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1.) The homogeneous solution of this equation is y(t) = ce’. Guessing a solution of form
x(t) = c(t)e! leads to ¢ (t) = t, so a particular solution is given by x(t) = %et and the general
solution is z(t) = (t2/2 + c)e'. It is now evident that if we set u(t) = e~‘z(t) — t?/2 then
Z—’; = 0. Indeed, we check that

du

i —etx(t) +eti(t) =t =0.



2.) The equation is homogeneous, so we make change of coordinates (s,u) — (e*,ue®) =
(x,y) with u > 0 and s € R. In these coordinates the equation takes the form

dy=fly/a)de &  du=(f(u)—u)ds

and the limiting initial condition lim, % = k transforms into limy_, ., u(s) = k.

Observe that the pair of conditions on f imply f(u) > u for v < k and f(u) < u for
u > k.

One solution of the differential equation satisfying the limit condition is u = k. We are
going to show that this is the only solution.

Suppose not, and suppose first that there exists sy € R for which u(sg) = ug > k. We claim
that for all s < sg, u(s) > wy. Suppose not so that there exists s_ < so with u(s_) < uo.
Observe that Z—ZL:SO = f(ug) —up < 0 and therefore there exists a 6 > 0 such that for
s € (so— 0,50), u(s) > ug. Since u(s—) < wug by the Intermediate Value Theorem there
exists §' € (s_, s — 0) with u(s’) = ug. Let s; be the supremum of all such s" € (s_, sy — )
with u(s’) = ug. Then u(s1) = uo by continuity. By the maximality of si, u(s) > ug for
s € (s1,80). Since u(s1) = u(sp), by the Mean Value Theorem there exists sy € (s1,Sg) with
u'(s2) = 0. But u/(s2) = f(u(s2)) — u(s2) < 0 since u(sy) > ug > k. This is a contradiction,
so we deduce that u(sg) = uy > k implies u(s) > ug for all s < sp, and therefore, if there
exists an s € R with u(s) > k, then it is not possible that lims_,_o u(s) = k.

An almost identical argument shows that if there exists an s with u(s) = up < k then
limg ., u(s) < wug. It follows that lims ., u(s) = k is only possible if u = k, as wanted.



3.) The vector field of the differential equation is smooth. It follows that the solutions
depend smoothly on the initial conditions. Therefore, we may differentiate the equation with
respect to p to find

0? 0
m%(t) =i+ COS(%(&)@%@)-
Since ¢o(t) = 0 is a solution of the differential equation, which is unique by smoothness
of the vector field, it follows that on evaluating the above equation at = 0 we set y =

a%gbmu(t) — to find

y=t+uy, y(0) = 2.
This equation has homogeneous solution v(t) = ae’. Guessing a particular solution of form
c(t)et, we find ¢(t) = te™", or ¢(t) =1 — te™" — e~*. Thus we arrive at the general solution
y(t) = ae’ —t — 1.

The initial condition implies a = 3, so we conclude

96,

t
= - - 1-
(1) e —t

u=0



4.) This is an inhomogeneous linear equation. Writing it in the form

dy 2 n 2cosx
dr ysin 2  sin2x

we see that the general solution is given by

2d du_ 2 COS 2d 2cos&d
y(x) = celoo #5e / ol 2 5§_€;ma%+/ (20 2 2 o8 EdS

sin 2& sin 2&
x 2du
Since elwo Fnze — 00 as x T 5, it is only possible for the solution to remain bounded if
o i [ 2 dS
215 S sin £

and so we obtain a unique candidate solution of

2d
y — efzzo sin ;u IIO slznd;u dé- — /gz s?nd;u dg .
/2 sin & /2 sin &

f o g qp e
s u

This can be simplified significantly. For u € (0,7), the antiderivative o Treoss

follows that the above integral is equal to

sin 2z /m Sin§(1+0082§)d§:tanx/m cos £dE = sinz(sinz — 1)

1+ cos2x J /o sin 2§ /2 coS T

This solution does indeed remain bounded throughout (0, 7/2), since cos x vanishes to order
1 at 7/2, while sinz — 1 vanishes to order 2.



5.) Recall the following facts regarding differential forms.

1. W =nlQ)

2. Given vector X and k-form «, ¢-form (3, with a A 3 # 0,
X|(anp)=(X]a)A B+ (=1)fa A (X]0)

3. d(aApB)=(da) A B+ (=1)Fa A (dB).
From 2 it is straightforward to establish by induction that
X = k(X |w) Aw D

for k < n. Thus

X0 = %XJW = () w0

Therefore, d(X |2) = ﬁd(XJw) A w1l = i
Using Cartan’s formula, we compute

%(Xt)*ﬁ =Lx(Q) = X [|dQ+d(X Q) =nQ
=0
Since p
—(XM*Q = (X")*Lx(Q) = n(X")*Q
dt t=tq
we may set (X')*Q = f(¢)Q to find f'(¢t) = nf(t) and f(0) = 1, so f(t) = e™. It follows that
(X)) Q=% at t =12,



