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2 Overview

We discuss the following conjecture:

Conjecture : Consider the ternary quadratic form
b1(z,y, 2) = 22 + 3% + 1022

Then with the exception of the integers 4* (16 + 6), which can be eliminated
by congruence conditions, ¢; represents every sufficiently high integer.

As we discuss later, this conjecture is in fact true, and this follows from Siegel’s
lower bound for class numbers and an upper bound of Iwaniec and Duke for
the Fourier coefficients of half-integral weight modular forms. Unfortunately,
these results do not yield an effective bound; that is, we don’t know how high
‘sufficiently high’ is.

If we assume the Riemann Hypothesis for Dirichlet L-functions L(s, x) we can
make the lower bound for class numbers effective and thus get an effective lower
bound for our conjecture. However, we expect this bound to be enormous —



much higher than 107°. We would greatly prefer to get a lower bound suffi-
ciently low that the numbers below this bound could be checked by computer,
allowing us to compile a complete list of exceptions.

We discuss a conditional proof of Ono and Soundararajan of a lower bound
of approximately 2 x 1019, which is numerically feasible. In particular they de-
fine an eligible integer one to be one not eliminated by congruence conditions
and prove the following

Theorem [OS] : Suppose that the non-trivial zeros of all Dirichlet L-functions
L(s, x), with x a primitive, real character, have real part 1/2. Further suppose
that the non-trivial zeros of the Hasse-Weil L-functions L(E(—10N),s) (with
N a squarefree integer coprime to 10) have real part 1. Then the only eligible
integers which are not of the form 22 + 32 + 1022 are:

3,7,21,31, 33,43, 67,79, 87,133,217, 219, 223, 253, 307, 391, 679, 2719.

Our paper begins with an overview of the arithmetic theory of quadratic forms.
Then, after some preliminary remarks and definitions, we present in detail Ono
and Soundararajan’s proof for the special case of IV non-squarefree. Finally, we
justify the above remarks and give a very brief overview of the remainder of
Ono and Soundararajan’s paper.

3 The Arithmetic of Quadratic Forms

3.1 Quadratic forms over Q and Q,

A quadratic form, roughly speaking, is something that looks like the following:
¢(x,y,2) = 2 +y* + 102>

In other words it is a quadratic expression in some number of variables, here
with integer coefficients. From an arithmetic standpoint, we ask the question:
what integers N can be represented by a particular form?

In the case N = 0, and over the rationals, we have the following theorem,
an example of a ’local-to-global’ principle:

Theorem (Hasse-Minkowski) : Suppose f is a quadratic form of nonzero
determinant with rational coefficients. Then f represents zero nontrivially in @
if and only if it does so for all Q, with p < co. (Notation: Qs = R.)

The ’only if’ is trivial, as a zero representation in Q is also one for all Q,.
The ’if’ is not trivial, and the proof divides into a number of cases with an
induction. See, for example, Jones (pp. 69-73) or Serre (pp. 41-43).



One then derives the following corollary:

Corollary: Suppose f is a quadratic form with rational coefficients. Then
f = N has a solution in rational numbers if and only if it has a solution in all

Qp.

Unfortunately the same is not true for Z and Z,. So, to analyze Diophan-
tine equations in Z we are obliged to do more work. (You may have guessed
that, by the fact that we are assuming GRH.) We therefore develop broader
notions of equivalence for quadratic forms.

3.2 Quadratic Forms over Z

Notation: Write SL(Z) for the set of integer matrices with determinant +1.
(Is there standard notation for this...?)

We observe that SL;(Z) acts in a natural fashion on the set of quadratic forms,
corresponding to an invertible, integral change of variables. It is clear that such
a change of variables does not affect the list of integers that can be represented,
and so we make the following definition:

Definition: Two quadratic forms are said to be equivalent, or be in the
same class, or to represent one another, if they are in the same orbit of

SLE(Z).

More generally a form f represents g if there is an integral, nonsingular change
of variables taking f to g. For example, the form 2% + 2y? represents the form
42% 4 18y? by the change of variables x — 2z,y — 3y.

We observe that quadratic forms can be represented in a canonical form by
symmetric matrices. For example, the form f = 22 + 3y + 222 + 4xy is repre-
sented by the matrix

M =

[enll N
S W N
- O O

and then if x = (z y 2z)" then xTMx = f. Then we may state the above
definition in terms of matrices: f represents g if there is a matrix 7" over the
integers so that if A and B are the matrices of f and g, then TT AT = B.

We say that f represents g rationally (or over Q,, etc.) if we may take such a
T with entries in the rationals, in Q,, etc. We also make the following definition:

Definition: A form f with matrix A represents g with matrix B rationally
without essential denominator if for any positive integer k there is a matrix T’
over @ such that TT AT = B, and the denominators of the entries of T are all



coprime to k. We say that two forms f and ¢ are in the same genus if they
represent each other rationally without essential denominator.

Proposition: If f and g are in the same genus then they have the same deter-
minant.

Proof: For any k we have TT AT = B, where T has denominators coprime to k.
Taking determinants, det(7")? det(A) = det(B), so that det(B)/det(A) has de-
nominator coprime to all k, and is therefore an integer. Similarly det(A)/ det(B)
is an integer, and so det(T') = %1 for any T under consideration. Squaring,
det(A) = det(B).

In the definition of genus above, we required that for any prime p, there ex-
ist matrices T" with entries in Q NZ,. It turns out that it is enough to assume
that there exist matrices with entries in Z,:

Proposition: If f and g are integral forms the following are equivalent:

(1) f represents g rationally without essential denominator.

(2) frepresents g with a rational matrix with denominators coprime to 2 det(f) det(g)-
(3) f represents g in all Z,,.

(4) f represents g in all Z, for p dividing 2det(f) det(g), and also in R.

The nontrivial implications to prove are that (4) implies (3), and that (3) im-
plies (1). That (3) implies (1) is particularly interesting; the proof is a bunch
of matrix algebra. See Jones, pp. 110-113.
3.3 Ternary Quadratic Forms

We have the following theorem for ternary forms, which does not generalize to
higher cases:

Theorem : Let G be a genus of ternary quadratic form of determinant d.
Then a positive number N is represented integrally by a form in G if and only
if it is so represented over the reals, and if for each prime p dividing 2d,

f=N (modp™t)

is solvable in integers, where p” is the highest power of p dividing 4N.

The theorem follows from results similar to the ones considered above. (See
Jones, p. 186.) Note that the theorem allows us to conclude which forms are
representable by the genus simply by considering the behavior of a single form
in the genus. Using this, we establish the following:

Proposition : We let f be the form

¢1(33, Y, Z) = .132 + y2 =+ 10Z2a



the form considered in [OS]. Let G be the genus of f. Then the positive numbers
which are represented by G are exactly those not of the form

47 (16 + 6).

Proof : The determinant of ¢; (and therefore of G) is 10, so we need to check
the above conditions for the primes 2 and 5.

For the prime 2, we need to check that for any N = 2*m with m odd,
f=N (mod 2~+3)
is solvable.

We break the proof into cases: ¢ represents every odd number modulo 8 by 1,
11, 5, and 15, respectively. If £ = 1, we need to consider numbers congruent to
2, 10, and 14 modulo 16, and each of these is represented exactly by f. If k£ = 2,
we must consider numbers congruent to 4, 12, 20, 28 modulo 32; the first three
are represented by f and 28 =92 =141+ 90.

Suppose now that m > 3; i.e., that 8 divides N. In this case one checks the
value of f modulo 8 for even and odd values of z, y, and z, and find that z,y,
and z must all be even. Therefore f represents N if and only if f represents N/4.

For the prime 5, if N = 5*m, with m coprime to 5, we need to check that
we can solve
f=N (mod 5*+1).

We first verify that we may solve f = ¢ (mod 25) for all 0 < ¢ < 24. (This can
be done with f taking on values in the double digits.) But then by multiplying
x,y,z by 5 we can solve f = 5% (mod 5%¢*?) for all ¢ and nonnegative inte-
gers a. Thus, if k is even we take ¢ = m and a = k/2 in the above equation; if
k is odd we take ¢ = 5m and a = (k — 1)/2.

We conclude from all this that a number N will be represented by a form in the
genus of f if it is not of the form

4* (164 + 6).

Conversely we need to check that any N congruent to 6 modulo 16 is not repre-
sented. To see this, modulo 16, 22 and y? can each represent 0, 1, 4, and 9; 1022
can represent 10, 8, or 0. We check that there is no way to add these modulo
16 and get 6. This completes the proof.

Notation : Following [OS], call a non-negative integer N eligible if there
are no congruence conditions prohibiting f from representing N. That is, in
this case, the eligible integers are those not of the form 4*(16y + 6).



We have now concluded that every eligible integer is represented by the genus of
¢1. This is very useful information, and if all forms in this genus are equivalent
to ¢1, we could derive the result of [OS] very cheaply. Naturally, this is not the
case, but we have the following:

Proposition : The form ¢; is in a genus consisting of two equivalence classes,
represented by
$1(2,y,2) = 2” +y* + 1027

ba(z,y, 2) = 22°% 4 2% + 32% — 2uz2.

Sketch of Proof : To prove this one recalls that we may apply arbitrary
transformations in SL3(Z) to the coefficients, and give a definition of a reduced
form for a transformation. One then proves that every form is equivalent to a
reduced form, and that no two reduced forms are equivalent. The proof of this
is long and tedious; see Jones, p. 188, for at least a proper definition.

3.4 From Quadratic Forms to Modular Forms

We have the following general principle:

By constructing generating functions out of the number of representations of
integers by n-ary quadratic forms, we obtain modular forms of weight n/2.

In particular Ono and Soundararajan’s analysis proceeds by constructing a mod-
ular form from the numbers of representations of integers N by ¢; and ¢-, and
this modular form turns out to belong to S3 (40, x10)-

We give a brief overview of this general principle. A sample theorem of this
variety is found in Zagier’s survey article, p. 245: (note that this result is not
due to Zagier)

Theorem: Let Q : Z" — Z be a quadratic form in 7 variables. Define a
theta function 6g(z) by

Oo(z) = > ¢%@.

ASVAS

Then 6 is a modular form of weight /2 on the group I'¢(N), with character
X, where N and y are determined as follows:

Writing Q(z) = 1/227 Az with a symmetric matrix A, then N is defined to
be the smallest positive integer so that NA~! is even.

The character y is given by x(d) = (£), where D = (—1)"/2 det A.



The general proof of this is somewhat involved (see, for example, Gunning,
pp- 77-85). It is simpler in the case of the "standard" theta function

n=oo

0(z) = Z e(n?z)
and its kth power

0% (2) = i ri(n)e(nz)
n=0

where 74(n) counts the number of representations of n as a sum of k squares.
Key to the proof is some kind of Poisson summation; then one makes some sort
of further analytic argument (Gunning uses the Jacobi Inversion formula) to
show that the function 6* satisfies functional equations which correspond to the
generators of the group I'o(N).
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4 Ramanujan’s Ternary Quadratic Form

Here we begin to follow the paper of Ono and Soundararajan. In particular we
review the main result that they prove:

Theorem [OS] : Assume the Generalized Riemann Hypothesis. Then all eli-
gible integers over 2,719 are represented by the form 22 + y? + 1022,

We start by eliminating numbers coprime to 10:
Proposition: All eligible integers divisible by 2 or 5 are represented by ¢ .

If N is of the form 10n + 5 we use a theorem of Legendre ([OS] quotes Dickson,
History of the Theory of Numbers; however, a straightforward proof is not to



be found there) that 2n + 1 = 2% + y? + 222 has a solution for all positive n.
Multiplying by 5,

10n+5 =5z +9%) = 2z +9)* + (z — 2y)* + 1022

is a representation of the desired form.
In case N is even the proposition is clear.

"If you don’t know how to prove something, just say it’s clear.” -Anonymous

4.1 Automorphs and Essentially Distinct Representations

We let A; and As be the matrices of ¢; and ¢s:

1 0 0 2 0 -1
Ai=(0 1 0 Ao=1 0 2 0
0 0 10 -1 0 3

Definition : A matrix B € SL3(Z) is called an automorph of A; if BT A;B =
A;. We are interested in automorphs of A; and As. These correspond to lin-
ear, invertible changes of variables in ¢; and ¢2 with determinant 1, that don’t
change the form. For example, in ¢; we may switch = and y, and/or replace
any or all of z,y, z by their negatives, but we can’t do anything else. This gives
16 transformations, and exactly half have determinant 1. We have the following

Proposition: The automorphs of A; are given by

1 00 -1 0 0 1 0 0 -1 0 0
01 0], o -1 0,10 -1 0 |, o 1 0 |,
0 0 1 0 0 1 0 0 -1 0 0 -1
01 0 0 -1 0 0 -1 0 0 1 0
10 01],1-1 0 oJ|,({1 0o O}),[-1 00

0 0 -1 0 0o -1 0 0 1 0 0 1

The automorphs of A, are given by

1 00 -1 0 O 1 0 1 1 0 -1
o1 o0l,{o 1 olf,{o -=1o0],[0 -1 o

0 0 1 0 0 -1 0o 0 1 0o 0 -1

We now make the following

Definition : Two representations of N by ¢; (i.e., ¢1 or ¢2), denoted (z,y, z)
and (2/,y’,2’) are essentially distinct if there is no automorph B of A; with
the property that

X X
v | =By
2 z



For example, with ¢1, (3,5,2) and (5,3, —2) are ’essentially similar’ represen-
tations of 74, and we can see that they indeed represent 74 in ’essentially’ the
same way.

We want to count the number of essentially distinct representations of num-
bers by forms, and observe that automorphs partition these representations
into equivalence classes. I claim the following:

Proposition : If N is squarefree and coprime to 10, then no two distinct
automorphs of representations of N by ¢; (for i = 1,2) are equal.

Proof : We prove this for ¢, the other case being similar. We observe that
the automorphs form a subgroup of SL3(Z), and in particular all of them are
invertible, so that it suffices to show that no automorph is equal to the identity
automorph.

Considering the diagonal automorphs in the first row, if, for example, we have

T -1 0 0 T
y]l=(0 -1 0 y
z 0 0 1 z
then z = —x =0, y = —y = 0, so our representation is of the form 1022 which

is divisible by 10. Similarly the other diagonal automorphs give representations
N =22 or N = y2, which imply N is not squarefree.

In the second row, if one of the first two automorphs gives the same repre-
sentation we have z = —z = 0 and either x = y or x = —y. In either case
22 = y? and so our representation is of the form N = 22 + y? = 222, which is
not squarefree. In the case of the last two automorphs in the second row we
have © = y and x = —y, so that x = y = 0, and our representation is again of
the form 102z2.

In light of this proposition, if we let G(IN) denote the number of essentially
distinct primitive representations of a squarefree number N by the genus G of
¢1 and ¢o, and Ry (N) and Ry(NN) the number of representations of N by ¢
and ¢- respectively, we have

G(N) = R1(N)/8+ Ra(N)/4.
We also have the following different formula for G(N):

Proposition (OS, Prop. 1, p.7): If N > 1 is an eligible integer coprime to
10 then

G(N) = ih(—40N).

Here h(—40N) is the class number , the number of properly primitive classes
of positive or indefinite binary forms az? + 2bzy + cy? of determinant —40N =



ac—b%. Note that the class number also refers to the cardinality of the quotient
H=1I/P

where I is the (multiplicative) group of the fractional ideals of the quadratic
field Q[v/—40N], and P is the subgroup of principal fractional ideals. One can
prove that classes of binary forms correspond to classes of ideals, so that in fact
the two notions of class number coincide.

Remark: (in lieu of a proof): We quote, as do Ono and Soundararajan, The-
orem 86 of Jones’s book. This theorem is to the effect that if one is given a
ternary quadratic form, one can write a formula like the one above. The ex-
act formula requires that N be coprime to the determinant d of the form, and
breaks up into a large number of special cases based on the congruence class of
dN modulo 8.

4.2 Representations of Non-squarefree Integers

We wish to work towards a proof of the following.

Theorem (OS, 1) : Let N be an eligible integer (i.e., one not of the form
4* (164 + 6) which is not square-free. Then it is of the form 2% + y? + 1022.

We note that such a representation could either be primitive , with ged(zx,y, z) =
1, or it could come from a representation of N/(ged(x,y, 2))%.

We work towards the proof. To do that we introduce some notation; for a
positive integer n denote by r1(n) the number of representations of n by ¢,
and by ro the number of representations by

by = 222 + 2y% + 322 — 222
Then define 1
a(n) = (r1(n) —r2(n))
and a generating function
f(z) =2 an)

n=1

where ¢ = €2 as usual. We define a Dirichlet character x19 to be the charac-

ter modulo 40 given by (m) Then, by methods analogous to those discussed
previously, we obtain the following

Proposition : f(z) € Ss (40, x10)-

We recall that S% (40, x10) is a finite-dimensional vector space. Therefore by
computing the first few terms of f(z)

f)=a—¢"—d" —¢"+2¢" +¢"° + ...

10



we uniquely determine f(z) and its properties turn out to be well known. We
quote the following without proof:

Proposition :
(1) F(z) is an eigenform for all of the Hecke operators T'(p?).

Therefore, in particular, we may consider its Shimura lift
(oo}
F(z) =) Am)d" =q-2¢" = ¢° + 24" + ¢ +2¢"° +2¢"> —6¢'7 — ..
n=1

and then the following hold:
(2) F(z) € S2(20), and moreover, F(z) is a newform.

(3) F(z) = n%(22)n?(10z), where
n(z)=q¢"* [0 -q"
n=1

is Dedekind’s eta function.

(4) F(z) is the inverse Mellin transform of L(E, s), where L(E, s) is the Hasse-
Weil L-function for the elliptic curve

E:y?> =234 2% 4o + 4.
(5) In light of (4), by a theorem of Hasse, |A(p)| < 2,/p for every prime p.

We wish to recall the following theorem from Shimura’s Annals paper:

Theorem (Shimura, 1.7) . Let p be a prime number, and let f € Sy, /2(N, x).
Denote by a(n) and b(n) the coefficients of the Fourier expansions:

fz) =" a(n)q"

n=0

(fITW")(z) = D b(n)g"
n=0

Then

b(n) = a(p®n) + x<p><‘?1>%<g>p’%3a<n> )Pt 2a(n/p?).

We take a(n/p?) = 0 where p? does not divide n.

11



Specializing to the case of interest, and recalling that our f(z) is an eigen-
form of the Hecke algebra, denote by a(p) the eigenvalue for the prime p and
we have

a(n)a(p) = a(p*n) + x10<p><7”>a<n> + x10(p*)pa(n/p®).

As F(z) is a newform we have that a(p) = A(p). We pause to justify this as-
sertion:

Proposition : In the preceding formula a(p) = A(p).

Proof: We see that F'(z) is a newform and therefore an eigenform of the entire
Hecke algebra. We recall the definition of the Hecke operator (see Ono, p. 21):
If F(z) =) ,",A(n)q" then

o0

F(2)|T, = > (A(pn) + x(p)p* 'a(n/p))q".

n=0

If F(2)|T, = AF(z) (and since F(z) is a cusp form) then

D M) = (Alpn) + x(p)p* a(n/p))q"-

Comparing the ¢ = 1 terms we have
AA(1) = Alp) + x(p)p" " a(1/p);
as the a(1/p) term drops out,
NA(1) = A(p).
Finally we assume that F'(z) is normalized so that A(1) = 1, and thus A = A(p).

Conversely, it is well-known (see, for example, Ono, Cor. 3.16) that the Shimura
correspondences commute with the Hecke operators of integral and half-integral
weight. That is, we have

F(2)|T, = f(2)|Tp.

In particular if f, and therefore F', are eigenforms of the respective integer and
half-integer weight modular forms then the eigenvalues must be the same: As
F(2)|T, = AF(z) and f(2)|T,2 = a(p) we have that A = a(p), and hence the
result follows.

At this point we confine ourselves to considering the case where n is square-
free. In view of the proposition, our equation then simplifies to

a(n)A(p) = a(p®n) + xlo<p><7”>a<n>.

12



We write the above as

olyn) = (40) ~ xa0()) ) alo)

and plug in the definition a(n) = §(r1(n) — r2(n)) to write

1 1

10102 = ra() = (40) = 31 ) (s0) = i)

and so

—-n

(%) — ra(pn) = (A(m - xlo<p><p>) (r1(n) — ra(n)).

Now suppose M is a non-squarefree integer which is not represented by ¢;.
Then M is divisible by p? for some prime p; and by our previous comments p is
not 2 or 5.

Let N denote the squarefree part of M (i.e., we divide M by all squares of
primes that divide it). As M is not represented by ¢1, it follows that Np? is not
either: M/(Np?) is a square number (possibly 1) and therefore a representation
of Np? by ¢, gives a representation of M in an obvious manner: simply multiply

z, y, and = by \/M/(Np).

Accordingly r1(Np?) = 0 and thus also r1(N) = 0. Plugging this into the

above,
—-n

ra(p?N) = (A<p> - xlo(p)(p)) (—ra(V))

and so
Tz(Np2) -n

W = A(p) — X10(P)(7)~

We make the simple observation that if x is any real Dirichlet character, then
x(m) <1 for all m to obtain the inequality

r2(N p2)

——2 < A(p) +1.
Recall that R; and R denote the number of primitive representations of a
number by ¢; and @5, respectively, where by primitive we mean a representation
where xz,y, z have no common factor. As N is squarefree, all representations of
N will be primitive, and representations of Np? will either be primitive or come
from those of N. Thus we have

ro(Np®) = Ro(Np?) + Rao(N) = Ro(Np®) + ra(N).

Now we recall that if G(IV) is the number of essentially distinct primitive rep-
resentations of N by the genus of ¢; and ¢5, then

G(N)=Ri(N)/8+ Ra(N)/4.

13



In particular, we are assuming that N is not represented by ¢1, so that G(IN) =
Ry(N)/4 = ro(N) /4. Moreover, as Np? # 0, every primitive essentially distinct
representation of Np? by ¢, has at least 2 different automorphs. To see this, we
write Np? = 222 + 2y + 322 — 222, and the identity transformation is trivially
an automorph of the representation; moreover, if = or z is nonzero (or if both
are) then x — —z, z — —z is a different automorph. If instead both z and z
are zero, then the latter two of the four matrices previously considered give the
automorph y — —y.

From this discussion we conclude that 2G(Np?) < Ry(Np?). Therefore,

2 2 2 2
ra(Np7) _y Be(NPT) o 26G(NpT) ) GINPT)
r2(N) r2(N) 4G(N) 2G(N)
We plug this into our previous inequality to derive the equation
G(Np®)
< A(p).
26y =AW

But we recall that G(N) = 1h(—40Np?), and similarly with G(Np?), so that

G(Np?) _ h(-40Np?)

2G(N)  2h(—40N) "’
We now cite the index formula for h(—D), due to Gauss, to the effect that
h(—40Np?) _ p— (%) (see Cox, p. 148, Cor. 7.28) so that we get

h(—40N)
h(— 2 —
h(Z4ONYT) _ (24N S
h(—40N)
so that combining these inequalities
p—1
P2 < A,

We recall that by Hasse’s upper bound, mentioned previously, |A(p)| < 2./p,
and now we are done: Writing

this rules out all p > 19. For primes # 2,5 less than 19 we read out the coeffi-
cients of F'(z): A(3) = -2, A(7) =2, A(11) =0, A(13) =2, A(17) = —6. None
of these satisfy the above inequality.

In conclusion, what we have shown is that if IV is an eligible squarefree integer
not represented by ¢, then Np? is represented by ¢; for all primes p # 2, 5.
In case this happens, Np?k? will be represented by ¢; for all k£ > 1, so that all
eligible non-squarefree numbers are represented by ¢ .

Q. E. D.

14



4.3 Ineffective and Impractical Bounds

We wish to discuss how we might prove the desired result for squarefree eligible
integers. Naively speaking, there is a lot of *wiggle room’ in our quadratic form
and we expect that we might be able to find some lower bound above which all
integers will be represented.

From results considered previously we have the following

Corollary : Let N be an eligible integer. Then N is not of the form 2% +
y? 4+ 1022 if and only if N is a squarefree integer coprime to 10, and

ro(N) = Ry(N) = h(—40N).

We recall that if a(n) = ri(n) — ra(n)/4, then f(z) = 377 a(n)e(nz) is a
weight 3/2 cusp form. The *trivial’ upper bound for Fourier coefficients of cusp
forms gives us |a(n)| << N'/2*¢ for any ¢; conversely for N not represented by
@1 we have |a(n)| = h(—40N)/4 and therefore by Siegel’s (ineffective) bound
for class numbers we have |a(n)| >> N'/27¢. We can see that these two bounds
just barely miss crossing, and just barely miss giving useful information.

The bound for the upper bound has been improved by work of Iwaniec and
Duke; in the case of our modular form we have

la(n)| << 7(N)N®"(log2N)?
where 7(NN) is the number of divisors of N.

Remark: I am guessing this bound is effective although this is not stated in
the paper.

Comparing this with Siegel’s bound we have the following

Proposition : There is some number C so that for V > C all eligible N
are represented by Ramanujan’s form.

The problem, naturally, is that Siegel’s bound is ineffective and it does not
tell us what C is.

If, however, we assume the Riemann Hypothesis for Dirichlet L-functions, a
result of Littlewood shows effectively that h(—40N) >> /N /loglog N. Com-
bined with the Iwaniec-Duke results this will allow us to find an appropriate
value of C' conditional on GRH. Let us give a coarse estimate for what such a
C would be: Assume that Littlewood’s bound implies the much stronger bound
h(—40N) > N, so that |a(N)| > v/N /4. Assume also that the Iwaniec-Duke re-
sults imply |a(N)| < 7(N)N3/7(log 2N)?, although again this is much too much
to assume. Then we have a contradiction if N > (47(N)(log2N)?)'* which
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happens only if N > 1075,

A realistic interpretation of the Littlewood and Iwaniec-Duke results would in
fact give a lower bound that is much, much larger . Accordingly, if we want
to prove the theorem without recourse to BSD, it probably suffices to check by
hand the first 102°0 eligible integers. A list of representations for these integers
is given in the appendix.

4.4 Proof of the Main Theorem

We give a very brief overview of the proof of Ono and Soundarajan.

4.4.1 Relation to Elliptic Curves
Let E be the elliptic curve previously considered
E:y =2+ 22 +42 44
and denote by E(D) its quadratic twist :
E(D) :y? = 2® + Da* + 4D%x + 4D3.
Then we have the following

Theorem 2 [OS]: Let N be a squarefree eligible integer not of the form x? +
y? + 102%2. If L(E(—10N)) be the Hasse-Weil L-function of E(—10N), and
Q(E(-10)) is its real period , then

4N

W (~40N) = Q(E(—10N))

L(E(—10N),1).

The proof proceeds by using a theorem of Waldspurger to connect the Fourier
coefficients of half-integral weight cusp forms to the central value of the L-
function of their Shimura lift. We can then connect the Hasse-Weil L-function
L(E(—10N), 1) to the values a(N).

We mention a corollary, which is not needed for the proof of the main theo-
rem:

Corollary [OS] : Assume the Birch and Swinnerton-Dyer conjecture for el-
liptic curves of rank 0. Then if N is not of the form z2 + y? + 1022 we have

h?(—40N) = [II(E(—10N))| [ [ wp (E(—10N)).
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The proof of this is not deep; one writes out the statement of the Birch and
Swinnerton-Dyer Conjecture

L(E(—10N),1) = Q(E(—?gf:fj()l_ e 10N |H 10w

where Fy,.(—10N) is the torsion subgroup of EF(—10N), the group of points
of finite order,

wp(E(—10N)) is the local Tamagawa number at p, which is 1 at any point
of good reduction, and

III(E(—10N)) is the Tate-Shafarevich group

Ker | H'(Gal(@/Q), E(-10N)(@) — [] H'(Gal(Q,/Q,), E(~10N)(Q,))

p<oo

We observe that Ey,.(—10N ) ~ 7Z/2Z for all such N, and we know that
Q(E(-10N)) = VN/Q(E(-10)), so that we can shuffle terms around to get
the desired result.

The effect of this corollary is to be able to say something about the Tate-
Shafarevich group in terms of class numbers (which are at least somewhat better
understood). We call a positive integer N exceptional if it satisfies the equation
given in Theorem 2. By Theorem 2, all numbers not represented by Ramanu-
jan’s form are exceptional, and there are a few others, but not too many: There
are only six below 107, and the proof of the main theorem proves (conditional on
GRH) that there are no exceptional integers above 2 x 1019, Using this corollary
and assuming BSD (and bringing in some additional theory) we can calculate
Tate-Shafarevich groups for exceptional N. For example, we have

II(E(—27190)) = Z/6Z & Z/6Z.

4.4.2 Analytic Estimates

If N > 2 x 10 is an eligible not represented by Ramanujan’s form we write

x = (=2%) and
=> x(n)n=*

oo

Lq(s) = L(E(—10N), Z

Then, considering the functional equations for these L-functions, determining
the conductor of the curve E(—10N) and applying Theorem 2 and Dirichlet’s
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class number formula we obtain an inequality

Lo(1) _ 2 (1600N2\"*
L(1)2 =7\ 42

and the proof proceeds by showing that this is impossible given GRH.

Considering the equation

one uses the so called Phragmen-Lindel6f Principle to obtain
F(1) < max |F (o +it)|
for any o satisfying 1 < o < 3/2.

Choosing (somewhat arbitrarily) o = 7/6, Ono and Soundararajan obtain ex-
plicit formulae for L/ (s)/L,(s) and —L'(s)/L(s) in terms of convergent Dirichlet
series, contributions from non-trivial zeroes, and remainder terms. Then they
use these to obtain a lower bound for log |L(5/6 + it)| and an upper bound for
log |La(7/6 + it)].

The proofs of these bounds are quite involved, and although we do not go
into them in detail, we do remark that, broadly speaking, the proof involves a
large number of numerical constants which were chosen because computer ex-
periments revealed them to be close to optimal. One expects, somehow, that
minor details of the proof could be changed, and that certain bounds could
perhaps be improved, but the bounds considered by Ono and Soundararajan
proved sufficient for their results.

We skip straight to the end of the proof, which breaks up into two cases accord-
ing to whether 50 < log(;%;) < 100, or 100 < log(%s), where ¢ = 1600N?, the
conductor of the elliptic curve E(—10N). (The case log ;4 < 50 corresponds
roughly to N less than 2 x 10'°, and below this bound the theorem was verified
by direct computation.) In the first case, for example, Ono and Soundararajan

obtain a formula
q

9 9
log F(s) < =+ — lgm

2 67
which contradicts the formula given previously.

4.5 References

Cox, D. Primes of the form x> +ny? . Wiley, New York, 1989.

18



Ono, Ken. The Web of Modularity: Arithmetic of the Coefficients of Modu-
lar Forms and g-series. CBMS 102, Amer. Math. Soc., Providence, 2003.

Ono, Ken and K. Soundararajan. Ramanujan’s Ternary Quadratic Form. Inv.
Math., 130, 3, 1997, pp. 415-454.

5 Appendix: Modular Forms

We give a brief overview of the theory of modular forms of integral and half-
integral weight.

Suppose that T' is a discrete subgroup of GLJ (R). The prototypical example
is the group SLy(Z), the group of 2x2 matrices over the integers of determi-
nant one. We also like to consider congruence subgroups of SL;(Z); i.e.,
subgroups that contain

F(N):{<°C‘ Z)eSLg(Z) (‘C‘ Z)z(é ?) (mod N)}

for some N. We define an action of I" on the complex upper half-plane H as

follows: if v € I is the matrix (i Z) then

az+b
cz+d

vz =

Then a holomorphic (or meromorphic) modular form of (integer) weight k for
I is defined to be a holomorphic (meromorphic) function f defined on H which

a b)EF,

satisfies, for all z € H and v = d

Fn)z = (cz+d)* f(2).

Note that the 'point at infinity’ is generally considered to be part of the domain
of definition, and holomorphicity at infinity is defined in terms of the Fourier
series.

We wish to consider the analogous notion where k is allowed to be a half-integer
rather than an integer. Unfortunately the preceding definition does not carry
over exactly, because if k is a half-integer the power (cz + d)* is defined only up
to a sign. Therefore one defines a covering space G for SL2(Z) (or, more gen-
erally, for all of GLJ (R), with a determinant in the equation below) by letting
G be the set of all ordered pairs («, ¢(z)) where a = <CCL Z) € GL}(R) and
¢(2) is a holomorphic fuction on H satisfying

$(2)* = t(cz +d) (1)
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for some t € C of norm 1. We define multiplication of group elements as follows
(and check that we in fact get a group):

(@, 0(2))(8,9(2)) = (af, ¢(B(2))¥(2))-

We define a Fuchsian subgroup of G to be a subgroup A so that its projec-
tion onto SLy(Z) is an isomoprhism. That is, we only allow one ’autommorphy
factor’ for each element of SLo(Z).

We define a slashing operator as follows: If £ = (a,¢) € G, we define the
action of £ on H to be the same as that of «, and define

(FlIE]ks2)(2) = flaz)((z)) "

Finally we make the definition we want:

Definition: Suppose that f is a meromorphic (holomorphic) function on H,
and A is a Fuchsian subgroup of G. Then we call f a meromorphic (holomor-
phic) modular form of weight k/2 with respect to A if:

(1) fl[€]ky2 = f for all £ € A.
(2) f is meromorphic (holomorphic) at every cusp of P(A) (e.g., at infinity).

One then defines the Hecke operators 7'(p?) for primes p. These are op-
erators from the space G,/2(A1(N)) to itself, which also act on the subspace
Sk/2(A1(N)) of cusp forms . One then establishes relationships between the
Fourier coefficients of f and f|T(p?) for modular forms f, and can in particular
speak about simultaneous eigenforms for all the Hecke operators. What is
true, and not obvious, is that they exist.

If one has such a simultaneous eigenform, then it turns out that one can ’lift’
it to a corresponding modular form of integral weight. This was proved by
Goro Shimura in his 1973 Annals of Mathematics paper:

Theorem (Shimura): Let £ > 3 be odd, and let f(z) € Si/2(NV, x) be a modu-
lar form of weight k/2 for A¢(IV), and suppose that f is an eigenfunction of the
Hecke operators T(p?) for all primes p. Then one can define a function F(z),
whose Fourier coefficients can be determined explicitly from those of f, that is
a modular form of integral weight & — 1.
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