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The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)

(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+.

The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.

Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.

The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.

Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic
(M, ξ) closed, cooriented contact manifold

c1(ξ) trivial
α contact form for ξ

The mean Euler characteristic via contact homology (van Koert)
(Ekland-Hofer, Rademacher, Viterbo)

Suppose that there exists an integer l+ such that dim HCl(M, a) <∞
for all l ≥ l+. The positive mean Euler characteristic is set as

χ+(M, ξ) = lim
N→∞

1

N

N∑
l=l+

(−1)l dim HCl(M, ξ) (1)

provided that the limit exists.
Similarly, if there exists an integer l− is and integrer such that
dim HCl(M, a) <∞ for all l ≤ l−. The negative mean Euler
characteristic is set as

χ−(M, ξ) = lim
N→∞

1

N

N∑
l=l−

(−1)l dim HC−l(M, ξ) (2)

provided that the limits exist.
The mean Euler characteristic is set as
χ(M, ξ) := 1

2 [χ+(M, ξ) + χ−(M, ξ)].

This works for a variety of flavors of contact homology.
Can also be restricted to homotopy classes of the closed Reeb orbits.

Jacqui Espina (UCSC) MEC May 2, 2011 3 / 27



The Mean Euler Characteristic II
In some cases, the mean Euler characteristic is an elementary invariant that
can be calculated in terms of the orbits without referring to the differential ∂.

Notation

µCZ(·) the Conley-Zehnder index
| · | = µCZ(·) + n − 3 the degree or reduced index
σ(·) = (−1)|·|

∆(·) the mean index

Ginzburg-Kerman:

If the Reeb flow has finitely many simple periodic Reeb orbits, then∑± σ(xi )

∆(xi )
+

1

2

∑± σ(yi )

∆(yi )
= χ±(M, ξ), (3)

where the two different types of good Reeb orbits are distinguished by xi and
yi , and

∑+ (respectively,
∑−) stands for the sum over all orbits with positive

(respectively, negative) mean index.

Goal

Extend this expression to contact forms with infinitely many simple closed
Reeb orbits in a useful way.
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The Conley-Zehnder and mean indices

Let Ψ: [0,T ]→ Sp(R2n, ω0) be a path of symplectic maps.

Conley-Zehnder index a Maslov-type index

Defined for Ψ that satisfies Ψ(0) = I and det(I −Ψ(T )) 6= 0,

Ψ 7−→ µCZ(Ψ) ∈ Z

Mean index

Defined for any symplectic path,

For Ψ that satisfies Ψ(0) = I and det(I −Ψ(T )) 6= 0,

(a) limk→∞
µCZ(Ψk )

k = ∆(Ψ)
(b) |µCZ(Ψ)−∆(Ψ)| < n.
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Cylindrical Contact Homology
Let (M2n−1, ξ = ker(α)) be a closed, coorientable, and c1(ξ) = 0.

We use the
following notation:

J a complex structure on ξ compatible with d α,
(J : ξ → ξ | J2 = −Id , d α(J·, J·) = d α(·, ·), d α(·, J·) > 0 )

Rα the Reeb vector field associated to α,
ϕt the Reeb flow,
γ : [0,T ]→ M a Reeb trajectory.

Contact homology can be thought of as a variant of Morse theory for the
action functional on the loop space of M,

A : C∞(S1,M)→ R, γ 7→
∫
γ
α .

We get that γ ∈ crit(A)⇐⇒ γ is a closed Reeb orbit,
The period of γ is T = A(γ) when parameterized so that
γ̇(t) = Rα(γ(t)).
For A to be a Morse functional, need a non-degeneracy condition on α:
the linearized Poincaré return map along each critical point has no
eigenvalue equal to 1 (i.e., det(I − dϕt

γ) 6= 0).
We can always take a small perturbation of α to get a non-degenerate
contact form.

Jacqui Espina (UCSC) MEC May 2, 2011 6 / 27
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Contact chain groups

The Reeb flow preserves ξ and d α and gives rise to a family of symplectic
maps dϕt

γ |ξ : ξγ(0) → ξγ(t) along γ.
For a non-degenerate periodic Reeb orbit γ, in a given trivialization Φγ ,
the Conley-Zehnder index of γ is set as

µCZ(γ; Φγ) := µCZ(dϕt
γ ; Φγ).

Contact chain complex: C∗(M, α) = Q-module freely generated by the
good Reeb orbits graded by | · | := µCZ(γ) + n − 3.

Note

When γ is homologically trivial, take a surface Sγ and a trivialization ΦS
on Sγ , µCZ(γ; Φγ) does not depend on Sγ .
In the presents of homologically non-trivial Reeb orbits, ambiguity arises
due to the dependency of |γ| on Φγ .
C∗(M, α) =

⊕
a Ca
∗(M, α), where a are free homotopy classes of Reeb

orbits.
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The differential and invariance

The differential ∂ counts pseudo-holomorphic cylinders that converge
to good orbits in the symplectization (R×M, d(et α)) of (M, α).
(Here, take J an almost complex structure compatible with
ω = d(et α) and satifies the following: J( ∂∂t ) = Rα and J(ξ) = ξ.)

Our results do not explicitly use ∂!

If Ccontr
k (M, α) = 0 for k = −1, 0, 1, then ∂2 = 0 and

H(C∗(M, α), ∂) is independent of α and J.

(?) From here on, assume α meets this condition.

Cylindrical contact homology: HC∗(M, ξ):=H(C∗(M, α), ∂).
Note

Cylindrical contact homology comes with an additional grading given
by free homotopy classes of curves.
Differential counts cylinders that can not change the homotopy class of
a Reeb orbit.
First consider the class of homologically trivial Reeb orbits.
We’ll return to homologically non-trivial Reeb orbits.
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k (M, α) = 0 for k = −1, 0, 1, then ∂2 = 0 and

H(C∗(M, α), ∂) is independent of α and J.

(?) From here on, assume α meets this condition.

Cylindrical contact homology: HC∗(M, ξ):=H(C∗(M, α), ∂).
Note

Cylindrical contact homology comes with an additional grading given
by free homotopy classes of curves.
Differential counts cylinders that can not change the homotopy class of
a Reeb orbit.
First consider the class of homologically trivial Reeb orbits.
We’ll return to homologically non-trivial Reeb orbits.
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Asymptotically finite contact manifolds
Here, assume that all closed Reeb orbits are non-degenerate.
Let Pd(α) = {γ : −d ≤ |γ| ≤ d} subset of closed Rα-orbits.

Suppose there is a sequence of contact forms {αr} for ξ that satisfies the
following:

AF1 For each αr , there is a set of simple good Reeb orbits {γ1(r), . . . , γm(r)},
where m is independent of αr ,

AF2 There is an increasing sequence of integers {dr} such that if γ ∈ Pdr (αr ),
then γ = γi (r)k for some k,

AF3 The mean indices of each sequence converges: ∆(γ i (r))→ ∆γ i as r →∞,
AF4 The sign σ(γ i (r)) is independent of r .

Definition

We call γ i (r) the principal orbits of αr and the limits ∆i the asymptotic
mean indices. Set σi := σ(γ i (r)), and call (M, ξ) an asymptotically finite
contact manifold and write (M, ξ) = {(M, αr )}.

Example

The standard contact sphere, C∗(S2n−1, ξ0) is essentially generated by one
Reeb orbit when we “stretch” it out in all directions but one.
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Asymptotically finite contact manifolds and the MEC

Theorem (MEC formula: asymptotically finite version)

Let (M, ξ) = {(M, αr )} be a closed asymptotically finite contact manifold.
Assume that for each αr , the contact homology is defined ?. Then the limits
in the mean Euler characteristics are defined and

χ±(M, ξ) =
∑± σxi

∆xi

+
1

2

∑± σyi
∆yi

, (4)

where
∑+ (respectively

∑−) stands for the sum over the sequences of orbits
with positive asymptotic mean index (respectively, negative), and we use xi
and yi to distinguish the two types of good Reeb orbits.
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AF contact manifolds and subcritical surgery

Theorem

Let (M, ξ) = {(M, αr )} be a closed AF contact manifold and assume each
(M, αr ) is weakly index-positive with respect to a fixed section s of
S1[(Λn-1

C ξ)⊗2]. Denote by (M ′, ξ′) a contact manifold obtained from
performing a subcritical contact surgery to (M, ξ). If c1(ξ′) = 0 and if s
extends over the surgery, then (M ′, ξ′) is asymptotically finite and also weakly
index-positive with respect to some extension s′ of s.

Basically, asymptotic finiteness is preserved under subcritical handle
attachments.
Application:

Corollary

The mean Euler characteristic of (M ′, {α′r}) converges and

χ(M ′, ξ′) = χ(M, ξ) + (−1)k
1

2
,

where k is the index of the subcrirical contact surgery (k < n).
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Main ingredients

Weak index-positivity is an adaptation of index-positivity defined by
Ustilovsky.
Stable triviality and π1(M) = 0 are required for index-positivity, where as
this version is more flexible.
We need an extra structure:

Recall that we’re assuming c1(ξ) = 0 ⇒ Λn-1
C ξ = 0.

Fix a non-vanishing section s of S1[(Λn-1
C ξ)⊗2].

Define the unitary index of γ with respect to s .
Weak index-positivity is defined with respect to s .
Weak index-positivity is more likely to survive surgery.
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The unitary index

The unitary index is map defined for continuous symplectic paths Ψ(t)
over a curve γ(t) in M such that Ψ(0) = I .

This is a vector bundle version of a map considered by Dupont,
Guichardet and Wigner, and Barge and Ghys [Du,GW,BG].

Consider this index for dϕt
γ |ξ : ξγ(0) → ξγ(t) along a Reeb trajectory

γ : [0,T ]→ M (not necessarily closed).

Requires only c1(ξ) = 0,
Fix a section s of S1[(Λn-1

C ξ)⊗2] in (Λn-1
C ξ)⊗2.

Denote by µ(x ; s) := µ(dϕt
x ; s).
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The unitary index II

The unitary index is well-defined and continuous.
This definition depends on the choice of s.
However, for s ∼ s′, |µ(γ; s)− µ(γ; s′)| < const, where the constant that
depends only on s and s′.
Moreover, if γ(0) = γ(T ) and hence VT = V0, then µ(γ; s) = µ(γ; s′).
When π1(M) = 0, all sections of S1[(Λn-1

C ξ)⊗2] are homotopic. Then
µ(γ; s) is independent of the section s for any closed orbit γ.
If π1(M) 6= 0, we just specify s.

Lemma (µ-Catenation lemma)

For the paths of symplectic maps Ψ1 and Ψ2 over γ1 = γ|[0,T1] and
γ2 = γ|[T1,T ], we have

|µ(Ψ1 ∗Ψ2; s)− µ(Ψ1; s)− µ(Ψ2; s)| ≤ b,

where b is a constant that depends on n.
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Weak index-positivity

Definition

A contact form α for (M, ξ) is called weakly index-positive with respect
to s (WIP wrt s) if there exists constants κ1 > 0, κ2 such that

µ(γ; s) ≥ κ1A(γ) + κ2,

for any Reeb trajectory γ with action A(γ). We call (M, ξ) weakly
index-positive if ξ = ker(α), for some weakly index-positive contact
form α. (Weak index-negativity can be defined similarly.)

Weak index-positivity depends on the section s of S1[(Λn-1
C ξ)⊗2].

If α is weakly index-positive for some s, then it is also weakly
index-positive for any s′ ∈ [s].

If α is WIP with respect to some s and π1(M) = 0 =⇒ (M, α) is
WIP for any s.

If π1(M) 6= 0, we just need to specify the homotopy class [s].
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WIP and subcritical contact surgery

One can perform surgery along an isotropic sphere with trivial conformal
symplectic normal bundle in a given contact manifold such that the resulting
manifold carries again a contact structure.

Weak index-positivity is very likely to survive subcritical surgery:

Suppose (M ′, ξ′) is a contact manifold obtained by performing contact
surgery on (M2n−1, ξ) of index k .
Part of the picture, VERY roughly speaking, is

M ′ = (M\int(Sk−1 × D2n−k−1)) ∪Sk−1×S2n−k−1 (Dk × S2n−k−1).

A contact surgery is called subcritical if k < n.
Assume c1(ξ) = 0.
Except for possibly the case k = 2, the first Chern class does not change
and a given section s automatically extends to the new manifold.
k = 2 :

S1
M contractible: glueing in a 2-disc can possibly change the first Chern

class. We would need to require c1(ξ′) = 0, and then s uniquely extends up
to homotopy.
S1
M non-contractible: c1(ξ′) = 0 automatically; however the section may fail

to extend.
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The contact boundary of a subcritical symplectic handle
Here, we use the specific contact surgery model constructed in [Yau].

Surgery of index k:

Use f : R2n → R a quadratic function of Morse index k with 0 as the only
critical point to define α.
Use a similar quadractic function h : R2n → R to define the (symplectic)
k-handle (Dk × D2n−k) ⊂ (R2n, ω0).
Control the shape of H :≈ (Dk × S2n−k−1) ⊂ (Dk × D2n−k) with h.

Yau:

Suppose H is subcritical, i.e., k < n.

(i) There are n − k simple Reeb orbits of αH, all of which are good.
(ii) Given m > 0, a deformation of H can be made such that for ∗ < m,

rk(C∗(H, αH)) =

{
1, if ∗ = 2n − k − 4 + 2i , for some i ∈ N,
0, otherwise.
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The contact boundary of a subcritical symplectic handle II

γ Reeb trajectory (not necessarily closed),
ΦH the standard trivialization of the stabilized contact bundle

CRH ⊕ ξH
µCZ(γ; ΦH) the generalized Conley-Zehnder index (Robbin-Salamon index), if

γ is not closed.

Yau:

Given any positive number N, we can thin H enough such that

µCZ(γ; ΦH) > N · T − 2n,

for any Reeb trajectory of αH with action T .

H is also weakly index-positive:

Given any positive number N, we can thin H enough such that

µ(γ; sH) > N · T − a,

where a is independent of γ and sH is a section of S1[(Λn-1
C ξH)⊗2] obtained

from ΦH.

Note: Since π1(H) = 0, the handle is weakly index-positive with respect to
any section of S1[(Λn-1

C ξH)⊗2].
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AF, weak index-positivity and subcritical contact surgery
Suppose we have the following:

(M, ξ) is a weakly index-positive with respect to a section sM of
S1[(Λn-1

C ξ)⊗2],

(M ′, ξ′) is a contact manifold obtained from M by a subcritical k-surgery
with c1(ξ′) = 0, and
sM extends over H.

Then for every integer r , there exists a non-degenerate contact form α′r such
that the following hold:

(M ′, α′r ) is weakly index-positive with respect to some extension s′ of sM ;
if cj and c ′j denote the number of degree j generators of (M, α) and
(M ′, α′r ), then for j ≤ r ,

c ′j = cj + bj ,

where

bj =

{
1, if j = 2n − k − 4 + 2i , for i even,

0, otherwise.

Hence asymptotic finiteness + weak index-positivity are preserved under
subcritical contact surgery if c1(ξ′) = 0 and if sM extends over H.
A given section s is almost always compatible with a given surgery.
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Homologically non-trivial Reeb orbits

Suppose γ is a homologically non-trivial Reeb orbit, then µCZ(γ) depends
on the trivialization of ξ along γ and one must keep track of such choices.

It is convenient to consistently assign such trivializations along closed
paths in M of any homotopy class using a fixed section s of S1[(Λn-1

C ξ)⊗2].

Pick a unitary frame F = {e1, · · · , en−1} of ξ|γ with
sF := (Λn−1

j=1 ej)
⊗2 such that sF ∼ sγ

µCZ(γ; [s])

µCZ(γ; s) Depends only on the homotopy class of F .
All such frames are homotopic.
Therefore, take µCZ(γ; [s]).
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Contact Forms of Morse-Bott Type

Let’s consider the Morse-Bott approach to contact homology by Bourgeois.
That is, consider contact forms such that the action functional A(γ) =

∫
γ α is

Morse-Bott. In this case, the critical points of A form smooth submanifolds.
Notation:

NT a submanifold consisting of Reeb orbits of period T ,
ST the quotient of NT under the circle action induced by the Reeb flow. We

refer to these orbit spaces as Reeb orbifolds.

Suppose (M, α) fits within the setting where the Reeb flow is Morse-Bott
such that H∗(CMB(M, α)) ∼= HCcyl

∗ (M, ξ).
Consider the situation:

(MBF) There are finitely many simple orbifolds whose points are closed
Reeb orbits.

Then:

the mean Euler characteristic formula for asymptotically finite contact
manifolds can be applied here, OR
apply the following MEC formula:
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Morse-Bott Type and MEC II
Theorem

Assume that (M, α) is a contact manifold of Morse-Bott type in the sense of
the above and satisfies (MBF).

Then the MEC is defined and

χ±(M, ξ) =
∑

max’l ST

±σ(ST ) e(ST )

∆(ST )
,

where
∑+ (respectively

∑−) stands for the sum over all maximal orbifolds ST

with positive (respectively negative) mean index.

Set σ(S) := (−1)|S |, where |S | := µRS(S)− 1
2 dim S + n − 3, and µRS(S)

is the generalized Conley-Zehnder index (Robbin-Salamon).

The mean index of ST is given by ∆(ST ) := limk→∞
µRS(SkT )

k = ∆(Ψ).
Given an orbifold CW decomposition of a Reeb orbifold S, set

e(S) =
∑
σ̄

(−1)dim σ̄|Stab(σ̄)|,

where the sum runs over the q-cells σ̄ of S , and |Stab(σ̄)| is the order of
the stabilizer subgroup of σ̄. (Also considered by Adem-Leida-Ruan.)
The Morse-Bott version of the MEC formula generalizes the relation
established by Rademacher in [Ra] for geodesic flows.
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Jacqui Espina (UCSC) MEC May 2, 2011 22 / 27



Example: Ustilosky spheres
Brieskorn manifold
Σ(a0, · · · , an) := V (a0, · · · , an)) ∩ S2n+1, where

V (a0, · · · , an) := {(z0, · · · , zn) ∈ Cn+1 : za0
0 + · · ·+ zan

n = 0},

with aj ≥ 2 ∈ N.

Brieskorn spheres: When n = 2m + 1 and p = ±1 (mod 8),
a0 = p, a1 = 2, . . . , an = 2, then Σ(a) is diffeomorphic to S4m+1.
Contact form:

αp =
i

8

n∑
j=0

aj(zjdz̄j − z̄jdzj)

Reeb vector field:
Rαp = 4i

( z0

a0
, · · · zn

an

)
Reeb flow:

(z0, . . . , zn) 7→ (e4it/pz0, e
2itz1, . . . , e

2itzn).

There are two simple orbifolds of closed Reeb orbits and one contains a p-
cover of the other:

1. Sπ(z0 = 0)
2. Spπ(z0 6= 0)
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Ustilosky spheres continued

The index of a k-cover of Spπ is given by

µRS(Skpπ) = 2k((n − 2)p + 2).

We find that

∆(Spπ) = 2((n − 2)p + 2), and σ(Spπ) = 1,

One can check that e(Spπ) = (n − 1)p + 1.

By the MEC formula, we get

χ+(M, ξp) =
1

2

((n − 1)p + 1)

((n − 2)p + 2)
and χ−(M, ξp) = 0.
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Circle bundles

Let π : M2n−1 → B be a prequantization circle bundle over a closed symplectic
manifold (B, ω):

π∗ω = dα where α is a connection form (real valued) on M
Assume c1(ξ) = 0 and that weak index-positivity holds.

First assume π1(M) = 0.

χ+(M, ξ) =
χ(B)

2 〈c1(TB), u〉
,

where u ∈ π2(B) is the image of a disk bounded by the fiber in M.
∆(B) = 2 〈c1(TB), u〉 (← See also [Bo])
This is independent of u.

Note:

The weak index-positivity assumption is satisfied when (B, ω) is positive
monotone. ([ω] = λc1(TB) on π2(M) and λ > 0.)
∆(B) > 0 and χ−(M, ξ) = 0
Similar for weakly index-negative case (λ < 0 with the roles of χ+ and χ−

interchanged).
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Circle bundles continued
Next, suppose π1(M) 6= 0.

Fix a section s of S1[(Λn-1
C ξ)⊗2].

For p ∈ B, pick a unitary frame of TpB and lift it to a trivialization along
the fiber over p.
Obtain a section s′ of S1[(Λn-1

C ξ)⊗2] also along the fiber.

∆(B)/2 is the rotation number of s′ with respect to s.
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