Math 53H: Preparation problems for the Final Exam

1. Consider a system
T = X9 — T+ xf
Ty = Xy + 321 + T1T2
Let ¢(t, ) = (¢p1(t, @), Pa(t, ) be the solution of this sytem with the initial data z1(0) =

a,25(0) = 0. Find 22(¢,0).

2. Consider a system

&= F(t)Az, z € R?,
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where A = and F(t) = 3t* 4 2t + 1. Find a fundamental system of solutions of this
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system.

3. Consider an equation
i+ a(t)i + wiz =0,
where a(t) and w(t) are periodic functions with the period 1. Prove that if a(t) < 0 for all

t € R, then the equilibrium solution z = 0 is not asymptotically stable.

4. Consider a system

T =a(t)r +b(t)y

y=—b(t)r —a(t)y,



where a(t) and b(t) are 2m-periodic functions such that

(

Asint, t € [0,m],
0, t € [m, 27);
)

0, t €0, ],

K%Sint, t € [m,27];

Show that there exists a value \g > 0 such that for all A € (0, ) the equilibrium point

x =y = 0 is Lyapunov stable, and for A > )\ it is Lyapunov unstable.

5. Using the method of variation of constants find the general solution of the following

system of differential equations:
i —To+e P =0

g'vg—xl—e_t:O.

6. Find characteristic frequencies and characteristic oscillations of a system of two identical

pendulums connected by a spring. This system is described by the Newton equations:
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U=="4+=4+-(1— @), a>0
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7. Consider the system
T=ar+y

y=ay— (2a+ 1)x

Determine for each value of the parameter a whether the origin is an asymptotically or

Lyapunov stable equilibrium point. Sketch the phase trajectories for a = 1.



