3|∅] + [1⊥⊥4|∅] + [3⊥⊥4|12] + [1⊥⊥2|34] = 0.

This contradicts the assumption that these four values are strictly positive.

The set of all non-negative solutions to the 24 equations is an 11-dimensional cone

in (R≥0)24. This cone is isomorphic to the 16-dimensional cone of submodular functions

on 2[4], modulo its 5-dimensional lineality space. Its 22108 faces are in bijection with the

submodular semigraphoids, or, equivalently, with the generalized permutohedra for n = 4.

In addition to these, there are 4316 semigraphoids that are not submodular. Each of the

latter can be represented by a polytope of dimension ≤ 3 as in Figure 1. These polytopes

have the combinatorial properties of generalized permutohedra, but they cannot be realized

as Minkowski summands of P3. For example, see [36, Figure 5] for a polytope that depicts

Studený’s example of a semigraphoid that is not submodular.

We now give a classification of non-submodular semigraphoids for n = 4 and

|M| small. All simplicial examples are coarsenings (up to relabeling) of the particular

semigraphoidM in Proposition 4.2.1. The following table lists the number of semigraphoids

classified by number of CI statements, their type, and whether they are simplicial. Here, the

type of a semigraphoid is the triple (m0,m1,m2) where mt is the number of CI statements

[i ⊥⊥ j |K] inM such that |K| = mt.
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|M| type non-simplicial simplicial total
3 ( 0 , 3 , 0 ) 8 0 8
4 ( 0 , 4 , 0 ) 78 0 78
4 ( 1 , 2 , 1 ) 30 0 30
4 ( 2 , 0 , 2 ) 0 6 6
5 ( 0 , 5 , 0 ) 300 0 300
5 ( 1 , 2 , 2 ) 30 0 30
5 ( 1 , 3 , 1 ) 84 0 84
5 ( 2 , 0 , 3 ) 12 12 24
5 ( 2 , 2 , 1 ) 30 0 30
5 ( 3 , 0 , 2 ) 24 0 24
6 ( 0 , 6 , 0 ) 604 0 604
6 ( 1 , 3 , 2 ) 84 0 84
6 ( 1 , 4 , 1 ) 78 0 78
6 ( 2 , 0 , 4 ) 30 3 33
6 ( 2 , 2 , 2 ) 30 0 30
6 ( 2 , 3 , 1 ) 84 0 84
6 ( 3 , 0 , 3 ) 74 12 96
6 ( 4 , 0 , 2 ) 30 3 33
7 ( 0 , 7 , 0 ) 684 0 684
7 ( 1 , 4 , 2 ) 78 0 78
7 ( 1 , 5 , 1 ) 24 0 24
7 ( 2 , 0 , 5 ) 18 0 18
7 ( 2 , 3 , 2 ) 84 0 84
7 ( 2 , 4 , 1 ) 78 0 78
7 ( 3 , 0 , 4 ) 132 0 132
7 ( 4 , 0 , 3 ) 132 0 132
7 ( 5 , 0 , 2 ) 18 0 18
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|M| type non-simplicial simplicial total
8 ( 0 , 8 , 0 ) 450 0 450
8 ( 1 , 5 , 2 ) 24 0 24
8 ( 2 , 0 , 6 ) 3 0 3
8 ( 2 , 4 , 2 ) 48 0 48
8 ( 2 , 5 , 1 ) 24 0 24
8 ( 3 , 0 , 5 ) 72 0 72
8 ( 4 , 0 , 4 ) 174 0 174
8 ( 5 , 0 , 3 ) 72 0 72
8 ( 6 , 0 , 2 ) 3 0 3
9 ( 0 , 9 , 0 ) 212 0 212
9 ( 3 , 0 , 6 ) 12 0 12
9 ( 4 , 0 , 5 ) 84 0 84
9 ( 5 , 0 , 4 ) 84 0 84
9 ( 6 , 0 , 3 ) 12 0 12
10 ( 0 , 10 , 0 ) 60 0 60
10 ( 4 , 0 , 6 ) 15 0 15
10 ( 5 , 0 , 5 ) 24 0 24
10 ( 6 , 0 , 4 ) 15 0 15
11 ( 0 , 11 , 0 ) 12 0 12
11 ( 5 , 0 , 6 ) 6 0 6
11 ( 6 , 0 , 5 ) 6 0 6

4.3 A non-submodular coarsest semigraphoid

We now consider the case n = 5. There are γ5 = 80 CI statements, one for each

two-dimensional face of the 5-cube C5. There are 120 semigraphoid axioms (SG′′), three for

each of the 40 three-dimensional faces of C5, listed as additive equations in Section 4.6. The

semigraphoids are the solutions of these equations over {0,++}80. These solutions include

the all-zero vector 0 which represents the semigraphoid that consists of all 80 CI statements,

and which is the maximal element in the lattice of semigraphoids. A semigraphoid is said to

be coarsest if it is maximal among non-0 semigraphoids. Geometrically, such a semigraphoid

corresponds to a fan which coarsens the S5-arrangement but cannot be coarsened to a non-

trivial fan.

We now present the counterexample which answers question (Q1). Our construc-
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tions make use of the identification of semigraphoids with convex rank tests that was derived

in Chapter 2. Let Γ denote the partition of the symmetric group S5 into fourteen classes

as follows. There are eight classes containing 12 permutations each:

15|234 234|15 123|45 235|14

124|35 245|13 134|25 345|12.

And there are six classes containing four permutations each:

12|5|34 25|1|34 13|5|24

35|1|24 14|5|23 45|1|23.

Here 15|234 denotes the class of all permutations ijklm with {i, j} = {1, 5} and {k, l,m} =

{2, 3, 4}. Similarly, 45|1|23 denotes the class of all permutations ijklm with {i, j} = {4, 5},

k = 1, and {l, m} = {2, 3}. Clearly, Γ is a pre-convex rank test, as each of the 14 classes

is the set of all linear extensions of a poset on [5] = {1, 2, 3, 4, 5}. Note that the stabilizer

of the pre-convex rank test Γ in S5 has order 12, because Γ is fixed under permutations of

{1, 5} and permutations of {2, 3, 4}. The 14 classes of Γ are represented by the 14 vertices

of the polytope in Figure 4.2.

Each pair of adjacent permutations in a given class of Γ specifies a CI statement.

For instance, the four-element class 45|1|23 specifies the two CI statements [[4⊥⊥5|∅]] and

[[2⊥⊥3|145]], while the 12-element class 15|234 specifies the seven CI statements

[[1⊥⊥5|∅]], [[2⊥⊥3|15]], [[2⊥⊥3|145]], [[2⊥⊥4|15]], [[2⊥⊥4|135]], [[3⊥⊥4|15]], [[3⊥⊥4|125]].

Altogether, we obtain 44 CI statements [[· | ·]] from the 14 classes, and we identify the

pre-convex rank test Γ with this set of 44 CI statements. We now prove:

Theorem 4.3.1. Γ is a coarsest convex rank test which is not submodular.
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Figure 4.2: Schlegel diagram of a 4-dimensional polytope with 10 facets

Proof. To establish this theorem, we must prove the following three claims:

• Γ is a convex rank test, i.e. it satisfies the semigraphoid axioms (SG).

• There is no proper convex rank test which is coarser than Γ.

• The convex rank test Γ is not submodular.

We shall prove all three statements at once, by examining the semigraphoid equations

(SG′′). As in Section 2, the 44 symbols in Γ are denoted with double brackets [[ · | · ]], while

the 36 symbols not in Γ are denoted with brackets [ · | · ]. With this distinction between

brackets, there are four symmetry types of semigraphoid equations that involve the 36
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positive unknowns [ · | · ]. The full list is given in Section 4.6:

Type I [3⊥⊥5|12] + [[3⊥⊥4|125]] = [3⊥⊥4|12] + [[3⊥⊥5|124]]

Type II [1⊥⊥5|2] + [1⊥⊥3|25] = [[1⊥⊥3|2]] + [1⊥⊥5|23]

Type III [4⊥⊥5|1] + [2⊥⊥5|14] = [2⊥⊥5|1] + [4⊥⊥5|12]

Type IV [1⊥⊥2|5] + [[2⊥⊥3|15]] = [[2⊥⊥3|5]] + [1⊥⊥2|35]

After setting the 44 unknowns [[ · | · ]] to zero, we are left with 120 equations in the 36 strictly

positive unknowns. For instance, the first three types give

Type I [3⊥⊥5|12] = [3⊥⊥4|12]

Type II [1⊥⊥5|2] + [1⊥⊥3|25] = [1⊥⊥5|23]

Type III [4⊥⊥5|1] + [2⊥⊥5|14] = [2⊥⊥5|1] + [4⊥⊥5|12]

The axiom (SG′′) merely requires that each of these equations is individually

solvable. This is obviously the case. Hence Γ is a semigraphoid.

The 78 equations of Type I listed in Section 4.6 imply that all 36 positive unknowns

must be equal. So, if another CI statement is added to the semigraphoid Γ, then all others

must be added in order for (SG) to remain valid. This proves our second claim that Γ is a

coarsest convex rank test.

Given that the 36 unknowns [ · | · ] must be equal, the 12 Type II equations imply

that their common value is zero, contradicting the requirement that they be positive. Hence

the 120 original equations altogether have no non-negative real solution that is consistent

with Γ. This proves our third claim that Γ is not submodular.

Every semigraphoid for n = 5 corresponds to a 4-dimensional fan. Intersecting

this fan with a sphere around the origin, we obtain a polyhedral cell decomposition of the

3-dimensional sphere. We do not know whether each of these 3-spheres can be realized as
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the boundary of a 4-dimensional polytope. However, using [73, §5], every semigraphoid can

be represented by a 3-dimensional diagram as in Figure 4.2.

For the specific semigraphoid Γ of Theorem 4.3.1, the diagram in Figure 4.2 is

indeed the boundary of a 4-polytope with f-vector (14, 36, 32, 10). The following coordinates

for this polytope were found by a direct calculation, using the techniques described in [8].

Each of the following ten row vectors represents a facet of our polytope:

POINTS
1 1/4 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 -1/4 1/4 1/4 5/4 1/4
1 280/893 -280/893 25/893 0 28/893
1 1/57 1/57 -1/57 17/19 2/57
1 1 1 0 -5 1
1 2/37 20/37 1/37 10/37 -2/37

For instance, the last row represents the facet-defining inequality

2
37
· x1 +

20
37
· x2 +

1
37
· x3 +

10
37
· x4 −

2
37
· x5 ≤ 1.

Here, we are considering the vectors (x1, x2, x3, x4, x5) to be elements in the quotient of R5

modulo the one-dimensional linear subspace spanned by (4, 1, 1, 1, 1). Our format is that of

the software Polymake [28]. If the above eleven lines are put in a file named mypolytope

then the following command in Polymake will verify that this polytope does indeed have

the combinatorial structure displayed in Figure 4.2:

polymake mypolytope F_VECTOR VERTICES_IN_FACETS

The 10 facets of our 4-polytope correspond to the facets of the 5-cube, and they

comprise all classes of permutations in S5 in which the first or last coordinate is fixed.
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The facets corresponding to permutations with 1 or 5 in the first coordinate have seven

vertices, twelve edges, and eight 2-faces. The facets corresponding to permutations with 2,

3 or 4 first have seven vertices, 13 edges, and eight 2-faces. The facets for 1 or 5 last are

tetrahedra. The facets for 2, 3 or 4 last are cubes in which one edge has been contracted;

they have seven vertices and 11 edges.

4.4 The semigraphoid semigroup is not normal

Continuing to assume n = 5, we now consider the linear map A in Section 4.1. It

maps the free abelian group Z80 spanned by the CI statements to the free abelian group

Z32 with basis {eK : K ⊆ [5]} as specified in (4.1). The matrix representing A has 32

rows and 80 columns; each column has four non-zero entries: two +1’s and two −1’s. The

rank of A is 26. The semigraphoid semigroup is A(N80), the non-negative integer span

of the columns of this 32 × 80-matrix. This is a subsemigroup of Z32. Equivalently, the

semigraphoid semigroup is the affine semigroup with 80 generators and 120 relations (given

in the Section 4.6). Note that the polyhedral cone dual to the semigraphoid semigroup is

the cone of submodular functions.

In the language of [67], the vectors in Z32 are called imsets, the columns of A

are elementary imsets, and the elements of A(N80) are combinatorial imsets. A structural

imset is a lattice point which lies in the polyhedral cone spanned by the elementary imsets.

Studený’s question (Q2) whether each structural imset is combinatorial translates into the

question whether the semigroup A(N80) is normal.

Theorem 4.4.1. The semigraphoid semigroup is not normal for n = 5.
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Proof. Consider the following element in the free abelian group Z80:

[1⊥⊥5|2] + [1⊥⊥4|3] + [2⊥⊥3|4] + [2⊥⊥3|5] + [3⊥⊥4|12]

+[2⊥⊥5|13] + [1⊥⊥2|45] + [1⊥⊥3|45] + [4⊥⊥5|23]− [2⊥⊥3|45].
(4.3)

The image of this element under the map A : Z80 → Z32 is the imset

b := −e2 − e3 − e4 − e5 − e23 + e24 + 2e25 + 2e34 + e35 − e45 + 2e123

+e124 − e125 − e134 + e135 + 2e145 − e1234 − e1235 − e1245 − e1345.

(4.4)

The imset b is structural because 2 · b is a combinatorial imset. It is the image of

[4⊥⊥5|2] + [4⊥⊥5|3] + [1⊥⊥3|4] + [1⊥⊥2|5] + [2⊥⊥5|14] + [3⊥⊥4|15]

+[1⊥⊥4|23] + [1⊥⊥5|23] + [1⊥⊥5|2] + [1⊥⊥4|3] + [2⊥⊥3|4]

+[2⊥⊥3|5] + [3⊥⊥4|12] + [2⊥⊥5|13] + [1⊥⊥2|45] + [1⊥⊥3|45] ∈ N80

(4.5)

under the linear map A.

Suppose that b were a combinatorial imset. Then there exists x ∈ N80 such that

A · x = b. We write x =
∑

i[ai ⊥⊥ bi|Ki], where we allow repetition in the sum. In any

elementary imset, the basis vector e∅ occurs with coefficient −1 or 0, and the basis vector

e12345 occurs with coefficient −1 or 0. However, neither e∅ nor e12345 appears in the imset

b, so we conclude that |Ki| = 1 or |Ki| = 2 for all terms [ai⊥⊥bi|Ki] in the representation

of x. The first four terms −e2 − e3 − e4 − e5 in b imply that x has precisely four terms

[ai⊥⊥ bi|Ki] with |Ki| = 1, and the terms −e1234 − e1235 − e1245 − e1345 imply that x has

precisely four terms with |Ki| = 2.

Each of the eight terms in x evaluates to an alternating sum of 4 terms under the

map A. Some cancellation occurs among the resulting 32 terms. Prior to that cancellation,

our imset had been written as the sum of two subsums, b = A · x =

−e2 − e3 − e4 − e5 + e24 + 2e25 + 2e34 + e35 + eA1 + eA2 − e125 − e134 − eB1 − eB2
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−e23− e45− eA1 − eA2 +2e123 + e124 + e135 +2e145 + eB1 + eB2 − e1234− e1235− e1245− e1345,

where |A1| = |A2| = 2 and |B1| = |B2| = 3. The first line is the sum of the four elementary

imsets A([ai⊥⊥bi|Ki]) with |Ki| = 1, and the second line is the sum of the four elementary

imsets with |Ki| = 2. A contradiction will arise when we try to determine the unknown

pairs A1 and A2. The term −e125 in the first line must come from Ki = {2} or Ki = {5}.

This implies that either {1, 2} or {1, 5} is in A∗ = {A1, A2}. Similarly, the term −e134

shows that either {1, 3} or {1, 4} is in A∗. Now consider the second line. The presence of

the term 2e123 implies that {1, 2} or {1, 3} is in A∗, and the term 2e145 implies that {1, 4}

or {1, 5} is in A∗. The term e124 shows that {1, 2}, {1, 4}, or {2, 4} is in A∗, and, finally,

the term e135 shows that {1, 3}, {1, 5}, or {3, 5} is in A∗. However, no such pair of pairs A∗

satisfies these six restrictions. This proves that b is not a combinatorial imset.

The main point of the above proof was to show that the linear system A·x = b has

no solution with non-negative integer coordinates. This can also be verified automatically

using integer programming software. In fact, using such software we found that A ·x = b

has only one solution with non-negative real coordinates, namely, that unique solution

x ∈ (R≥0)80 is the expression in (4.5) scaled by 1/2.

The reader might now inquire how the imset b was found. There are several

algorithms that test whether a given affine semigroup is normal, including one recently

proposed by Hemmecke, Takemura, and Yoshida [35], and the method of Bruns and Koch

[13] which is implemented in their software normaliz.

Our original attempts to apply these methods directly to the 32 × 80-matrix A

were unsuccessful. Instead we succeeded by partially computing a Markov basis for the

matrix A using the software 4ti2 [33]. The imset b was found by inspecting the partial
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results produced by 4ti2. We explain the details in the next section.

4.5 Computations in toric algebra

Let Q[CIn] denote the polynomial ring over the field of rational numbers Q gener-

ated by the symbols [i ⊥⊥ j |K]. Thus Q[CIn] is a polynomial ring in γn unknowns, one for

each 2-face of the n-cube Cn. We write
∏

CIn for the product of all the unknowns. We de-

fine the semigraphoid ideal to be the ideal ISG generated by the binomials in (SG′′′). Thus

the generators of ISG represent the semigraphoid axioms. Following [48, §7], we introduce

the toric ideal IA which is a prime ideal obtained from ISG by saturation:

IA :=
(
ISG : (

∏
CIn)∞

)
. (4.6)

The binomials in IA represent the vectors in the kernel of the linear map A : Zγn → Z2n
.

A minimal set of binomials which generates IA is said to be a Markov basis for the matrix

A. See [22] for a discussion of Markov bases in the context of statistics.

Let us illustrate these concepts for n = 3. The polynomial ring Q[CI3] has six

unknowns, one for each facet of the 3-cube. They are the entries of the 2× 3-matrix[1⊥⊥2|∅] [1⊥⊥3|∅] [2⊥⊥3|∅]

[1⊥⊥2|3] [1⊥⊥3|2] [2⊥⊥3|1]

 . (4.7)

The semigraphoid ideal ISG is generated by the three 2×2-minors of the matrix (4.7). This

is a prime ideal of codimension 2 and degree 3, and hence we have ISG = IA. Here the

Markov basis for A consists precisely of the three semigraphoid axiom instances.

We next consider the case n = 4. The polynomial ring Q[CI4] has 24 unknowns,

one for each 2-face of the 4-cube. They are the entries of eight 2 × 3-matrices as in (4.7),

one for each of the eight facets of the 4-cube. Thus the semigraphoid ideal ISG is generated
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by 24 quadrics, one for each of the 24 axiom instances (SG′′) in the list given in Section

2. For instance, the last instance in that list translates into the quadratic binomial [1⊥⊥

2|4] · [2⊥⊥3|14] − [2⊥⊥3|4] · [1⊥⊥2|34], which is one of the 24 generators of ISG. Using the

software Macaulay2 [31] we derived the following result:

Proposition 4.5.1. The semigraphoid ideal ISG for n = 4 is a radical ideal which is the

intersection of the toric ideal IA and 17 additional associated monomial prime ideals.

Before discussing this prime decomposition in detail, let us make a few general

remarks. We wish to argue that toric algebra and algebraic geometry provide useful algo-

rithmic tools for the research directions presented in [67]. For any ideal I of Q[CIn] and

any subset Ω of the complex affine space Cγn , the variety VΩ(I) is defined as the set of

all vectors in Ω which are common zeros of all the polynomials in I. Then VC(ISG) is a

complex variety, reducible for n ≥ 4, one of whose irreducible components is the complex

toric variety VC(IA). Inside this toric variety are the real toric variety VR(IA). Its non-

negative part VR≥0
(IA) is homeomorphic to the cone spanned by the elementary imsets.

Our next result shows that the semigraphoids are precisely the points on these varieties

whose coordinates are 0 or 1.

Theorem 4.5.2. The semigraphoids on the set [n] are in bijection with the points in

V{0,1}(ISG). The submodular semigraphoids on [n] are in bijection with the points in

V{0,1}(IA).

Proof. We replace the additive semiring {0,++} with the multiplicative semiring {1, 0}. This

translates from the additive notation (SG′′) to the multiplicative notation (SG′′′). With

this translation, the first statement in Theorem 4.5.2 is obvious.
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The second statement is less obvious and is based on the geometry of toric varieties.

Specifically, we shall use the characterization of facial index sets which is developed in [29].

If we consider our specific 2n × γn-matrix A then the role of the set {1, . . . ,m} in [29] is

played by the set of CI statements, and a subset of CI statements is facial for A if and only

if it is submodular semigraphoid. With this observation, our second assertion follows from

Lemma A.2 in the Appendix of [29].

Using Theorem 4.5.2, we can study semigraphoids by studying the zero-dimen-

sional ideals obtained by adding 〈x2 − x : x ∈ CIn 〉 to the ideal ISG or IA. For instance,

with the command degree in Macaulay2 [31], it takes only a few seconds to compute

#V{0,1}(ISG) = 26424 and #V{0,1}(IA) = 22108. (4.8)

The difference between these numbers is explained geometrically by the prime decomposition

in Proposition 4.5.1, which we shall now describe in explicit terms.

The 17 associated monomial primes of ISG come in three symmetry classes. First

there are two primes of codimension 12. A representative is the ideal

〈
[1⊥⊥2|∅], [1⊥⊥3|∅], [1⊥⊥4|∅], [2⊥⊥3|∅], [2⊥⊥4|∅], [3⊥⊥4|∅],

[3⊥⊥4|12], [2⊥⊥4|13], [2⊥⊥3|14], [1⊥⊥4|23], [1⊥⊥3|24], [1⊥⊥2|34]

〉
.

The semigraphoid ideal ISG has 12 associated primes of codimension 15, such as

〈
[1⊥⊥2|∅], [1⊥⊥3|∅], [1⊥⊥4|∅], [3⊥⊥4|∅], [1⊥⊥3|2], [1⊥⊥4|2], [3⊥⊥4|2], [1⊥⊥2|3],

[2⊥⊥4|3], [1⊥⊥2|4], [2⊥⊥3|4], [3⊥⊥4|12], [2⊥⊥4|13], [2⊥⊥3|14], [1⊥⊥2|34]

〉
.

Next, ISG has three associated primes of codimension 16. A representative is

〈
[1⊥⊥2|∅], [1⊥⊥3|∅], [2⊥⊥4|∅], [3⊥⊥4|∅], [2⊥⊥4|1], [3⊥⊥4|1], [1⊥⊥3|2], [3⊥⊥4|2],

[1⊥⊥2|3], [2⊥⊥4|3], [1⊥⊥2|4], [1⊥⊥3|4], [3⊥⊥4|12], [2⊥⊥4|13], [1⊥⊥3|24], [1⊥⊥2|34]

〉
.
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Each of the 4316 non-submodular semigraphoids is a {0, 1}-valued point not in V (IA) but

in one of the 17 coordinate subspaces corresponding to these primes.

Finally, the last associated prime of ISG is the toric ideal IA. This ideal has

codimension 13 and degree 396. Its minimal generating set consists of 52 binomials. Besides

the 24 quadrics (the axiom instances), the Markov basis of A contains four cubics

[2⊥⊥3|1] · [3⊥⊥4|2] · [1⊥⊥3|4]− [3⊥⊥4|1] · [1⊥⊥3|2] · [2⊥⊥3|4],

[2⊥⊥3|1] · [2⊥⊥4|3] · [1⊥⊥2|4]− [2⊥⊥4|1] · [1⊥⊥2|3] · [2⊥⊥3|4],

[1⊥⊥3|2] · [1⊥⊥4|3] · [1⊥⊥2|4]− [1⊥⊥4|2] · [1⊥⊥2|3] · [1⊥⊥3|4],

[2⊥⊥4|1] · [3⊥⊥4|2] · [1⊥⊥4|3]− [3⊥⊥4|1] · [1⊥⊥4|2] · [2⊥⊥4|3],

and 24 quartics such as

[1⊥⊥2|∅] · [3⊥⊥4|∅] · [2⊥⊥4|13] · [1⊥⊥3|24] − [1⊥⊥3|∅] · [2⊥⊥4|∅] · [3⊥⊥4|12] · [1⊥⊥2|34].

These cubics and quartics correspond to the non-semigraphoid properties (A.6) and (A.7)

in [66].

We now come to the case n = 5. It will be a challenge for future commutative

algebra software to compute a primary decomposition of the semigraphoid ideal ISG for

n = 5. At present we do not know even whether ISG is radical. Let us therefore focus on

the main component of this ideal, namely, the toric ideal IA.

We succeeded in computing its minimal generators, that is, the Markov basis of

A. This was accomplished using the software 4ti2 [33], and we now state the result:

Theorem 4.5.3. The toric ideal IA representing semigraphoids on n = 5 has codimension

54. The reduced Gröbner basis of IA in the reverse lexicographic term order consists of

958, 202 binomials of degree up to 30.
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The minimal Markov basis we found consists of 75, 889 binomials of degrees ranging

from 2 to 12. They come in 613 symmetry classes which are explained in Table 4.1 below.

The minimal Markov basis of IA is not unique. Moreover, the semigroup of A is not normal.

degree Markov basis elements symmetry classes
2 120 2
3 40 1
4 270 6
5 984 9
6 12,630 126
7 26,280 195
8 26,925 193
9 3,600 33

10 3,420 35
11 240 2
12 1,380 11

Table 4.1: Degrees of Markov basis elements of IA for n = 5; representatives of the 613
symmetry classes are available from http://www.4ti2.de/articles/data/

Proof. The Markov basis and the Gröbner basis of IA were computed with 4ti2 and the

above numbers of elements correspond to the output sizes when invoking the functions

markov and groebner in 4ti2. The Markov basis of IA is not unique, since the Markov

move

[2⊥⊥3|1]+[1⊥⊥3|5]+[3⊥⊥4|12]+[3⊥⊥5|24]−[3⊥⊥5|1]−[2⊥⊥3|5]−[1⊥⊥3|24]−[3⊥⊥4|25] (4.9)

is not indispensable. Recall (e.g. from [3]) that a binomial xg+ − xg− in the toric ideal IA

is called indispensable if

{z ∈ N80 : A · z = A · g+} = {g+,g−}.

This means that the Markov move g = g+ − g− corresponds to a 2-element fiber given by

the right-hand side A · g+ and consequently, g must belong to every Markov basis of IA.
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To see that the Markov move from (4.9) is not indispensable, we enumerate the full fiber

of [2⊥⊥3|1] + [1⊥⊥3|5] + [3⊥⊥4|12] + [3⊥⊥5|24] using the moves from the computed Markov

basis. In addition to the two known elements, we obtain exactly two more elements, namely

[3⊥⊥4|1]+ [1⊥⊥3|5]+ [2⊥⊥3|14]+ [3⊥⊥5|24] and [3⊥⊥5|1]+ [3⊥⊥4|5]+ [1⊥⊥3|24]+ [2⊥⊥3|45].

In fact, we obtain a different minimal Markov basis of IA by replacing the Markov move

from (4.9) with the move

[3⊥⊥4|1] + [1⊥⊥3|5] + [2⊥⊥3|14] + [3⊥⊥5|24]− [3⊥⊥5|1]− [3⊥⊥4|5]− [1⊥⊥3|24]− [2⊥⊥3|45].

In order to show that the semigroup of A is not normal, consider the Markov basis

move

g :=
(
α + 2 · [2⊥⊥3|45]

)
−
(
β + 2 · [4⊥⊥5|23]

)
∈ Z80, where

α = [4⊥⊥5|2] + [4⊥⊥5|3] + [1⊥⊥3|4] + [1⊥⊥2|5] + [2⊥⊥5|14] + [3⊥⊥4|15] + [1⊥⊥4|23] + [1⊥⊥5|23],

β = [1⊥⊥5|2] + [1⊥⊥4|3] + [2⊥⊥3|4] + [2⊥⊥3|5] + [3⊥⊥4|12] + [2⊥⊥5|13] + [1⊥⊥2|45] + [1⊥⊥3|45].

This lattice vector corresponds to a binomial xg+ − xg− which is in the toric ideal IA

and has the property that both of its monomials are not square-free. We verified that

xg+ − xg− is indispensable for IA by computing the minimal Hilbert basis (that is, the

≤-minimal integer solutions) of the cone

{(z, u) ∈ R81 : A · z− (A · g+) · u = 0, (z, u) ≥ 0}.

This was done using the function hilbert of 4ti2 which produced precisely the two ex-

pected elements (g+, 1) and (g−, 1) within a few seconds. Again, one could also use g+ and

the computed Markov basis to enumerate all (two) elements in this fiber.

From our indispensable Markov move g = (α +2 · [2⊥⊥3|45])− (β +2 · [4⊥⊥5|23]),

we now construct the imset b presented in Section 4. We first check that b was not a
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combinatorial imset by showing that Ax = b has no solutions with non-negative integer

coordinates. Using the functions hilbert and rays of the program 4ti2, we computed

the Hilbert basis and the extreme rays of the cone

{
(z, u) ∈ R81 : A · z = b · u and (z, u) ≥ 0

}
.

Both computations quickly finished. They show that this cone has dimension one and is

generated by the single vector (α + β, 2). Consequently, the only non-negative real solution

to A · x = b is (α + β)/2, which is not an integer solution.

We complete this discussion by presenting a degree 12 Markov basis element, which

can easily be proved to be indispensable as well:

[1⊥⊥5|2] + [2⊥⊥5|3] + 2 · [2⊥⊥3|4] + [1⊥⊥2|5] + [3⊥⊥4|5] + [3⊥⊥4|12] + [3⊥⊥4|15] +

2 · [2⊥⊥5|134] + [3⊥⊥4|5] + [3⊥⊥4|12]− [3⊥⊥4|2]− [1⊥⊥4|3]− [1⊥⊥3|4]− [2⊥⊥5|4]−

2 · [2⊥⊥3|5]− [2⊥⊥5|13]− [2⊥⊥5|14]− 2 · [3⊥⊥4|125]− [1⊥⊥5|234]− [1⊥⊥2|345].

Finally, let us remark that the computations of the 75, 889 Markov basis elements

and of the 959, 202 Gröbner basis elements were both started independently from the given

matrix using the markov and the groebner commands of 4ti2 version 1.3.1. They took

about 20 and 17.75 days, respectively, on an AMD Opteron 2.4 GHz CPU running SuSE

Linux 10.0. Input and output files are available at http://www.4ti2.de/articles/data/.
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4.6 The 120 semigraphoid axioms

Here is the list of all 120 semigraphoid axiom for n = 5, grouped into triples

according to which 3-face of the 5-cube they come from. The two types of brackets specify

the non-submodular coarsest semigraphoid Γ which was discussed in Section 4.3.
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[3⊥⊥5|12] + [[3⊥⊥4|125]] = [3⊥⊥4|12] + [[3⊥⊥5|124]]

[2⊥⊥5|13] + [[2⊥⊥4|135]] = [2⊥⊥4|13] + [[2⊥⊥5|134]]

[4⊥⊥5|12] + [[3⊥⊥4|125]] = [3⊥⊥4|12] + [[4⊥⊥5|123]]

[4⊥⊥5|13] + [[2⊥⊥4|135]] = [2⊥⊥4|13] + [[4⊥⊥5|123]]

[4⊥⊥5|12] + [[3⊥⊥5|124]] = [3⊥⊥5|12] + [[4⊥⊥5|123]]

[4⊥⊥5|13] + [[2⊥⊥5|134]] = [2⊥⊥5|13] + [[4⊥⊥5|123]]

[2⊥⊥3|14] + [[2⊥⊥5|134]] = [2⊥⊥5|14] + [[2⊥⊥3|145]]

[[2⊥⊥4|15]] + [[2⊥⊥3|145]] = [[2⊥⊥3|15]] + [[2⊥⊥4|135]]

[2⊥⊥5|14] + [[3⊥⊥5|124]] = [3⊥⊥5|14] + [[2⊥⊥5|134]]

[[3⊥⊥4|15]] + [[2⊥⊥3|145]] = [[2⊥⊥3|15]] + [[3⊥⊥4|125]]

[3⊥⊥5|14] + [[2⊥⊥3|145]] = [2⊥⊥3|14] + [[3⊥⊥5|124]]

[[3⊥⊥4|15]] + [[2⊥⊥4|135]] = [[2⊥⊥4|15]] + [[3⊥⊥4|125]]

[1⊥⊥5|23] + [[1⊥⊥4|235]] = [1⊥⊥4|23] + [[1⊥⊥5|234]]

[1⊥⊥3|24] + [[3⊥⊥5|124]] = [3⊥⊥5|24] + [[1⊥⊥3|245]]

[4⊥⊥5|23] + [[1⊥⊥4|235]] = [1⊥⊥4|23] + [[4⊥⊥5|123]]

[1⊥⊥5|24] + [[1⊥⊥3|245]] = [1⊥⊥3|24] + [[1⊥⊥5|234]]

[4⊥⊥5|23] + [[1⊥⊥5|234]] = [1⊥⊥5|23] + [[4⊥⊥5|123]]

[1⊥⊥5|24] + [[3⊥⊥5|124]] = [3⊥⊥5|24] + [[1⊥⊥5|234]]
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[1⊥⊥3|25] + [[1⊥⊥4|235]] = [1⊥⊥4|25] + [[1⊥⊥3|245]]

[1⊥⊥2|34] + [[2⊥⊥5|134]] = [2⊥⊥5|34] + [[1⊥⊥2|345]]

[1⊥⊥3|25] + [[3⊥⊥4|125]] = [3⊥⊥4|25] + [[1⊥⊥3|245]]

[1⊥⊥5|34] + [[1⊥⊥2|345]] = [1⊥⊥2|34] + [[1⊥⊥5|234]]

[3⊥⊥4|25] + [[1⊥⊥4|235]] = [1⊥⊥4|25] + [[3⊥⊥4|125]]

[1⊥⊥5|34] + [[2⊥⊥5|134]] = [2⊥⊥5|34] + [[1⊥⊥5|234]]

[1⊥⊥2|35] + [[1⊥⊥4|235]] = [1⊥⊥4|35] + [[1⊥⊥2|345]]

[1⊥⊥2|45] + [[1⊥⊥3|245]] = [1⊥⊥3|45] + [[1⊥⊥2|345]]

[1⊥⊥2|35] + [[2⊥⊥4|135]] = [2⊥⊥4|35] + [[1⊥⊥2|345]]

[1⊥⊥3|45] + [[2⊥⊥3|145]] = [2⊥⊥3|45] + [[1⊥⊥3|245]]

[1⊥⊥4|35] + [[2⊥⊥4|135]] = [2⊥⊥4|35] + [[1⊥⊥4|235]]

[2⊥⊥3|45] + [[1⊥⊥2|345]] = [1⊥⊥2|45] + [[2⊥⊥3|145]]

[[2⊥⊥4|1]] + [3⊥⊥4|12] = [[3⊥⊥4|1]] + [2⊥⊥4|13]

[[2⊥⊥3|1]] + [3⊥⊥5|12] = [3⊥⊥5|1] + [[2⊥⊥3|15]]

[[2⊥⊥4|1]] + [2⊥⊥3|14] = [[2⊥⊥3|1]] + [2⊥⊥4|13]

[[2⊥⊥3|1]] + [2⊥⊥5|13] = [2⊥⊥5|1] + [[2⊥⊥3|15]]

[[3⊥⊥4|1]] + [2⊥⊥3|14] = [[2⊥⊥3|1]] + [3⊥⊥4|12]

[3⊥⊥5|1] + [2⊥⊥5|13] = [2⊥⊥5|1] + [3⊥⊥5|12]
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[[2⊥⊥4|1]] + [4⊥⊥5|12] = [4⊥⊥5|1] + [[2⊥⊥4|15]]

[3⊥⊥5|1] + [4⊥⊥5|13] = [4⊥⊥5|1] + [3⊥⊥5|14]

[2⊥⊥5|1] + [[2⊥⊥4|15]] = [[2⊥⊥4|1]] + [2⊥⊥5|14]

[3⊥⊥5|1] + [[3⊥⊥4|15]] = [[3⊥⊥4|1]] + [3⊥⊥5|14]

[4⊥⊥5|1] + [2⊥⊥5|14] = [2⊥⊥5|1] + [4⊥⊥5|12]

[4⊥⊥5|1] + [[3⊥⊥4|15]] = [[3⊥⊥4|1]] + [4⊥⊥5|13]

[[1⊥⊥3|2]] + [1⊥⊥4|23] = [[1⊥⊥4|2]] + [1⊥⊥3|24]

[1⊥⊥5|2] + [1⊥⊥3|25] = [[1⊥⊥3|2]] + [1⊥⊥5|23]

[[1⊥⊥4|2]] + [3⊥⊥4|12] = [[3⊥⊥4|2]] + [1⊥⊥4|23]

[[3⊥⊥5|2]] + [1⊥⊥5|23] = [1⊥⊥5|2] + [3⊥⊥5|12]

[[3⊥⊥4|2]] + [1⊥⊥3|24] = [[1⊥⊥3|2]] + [3⊥⊥4|12]

[[3⊥⊥5|2]] + [1⊥⊥3|25] = [[1⊥⊥3|2]] + [3⊥⊥5|12]

[[1⊥⊥4|2]] + [4⊥⊥5|12] = [[4⊥⊥5|2]] + [1⊥⊥4|25]

[[3⊥⊥5|2]] + [4⊥⊥5|23] = [[4⊥⊥5|2]] + [3⊥⊥5|24]

[[1⊥⊥4|2]] + [1⊥⊥5|24] = [1⊥⊥5|2] + [1⊥⊥4|25]

[[3⊥⊥5|2]] + [3⊥⊥4|25] = [[3⊥⊥4|2]] + [3⊥⊥5|24]

[1⊥⊥5|2] + [4⊥⊥5|12] = [[4⊥⊥5|2]] + [1⊥⊥5|24]

[[4⊥⊥5|2]] + [3⊥⊥4|25] = [[3⊥⊥4|2]] + [4⊥⊥5|23]
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[[1⊥⊥4|3]] + [2⊥⊥4|13] = [[2⊥⊥4|3]] + [1⊥⊥4|23]

[[1⊥⊥2|3]] + [2⊥⊥5|13] = [[2⊥⊥5|3]] + [1⊥⊥2|35]

[[1⊥⊥4|3]] + [1⊥⊥2|34] = [[1⊥⊥2|3]] + [1⊥⊥4|23]

[1⊥⊥5|3] + [1⊥⊥2|35] = [[1⊥⊥2|3]] + [1⊥⊥5|23]

[[2⊥⊥4|3]] + [1⊥⊥2|34] = [[1⊥⊥2|3]] + [2⊥⊥4|13]

[[2⊥⊥5|3]] + [1⊥⊥5|23] = [1⊥⊥5|3] + [2⊥⊥5|13]

[[1⊥⊥4|3]] + [4⊥⊥5|13] = [[4⊥⊥5|3]] + [1⊥⊥4|35]

[[2⊥⊥4|3]] + [4⊥⊥5|23] = [[4⊥⊥5|3]] + [2⊥⊥4|35]

[[1⊥⊥4|3]] + [1⊥⊥5|34] = [1⊥⊥5|3] + [1⊥⊥4|35]

[[2⊥⊥5|3]] + [2⊥⊥4|35] = [[2⊥⊥4|3]] + [2⊥⊥5|34]

[[4⊥⊥5|3]] + [1⊥⊥5|34] = [1⊥⊥5|3] + [4⊥⊥5|13]

[[4⊥⊥5|3]] + [2⊥⊥5|34] = [[2⊥⊥5|3]] + [4⊥⊥5|23]

[[1⊥⊥2|4]] + [2⊥⊥3|14] = [[2⊥⊥3|4]] + [1⊥⊥2|34]

[[1⊥⊥2|4]] + [2⊥⊥5|14] = [[2⊥⊥5|4]] + [1⊥⊥2|45]

[[1⊥⊥2|4]] + [1⊥⊥3|24] = [[1⊥⊥3|4]] + [1⊥⊥2|34]

[[1⊥⊥2|4]] + [1⊥⊥5|24] = [1⊥⊥5|4] + [1⊥⊥2|45]

[[1⊥⊥3|4]] + [2⊥⊥3|14] = [[2⊥⊥3|4]] + [1⊥⊥3|24]

[1⊥⊥5|4] + [2⊥⊥5|14] = [[2⊥⊥5|4]] + [1⊥⊥5|24]
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[[1⊥⊥3|4]] + [1⊥⊥5|34] = [1⊥⊥5|4] + [1⊥⊥3|45]

[[2⊥⊥3|4]] + [3⊥⊥5|24] = [[3⊥⊥5|4]] + [2⊥⊥3|45]

[[3⊥⊥5|4]] + [1⊥⊥5|34] = [1⊥⊥5|4] + [3⊥⊥5|14]

[[2⊥⊥3|4]] + [2⊥⊥5|34] = [[2⊥⊥5|4]] + [2⊥⊥3|45]

[[3⊥⊥5|4]] + [1⊥⊥3|45] = [[1⊥⊥3|4]] + [3⊥⊥5|14]

[[2⊥⊥5|4]] + [3⊥⊥5|24] = [[3⊥⊥5|4]] + [2⊥⊥5|34]

[1⊥⊥2|5] + [[2⊥⊥3|15]] = [[2⊥⊥3|5]] + [1⊥⊥2|35]

[1⊥⊥2|5] + [[2⊥⊥4|15]] = [[2⊥⊥4|5]] + [1⊥⊥2|45]

[1⊥⊥2|5] + [1⊥⊥3|25] = [1⊥⊥3|5] + [1⊥⊥2|35]

[1⊥⊥2|5] + [1⊥⊥4|25] = [1⊥⊥4|5] + [1⊥⊥2|45]

[1⊥⊥3|5] + [[2⊥⊥3|15]] = [[2⊥⊥3|5]] + [1⊥⊥3|25]

[1⊥⊥4|5] + [[2⊥⊥4|15]] = [[2⊥⊥4|5]] + [1⊥⊥4|25]

[1⊥⊥3|5] + [[3⊥⊥4|15]] = [[3⊥⊥4|5]] + [1⊥⊥3|45]

[[2⊥⊥3|5]] + [2⊥⊥4|35] = [[2⊥⊥4|5]] + [2⊥⊥3|45]

[1⊥⊥3|5] + [1⊥⊥4|35] = [1⊥⊥4|5] + [1⊥⊥3|45]

[[2⊥⊥4|5]] + [3⊥⊥4|25] = [[3⊥⊥4|5]] + [2⊥⊥4|35]

[[3⊥⊥4|5]] + [1⊥⊥4|35] = [1⊥⊥4|5] + [[3⊥⊥4|15]]

[[3⊥⊥4|5]] + [2⊥⊥3|45] = [[2⊥⊥3|5]] + [3⊥⊥4|25]
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[[1⊥⊥2|]] + [[2⊥⊥3|1]] = [[2⊥⊥3|]] + [[1⊥⊥2|3]]

[[1⊥⊥2|]] + [[2⊥⊥4|1]] = [[2⊥⊥4|]] + [[1⊥⊥2|4]]

[[1⊥⊥3|]] + [[1⊥⊥2|3]] = [[1⊥⊥2|]] + [[1⊥⊥3|2]]

[[1⊥⊥2|]] + [[1⊥⊥4|2]] = [[1⊥⊥4|]] + [[1⊥⊥2|4]]

[[2⊥⊥3|]] + [[1⊥⊥3|2]] = [[1⊥⊥3|]] + [[2⊥⊥3|1]]

[[1⊥⊥4|]] + [[2⊥⊥4|1]] = [[2⊥⊥4|]] + [[1⊥⊥4|2]]

[[1⊥⊥2|]] + [2⊥⊥5|1] = [[2⊥⊥5|]] + [1⊥⊥2|5]

[[1⊥⊥4|]] + [[1⊥⊥3|4]] = [[1⊥⊥3|]] + [[1⊥⊥4|3]]

[[1⊥⊥2|]] + [1⊥⊥5|2] = [[1⊥⊥5|]] + [1⊥⊥2|5]

[[3⊥⊥4|]] + [[1⊥⊥4|3]] = [[1⊥⊥4|]] + [[3⊥⊥4|1]]

[[1⊥⊥5|]] + [2⊥⊥5|1] = [[2⊥⊥5|]] + [1⊥⊥5|2]

[[3⊥⊥4|]] + [[1⊥⊥3|4]] = [[1⊥⊥3|]] + [[3⊥⊥4|1]]

[[1⊥⊥3|]] + [3⊥⊥5|1] = [[3⊥⊥5|]] + [1⊥⊥3|5]

[[1⊥⊥4|]] + [1⊥⊥5|4] = [[1⊥⊥5|]] + [1⊥⊥4|5]

[[1⊥⊥5|]] + [3⊥⊥5|1] = [[3⊥⊥5|]] + [1⊥⊥5|3]

[[4⊥⊥5|]] + [1⊥⊥5|4] = [[1⊥⊥5|]] + [4⊥⊥5|1]

[[1⊥⊥5|]] + [1⊥⊥3|5] = [[1⊥⊥3|]] + [1⊥⊥5|3]

[[4⊥⊥5|]] + [1⊥⊥4|5] = [[1⊥⊥4|]] + [4⊥⊥5|1]
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[[2⊥⊥4|]] + [[2⊥⊥3|4]] = [[2⊥⊥3|]] + [[2⊥⊥4|3]]

[[2⊥⊥3|]] + [[2⊥⊥5|3]] = [[2⊥⊥5|]] + [[2⊥⊥3|5]]

[[3⊥⊥4|]] + [[2⊥⊥4|3]] = [[2⊥⊥4|]] + [[3⊥⊥4|2]]

[[2⊥⊥5|]] + [[3⊥⊥5|2]] = [[3⊥⊥5|]] + [[2⊥⊥5|3]]

[[3⊥⊥4|]] + [[2⊥⊥3|4]] = [[2⊥⊥3|]] + [[3⊥⊥4|2]]

[[3⊥⊥5|]] + [[2⊥⊥3|5]] = [[2⊥⊥3|]] + [[3⊥⊥5|2]]

[[2⊥⊥4|]] + [[4⊥⊥5|2]] = [[4⊥⊥5|]] + [[2⊥⊥4|5]]

[[3⊥⊥4|]] + [[4⊥⊥5|3]] = [[4⊥⊥5|]] + [[3⊥⊥4|5]]

[[2⊥⊥5|]] + [[4⊥⊥5|2]] = [[4⊥⊥5|]] + [[2⊥⊥5|4]]

[[3⊥⊥4|]] + [[3⊥⊥5|4]] = [[3⊥⊥5|]] + [[3⊥⊥4|5]]

[[2⊥⊥5|]] + [[2⊥⊥4|5]] = [[2⊥⊥4|]] + [[2⊥⊥5|4]]

[[3⊥⊥5|]] + [[4⊥⊥5|3]] = [[4⊥⊥5|]] + [[3⊥⊥5|4]]
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Chapter 5

Toric algebra of conditional

probability

5.1 Relations among conditional probabilities

In 1974, Julian Besag [5] studied the “unobvious and highly restrictive consistency

conditions” among conditional probabilities. The problem of discovering these conditions

is interesting both in general (i.e. for any conditional probability distribution) and after

fixing a particular statistical model. In this chapter we give an answer in the discrete case

to the question What conditions must a set of conditional probabilities satisfy in order to

be compatible with some joint distribution?

Let Ω = {1, . . . ,m} be a finite set of singleton events, and let p = (p1, . . . , pm)

be a probability distribution on them. Let E be a set of observable events which will be

conditioned on, each a set of at least 2 singleton events. Then for events I ⊂ J in E , we can

assign conditional probabilities for the chance of I given J , denoted pI|J . Settling Besag’s
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question then becomes a matter of determining the relations that must hold among the

quantities pI|J . Since there are in general infinitely many such relations, we would like to

organize them into an ideal and provide a nice basis for that ideal.

Work on the subject of relations among conditional probabilities has primarily

focused on the case of random variables (see Section 5.5), i.e. where the events in E cor-

respond to observing the states of a subset of n random variables. An ideal of relations

among conditional probabilities could be thought of as a generalization of the most ba-

sic result on conditional probability, Bayes’ rule (Section 5.6). The Hammersley-Clifford

theorem provides a partial answer to this question in the case of undirected graphical mod-

els with strictly positive probability distributions [5]. These are not the same graphs as

those depicted in this chapter. Arnold et. al. [4] develop the theory for both discrete and

continuous random variables, particularly in the case of two random variables. Slavkovic

and Sullivant [61] consider the case of compatible full conditionals. A little more detail

on these will be given after we have developed the necessary terminology in Section 5.5.

Matúš [45] considers the case of m discrete events where E = {I ⊂ [m] : |I| ≥ 2} (all pos-

sible compound events). He gives a geometric characterization of the space of conditional

probabilities through projection to the case E = {I ⊂ [m] : |I| = 2}.

This chapter is organized as follows. In Section 5.2, we introduce some necessary

definitions. In Section 5.3, we give compatibility conditions in the general case of m events

in a discrete probability space, with any set E of conditioned-upon events. These conditions

come in the form of a universal Gröbner basis, which makes them particularly useful for

computations. They may be specialized to the random variable case, the purely conditional

case, and other special cases simply by changing E . In earlier chapters, we have seen

that permutohedra and generalized permutohedra play a central role in the geometry of
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conditional independence; the same is true of conditional probability. The geometric results

of Matúš [45] map the space of conditional probability distributions (Definition 5.2.1) for

all possible conditioned events E = {I ⊂ [m] : |I| ≥ 2} onto the permutohedron Pm−1. See

Figure 2.3 for a diagram of the 3-dimensional permutohedron. In Section 5.4, we will discuss

how to extend this result to general E , in which case we obtain generalized permutohedra as

the image. This will be accomplished using a version of the moment map of toric geometry

(Theorem 1.2.3). In Section 5.5, we discuss how to specialize our results to the case of n

random variables, including as an example how to recover a relation of Besag [5]. Finally,

in Section 5.6 we use this specialization to explain the relationship of Bayes’ rule to our

constructions.

5.2 Conditional probability distributions

Let E be a collection of subsets I, with |I| ≥ 2, of [m] = {1, . . . ,m}. Let C[E ]

denote the event algebra, the polynomial ring with indeterminates pi|I for all I ∈ E and

i ∈ I. Then

‖E ‖ =
∑
I∈E

|I|

is the number of variables of C[E ]. We write pi for pi|[m] when [m] ∈ E . The unknowns of

C[E ] are meant to represent conditional probabilities, as we now explain. The set {1, . . . ,m}

indexes the m disjoint events, and a point (p1, . . . , pm) ∈ Rm
≥0 with

∑
j pj = 1 represents a

probability distribution on these events. When pj > 0 for all j, the conditional probability

of event i given event I containing it is

pi|I =
pi∑

j∈I pj
. (5.1)
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To extend this notion to the case P (I) =
∑

j∈I pj = 0, and to be able to deal with multiple

conditioning sets, we make the following standard definition [7], considered in this form by

Matúš [45].

Definition 5.2.1. A conditional probability distribution for E is a point (pi|I : i ∈ I ∈

E ) ∈ R‖E ‖
≥0 such that for all J,K ∈ E with J ⊂ K,

(i)
∑

i∈J pi|J = 1

(ii) for all i ∈ J , pi|K = pi|J
∑

j∈J pj|K .

Observe that (ii) is a relative version of (5.1), as (5.1) follows from (ii) with

K = [m], J = I, and
∑

i∈I pi 6= 0. If on the other hand
∑

j∈J pj|K = 0, the whole

probability simplex ∆J := {(pj|J)j∈J : pj|J ≥ 0,
∑

j∈J pj|J = 1} satisfies the definition.

This freedom is known in probability theory as versions of conditional probability [7]. In

algebraic geometry, this corresponds to the notion of a blow-up, and the simplex ∆J to the

exceptional divisor. Analogously to the projective version of probability in Section 1.3.1,

where we replaced the requirement that probabilities p1, . . . , pm sum to one with viewing

them as coordinates of a point in projective space, we now define a multihomogeneous

version of Definition 5.2.1. Now, a conditional probability distribution is represented by a

point in the product of projective spaces. This product has one P|I|−1 for each event I ∈ E

which is conditioned upon, and each factor space P|I|−1 is equipped with homogeneous

coordinates (pi1|I : · · · : pi|I||I).

Definition 5.2.2. A projective conditional probability distribution for E is a point p =

((pi1|I : · · · : pi|I||I), I ∈ E ) inside
∏

I∈E P|I|−1 such that for all J,K ∈ E and i ∈ J ⊂ K,

(
∑
j∈J

pj|J)pi|K = pi|J(
∑
j∈J

pj|K)
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Definition 5.2.2 specifies the following ideal in the event algebra C[E ]:

JE = 〈(
∑
j∈J

pj|J)pi|K − pi|J(
∑
j∈J

pj|K) : J,K ∈ E , i ∈ J ⊂ K〉.

This ideal consists of all polynomial relations that a point P = (pi|I) in
∏

I∈E P|I|−1 must

satisfy to be a projective conditional probability distribution. If we denote by {eI : I ∈ E }

a basis of Z|E |, this ideal JE is multihomogeneous with respect to the grading deg(pi|I) = eI

(see e.g. [48] for more on such gradings). In what follows, it will be convenient to abbreviate

pJ |J :=
∑

j∈J pj|J . Thus pJ |J would be equal to 1 for honest distributions, by Definition

5.2.1, but here we regard it as a linear form in C[E ]. Let αE denote the product
∏

i∈I∈E pi|I

of all of the ‖E ‖ variables in C[E ], and let βE denote the product
∏

I∈E pI|I . Now we define

the ideal IE , when [m] ∈ E , by the saturation

IE := (JE : (αE βE )∞).

When [m] /∈ E , let E ′ = E ∪ [m] and set IE := IE ′ ∩C[E ]. In the next section, we describe a

matrix AG such that IE arises as the toric ideal IAG
which was defined in Section 1.2. Our

main result will be a universal Gröbner basis for the toric ideal IE .

5.3 A universal Gröbner basis for relations among condi-

tional probabilities

A Bayes binomial in C[E ] is a binomial relation of the form

pi|Kpj|J − pj|Kpi|J

for i, j ∈ J ⊆ K, with J,K ∈ E . Let IBayes(E ) denote the ideal they generate. Bayes

binomials get their name because they come from Bayes’ rule; more explanation is given in

Section 5.6.
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Proposition 5.3.1. The ideal generated by the Bayes binomials contains JE and is con-

tained in the saturation of JE by the probabilities that would sum to one:

JE ⊆ IBayes(E ) ⊆ (JE : (βE )∞)

and in particular, IBayes(E ) ⊆ IE .

Proof. The ideal JE is generated by the degree-2 polynomials pJ |Jpi|K −pi|JpJ |K for J,K ∈

E and i ∈ J ⊆ K. For each i, j ∈ J , we have a = pj|J(pJ |Jpi|K − pi|JpJ |K) and b =

pi|J(pJ |Jpj|K − pj|JpJ |K) in JE , so a− b = pJ |J(pj|Jpi|K − pj|Kpi|J) is in JE and IBayes(E ) ⊆

(JE : (βE )∞). For the first inclusion, if pJ |Jpi|K − pi|JpJ |K is a generator of JE , we may

write it as an element
∑

j∈J(pi|Kpj|J − pj|Kpi|J) of IBayes(E ).

Our universal Gröbner basis of IE will be given combinatorially by the cycles of a

labeled bipartite graph G(E ), defined as follows:

Vertices: one vertex uI for each I ∈ E and one vertex vi for each i ∈ ∪I∈E I

Edges: a directed edge uI → vi for each I ∈ E and i ∈ I

Edge Labels: the edge uI → vi is labeled with the indeterminate pi|I .

For example, with n = 4, the labeled graph G for E = {{1, 2}, {1, 2, 3}, {1, 2, 3, 4}}

is shown in Figure 5.1. Each oriented cycle C in the undirected version of G defines

a binomial fC as follows: each edge label is on the positive side of the binomial if its

edge is directed with the cycle, and on the negative if against. For example, in the

graph in Figure 5.1, consider the cycle (1234, 3, 123, 1, 1234). The edges p3 and p1|123

are directed with the cycle and the edges p3|123 and p1 are directed against, so the cor-

responding binomial is p3p1|123 − p3|123p1. For a higher degree example, with n = 3 and
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Figure 5.1: Bipartite graph for E = {{1, 2}, {1, 2, 3}, {1, 2, 3, 4}}.

E = {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}, we get p1|12p3|13p2|23 − p2|12p3|23p1|13 from the outer

cycle, as shown in Figure 5.2. A cycle is induced if it has no chord.

1

32

12 13

23

p1|12 77oooo

p2|12
��

p3|13
��

p1|13ggOOOO

p2|23

eeLLLL
p3|23

99rrrr

Figure 5.2: Outer cycle of the bipartite graph for E = {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.

Theorem 5.3.2. The binomials defined by the cycles of G(E ) give a universal Gröbner basis

for IE . Moreover, IE is generated by the induced cycle binomials, though not necessarily as

a Gröbner basis.

In order to prove Theorem 5.3.2, we first need to recall some facts about unimod-

ular toric ideals, of which IE is an example. Unimodular matrices and unimodular toric

ideals are defined and characterized as follows, following Sturmfels [69]. A triangulation of

A is a collection F of subsets B of the columns of A such that {pos(B) : B ∈ F} is the set

of cones in a simplicial fan with support pos(A). A triangulation of A is unimodular if the

normalized volume (Section 1.1) is equal to one for all maximal simplices B in the triangu-

lation. The matrix A is a unimodular matrix if all triangulations of A are unimodular. We
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define a unimodular toric ideal in the following definition-proposition.

Proposition 5.3.3. [69] A toric ideal IA is called unimodular if any of the following

equivalent conditions hold.

(i) Every reduced Gröbner basis of IA consists of squarefree binomials,

(ii) A is a unimodular matrix,

(iii) all the initial ideals of IA are squarefree.

A special class of unimodular matrices are those coming from bipartite graphs

[2, 61]. Let G = (U, V,E) be a bipartite graph. In our case, G(E ) has

U = {uI : I ∈ E } and V = {vi : i ∈ ∪I∈E I}. (5.2)

Let A be the vertex-edge incidence matrix of G: The rows of A are labeled u1, . . . , u|U |,

v1, . . . , v|V |, the columns are labeled with the edges, and aij is 1 if vertex i is in edge j and

zero otherwise. For a cycle C in the graph, the cycle binomial fC is defined (up to sign) as

above. Let πA be the map R‖E ‖ → R|U |+|V | defined by applying A. We say u ∈ ker(πA)

is a circuit if supp(u) is minimal with respect to inclusion in ker(πA) and the coordinates

of u are relatively prime [69]. Equivalently, a circuit is an irreducible binomial xu+ − xu−

of the toric ideal IA with minimal support. The Graver basis of the ideal IA consists of all

circuits. For A from a bipartite graph, the circuits of A are precisely the cycle binomials

of the graph [60, 61]. Additionally, a Graver basis is also a universal Gröbner basis in the

case of unimodular toric varieties (Proposition 8.11 of [69]). We summarize these results in

the following proposition.

Proposition 5.3.4. The vertex-edge incidence matrix A of a bipartite graph G = (U, V,E)

is unimodular, so IA is a unimodular toric ideal. The cycle binomials of G are the circuits of
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A, and therefore define the Graver basis of IA. In particular, they give a universal Gröbner

basis for IA.

Now we are able to prove our theorem.

Proof of Theorem 5.3.2. Let AG(E ) be the vertex-edge incidence matrix of G(E ). By Propo-

sition 5.3.4, its cycle binomials (circuits) give a universal Gröbner basis of IAG(E )
. In fact,

the induced cycles are enough to generate this ideal [2]. Suppose C is a cycle and e a

chord, and split C into two cycles C1 and C2, both containing e (but in opposite direc-

tions). Associate cycle binomials fC1 and fC2 , respectively. Then the S-polynomial with

the e-containing terms leading is fC . However, this is no longer necessarily a Gröbner basis.

For example, let E = {{12}, {23}, {123}} as in Figure 5.3.

123

1

32

12

23

p1

OO

p2}}{{
{{

{{ p3

!!CC
CC

CC

p1|12 77oooo

p2|12
��

p2|23

hhQQQQ
p3|23

66mmmm

Figure 5.3: Bipartite graph for E = {{1, 2}, {2, 3}, {1, 2, 3}}.

The outer cycle C = 1→ 12→ 2 → 23→ 3→ 123→ 1 gives the cycle binomial

fC = p1|12p2|23p3|123 − p2|12p3|23p1|123. The cycle C has a chord 2 − 123, and the binomial

fC lies in the ideal of the two binomials

p1|12p2|123 − p2|12p1|123 and p2|23p3|123 − p3|23p2|123

after splitting along the chord. These are both the induced cycles of the graph. However,

for a term order prioritizing p2|123 (e.g. lexicographic with p2|123 � · · · ), the leading term of
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fC cannot lie in the initial ideal 〈p1|12p2|123, p3|23p2|123〉 of the ideal generated by the chordal

binomials.

Next we show that the graph ideal and conditional probability ideal coincide,

IAG(E )
= IE . For the containment IAG(E )

⊇ IE , first observe that IBayes(E ) ⊆ IAG(E )
. This

i j

J

Kpi|K

ggOOOOOOO

pi|J

wwoooooooo

pj|K

77ooooooo

pj|J

''OOOOOOO

Figure 5.4: Subgraph of G(E ) giving a Bayes binomial.

is because if J,K ∈ E with i, j ∈ J ⊆ K, we have the subgraph in Figure 5.4, which is a

cycle with associated cycle binomial pj|Jpi|K − pi|Jpj|K . Together with Proposition 5.3.1,

we now have

JE ⊆ IBayes(E ) ⊆ IAG(E )

so, since saturation is inclusion-preserving and IAG(E )
is prime,

IE = (JE : (αE βE )∞) ⊆ (IAG(E )
: (αE βE )∞) = IAG(E )

.

Now we show the reverse inclusion IAG(E )
⊆ IE . Again by Proposition 5.3.1, we

have

IBayes(E ) ⊆ IE .

Now assume that [m] ∈ E , so that p1, . . . , pm ∈ C[E ]. We claim that in fact IAG(E )
⊆

(IBayes(E ) :
∏m

i=1 pi), from which the result will follow. Let C be an induced cycle of G(E ),

and fC its cycle binomial. We must show that this cycle binomial can be obtained from the

Bayes binomials, up to multiplication by
∏m

i=1 pi. Let C be the cycle

i1 ← J1 → i2 ← J2 → · · · → ik ← Jk → i1.
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With this notation we have i1, i2 ∈ J1, i2, i3 ∈ J2, . . . , i1, ik ∈ Jk. Then

fC = pi2|J1
pi3|J2

· · · pik|Jk−1
pi1|Jk

− pi1|J1
pi2|J2

· · · pik|Jk
.

We show the first monomial of (
∏k

i=1 pi)fC is equal to the second mod IBayes(E ). Pair off as

follows:

(pi1pi2pi3 · · · pik)pi2|J1
pi3|J2

pi4|J3
· · · pik|Jk−1

pi1|Jk
Step 1

= (pi2pi2pi3 · · · pik)pi1|J1
pi3|J2

pi4|J3
· · · pik|Jk−1

pi1|Jk
Step 2

= (pi2pi3pi3 · · · pik)pi1|J1
pi2|J2

pi4|J3
· · · pik|Jk−1

pi1|Jk
Step 3

...

where the equalities hold mod IBayes(E ). Continuing in this fashion, at step k − 1 we have

= (pi2pi3 · · · pik−1
pik−1

pik)pi1|J1
pi2|J2

· · · pik−2|Jk−2
pik|Jk−1

pi1|Jk
Step k − 1

= (pi2pi3 · · · pik−1
pikpik)pi1|J1

pi2|J2
· · · pik−2|Jk−2

pik−1|Jk−1
pi1|Jk

Step k

= (pi2pi3 · · · pik−1
pikpi1)pi1|J1

pi2|J2
· · · pik−2|Jk−2

pik−1|Jk−1
pik|Jk

Step k + 1

as desired. In terms of G(E ), this amounts to breaking up a long cycle into 4-cycles passing

through [m], and erasing the overlaps among these cycles. Thus since the induced cycles

generate IAG(E )
, we have

IAG(E )
⊆ (IBayes(E ) :

m∏
i=1

pi)) ⊆ IE

This proves the result in the special case [m] ∈ E . In the general case, suppose we have some

E not containing [m], enabling us to obtain relations among ’pure’ conditional probabilities

(i.e. excluding p1, . . . , pm). Let E ′ = E ∪ [m] and apply the special case of the Theorem.



110

Then by [69, Proposition 4.13(c)], since we have a universal Gröbner basis, we just intersect

it with the smaller coordinate ring to obtain a universal Gröbner basis of the smaller ring.

This corresponds here to removing the set [m] from E and taking the cycle binomials as

our new Gröbner basis.

5.4 Conditional probability and the moment map

In this section we show how to recover and generalize some results of Matúš [45]

using toric geometry. The main result we will expand upon maps the space of conditional

probability distributions (Definition 5.2.1) for all possible conditioned events E = {I ⊂

[m] : |I| ≥ 2} onto the permutohedron by first projecting down to events of size 2, E =

{I ⊂ [m] : |I| = 2}.

Theorem 5.4.1 (Matúš [45]). For E = {I ⊂ [m] : |I| ≥ 2} and p a conditional probability

distribution (Definition 5.2.1), the map W : R‖E ‖ → Rm, given by

Wi(p) =
∑

j∈[m]\i

pi|ij ,

restricts to a homeomorphism of the space of conditional probabilities onto the m − 1 di-

mensional permutohedron Pm−1.

Note that the linear map W is the restriction of A = AG(E ) to the rows labeled by

the vertex set V in G (5.2) and to the columns labeled by two-event conditional probabilities

(edges in G(E )) pi|ij . In fact A, will in general define a map from the space of projective

conditional probability distributions onto a generalized permutohedron. This polytope is

the Minkowski sum of simplices (MSS) defined in Section 2.4 for the subset E of 2[m] and

corresponding set of simplices {∆I , I ∈ E }.
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First consider the multiprojective toric variety ZA cut out of
∏

I∈E P|I|−1 by the

equations of Theorem 5.3.2, i.e. the space of projective conditional probability distributions.

In Chapter 1 we defined the affine toric variety XA associated to an integer matrix A, and

the projective toric variety YA associated to a Z-graded matrix A (that is, a matrix A

such that (1, 1, . . . , 1) lies in its rowspan). Given a matrix A = AG(E ), the space of E -

projective conditional probability distributions ZA is the closure of the image of the map

fA : θ 7→ θA, viewed as an element of
∏

I∈E P|I|−1. Equipping this product space with

multihomogeneous coordinates ((pi1|I : · · · : pi|I||I), I ∈ E ), the variety ZA is cut out by the

(multihomogeneous) toric ideal IA. Suppose that we have ∪I∈E = [m]. Then because we

view the points ((pi1|I : · · · : pi|I||I), I ∈ E ) as elements of
∏

I∈E P|I|−1, the dimension of this

variety is m− 1 as expected, though the rank of A is larger.

We now develop a version of the moment map of toric geometry applicable to the

variety of projective conditional probability distributions. Hereafter we index the columns

of A by the conditional probability they represent, i.e. A = (a·i|I : i ∈ I ∈ E ). We will

require a multigraded notion to play the role of the convex hull conv(A) in the moment

map. We define

mconv(A) = {
∑
I∈E

∑
j∈I

λj|Ia·j|I : λj|I ∈ R≥0,
∑
j∈I

λj|I = 1}.

Recall from Section 2.4 the following construction. Each subset I of [m] defines a submod-

ular function wI on 2[n] by setting wI(J) = 1 if I ∩J is non-empty and wI(J) = 0 if I ∩J is

empty for J ∈ 2[n]. The corresponding polytope defined by this function by the construction

Qw :=
{

x ∈ Rn : x1 + x2 + · · ·+ xn = w([n])

and
∑

i∈I xi ≤ w(J) for all ∅ 6= J ⊆ [n]
}

is the simplex ∆I = conv{ek : k ∈ I}. Now consider an arbitrary subset E = {I1, I2, . . . , Ir}



112

of 2[m]. It defines the submodular function wE = wI1 + wI2 + · · ·+ wIr . The corresponding

polytope QwE is now the Minkowski sum

∆E = ∆I1 + ∆I2 + · · ·+ ∆Ir . (5.3)

Proposition 5.4.2. The projection of mconv(AG(E )) to the V -coordinates (5.2) is ∆E .

Proof. The mconv construction is equivalent to translating each simplex that is the convex

hull of each set of vectors AI ⊂ A by setting its U -coordinates (5.2) all to 1, then taking

the Minkowski sum.

Next is a version of Theorem 1.2.3 for varieties ZA. Note that |V | = m when

∪I∈E I = [m].

Theorem 5.4.3. For A = AG(E ), the map ν : ZA → R|V | defined by

ν(z) =
∑
I∈E

1
ZI(z)

∑
i∈I

|zi|I |a·i|I ,

where ZI =
∑

i∈I |zi|I |, maps ZA onto mconv(A), and is a bijection on ZA,≥0.

Proof. The map ν is the composition of two maps. The first map, ν1 : ZA →
∏

I∈E ∆I , is a

product of maps µ1 corresponding to each submatrix AI as in the proof of Theorem 1.2.3,

sending ((zi1|I , . . . , zi|I||I), I ∈ E ) ∈ ZA to p = (pi|I = 1
ZI(z) |zi|I | : i ∈ I ∈ E ). The second

map, ν2, corresponds to the Minkowski sum, with ν2 :
∏

I∈E ∆I → mconv(A) sending p

to Ap. Whereas in the simplex case (and for a single AI) in Theorem 1.2.3, µ1 and µ2

were identities, here there is additional ambiguity introduced by the Minkowski sum. In

particular, let b ∈ ∆E (5.3). Then the preimage of b in
∏

I∈E ∆I is

PA(b) = {p : Ap = b} ∩
∏
I∈E

∆I ,
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and in general consists of a polytope. This is illustrated in Figure 5.5, where the polytope

PA(b) is the set of pairs of points in the first and second simplex that add to b. Analogously

to the one-factor case (Theorem 1.2.3), we will choose among the points of this fiber by

selecting the maximum entropy point (or the point closest in the KL-divergence sense to

the point representing a uniform distribution in all simplices).

Setting D(p) = D(p||puniform) so

D(p) =
∑

i∈I∈E

pi|I log pi|I −
∑

i∈I∈E

pi|I log(
1
|I|

),

the Hessian of D is 1
pi|I

on the diagonal and zero elsewhere. Thus it is positive definite on

the interior of
∏

I∈E ∆I , and on points of the relative interior after restricting to nonzero

coordinates. Thus D has a unique minimum p∗ on
∏

I∈E ∆I . Were there another minimum,

the (possibly restricted) Hessian would be positive definite on the open segment connecting

it with p∗. We now argue that p∗ ∈ ZA.

First suppose p∗ ∈ (
∏

I∈E ∆I)◦, so that 0 < pi|I < 1 in all coordinates, and let

u ∈ kerA. We must show that pu+
= pu− . For small t, p∗ + tu ∈

∏
I∈E ∆I and

D(p∗ + tu) =
∑

i∈I∈E

(pi|I + tui|I) log(pi|I + tui|I)−
∑

i∈I∈E

(pi|I + tui|I) log
1
|I|

dD

dt
=
∑

i∈I∈E

ui|I log(pi|I + tui|I) +
∑

i∈I∈E

ui|I +
∑

i∈I∈E

ui|I log
1
|I|

.

Since A is E -multigraded, the last two terms of dD
dt are zero (i.e. (1, 1, . . . , 1) ∈ R‖E ‖ is in

the rowspace of A, and (1, 1, . . . , 1) ∈ R|I| is in the rowspace of each AI). At t = 0, the first

order condition implies that

0 =
dD

dt
=
∑

i∈I∈E

ui|I log pi|I .

Grouping the sum by the sign of ui|I and changing to exponential notation,

pu+
= pu− (5.4)
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as desired.

Now suppose that p∗ lies on the boundary of
∏

I∈E ∆I . If the zeros of p lie outside

supp(u), the argument made above for p∗ in the interior holds after extending D with the

limit p log(p)→ 0 as p→ 0. If there are zeros on both sides of (5.4), i.e. pi|I = 0 = pj|J for

indices i|I ∈ supp(u+) and j|J ∈ supp(u−), then the relation holds with 0 = 0.

We may assume pi|I = 0 for some index i|I ∈ supp(u+) in considering the two

remaining cases. The first case has pj|J = 1 for some index j|J ∈ supp(u+). Because of the

multigrading of A, which requires for any J ∈ E and u ∈ kerA that
∑

j∈J uj|J = 0, it must

be that there exists k|J ∈ supp(u−). Then since p ∈
∏

I∈E ∆I , we have pk|J = 0 and the

relation (5.4) holds as 0 = 0.

The second case has 0 ≤ pj|J < 1 for all j|J ∈ supp(u+) and 0 < pk|K ≤ 1 for all

k|K ∈ supp(u−). Then for small t, p∗ + tu ∈ PA(b). Then we have

dD

dt
=

∑
{i|I : pi|I=0}

ui|I(pi|I + tui|I) +
∑

{j|J : pj|J 6=0}

uj|J(pj|J + tuj|J). (5.5)

Then the first term on the right hand side of (5.5) approaches negative infinity as t → 0

while the second approaches a constant; this contradicts the optimality of p∗, so this case

cannot arise.

We now give a couple of examples.
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Figure 5.5: Ambiguity arising from Minkowski sum of simplices: two points appearing in
the fiber over b in

∏
I∈E ∆I . For any point on the dotted line, there is a point in the second

simplex such that their sum is b. We choose × among these points by maximizing entropy in
the conditional probability distribution. The space of conditional probability distributions
is the blowup of P2 at a labeled point of Figure 1.2, intersected with a triangular prism.

Example 5.4.4. For the case m = 3 with E = {12, 13, 23, 123}, the matrix A is



p1 p2 p3 p1|12 p2|12 p1|13 p3|13 p2|23 p3|23

1 1 0 0 1 0 1 0 0 0

2 0 1 0 0 1 0 0 1 0

3 0 0 1 0 0 0 1 0 1

12 0 0 0 1 1 0 0 0 0

13 0 0 0 0 0 1 1 0 0

23 0 0 0 0 0 0 0 1 1

123 1 1 1 0 0 0 0 0 0


The U -coordinate rows are labeled 1, 2, 3 and the V -coordinate rows are labeled 12, 13, 23, 123.

The polytope mconv(A) is the permutohedron which is the convex hull of the permutations

of (3, 1, 0), shown in Figure 5.6. Letting A′ be the last six columns of A (restriction to

{I ⊆ [n] : |I| = 2}), mconv(A′) is the regular permutohedron conv((2, 1, 0), (2, 0, 1), (1, 0, 2),

(1, 2, 0), (0, 2, 1), (0, 1, 2)), lifted with the last four coordinates all 1. This is illustrated in

Figure 5.7.
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Figure 5.6: Multigraded convex hull of A for n = 3 and E = {I ⊆ [n] : |I| ≥ 2}. The last
four coordinates, not shown, are all 1.
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Figure 5.7: Multigraded convex hull of A for n = 3 and E = {I ⊆ [n] : |I| = 2}. The last
four coordinates, not shown, are all 1

The theorem of Matúš (Theorem 5.4.1) works in this way by projecting first from

E = {I : |I| ≥ 2} to E = {I : |I| = 2} as in Figure 5.7. Thus the result may be understood

as saying that instead of all simplices, we can obtain a regular permutohedron merely as

the zonotope given by the Minkowski sum of the 1-simplices.

5.5 The case of discrete random variables

Let X1, . . . , Xn be discrete random variables with Xi taking values x1
i , . . . , x

di
i .

Then the m =
∏n

i=1 di singleton events in Ω are the elements of the Cartesian product

of the sets of states which each random variable may assume. For a subset of random

variables Xi1 , . . . , Xik with S := {i1, . . . , ik} ⊆ [n], we write ΩS for the Cartesian product
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of the states of this subset of the random variables. We also denote by x|S the restriction of

some global state x ∈ Ω to the states of the random variables in S. Then in this important

special case of n random variables, the set of events E has the form:

E = {x′ ∈ Ω : x′|S = xS for some S ⊆ [n], xS ∈ ΩS} (5.6)

Let E(xS) denote the event which is the union of all singleton events with random

variables S in state xS . For example, let n = 3, di = 2 with states denoted 0 and 1, and

S = {1, 3}. Then E(x0
1x

1
3) = {0010, 0011, 0110, 0111}, which corresponds to a 2-face of the

4-cube. With this notation we may abbreviate

pxA|xB
:= pE(xA)∩E(xB)|E(xB)

which is convenient for considering, say, the conditional probability of having a disease given

a positive test result. The Hammersley-Clifford theorem (Theorem 1.3.3) provides a partial

answer to relations among conditional probabilities in the case of undirected graphical

models with strictly positive probability distributions [5]. In this setting, n random variables

form the vertices of an undirected graph. Then given subsets of variables A,B ⊆ [n]

we consider conditioning events E(xB) such that for some A, we have B = nbhd(A).

Arnold et. al. [4] develop the theory for both discrete and continuous random variables,

particularly in the case of two random variables. Slavkovic and Sullivant [61] consider

the case of compatible full conditionals using unimodular toric varieties. They study the

random variable case with subsets of random variables A and B such that A∪B = [n] and

A ∩B = ∅.

Besag [5] gives a relation among positive conditional probabilities using this ran-
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dom variable notation:

P (x)
P (y)

=
n∏

i=1

P (xi|x1, . . . , xi−1, yi+1, . . . , yn)
P (yi|x1, . . . , xi−1, yi+1, . . . , yn)

. (5.7)

This is a special case of the relations derived in Theorem 5.3.2, as we now explain.

Denote the event x1, . . . , xj−1, yj , . . . , yn by j, so the singleton events are (y1, . . . , yn) =

1, 2, . . . , n + 1 = (x1, . . . , xn). The set E consists of the event {1, . . . , n + 1} together with

the events {j, j + 1} for j = 1, . . . , n. Then the cleared-denominator version of (5.7) is the

outer cycle [n + 1] → 1 ← 12 → 2 ← · · · ← n, n + 1 → n + 1 ← [n + 1] in the graph

GE . For example, with three variables we have events 1 = (y1, y2, y3), 2 = (x1, y2, y3),

3 = (x1, x2, y3), and 4 = (x1, x2, x3). The relation (5.7) is

p4

p1
=

p2|12p3|23p4|34

p1|12p2|23p3|34
,

corresponding to the cycle binomial

p1p2|12p3|23p4|34 − p4p1|12p2|23p3|34,

which is fC for the outer cycle C of the graph in Figure 5.8.
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Figure 5.8: Bipartite graph for E = {{1, 2}, {2, 3}, {3, 4}, {1, 2, 3, 4}}.



119

5.6 Bayes’ rule

Because of the Bayes binomials, on points which are projective conditional prob-

ability distributions, we have, with i, j ⊆ J ⊆ K ⊆ [m],

pi|Kpj|J = pj|Kpi|J .

This implies, by summing over j ∈ J , that

pi|KpJ |J = pJ |Kpi|J . (5.8)

Using two copies of (5.8) with different intermediate sets J1 and J2, we have

(pi|J1
pJ1|K)pJ2|J2

= pi|KpJ1|J1
pJ2|J2

= (pi|J2
pJ2|K)pJ1|J1

which gives a multihomogeneous version of Bayes’ rule. Because we consider the point

representing a projective conditional probability distribution as an element of ((pi1|I : · · · :

pi|I||I), I ∈ E ), we may set pJ1|J1
and pJ2|J2

to 1 on an open set containing all probabilistically

relevant points, and summing over i ∈ I, this becomes

pI|J1
pJ1|K = pI|J2

pJ2|K .

Or when pJ1|K 6= 0,

pI|J1
=

pI|J2
pJ2|K

pJ1|K

so that in particular, with A,B ⊆ [m], and setting I = A∩B, J1 = B, J2 = A, and K = [m]

we have the familiar expression for Bayes’ rule

pA∩B|B =
pA∩B|ApA

pB
.
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[32] B. Grünbaum. Convex polytopes, volume 221 of Graduate Texts in Mathematics.

Springer, second edition, 2003. Prepared and with a preface by V. Kaibel, V. Klee

and G.M. Ziegler.

[33] R. Hemmecke, R. Hemmecke, and P. Malkin. 4ti2 version 1.2—computation of Hilbert
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