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1.) For fixed s we have
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2.) Evidently this holds if A is a multiple of the identity matrix. We show that this is
the only possibility.

Matrix A has Jordan normal form, so for an appropriate choice of C' we have C~tAC =
A = J with J in Jordan normal form, so we may assume that A is in Jordan normal form.

Let A have eigenvalues A;, ;, = A\; and A;,;, = A2 at positions 7; and i, on the diagonal,
and let S be the matrix with S;, ;, = Si,;, = 1, 0’s everywhere else off the diagonal, and
Sivin = Sigis = 0, Sj; = 1 for j # i1,12. Then B = S~1AS has Bi, i, = X2. But B=Aso
A1 = Ay and all eigenvalues of A are equal.

Now suppose A has a 1 off the diagonal, say A;;,+1 = 1. Let S be the matrix with
Siit1 = Sit1; = 1, all other non-diagonal entries 0, and S;; = Sit1,41 = 0, S;; = 1 for
j#i4,i+1. Then A= S7'AS has A;;1; = 1, which is below the diagonal, a contradiction.
It follows that A has only diagonal entries, all of the same value, hence is a scalar multiple
of the identity.



3.) We have x 4-1(\) = det(A~' — AI). By the multplicative property of the determinant,
it follows that
Xa-1(A) = det(A) " det(I — AA)
= (=\)"det(A) tdet(A — A1)
= (=1)"det(A) "Ny 4 (A7H).



4.) With the standard basis ey, e, ..., €, we have J,e; = e;41 for i < m, and J,,e,, = 0.
Therefore, J2e; = e; 1o for i <m — 2 and J2e,,_1 = J2e, = 0. Thus the matrix of J2 with
respect to basis ey, es, ..., €a[m/21-1, €2, €4, ..., €2|m/2| is composed of two Jordan blocks with
0’s on the diagonal, the first having length [m/2] and the second having length |m/2].



5.) The characteristic polynomial is A*(2 — X\)%2. We calculate the null space of A as the

0
span of vy = (1) . Since the root space is 2-dimensional, we need to find vy such that
1
1
Avy = v;1. Solving this affine linear system, we find that vy, = é will do.
1
1
We calculate the null space of A — 21 as the span of v3 = 8 . Solving (A —2I)vy = v3
1
0
we find that vy = (1) will do. Thus
-1
01 00
0000
Alvy, v2,v3, v4] = [v1, V2, U3, V4] 00 2 1
000 2
01 00 011 0
0000 110 0
Thus B = 00 92 1 and C = [v1, va,v3,v4] = 000 1
000 2 111 —1

[ Having misordered the vectors in the above matrices more than once, I include the following
reminder on how to multiply matrices : the matrix multiplication

[vl Vg U v4] = avy + bvy + cvg + duy
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is familiar to everyone as the dot product if wvy,vy,vs,v4 are scalars. It is still true if
vy, Vg, U3, V4 are vectors. Thus the above calculation says, e.g. that A acts on vz by multi-
plying it by 2, and it acts on vy by multiplying it by 2 and adding one copy of vs. |



