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}, r'P, ) �&',- 2P,&P',u 2- QT'R r,.,&)s Z&'./'Zs, 6 � R)(Zs, QT,2&,( 2- QT'R
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������� 0 Ý,Q

Q : Zr → Z
�, ) �8)5&)Q'/ -2&( '.
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θQ(z)

�*
θQ(z) =

∑

x∈Zr

qQ(x).

qT,.
θQ

'R ) (258s)& -2&( 2- u,'rTQ
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2. QT, r&28Z
Γ0(N)

3 u 'QT /T)&)/Q,&
χ
3 uT,&,

N
).5

χ
)&, 5,Q,&( '.,5 )R -2 ss2u R 0

}&'Q'.r
Q(x) = 1/2xT Ax

u'QT ) R*((,Q&'/ ( )Q&'�
A
3 QT,.

N
'R 5,�.,5 Q2� , QT, R( )ss,RQ Z2R'Q'P, '.Q,r,& R2 QT)Q

NA−1 'R ,P,. 6
qT, /T)&)/Q,&

χ
'R r'P,. �*
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(

D
d

) 3 uT,&,
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qT, r,.,&)s Z&22- 2- QT'R 'R R2( ,uT)Q '.P2sP,5 £R,, 3 -2& ,�)(Zs, 3 Ð8..'.r 3ZZ 6 YYOÞ\¤ 6 NQ 'R R'(Zs,& '. QT, /)R, 2- QT, ëRQ).5)&5 ë QT,Q) -8./Q'2.

θ(z) =

n=∞
∑

n=−∞

e(n2z)

).5 'QR
k
QT Z2u,&

θk(z) =

n=∞
∑

n=0

rk(n)e(nz)

uT,&,
rk(n)

/28.QR QT, .8(�,& 2- &,Z&,R,.Q)Q'2.R 2-
n

)R ) R8( 2-
k
R�8)&,R 64,* Q2 QT, Z&22- 'R R2( , t'.5 2- %2'RR2. R8(()Q'2. � QT,. 2., ()t,R R2( , R2&Q2- -8&QT,& ).)s*Q'/ )&r8( ,.Q £Ð8..'.r 8R,R QT, w)/2� ' N.P,&R'2. -2&(8s)¤ Q2RT2u QT)Q QT, -8./Q'2.

θk R)Q'R�,R -8./Q'2.)s ,�8)Q'2.R uT'/T /2&&,RZ2.5 Q2 QT,r,.,&)Q2&R 2- QT, r&28Z
Γ0(N)
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������� �� ¡ 0 �RR8(, QT, Ð,.,&)s'¢,5 +',( ).. �*Z2QT,R'R 6 qT,. )ss ,s'Or'�s, '.Q,r,&R 2P,& Ë 3YUX )&, &,Z&,R,.Q,5 �* QT, -2&(
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}, RQ)&Q �* ,s'( '.)Q'.r .8(�,&R /2Z&'(, Q2 UW 0
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φ1
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�, -28.5 QT,&,¤ QT)Q
2n + 1 = x2 + y2 + 2z2 T)R ) R2s8Q'2. -2& )ss Z 2R'Q'P, n

6S8sQ'Zs*'.r �* \ 3
10n + 5 = 5(x2 + y2) = (2x + y)2 + (x − 2y)2 + 10z2

'R ) &,Z&,R,.Q)Q'2. 2- QT, 5,R'&,5 -2&( 6
N. /)R,

N
'R ,P,. QT, Z&2Z2R'Q'2. 'R /s,)& 6

ýñ_ EL> GL= @H þ=LØ ^LØ HL a DLbC AL< CH^ I=� é ? >AH A;E IH @A J`C;DM ý çð=L=E< L>A
ã ®¯ ÿ±µ¹º¹´��» ²¾³ � »»½¾µ¶² ååÜ � ¶»µ¶¾·µ í½�´½»½¾µ²µ¶¹¾»
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A1
).5

A2
�, QT, ( )Q&'/,R 2-

φ1
).5

φ2
0

A1 =





1 0 0
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0 0 10



 A2 =





2 0 −1
0 2 0
−1 0 3



 .

Ô�Õ������ 0 � ()Q&'�
B ∈ SL3(Z)

'R /)ss,5 ). Â������×� 2-
Ai

'-
BT AiB =

Ai
6 }, )&, '.Q,&,RQ,5 '. )8Q2(2&ZTR 2-

A1
).5

A2
6 qT,R, /2&&,RZ2.5 Q2 s'.O,)& 3 '.P,&Q'�s, /T).r,R 2- P)&')�s,R '. φ1

).5
φ2

u'QT 5,Q,&( '.).Q U3 QT)Q 52. �Q/T).r, QT, -2&( 6 �2& ,�)(Zs, 3 '.
φ1

u, ()* Ru 'Q/T
x

).5
y
3 ).5�2& &,Zs)/,).* 2& )ss 2-

x, y, z
�* QT,'& .,r)Q'P,R 3 �8Q u, /). �Q 52 ).*QT'.r ,sR, 6 qT'R r'P,RUÊ Q&).R-2&( )Q'2.R 3 ).5 ,�)/Qs* T)s- T)P, 5,Q,&( '.).Q U6 }, T)P, QT, -2ss2u '.r

Ú��× �Ã����� Î qT, )8Q2(2&ZTR 2-
A1

)&, r'P,. �*



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0 1 0
0 0 1


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


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0 −1 0
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
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



1 0 0
0 −1 0
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
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


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
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


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
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


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−1 0 0
0 0 −1


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
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


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z


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N
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3 ).5 '. Z)&Q'/8s)& )ss 2- QT,( )&,'.P,&Q'�s, 3 R2 QT)Q 'Q R8� /,R Q2 RT2u QT)Q .2 )8Q2(2&ZT 'R ,�8)s Q2 QT, '5,.Q'Q*)8Q2(2&ZT 6
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x
y
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
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


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







x
y
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



QT,.
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x = y
2&

x = −y
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G(N)

0
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N
�, /2Z&'( , Q2 QT, 5,Q,&( '.).Q

d
2- QT, -2&( 3 ).5�&,)tR 8Z '.Q2 ) s)&r, .8(�,& 2- RZ ,/')s /)R,R �)R,5 2. QT, /2.r&8,./, /s)RR 2-

dN
(258s2 Þ 6

ã ®Ñ í½�´½»½¾µ²µ¶¹¾» ¹¸ � ¹¾�»	±²´½¸´½½ 
¾µ½�½´»
}, u 'RT Q2 u2&t Q2u)&5R ) Z&22- 2- QT, -2ss2u '.r 6
������� À�  � 
È 0 Ý,Q

N
�, ). ,s'r '� s, '.Q,r,& £' 6, 63 2., .2Q 2- QT, -2&(

4λ(16µ + 6)
uT'/T 'R .2Q R�8)&,O-&,, 6 qT,. 'Q 'R 2- QT, -2&(

x2 + y2 + 10z2 6
}, .2Q, QT)Q R8/T ) &,Z&,R,.Q)Q'2. /28s5 ,'QT,& � , a DI< IHIbC 3 u 'QT gcd(x, y, z) =
1
3 2& 'Q /28s5 /2( , -&2( ) &,Z&,R,.Q)Q'2. 2-

N/(gcd(x, y, z))2
6

}, u2&t Q2u)&5R QT, Z&22- 6 q2 52 QT)Q u, '.Q&258/, R2( , .2Q)Q'2. � -2& )Z2R'Q'P, '.Q,r,&
n

5,.2Q, �*
r1(n)

QT, .8(�,& 2- &,Z&,R,.Q)Q'2.R 2-
n

�*
φ1

3).5 �*
r2

QT, .8(�,& 2- &,Z&,R,.Q)Q'2.R �*
φ2 = 2x2 + 2y2 + 3z2 − 2xz.qT,. 5,�.,

a(n) =
1

4
(r1(n) − r2(n))).5 ) r,.,&)Q'.r -8./Q'2.

f(z) =

∞
∑

n=1

a(n)

uT,&,
q = e2πiz )R 8R8)s 6 }, 5,�., ) � '&'/Ts,Q /T)&)/Q,&

χ10
Q2 � , QT, /T)&)/OQ,& (258s2 [W r'P,. �* (
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·

) 6 qT,. 3 �* ( ,QT25R ).)s2r28R Q2 QT2R, 5'R/8 RR,5Z&,P'28Rs*3 u, 2�Q)'. QT, -2ss2u '.r
Ú��× �Ã����� 0

f(z) ∈ S 3

2

(40, χ10)
6

}, &,/)ss QT)Q
S 3

2

(40, χ10)
'R ) �. 'Q,O5'( ,.R'2.)s P,/Q2& RZ)/, 6 qT,&,-2&, �*/2(Z8Q'.r QT, �&RQ -,u Q,&( R 2-

f(z)

f(z) = q − q3 − q7 − q9 + 2q13 + q15 + . . .
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u, 8.'�8,s* 5,Q,&( '.,
f(z)

).5 'QR Z&2Z,&Q',R Q8&. 28Q Q2 � , u,ss t.2u. 6 },�82Q, QT, -2 ss2u '.r u 'QT28Q Z&22- 0
Ú��× �Ã����� 0
£U¤ F (z)

'R ). ,'r,.-2&( -2& )ss 2- QT, �,/t, 2Z,&)Q2&R
T (p2)

6
qT,&,-2&, 3 '. Z)&Q'/8s)& 3 u, ( )* /2.R'5,& 'QR 7T'(8&) s'-Q

F (z) =

∞
∑

n=1

A(n)qn = q − 2q3 − q5 + 2q7 + q9 + 2q13 + 2q15 − 6q17 − . . .

).5 QT,. QT, -2ss2u '.r T2s5 0
£Ë¤ F (z) ∈ S2(20)

3 ).5 (2&,2P,& 3 F (z)
'R ) .,u-2&( 6

£V¤ F (z) = η2(2z)η2(10z)
3 uT,&,

η(z) = q1/24
∞
∏

n=1

(1 − qn)

'R �,5,t'.5 �R ,Q) -8./Q'2. 6
£[¤ F (z)

'R QT, '.P,&R, S ,ss'. Q&).R-2&( 2-
L(E, s)

3 uT,&,
L(E, s)

'R QT, �)RR,O},'s ÝO-8./Q'2. -2& QT, ,ss'ZQ'/ /8&P,
E : y2 = x3 + x2 + 4x + 4.

£\¤ N. s'rTQ 2- £[ ¤ 3 �* ) QT,2&,( 2- �)RR, 3 |A(p)| ≤ 2
√

p
-2& ,P,&* Z&'( ,

p
6

}, u 'RT Q2 &,/)ss QT, -2ss2u '.r QT,2&,( -&2( 7T'(8&) �R ð==;`A Z)Z,& 0
������� À �����Â � 
��È 6 Ý,Q

p
�, ) Z&'( , .8(�,& 3 ).5 s,Q

f ∈ Sk/2(N,χ)
6�,.2Q, �*

a(n)
).5

b(n)
QT, /2,� /',.QR 2- QT, �28&',& ,�Z).R'2.R 0

f(z) =

∞
∑

n=0

a(n)qn

(f |T (p2))(z) =

∞
∑

n=0

b(n)qn

qT,.
b(n) = a(p2n) + χ(p)(

−1

p
)

k−1

2 (
n

p
)p

k−3

2 a(n) + χ(p2)pk−2a(n/p2).

}, Q)t,
a(n/p2) = 0

uT,&,
p2 52,R .2Q 5'P'5, n

6
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7Z,/')s'¢'.r Q2 QT, /)R, 2- '.Q,&,RQ 3 ).5 &,/)ss'.r QT)Q 28&
f(z)

'R ). ,'r,.O-2&( 2- QT, �,/t, )sr,�&) 3 5,.2Q, �*
α(p)

QT, ,'r,.P)s8, -2& QT, Z&'( ,
p
).5u, T)P,

a(n)α(p) = a(p2n) + χ10(p)(
−n

p
)a(n) + χ10(p

2)pa(n/p2).

�R
F (z)

'R ) .,u-2&( u, T)P, QT)Q
α(p) = A(p)

6 }, Z)8R, Q2 9 8RQ'-* QT'R )ROR,&Q'2. 0
Ú��× �Ã����� 0 N. QT, Z&,/,5'.r -2&(8s)

α(p) = A(p)
6

% &22- 0 }, R,, QT)Q
F (z)

'R ) .,u-2&( ).5 QT,&,-2&, ). ,'r,.-2&( 2- QT, ,.Q'&,�,/t, )sr,�&) 6 }, &,/)ss QT, 5,�.'Q'2. 2- QT, �,/t, 2Z,&)Q2& £R,, 1.2 3 Z 6 Ë U¤ 0N-
F (z) =

∑∞

n=0 A(n)qn QT,.

F (z)|Tp =
∞
∑

n=0

(A(pn) + χ(p)pk−1a(n/p))qn.

N-
F (z)|Tp = λF (z) £).5 R'./,

F (z)
'R ) /8RZ -2&( ¤ QT,.

∞
∑

n=1

λA(n)qn =
∞
∑

n=1

(A(pn) + χ(p)pk−1a(n/p))qn.

�2(Z)&'.r QT,
q = 1

Q,&( R u, T)P,
λA(1) = A(p) + χ(p)pk−1a(1/p);

)R QT,
a(1/p)

Q,&( 5&2ZR 28Q 3
λA(1) = A(p).

�'.)ss* u, )RR8( , QT)Q
F (z)

'R =LD< ;`I�CG R2 QT)Q
A(1) = 1

3 ).5 QT8R
λ = A(p)

6
�2.P,&R,s*3 'Q 'R u,ssOt.2u. £R,, 3 -2& ,�)(Zs, 3 1.2 3 �2& 6 V 6UÊ¤ QT)Q QT, 7T'(8&)/2&&,RZ2.5,./,R /2((8Q, u 'QT QT, �,/t, 2Z,&)Q2&R 2- '.Q,r&)s ).5 T)s-O'.Q,r&)su,'rTQ 6 qT)Q 'R 3 u, T)P,

F (z)|Tp = f(z)|Tp2 .N. Z)&Q'/8s)& '-
f
3 ).5 QT,&,-2&,

F
3 )&, ,'r,.-2&( R 2- QT, &,RZ ,/Q'P, '.Q,r,& ).5T)s-O'.Q,r,& u,'rTQ (258s)& -2&( R QT,. QT, ,'r,.P)s8,R (8RQ � , QT, R)( , 0 �R

F (z)|Tp = λF (z)
).5

f(z)|Tp2 = α(p)
u, T)P, QT)Q

λ = α(p)
3 ).5 T,./, QT,&,R8sQ -2 ss2u R 6

�Q QT'R Z2'.Q u, /2.�., 28&R,sP,R Q2 /2.R'5,&'.r QT, /)R, uT,&,
n

'R R�8)&,O-&,, 6 N. P',u 2- QT, Z&2Z2R'Q'2. 3 28& ,�8)Q'2. QT,. R'(Zs'�,R Q2
a(n)A(p) = a(p2n) + χ10(p)(

−n

p
)a(n).
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}, u&'Q, QT, )�2P, )R
a(p2n) =

(

A(p) − χ10(p)(
−n

p
)

)

a(n)

).5 Zs8r '. QT, 5,�.'Q'2.
a(n) = 1

4 (r1(n) − r2(n))
Q2 u&'Q,

1

4
(r1(p

2n) − r2(p
2n)) =

(

A(p) − χ10(p)(
−n

p
)

)

(
1

4
(r1(n) − r2(n)))

).5 R2
r1(p

2n) − r2(p
2n) =

(

A(p) − χ10(p)(
−n

p
)

)

(r1(n) − r2(n)).

É2u R8ZZ2R,
M

'R ) .2.OR�8)&,-&,, '.Q,r,& uT'/T 'R .2Q &,Z&,R,.Q,5 �*
φ1

6qT,.
M

'R 5'P'R'� s, �*
p2 -2& R2( , Z&'( ,

p
� ).5 �* 28& Z&,P'28R /2((,.QR

p
'R.2Q Ë 2& \ 6

Ý,Q
N

5,.2Q, QT, R�8)&,-&,, Z)&Q 2-
M £' 6, 63 u, 5'P'5, M

�* )ss R�8)&,R 2-Z&'( ,R QT)Q 5'P'5, 'Q¤ 6 � R
M

'R .2Q &,Z&,R,.Q,5 �*
φ1

3 'Q -2 ss2u R QT)Q
Np2 'R .2Q,'QT,& 0

M/(Np2)
'R ) R�8)&, .8(�,& £Z2RR'�s* U¤ ).5 QT,&,-2&, ) &,Z&,R,.Q)Q'2.2-

Np2 �*
φ1

r'P,R ) &,Z&,R,.Q)Q'2. 2-
M

'. ). 2�P'28R ( )..,& 0 R'(Zs* (8sQ'Z s*
x
3
y
3 ).5

z
�* √

M/(Np2)
6

�//2&5'.rs*
r1(Np2) = 0

).5 QT8R )sR2
r1(N) = 0

6 % s8rr'.r QT'R '.Q2 QT,)�2P, 3
−r2(p

2N) =

(

A(p) − χ10(p)(
−n

p
)

)

(−r2(N))

).5 R2
r2(Np2)

r2(N)
= A(p) − χ10(p)(

−n

p
).

}, ()t, QT, R'(Zs, 2�R,&P)Q'2. QT)Q '-
χ

'R ).* &,)s � '&'/Ts,Q /T)&)/Q,& 3 QT,.
χ(m) ≤ 1

-2& )ss
m

Q2 2�Q)'. QT, '.,�8)s'Q*
r2(Np2)

r2(N)
≤ A(p) + 1.

+,/)ss QT)Q
R1

).5
R2

5,.2Q, QT, .8(�,& 2- a DI< IHIbC &,Z&,R,.Q)Q'2.R 2- ).8(�,& �*
φ1

).5
φ2

3 &,RZ ,/Q'P,s*3 uT,&, �* a DI< IHIbC u, ( ,). ) &,Z&,R,.Q)Q'2.uT,&,
x, y, z

T)P, .2 /2((2. -)/Q2& 6 � R
N

'R R�8)&,-&,, 3 )ss &,Z&,R,.Q)Q'2.R 2-
N

u'ss � , Z&'( 'Q'P, 3 ).5 &,Z&,R,.Q)Q'2.R 2-
Np2 u'ss ,'QT,& � , Z&'( 'Q'P, 2& /2( ,-&2( QT2R, 2-

N
6 qT8R u, T)P,

r2(Np2) = R2(Np2) + R2(N) = R2(Np2) + r2(N).É2u u, &,/)ss QT)Q '-
G(N)

'R QT, .8(�,& 2- ,RR,.Q')ss* 5'RQ'./Q Z&'( 'Q'P, &,ZO&,R,.Q)Q'2.R 2-
N

�* QT, r,.8R 2-
φ1

).5
φ2

3 QT,.
G(N) = R1(N)/8 + R2(N)/4.
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N. Z)&Q'/8s)& 3 u, )&, )RR8( '.r QT)Q
N

'R .2Q &,Z&,R,.Q,5 �*
φ1

3 R2 QT)Q
G(N) =

R2(N)/4 = r2(N)/4.
S2&,2P,& 3 )R Np2 6= 0

3 ,P,&* Z&'( 'Q'P, ,RR,.Q')ss* 5'RQ'./Q&,Z&,R,.Q)Q'2. 2-
Np2 �*

φ2
T)R )Q s,)RQ Ë 5'�,&,.Q )8Q2(2&ZTR 6 q2 R,, QT'R 3 u,u&'Q,

Np2 = 2z2 + 2y2 + 3z2 − 2xz
3 ).5 QT, '5,.Q'Q* Q&).R-2&( )Q'2. 'R Q&'P ')ss*). )8Q2(2&ZT 2- QT, &,Z&,R,.Q)Q'2. � ( 2&,2P,& 3 '- x

2&
z
'R .2.¢,&2 £2& '- � 2QT)&,¤ QT,.

x → −x
3
z → −z

'R ) 5'�,&,.Q )8Q2(2&ZT 6 N- '.RQ,)5 �2QT
x
).5

z)&, ¢,&2 3 QT,. QT, s)QQ,& Qu2 2- QT, -28& ( )Q&'/,R Z&,P'28Rs* /2.R'5,&,5 r'P, QT,)8Q2(2&ZT
y → −y

6
�&2( QT'R 5'R/8 RR'2. u, /2./s85, QT)Q

2G(Np2) ≤ R2(Np2)
6 qT,&,-2&, 3

r2(Np2)

r2(N)
= 1 +

R2(Np2)

r2(N)
≥ 1 +

2G(Np2)

4G(N)
= 1 +

G(Np2)

2G(N)
.

}, Zs8r QT'R '.Q2 28& Z&,P'28R '.,�8)s'Q* Q2 5,&'P, QT, ,�8)Q'2.
G(Np2)

2G(N)
≤ A(p).

v8Q u, &,/)ss QT)Q
G(N) = 1

4h(−40Np2)
3 ).5 R'( 's)&s* u 'QT

G(Np2)
3 R2 QT)Q

G(Np2)

2G(N)
=

h(−40Np2)

2h(−40N)
.

}, .2u /'Q, QT, ����� á����ÌÂ -2&
h(−D)

3 58, Q2 Ð)8RR 3 Q2 QT, ,�,/Q QT)Q
h(−40Np2)
h(−40N) = p −

(

−40N
p

) £R,, �2� 3 Z 6 U[Þ 3 �2& 6 Y 6ËÞ¤ R2 QT)Q u, r,Q
h(−40Np2)

h(−40N)
= p −

(−40N

p

)

≥ p − 1

R2 QT)Q /2(�'. '.r QT,R, '.,�8)s'Q ',R
p − 1

2
≤ A(p).

}, &,/)ss QT)Q �* �)RR, �R 8ZZ,& �28.5 3 ( ,.Q'2.,5 Z&,P'28Rs*3 |A(p)| ≤ 2
√

p
3).5 .2u u, )&, 52., 0 }&'Q'.r

p − 1

2
≤ 2

√
p

QT'R &8s,R 28Q )ss
p ≥ 19

6 �2& Z&'( ,R 6= 2, 5
s,RR QT). UX u, &,)5 28Q QT, /2,� O/',.QR 2-

F (z)
0
A(3) = −2

3
A(7) = 2

3
A(11) = 0

3
A(13) = 2

3
A(17) = −6

6 É2.,2- QT,R, R)Q'R-* QT, )�2P, '.,�8)s'Q*6
N. /2./s8R'2. 3 uT)Q u, T)P, RT2u. 'R QT)Q '-

N
'R ). ,s'r'�s, R�8)&,-&,, '.Q,r,&.2Q &,Z&,R,.Q,5 �*

φ1
3 QT,.

Np2 'R &,Z&,R,.Q,5 �*
φ1

-2& )ss Z&'( ,R
p 6= 2, 5

6N. /)R, QT 'R T)ZZ,.R 3
Np2k2 u'ss � , &,Z&,R,.Q,5 �*

φ1
-2& )ss

k ≥ 1
3 R2 QT)Q )ss,s'r '� s, .2.OR�8)&,-&,, .8(�,&R )&, &,Z&,R,.Q,5 �*

φ1
6

� 6 � 6 � 6
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ã ®­ 
¾½�½·µ¶¼½ ²¾³ 
º�´²·µ¶·²å �¹±¾³»
}, u 'RT Q2 5'R/8RR T2u u, ( 'rTQ Z&2P, QT, 5,R'&,5 &,R8sQ -2& R�8)&,-&,, ,s'r '�s,'.Q,r,&R 6 É)'P,s* RZ ,)t'.r 3 QT,&, 'R ) s2Q 2- �u 'rrs, &22( � '. 28& �8)5&)Q'/ -2&().5 u, ,�Z,/Q QT)Q u, ( 'rTQ � , )� s, Q2 �.5 R2( , s2u,& �28.5 )�2P, uT'/T )ss'.Q,r,&R u 'ss � , &,Z&,R,.Q,5 6
�&2( &,R8sQR /2.R'5,&,5 Z&,P'28Rs* u, T)P, QT, -2ss2u '.r
~���ÌÌÂ�Í 0 Ý,Q

N
�, ). ,s'r'�s, '.Q,r,& 6 qT,.

N
'R .2Q 2- QT, -2&(

x2 +
y2 + 10z2 '- ).5 2.s* '-

N
'R ) R�8)&,-&,, '.Q,r,& /2Z&'( , Q2 UW 3 ).5

r2(N) = R2(N) = h(−40N).

}, &,/)ss QT)Q '-
a(n) = r1(n) − r2(n)/4

3 QT,.
f(z) =

∑∞

n=1 a(n)e(nz)
'R )u,'rTQ

3/2
/8RZ -2&( 6 qT, �Q&'P')s � 8ZZ,& �28.5 -2& �28&',& /2,� /',.QR 2- /8RZ-2&( R r'P,R 8R |a(n)| << N1/2+ε -2& ).*

ε
� /2.P,&R,s* -2&

N
.2Q &,Z&,R,.Q,5 �*

φ1
u, T)P, |a(n)| = h(−40N)/4

).5 QT,&,-2&, �* 7',r,s �R £'.,�,/Q'P,¤ �28.5-2& /s)RR .8(�,&R u, T)P, |a(n)| >> N1/2−ε 6 }, /). R,, QT)Q QT,R, Qu2 �28.5R9 8RQ �)&,s* ( 'RR /&2RR'.r 3 ).5 98RQ �)&,s* ( 'RR r'P'.r 8R,-8 s '.-2&()Q'2. 6
qT, �28.5 -2& QT, 8ZZ,& �28.5 T)R � ,,. '(Z&2P,5 �* u2&t 2- Nu).',/ ).5�8t, � '. QT, /)R, 2- 28& (258s)& -2&( u, T)P,

|a(n)| << τ(N)N3/7(log2N)2

uT,&,
τ(N)

'R QT, .8(�,& 2- 5'P'R2&R 2- N
6

: C< ;Dþ � ñ ;< �>CAAI=� H^ IA �L>=G IA C� CJHIbC ;`H^ L>�^ H^ IA IA =LH AH;HCG I=H^ C a ;a CDM
�2(Z)&'.r QT'R u 'QT 7',r,s �R � 28.5 u, T)P, QT, -2ss2u '.r
Ú��× �Ã����� 0 qT,&, 'R R2( , .8(�,&

C
R2 QT)Q -2&

N > C
)ss ,s'r '�s,

N)&, &,Z&,R,.Q,5 �* +)().89 ). �R -2&( 6
qT, Z&2�s,( 3 .)Q8&)ss*3 'R QT)Q 7',r,s �R � 28.5 'R ���������� ).5 'Q 52,R .2QQ,ss 8R uT)Q

C
'R 6

N- 3 T2u,P,& 3 u, )RR8( , QT, + ',( ).. �*Z2QT,R'R -2& � '&'/Ts,Q ÝO-8./Q'2.R 3 )&,R8sQ 2- Ý'QQs,u225 RT2u R ,�,/Q'P,s* QT)Q
h(−40N) >>

√
N/ log log N

6 �2( O�'.,5 u 'QT QT, Nu).',/O�8t, &,R8sQR QT'R u 'ss )ss2u 8R Q2 �.5 ). )ZZ&2Z&')Q,
P)s8, 2-

C
/2.5'Q'2.)s 2. Ð+� 6 Ý,Q 8R r'P, ) /2)&R, ,RQ'( )Q, -2& uT)Q R8/T )

C
u28s5 �, 0 � RR8( , QT)Q Ý'QQs,u225 �R �28.5 '(Zs',R QT, (8/T RQ&2.r,& �28.5

h(−40N) ≥ N
3 R2 QT)Q |a(N)| ≥

√
N/4.

�RR8( , )sR2 QT)Q QT, Nu).',/O�8t, &,OR8sQR '(Zs* |a(N)| ≤ τ(N)N3/7(log 2N)2
3 )sQT28rT )r)'. QT'R 'R (8/T Q22 (8/TQ2 )RR8(, 6 qT,. u, T)P, ) /2.Q&)5'/Q'2. '-

N ≥ (4τ(N)(log 2N)2)14
uT'/T

U\



T)ZZ,.R 2.s* '-
N ≥ 1075 6

� &,)s'RQ'/ '.Q,&Z&,Q)Q'2. 2- QT, Ý'QQs,u225 ).5 Nu).',/O�8t, &,R8sQR u28s5 '.-)/Q r'P, ) s2u,& �28.5 QT)Q 'R <>J^ é <>J^ `;D� CD 6 �//2&5'.rs*3 '- u, u).QQ2 Z&2P, QT, QT,2&,( u 'QT28Q &,/28&R, Q2 v7� 3 'Q Z&2�)�s* R8� /,R Q2 /T,/t �*T).5 QT, �&RQ
10200 ,s'r'�s, '.Q,r,&R 6 � s'RQ 2- &,Z&,R,.Q)Q'2.R -2& QT,R, '.Q,r,&R'R r'P,. '. QT, )ZZ,.5'� 6

ã ®ã � ´¹¹¸ ¹¸ µ�½ ä ²¶¾ Û�½¹´½º
}, r'P, ) bCDE �DIC_ 2P,&P',u 2- QT, Z&22- 2- 1.2 ).5 728.5)&)9 ). 6
� �� �
 � �ÌÂ���� �� � ÌÌ�×��� ~����Ã
Ý,Q

E
�, QT, ,ss'ZQ'/ /8&P, Z&,P'28Rs* /2.R'5,&,5

E : y2 = x3 + x2 + 4x + 4

).5 5,.2Q, �*
E(D)

'QR è>;GD;HIJ HØ IAH 0
E(D) : y2 = x3 + Dx2 + 4D2x + 4D3.

qT,. u, T)P, QT, -2ss2u '.r
������� � ß17à 0 Ý,Q

N
�, ) R�8)&,-&,, ,s'r '�s, '.Q,r,& .2Q 2- QT, -2&(

x2 +
y2 + 10z2 6 N-

L(E(−10N))
�, QT, �)RR,O},'s ÝO-8./Q'2. 2-

E(−10N)
3 ).5

Ω(E(−10))
'R 'QR DC;` a CDILG 3 QT,.

h2(−40N) =
4
√

N

Ω(E(−10N))
L(E(−10N), 1).

qT, Z&22- Z&2 /,,5R �* 8R'.r ) QT,2&,( 2- })s5RZ8&r,& Q2 /2..,/Q QT, �28&',&/2,� /',.QR 2- T)s-O'.Q,r&)s u,'rTQ /8RZ -2&( R Q2 QT, /,.Q&)s P)s8, 2- QT,
L
O-8./Q'2. 2- QT,'& 7T'(8&) s'-Q 6 }, /). QT,. /2..,/Q QT, �)RR,O},'s

L
O-8./Q'2.

L(E(−10N), 1)
Q2 QT, P)s8,R a(N)

6
}, (,.Q'2. ) /2&2ss)&*3 uT'/T 'R .2Q .,,5,5 -2& QT, Z&22- 2- QT, ( )'. QT,2O&,( 0
~���ÌÌÂ�Í �� ¡ 0 � RR8( , QT, v '&/T ).5 7u '..,&Q2.O�*,& /2.9 ,/Q8&, -2& ,sOs'ZQ'/ /8&P,R 2- &).t W 6 qT,. '-

N
'R .2Q 2- QT, -2&(

x2 + y2 + 10z2 u, T)P,
h2(−40N) = |X(E(−10N))|

∏

p

ωp(E(−10N)).

UÊ



qT, Z&22- 2- QT'R 'R .2Q 5,,Z � 2., u&'Q,R 28Q QT, RQ)Q,( ,.Q 2- QT, v '&/T ).57u '..,&Q2.O�*,& �2.9 ,/Q8&,

L(E(−10N), 1) =
Ω(E(−10N))|X(E(−10N))|

|Etor(−10N)|2
∏

p

ωp(E(−10N))

uT,&,
Etor(−10N)

'R QT, ���Ã��� Ã�âÙ���× 2-
E(−10N)

3 QT, r&28Z 2- Z2'.QR2- �.'Q, 2&5,& 3
ωp(E(−10N))

'R QT, Ì� �ÂÌ �Â�ÂÙÂÇÂ ���â�� )Q
p
3 uT '/T 'R U )Q ).* Z2'.Q2- r225 &,58/Q'2. 3 ).5

X(E(−10N))
'R QT, �Â��Ä �ÂáÂ��� ��� Ù���×

Ker



H1(Gal(Q/Q), E(−10N)(Q)) →
∏

p≤∞

H1(Gal(Qp/Qp), E(−10N)(Qp))



 .

}, 2�R,&P, QT)Q
Etor(−10N) ∼= Z/2Z

-2& )ss R8/T
N

3 ).5 u, t.2u QT)Q
Ω(E(−10N)) =

√
N/Ω(E(−10))

3 R2 QT)Q u, /). RT8� , Q,&( R )&28.5 Q2 r,QQT, 5,R'&,5 &,R8sQ 6
qT, ,�,/Q 2- QT'R /2&2ss)&* 'R Q2 � , )�s, Q2 R)* R2( ,QT'.r )�28Q QT, q)Q,O7T)-)&,P'/T r&28Z '. Q,&( R 2- /s)RR .8(�,&R £uT'/T )&, )Q s,)RQ R2( ,uT)Q � ,QQ,&8.5,&RQ22 5¤ 6 }, /)ss ) Z2R'Q'P, '.Q,r,&

N C� JCa HIL=;` '- 'Q R)Q'R�,R QT, ,�8)Q'2.r'P,. '. qT,2&,( Ë 6 v* qT,2&,( Ë 3 )ss .8(�,&R .2Q &,Z&,R,.Q,5 �* +)().8O9 ). �R -2&( )&, ,�/,ZQ'2.)s 3 ).5 QT,&, )&, ) -,u 2QT,&R 3 �8Q .2Q Q22 ( ).* 0 qT,&,)&, 2.s* R'� � ,s2u
107 3 ).5 QT, Z&22- 2- QT, ( )'. QT,2&,( Z&2P,R £/2.5'Q'2.)s 2.Ð+�¤ QT)Q QT,&, )&, .2 ,�/,ZQ'2.)s '.Q,r,&R )�2P, 2×1010 6 � R'.r QT'R /2&2ss)&*).5 )RR8( '.r v7� £).5 �&'.r'.r '. R2( , )55'Q'2.)s QT,2&* ¤ u, /). /)s/8s)Q,q)Q,O7T)-)&,P'/T r&28ZR -2& ,�/,ZQ'2.)s

N
6 �2& ,�)(Zs, 3 u, T)P,

X(E(−27190)) ∼= Z/6Z ⊕ Z/6Z.

� �� �� ��ÂÌÍ��� � Ã��� Â��Ã
N-

N ≥ 2 × 1010 'R ). ,s'r'�s, .2Q &,Z&,R,.Q,5 �* +)().89 ). �R -2&( u, u&'Q,
χ =

(

−40N
·

) ).5
L(s, χ) =

∞
∑

n=1

χ(n)n−s

La(s) = L(E(−10N), s) =
∞
∑

n=1

A(n)χ(n)n−s.

qT,. 3 /2.R'5,&'.r QT, -8./Q'2.)s ,�8)Q'2.R -2& QT,R,
L
O-8./Q'2.R 3 5,Q,&( '.'.rQT, /2.58/Q2& 2- QT, /8&P, E(−10N)

).5 )ZZs*'.r qT,2&,( Ë ).5 �'&'/Ts,Q �R
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/s)RR .8(�,& -2&(8s) u, 2�Q)'. ). '.,�8)s'Q*
La(1)

L(1)2
≥ 2

7

(

1600N2

4π2

)1/4

).5 QT, Z&22- Z&2 /,,5R �* RT2u '.r QT)Q QT'R 'R '(Z2RR'� s, r'P,. Ð+� 6
�2.R'5,&'.r QT, ,�8)Q'2.

F (s) =

(√
q

2π

)s−1
La(s)Γ(s)

L(s)L(2 − s)

2., 8R,R QT, R2 /)ss,5 %T&)r( ,.OÝ'.5,s�- %&'./'Zs, Q2 2�Q)'.
F (1) ≤ max

t
|F (σ + it)|

-2& ).*
σ
R)Q'R-*'.r

1 ≤ σ < 3/2
6

�T22R'.r £R2(,uT)Q )&�'Q&)&'s* ¤
σ = 7/6

3 1.2 ).5 728.5)&)&)9 ). 2�Q)'. ,�OZs'/'Q -2&(8s), -2&
L′

a(s)/La(s)
).5 −L′(s)/L(s)

'. Q,&( R 2- /2.P,&r,.Q � '&'/Ts,QR,&',R 3 /2.Q&'�8Q'2.R -&2( .2.OQ&'P ')s ¢,&2,R 3 ).5 &,( )'.5,& Q,&( R 6 qT,. QT,*8R, QT,R, Q2 2�Q)'. ) s2u,& �28.5 -2&
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