
TATE’S THESIS

FRANK THORNE

Abstract. These are notes for a talk to be given in the Wisconsin student number theory seminar.

The talk is on Tate’s thesis [3]. These notes are based closely on Tate’s thesis itself. We will be
somewhat more explicit about talking about Dirichlet and Hecke L-functions and illustrating how
they fit into the general theory.

1. Introduction: the Riemann zeta function

The Riemann zeta function is probably the most important function in all of analytic number
theory. We will presume that the reader is familiar with this function and its importance. But we
will recall that it has analytic continuation to the entire complex plane, with a functional equation

(1.1) π−s/2Γ(s/2)ζ(s) = π−(1−s)/2Γ((1 − s)/2)ζ(1 − s).

In other words the completed zeta function

(1.2) ξ(s) := π−s/2Γ(s/2)ζ(s)

satisfies the beautiful equation

(1.3) ξ(s) = ξ(1 − s).

This equation is of the utmost simplicity and should perhaps be considered as a miracle. The form
of it suggests that ξ(s) is the function we should really be looking at, and the author was motivated
to prepare these notes by the following question:

What does the π−s/2Γ(s/2) mean?

One suggestion is given by the Euler product expansion

(1.4) ζ(s) =
∏

p

(
1 − 1

ps

)−1

,

where the product is over all primes.
But is it really? The “highbrow” view of primes is that a prime in a number field is an equiva-

lence class of valuations, and that therefore there are infinite primes as well, given by embed-
dings of this number field into R or C. The number of such embeddings is given by the degree of
the number field over Q. In particular, Q has one infinite prime which corresponds to the absolute
value Q receives as a subset of R.

And there is nothing in (1.4) corresponding to this valuation.
Say something profound here! But do the nitty gritty first.
As suggested by (1.4) and the discussion above, we will want to write a zeta function as a product

of local zeta functions, and so we will discuss the local theory first and then the global.
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1.1. The traditional proof. Before presenting Tate’s thesis we will review the traditional proof
of the functional equation. We follow Neukirch’s presentation [1], but the same proof can be found
in many places. We start by writing

(1.5) π−sΓ(s)
1

n2s
=

∫ ∞

0

e−πn2yys−1dy,

which follows by the definition of the gamma function and a change of variables. Summing over all
n ≥ 1, we obtain

(1.6) π−sΓ(s)ζ(2s) =

∫ ∞

0

( ∞∑

n=1

e−πn2y

)
ys−1dy.

Here the interchange of summation and integration is justified by absolute convergence.
The theta function

(1.7) θ(z) :=
∑

n∈Z

eπin2z

is an example of a weight 1/2 modular form1, and in particular it satisifes the functional equation

(1.8) θ(−1/z) =
√

z/iθ(z)

as a consequence of the Poisson summation formula.
We can thus write

(1.9) ξ(s) =
1

2

∫ ∞

0

(θ(iy) − 1)ys/2 dy

y
,

where the integral is beautifully convergent for large y, but not for small y. Therefore, we write

(1.10) ξ(s) =
1

2

∫ 1

0

(θ(iy) − 1)ys/2 dy

y
+

∫ ∞

1

(θ(iy) − 1)ys/2 dy

y

and apply the above functional equation to the first integral. We obtain

(1.11) ξ(s) =
1

2

∫ 1

0

(θ(i/y) − 1)y(s−1)/2 dy

y
+

∫ ∞

1

(θ(iy) − 1)ys/2 dy

y
.

We separate the −1 from the θ(i/y), and do a change of variables y → 1/y on the θ(i/y) part, and
we obtain

(1.12) ξ(s) =
−1

s
+

1

2

∫ ∞

1

θ(iy)y(1−s)/2 dy

y
+

∫ ∞

1

(θ(iy) − 1)ys/2 dy

y
,

and this is equal to

(1.13) ξ(s) =
−1

s
+

−1

1 − s
+

1

2

∫ ∞

1

(θ(iy) − 1)y(1−s)/2 dy

y
+

∫ ∞

1

(θ(iy) − 1)ys/2 dy

y
.

This function converges absolutely and uniformly for all s (except at the two poles), and it is now
quite clear that is symmetric in s and 1 − s.

2. The local theory

Throughout this section let k denote the completion of an algebraic number field at some prime p

(which may be infinite). We are interested in the multiplicative group k×. Let O be the associated
valuation ring, and let U denote the subgroup of elements of absolute value 1.

1Caution! A lot of people (e.g. Ken) will write e
2πin

2
z instead.
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2.1. The additive theory. Suppose that p is the rational prime divisor which p divides. We define
a function λ : Qp → R/Z as follows: If p = ∞, we define λ(x) = −x (mod 1). If p 6= ∞, we let λ(x)
be the unique rational number mod 1, such that λ(x) has only a p-power in the denominator, and
λ(x) − x is a p-adic integer.

We then define

(2.1) Λ(ξ) := λ(Trk/Qp
ξ).

Then we readily check that ξ → e2πiΛ(ξ) is a nontrivial character of k (i.e. of the additive group of
k). This character will be trivial on O.

We obtain the following

Theorem 2.1. k is naturally its own character group if we identify the character ξ → e2πiΛ(ηξ) with
the element η ∈ k.

We also have the following

Lemma 2.2. If p is nonarchimedean, the character e2πiΛ(ηξ) is trivial on O if any only if η ∈ d−1,
the inverse different of k.

We recall that if L/M is an extension of fields, the inverse different d−1
L/M is the set

(2.2) d−1
L/M := {x ∈ L : Tr(OLx) ⊆ OM}.

The lemma is then essentially a triviality (a bunch of definition chasing).
We then have the standard Fourier inversion formula:

Theorem 2.3. If we define the Fourier transform f̂ of a function f ∈ L1(k) by

(2.3) f̂(η) =

∫

k

f(ξ)e−2πiΛ(ηξ)dξ,

then for a suitable choice of measure

(2.4) f(ξ) =

∫

k

f̂(η)e2πiΛ(ξη) =
̂̂
f(−ξ)

holds.

Moreover, the choice of measure is given by: ordinary Lebesgue measure if k is real, twice Lebesgue
measure if k is complex, and if k is p-adic, the measure for which O has measure (Nd)−1/2.

2.2. The multiplicative theory.

Definition 2.4. A quasicharacter of k× is a continuous homomorphism k× → C×. It is unram-
ified if it is trivial on U .

We then have the following classification result for unramified quasicharacters:

Lemma 2.5 (2.3.1). The unramified quasicharacters of k× are the maps of the form c(α) = |α|s =
es log |α|, where s is any complex number. If p is archimedean, then s is determined by c, and
otherwise s is determined mod 2πi/ log Np.

This leads quite directly to a classification theorem for all quasicharacters. We decompose a
general element α ∈ k× as α = α̃ρ, where α ∈ U . If p is archimedean then ρ is a positive real
number, and if p is nonarchimedean then ρ is a power of a uniformizer π.

Theorem 2.6 (2.3.1). The quasicharacters of k× are maps of the form c(α) = c̃(α̃)|α|s, where c̃ is
any character of U and s is as in the previous lemma.
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We will call two quasicharacters equivalent if their quotient is an unramified quasicharacter. An
equivalence class of quasicharacters thus consists of all quasicharacters c(α) = c0(α)|α|s, where
c0(α) is a fixed representative of the class and s is a complex variable. Therefore, we may view an
equivalence class of quasicharacters as a Riemann surface. If p is archimedean, we really just get C.
If p is nonarchimedean, s is determined only modulo 2πi/ log(Np). Accordingly, it makes sense to
use the language of complex analysis and talk about meromorphic functions, analytic continuation,
and the like.

Definition 2.7. We let z denote the class of all “good” functions defined on k+, which satisfy the
following two properties:

1. f(ξ) and f̂(ξ) are continuous, integrable functions of k+.

2. Denoting by f(α) the restriction to the multiplicative group k×, f(α)|α|σ and f̂(α)|α|σ are
integrable functions on k× for σ > 0.

We won’t think too much about what these conditions mean here; suffice it to say that they are
enough to make all the analysis work out.

As Tate says, a ζ-function is “what one might call a multiplicative quasi-Fourier transform of a
function f ∈ z.”

Definition 2.8. For each f ∈ z we define a function ζ(f, c) of quasicharacters c, defined for all
quasicharacters of exponent greater than 0 by

(2.5) ζ(f, c) :=

∫

h×

f(α)c(α)d×α.

Remark. Tate does not use the notation d×α but instead writes dα where the d is in a slightly
different typeface. If you read the original then watch out for this!

Definition 2.9. For a quasicharacter c we define another quasicharacter ĉ by

ĉ(α) := |α|c−1(α).

The main theorem of the local theory is then the following:

Theorem 2.10. A ζ-function has an analytic continuation to the domain of all quasicharacters,
given by a functional equation

(2.6) ζ(f, c) = ρ(c)ζ(f̂ , ĉ),

where the factor ρ(c) does not depend on the function f . It is defined for quasicharacters of exponent
∈ (0, 1) by the functional equation itself, and for all quasicharacters by analytic continuation.

The proof is not too difficult. The main step is a derivation of the identity

(2.7) ζ(f, c)ζ(ĝ, ĉ) = ζ(f̂ , ĉ)ζ(g, c)

which is valid for any c with exponent ∈ (0, 1) and any f, g ∈ z. This identity is proved by writing
each side as a double integral and using Fubini’s theorem, and using a change of variables. The
whole proof feels (to me) like sleight of hand and there are no difficult steps.

The other part of the proof is the computation of the factor ρ(c) for individual choices of f , which
will be undertaken later.
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3. Adeles, ideles, characters and measure

The global theory is properly stated in the language of adeles and ideles. We will review this
theory; well-written proofs can be found in [3] and elsewhere.

For a number field K and a place v, let Kv be the completion at v and Ov its ring of integers.
Also let Uv denote the unit group (i.e. the elements of valuation 0). The adele ring of K is the
restricted product

(3.1) AK :=
∏′

v

Kv,

where the v range over all places of K, and the product is restricted with respect to the Ov. This
means that any adele x = (xv1

, xv2
, · · · ) is required to have xvi

∈ Ovi
for almost all (= all but

finitely many) i.
The group of ideles A×

K is simply the multiplicative group of invertible adeles. The ideles are
also a restricted product: the restricted product of the multiplicative groups K×

v with respect to the
Uvi

.
We will discuss some generalities about characters and Haar measure and restricted products. In

this section a = (avi
) will refer to either an adele or an idele. We will adopt Tate’s notation: Gv

will refer to Kv when we are talking about adeles, and to K×
v when we are talking about ideles.

Similarly, Hv will refer to Ov when we are talking about adeles, or Uv when we are talking about
ideles. Thus, both groups are now the restricted product of the Gv with respect to the Hv.

We will write G for the group of adeles or ideles, and if S is a finite set of places, we will let GS

refer to the set of adeles or ideles whose finitely many “bad” places are contained in S. Notice that
GS ⊆ G for each S.

The topology is defined as follows: GS has the product topology for each S. To give a topology
for G, it suffices to choose a basis of neighborhoods of 1, and we let this consist of a basis of
neighborhoods of 1 in GS for each S.

This gives a topology on the adeles and on the ideles. Notice that the topology on the ideles is
not the subspace topology of that on the adeles.

Continuous quasicharacters on ideles correspond exactly to products of continuous qua-
sicharacters on the Gv. In other words a character c(a) on G satisfies the product formula

(3.2) c(a) =
∏

v

cv(av),

where all but finitely many factors of the product are 1. Here cv denotes the restriction of c(a) to
Gv. Conversely, if we have a collection of characters cv of the Gv, all but finitely many of which are
trivial on Hv, we may multiply them together and obtain a character of G.

Haar measure on the ideles is defined by the product formula

(3.3) da =
∏

p

dap.

Here the measure dap refers to the multiplicative measure dx or d×x as appropriate. To make this
formula more rigorous we define Haar measure on the subgroup GS by the formula

(3.4) daS =
( ∏

v∈S

dav

)
daS ,

where daS is the measure on the (compact!) group prodv 6∈SHv such that
∫

GS
daS =

∏
v 6∈S

( ∫
Hv

daS

)
.

We then argue that this uniquely defines a well-defined Haar measure.
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We also consider integrable functions. Suppose we are given functions fv ∈ L1(Gv), such that
fv(ap) = 1 on Hv for all but finitely many v. Then, we define

(3.5) f(a) :=
∏

v

fv(av),

and thereby obtain a continuous function on G. Moreover, if it satisfies

(3.6)
∏

v

(∫
|fv(av)|dav

)
< ∞,

then we have the product formula

(3.7)

∫
f(a)da =

∏

v

(∫
fv(av)da

)
.

4. The global theory

To do... say something about the class number formula?
In this section K will denote a number field, although this theory can be translated to other

global fields as well (i.e., to the function field Fq(t)). We will write AK for the adele ring of K, and
A×

K for the multiplicative group of ideles.
To put the “local-to-global” theory into place we will look at quasicharacters on the ideles. We will

insist that these quasicharacters be trivial on K×, so that we are in fact looking at quasicharacters
of the idele class group A×

K/K×.
We first make a couple of definitions that are the global analogues of the ones considered previ-

ously. Tate defines a class of nice functions z on the adeles, similarly to before. In particular, f must
be integrable and continuous, and f(a)|a|σ must be an integrable function on the ideles for σ > 1.
Moreover,

∑
ξ∈k f(a(x+ ξ)) must be absolutely convergent, and the convergence must be uniform in

certain domains. Finally, all of the same has to be true of f̂ .
Here, then, is Tate’s definition of a global zeta-function.

Definition 4.1. For each f ∈ z we define a function ζ(f, c) of quasicharacters c, defined for all
quasicharacters of exponent greater than 1 by

(4.1) ζ(f, c) :=

∫

A×

K

f(a)c(a)d×a.

Definition 4.2. For a quasicharacter c(a) of the ideles we define

(4.2) ĉ(a) := |a|c−1(a).

The following is the main theorem of Tate’s thesis:

Theorem 4.3. Any zeta-function ζ(f, c) has an analytic continuation to the domain of all qua-
sicharacters. The extended function is single-valued and holomorphic, except at c(a) = 1 and

c(a) = |a| where it has simple poles with residues −κf(0) and κf̂(0) respectively. (Here κ =

2r1(2π)r2hR/(
√

dw) is the volume of the multiplicative fundamental domain.)
Moreover, ζ(f, c) satisfies the functional equation

(4.3) ζ(f, c) = ζ(f̂ , ĉ).
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4.1. Summary of the proof. To establish the Main Theorem we write

(4.4) ζ(f, c) =

∫ ∞

0

ζt(f, c)
dt

t
,

where

(4.5) ζt(f, c) :=

∫

J

f(tb)c(tb)d×b.

Here J is the subgroup of ideles of “absolute value” 1.
We then write

(4.6) ζ(f, c) =

∫ 1

0

ζt(f, c)
dt

t
+

∫ ∞

1

ζt(f, c)
dt

t
.

It can be seen easily that the second integral converges. To tackle the first, we use the identity

(4.7) ζt(f, c) + f(0)

∫

E

c(tb)d×b = ζ1/t(f̂ , ĉ) + f̂(0)

∫

E

ĉ(b/t)d×b.

To do: say what E is.
Using this identity and evaluating the integrals over E, we have

(4.8) ζ(f, c) =

∫ ∞

1

ζt(f, c)
dt

t

∫ ∞

1

ζt(f̂ , ĉ)
dt

t
+

(
κf̂(0)

s − 1
− κf(0)

s

)
.

The two integrals are analytic for all c, and so we obtain analytic continuation. Moreover we can
read off the poles and residues directly. Moreover, for c(a) = |a|s, ĉ(a) = |a|1−s, the form of the

expression is unchanged by replacing f and c with f̂ and ĉ. This concludes the proof.
We remark that this proof looks a great deal like the traditional proof! We will now say a bit

about the proof of the identity (4.7). It starts with the Poisson summation formula, which in
this setting reads

(4.9)
∑

ξ∈K

f̂(ξ) =
∑

ξ∈K

f(ξ).

This is of course only conditionally true; in particular, both sides have to converge absolutely (and
there are a couple of related technical conditions).

From this we obtain the following theorem:

Theorem 4.4 (Riemann-Roch). Under appropriate convergence conditions, we have for every idele
a

(4.10)
1

|a|
∑

ξ∈K

f̂(ξ/a) =
∑

ξ∈K

f(aξ).

The proof is quite easy (even if one does not shove the technical conditions under the rug, as we
are doing here). Write g(x) = f(ax), so that Poisson summation implies that

(4.11)
∑

ξ∈K

ĝ(ξ) =
∑

ξ∈K

g(ξ).

We have

(4.12) ĝ(x) =

∫
f(an)e−2πiΛ(xn)dn =

1

|a|

∫
f(n)e−2πiΛ(nx/a)dn =

1

|a| f̂(x/a).

The theorem does not look too interesting at first; it just looks like a slight variation on the Poisson
Summation Formula (which of course is exactly what it is). However, what is very interesting is
the result you obtain when you let K = Fq(t). As the name suggests, you indeed recover (for a
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particular, and fairly simple, choice of f) the classical Riemann-Roch theorem on the dimensions of
linear systems associated to algebraic curves.

This is explained in Ramakrishnan and Valenza’s book [2]. If time permits I will add a section
on this and talk about it.

5. Trivial characters and the Riemann zeta function

Tate computes ρ(c) and the zeta functions for real, complex, and p-adic places. These computa-
tions naturally break up into cases depending on c.

In this section we will consider the simplest possible example. We will take K = Q, and we
will consider the trivial character of A×

K (i.e. the character that is defined to be 1 everywhere).
Associated to this is the quasicharacter c(a) = |a|s, which is trivial on Q×. (This is a consequence of
the product formula.) The nice thing about this family of quasicharacters is that they are unramified
everywhere. The main theorem of Tate’s thesis will then give an equality which is very familiar.

We begin with the relation

(5.1) ζ(f, c) =
∏

p

ζp(fp, cp),

which is valid for any quasicharacter c =
∏

p
cp of exponent greater than 1. This follows from general

principles on integration over infinite products.
For the special case of interest, c(α) = |α|s for a complex parameter s, the above equation is valid

when ℜ(s) > 1.
Accordingly, we will analyze the global zeta-function by looking at each local zeta-function and

then multiplying them together. We will need to analyze the p-adic and real cases separately.
The p-adic case (unramified, over Q): Let f(ξ) be the characteristic function of Zp, where

p = (p). Then,

(5.2) ζ(f, | · |s) =

∫

Zp

|α|−sd×α =
∑

i≥0

p−is

∫

U

d×α.

Because U has Haar measure 1 (to do: figure out why), we sum the geometric series to obtain

(5.3) ζ(f, | · |s) =
1

1 − p−s
.

f̂ = f , so the same calculation gives

(5.4) ζ(f̂ , |̂ · |s) = ζ(f̂ , | · |1−s) =
1

1 − p−(1−s)
.

The real case: There are in general two equivalence classes of quasicharacters on the reals:
Quasicharacters of the form |α|s, which we denote | · |s, and quasicharacters of the form (sign α)|α|s,
which we denote by ±| · |s. For now we will only need to consider the first kind.

For the character | · |s, we take f(ξ) = e−πξ2

, which is a nice Schwarz function and its own Fourier
transform. We compute:

(5.5) ζ(f, | · |s) =

∫ ∞

−∞

e−πα2 |α|s dα

|α| = 2

∫ ∞

0

e−πα2

αs−1dα = π−s/2Γ(s/2).

We also have

(5.6) ζ(f̂ , |̂ · |s) = ζ(f, | · |1−s) = π− 1−s
2 Γ((1 − s)/2),

and the ρ factor (of Tate’s local theorem) is simply the quotient.
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Multiplying the local factors together, we obtain the equation

(5.7) π−s/2Γ(s/2)
∏

p

1

1 − p−s
= π−(1−s)/2Γ

(1 − s

2

) ∏

p

1

1 − p−(1−s)
.

The product on the left is defined only for ℜ(s) > 1, and the product on the right only for ℜ(s) < 0.
However, Tate’s main theorem tells us that these products enjoy a meromorphic continuation to the
domain of all complex s, and that this meromorphic continuation is given by the functional equation
above outside the “critical strip” ℜ(s) ∈ (0, 1).

Q.E.D.

6. Dirichlet, Hecke, and Grössen Characters

Tate’s thesis concerns the zeta functions constructed from Hecke characters, i.e., characters of
the idele class group A×

K/K×. Accordingly, we will make a detour into Neukirch’s book [1] and say
more about these characters. In particular, we will want to realize the usual Dirichlet characters on
Q as special cases of Hecke characters, and it is not obvious how to do this.

Once we give the construction, we will be able to use Tate’s framework to re-define Dirichlet
L-functions and prove analytic continuation and the functional equation for them.

We begin with the following definition:

Definition 6.1. A Hecke character of K is a character of the idele class group A×
K/K×, i.e. a

continuous homomorphism

(6.1) χ : A×
K −→ S1

so that χ(K×) = 1.

We also have the following related definition of a Grössencharakter. For m an integral ideal of
the number field K, we let Jm denote the group of all ideals of K which are coprime to m.

Definition 6.2. A Grössencharakter mod m is a character χ : Jm → S1 for which there exists a
pair of characters

(6.2) χf : (OK/m)× −→ S1, χ∞ : R× −→ S1,

such that

(6.3) χ((a)) = χf (a)χ∞(a)

for every algebraic integer a ∈ OK coprime to m.

Here R is the Minkowski space R := K ⊗Q R. If K = Q then R = R.
And finally we have the notion of a Dirichlet character in a number field. We write Pm for the

group of principal fractional ideals (a) such that a ≡ 1 (mod m) and a is totally positive. The first
condition means that a = b/c, where b and c are algebraic integers ≡ 1 (mod m), and the second
means that τ(a) > 0 for every real embedding τ of K.

Definition 6.3. A Dirichlet character mod m is a character

(6.4) χ : Jm/Pm −→ S1

of the ray class group Jm/Pm modulo m.

Often Dirichlet characters and Grössencharaktere are simply called Hecke characters, so that we
have given three (!) definitions above for Hecke characters, which are not obviously equivalent.

In this section we will partially explain the relation between these characters, and we refer to [1]
for more details. In particular, we will show how one may start with a usual Dirichlet character
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(i.e. a character of (Z/nZ)×) and obtain an equivalent Hecke character (i.e. a character of AQ/Q×).
This will allow us to prove the functional equation for Dirichlet L-functions, following Tate. (For
clarity and simplicity, we will not prove this in full generality.)

We begin by showing that the above notion of Dirichlet character agrees essentially with the usual
one when K = Q.

Proposition 6.4. There is (for m 6= 2) an exact sequence

(6.5) 1 −→ ±1 −→ (Z/mZ)× −→ Jm/Pm −→ 0,

where the last map is given by a −→ (a).

Proof. We first see that it is well-defined, as for any integer k, a+km
a = aa+kma

aa , where a denotes a
multiplicative inverse for a modulo m. The numerator and denominator of this second fraction are
then both congruent to 1 mod m.

Injectivity follows as an integer a maps to Pm if and only if (a) ≡ 1 mod (m), and the latter
condition is true if either a or −a is ≡ 1 mod m. Surjectivity follows as we can represent any class
in Jm/Pm by an integral ideal (b), where b is coprime to m. �

In more generality, we also have the following proposition:

Proposition 6.5. Every Dirichlet character χ mod m is in fact a Grössencharakter mod m, which
satisfies

(6.6) χ((a)) = χf (a)N((a/|a|)k)

for some integer k.

Proof. Omitted for now. �

And finally we want to establish (or at least claim) the correspondence between Hecke characters
and Grösencharaktere. To do this we need to introduce notation and a definition.

Suppose that our ideal m is factored as p =
∏

p
pnp . (Naturally, the product is only over finite

primes.) The unit group of Op (p ∤ ∞) is simply U
(0)
p = O×

p , and the higher unit groups U
(n)
p

are defined by U
(n)
p = 1 + pn.

We associate to the ideal m the subgroup

(6.7) Im

f :=
∏

p∤∞

U
(np)
p .

Definition 6.6. We call m a module of definition for the Hecke character χ if

(6.8) χ(Im

f ) = 1.

By topological (i.e. continuity) considerations, every Hecke character admits a module of defini-
tion. Therefore, any Hecke character is in fact a character

(6.9) χ : A×
K/Im

f K× −→ S1.

The ray class group is a quotient of this group; see Proposition 6.12 of [1].
Given a Hecke character χ with module of definition m, we may construct a Grössencharakter as

follows. For every p ∤ m we choose a fixed prime element πp of Kp, and define a homomorphism

(6.10) c : Jm −→ A×
K/Im

f K×

which maps a prime ideal p ∤ m to the class of the idele < πp >= (. . . , 1, πp, 1, . . . ).
We then have the following result, which we will not prove. (See [1], pp. 482-483 for a proof.)
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Theorem 6.7. There is a 1-1 correspondence between Hecke characters with modulus m and Grössencharaktere
mod m, given by χ → χ · c.

We will work this out in a particular example. We will apply this correspondence to obtain
a Hecke character from a Grössencharakter, which is not the direction that the theorem gives an
explicit recipe for.

6.1. Example: from Dirichlet characters to Hecke characters. Let χ be a Dirichlet character
which is primitive to an odd prime modulus ℓ. We can think in even less generality and imagine

that χ is the quadratic character

(
·
ℓ

)
. In this case χ(−1) = 1 if p ≡ 1 mod 4 and χ(−1) = −1 if

p ≡ 3 mod 4.
Our first task is to turn χ into a Grössencharakter, and this is easily done. We define our

Grössencharakter χG by

(6.11) χG((a)) = χ(a)χ∞(a),

where the character χ∞ : R → ±1 is the sign character if χ is odd, and the trivial character if χ is
even. It is clear that this is well-defined, and it is quite immediate from the definition that this is
indeed a Grössencharakter.

We will now obtain a Hecke character in the somewhat naive way. We will take the correspondence
for granted, and figure out what Hecke character χH should correspond to χG.

We will write

(6.12) χH =
∏

p≤∞

χH,p,

where χH,p is a character of Qp.
It turns out that we do not have too much choice. χH needs to be trivial on Q, and also on every

unit group Up for p 6= ℓ. (In other words, χH needs to be unramified for p 6= ℓ.) In addition, χH

needs to be trivial on the “higher unit group” 1 + ℓZℓ.
We will determine χH one place at a time. Finite primes p 6= ℓ. Consider the idele ap =

(. . . , p, . . . ), where p 6= ℓ, and the p is in the Zp spot. This is c(p). Our correspondence tells us to
define χH(ap) = χG((p)) = χ(p). Moreover, χH,p is trivial on p-adic units, and these two conditions
define χH,p.

The ramified prime p = ℓ. We know that for a positive prime p, (p, p, p, . . . ) maps to 1 (being
a diagonally embedded element of Q). Certainly χH,∞(p) = 1 for any positive prime p, so this tells
us that χH,p(p)χH,ℓ(p) = 1, or in other words, χH,ℓ(p) = χ−1(p). By multiplicativity we obtain
χH,ℓ(a) = χ−1(a) for all integers coprime to ℓ.

Moreover, (ℓ, ℓ, ℓ, . . . ) maps to 1 so χH,ℓ(ℓ) = 1.
To determine χH,ℓ on Z×

ℓ we recall that χH,ℓ needs to be multiplicatively invariant by 1 + ℓZℓ.

Given any α ∈ Z×
ℓ , we may uniquely write α = b + γℓ, where b is an integer between 1 and ℓ − 1,

and γ is an element of Zℓ. We then have

(6.13) χH,ℓ(α) = χH,ℓ(b + γℓ) = χH,ℓ(b
(
1 +

γ

β
ℓ
)
) = χH,ℓ(b).

We further notice that for any integer k,

(6.14) χH,ℓ(b) = χH,ℓ(b
(
1 +

k

b
ℓ
)
) = χH,ℓ(b + kℓ),

as we expect. Our conclusion is that χH,ℓ(α) = χ−1(b), where α ∈ b + Zℓ.
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The infinite place. This is now easy, as χH,∞ is determined by its value on −1. We know that
χH,ℓ(−1)χH,∞(−1) = −1, so that

(6.15) χH,∞(−1) = χ−1
H,ℓ(−1) = χ(−1).

7. The functional equation for Dirichlet L-functions

We will now use the mechanism of Tate’s thesis to explicitly prove analytic contination and the
functional equation for Dirichlet L-functions L(s, χ). As before we will assume that χ is a primitive
character whose conductor is an odd prime. We will carry out the analysis for ζ(s, c), where c ranges
over the family of quasicharacters containing the Hecke character χ constructed above. Namely, c
will be the quasicharacter χ| · |s, where s is a complex variable. It is perhaps not obvious that we
will get a functional equation for L(s, χ) in this way. However, this is not something that needs to
be proved.

As before we have

(7.1) ζ(f, c) =
∏

p

ζp(fp, cp),

and we will compute each local zeta factor separately.
Finite places p 6= ℓ. Here χ is unramified. Writing an arbitrary element of Qp as α = piu, where

u is a p-adic unit, we have cp(p
iu) = χ(pi)|pi|sp = χ(pi)p−is. As before, we let fp be the characteristic

function of Zp. Recall that fp is its own Fourier transform. The local zeta function is

(7.2) ζp(fp, cp) =

∫

Zp

χ(pi)p−isd×α =
∑

i≥0

∫

ord(α)=i

χ(pi)p−isd×α.

Using the multiplicative invariance of Haar measure and the fact that µ(Z×
p ) = 1 we obtain

(7.3) ζp(fp, cp) =
∑

i≥0

χ(p)ip−is =
1

1 − χ(p)p−s
.

We have ĉp = | · |c−1
p , so that ĉp(p

iu) = χ−i(p)p(1−i)s, and so we obtain

(7.4) ζp(f̂p, ĉp) =
1

1 − χ−1(p)p−(1−s)
.

The infinite place. We have two possibilities: Either c∞(α) = |α|s, or c∞(α) = sgn(α)|α|s. In
the former case the local zeta function is exactly as we computed for the Riemann zeta function. We

recall the calculation here. We took f(ξ) = e−πξ2

, which is its own Fourier transform, and obtained

(7.5) ζ(f, | · |s) =

∫ ∞

−∞

e−πα2 |α|s dα

|α| = 2

∫ ∞

0

e−πα2

αs−1dα = π−s/2Γ(s/2).

We also had

(7.6) ζ(f̂ , |̂ · |s) = ζ(f, | · |1−s) = π− 1−s
2 Γ((1 − s)/2).

In case c∞ = sgn ·|α|s the calculation is a little bit different. In this case we choose f(ξ) = ξe−πξ2

,

for reasons that will shortly become apparent. We then compute that f̂(ξ) = if(ξ).
We compute

(7.7) ζ(f, sgn | · |s) =

∫ ∞

−∞

αe−πα2

sgn(α)|α|s dα

|α| = 2

∫ ∞

0

e−πα2

αsdα = π−(s+1)/2Γ((s + 1)/2).



TATE’S THESIS 13

Similarly,

(7.8) ζ(f̂ , ±̂| · |s) = ζ(if, sgn | · |1−s) = iπ−
(1−s)+1

2 Γ
( (1 − s) + 1

2

)
.

We therefore see that the form of the functional equation will break up into two cases according to
whether χ is even or odd.

The ramified place p = ℓ. This time our character χp is not trivial on Z×
p , but it is trivial on

1 + Zp.
We choose our function f(ξ) to be e2πiξ for ξ ∈ (p)−1, and f(ξ) = 0 otherwise. We then have

(7.9) ζp(fp, cp) =

∫

1
p

Zp

e2πiΛ(α)χ(α)|α|spd×α =
∑

k≥−1

∫

ord(α)=k

p−kse2πiΛ(α)χ(α)d×α.

For k 6= −1, the exponential is 1 and so the integral is

(7.10)

∫

ord(α)=i

χ(α)d×α.

As χ is nontrivial on units, the integral is zero!
We are left with

(7.11) ζp(fp, cp) = ps

∫

1
p

Z×

p

e2πiΛ(α)χ(α)d×α.

We may write

(7.12)
1

p
Zp

× =

p−1⋃

j=1

( j

p
+ Zp

)
=

1

p
j
(
1 + pZp

)
,

so that it is apparent that the integrand only depends on j. In particular, Λ(α) = Λ(j) and
χ(α) = χ(j). We this obtain

(7.13) ζp(fp, cp) =
ps

p − 1

p−1∑

j=1

e2πij/pχ(j).

This is far as we can simplify. The sum over j is a Gauss sum and is familiar in analytic number
theory. For example, it is known that its absolute value is

√
p. For our purposes, we are happy to

say that it is what it is.
We now need to handle the Fourier transform. The Fourier transform of f is

(7.14) f̂(ξ) =

∫

(p)−1

e2πiΛ(η)e−2πiΛ(ξη)dη =

∫

(p)−1

e2πiΛ(η(ξ−1)).

This is p if ξ ≡ 1 mod p and 0 otherwise. In other words the value of the integral depends on
whether the exponential is trivial or not.

On this set, our quasicharacter ĉ(α)|α|1−s is trivial! We therefore have

(7.15) ζ(f̂ , ĉ) = p

∫

1+(p)

d×α =
p

p − 1
.

Multiplying the zeta factors, we obtain equations as follows. If χ is even, the zeta function is
given by

(7.16) ζ(f, c) =
ps

p − 1
π−s/2Γ(s/2)

( p−1∑

j=1

e2πij/pχ(j)

) ∏

p6=ℓ

1

1 − χ(p)p−s
.
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We furthermore have

(7.17) ζ(f̂ , ĉ) =
p

p − 1
π−(1−s)/2Γ((1 − s)/2)

∏

p6=ℓ

1

1 − χ−1(p)p−s
.

Denoting L(s, χ) as usual, we have proved the functional equation

(7.18) ps−1π−s/2Γ(s/2)

( p−1∑

j=1

e2πij/pχ(j)

)
L(s, χ) = π−(1−s)/2Γ((1 − s)/2)L(1 − s, χ−1).

If χ is odd, then the factor for the real place is different, as we have seen. Multiplying everything
together, we obtain for this case

(7.19) ps−1π−(s+1)/2Γ(
s + 1

2
)

( p−1∑

j=1

e2πij/pχ(j)

)
L(s, χ) = iπ

−(1−s)+1
2 Γ(

(1 − s) + 1

2
)L(1 − s, χ−1).
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