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1.) As suggested in the hint we take X = e‘”% and Y = g(x)% and attempt to solve
[X,Y] = X. This will evidently suffice, since it will follow that each of the given Lie brackets
is equal to X # 0.

Let ¢ be any smooth function. Then

X, Y1o(e) = (XY Y X)6(x) = e (g(a)6/(2)) — gl0) (0 (x) = (5 () — g()6 (x)
so [X,Y] = e"(¢g/(z) — g(z))-L. Tt follows that solving [X,Y] = X is equivalent to solving

vd

g'(z) = g(x) + 1. This is satisfied by g(z) = e — 1 and we conclude that the pair X = e” -,

Y = (" — 1)L satisfy the given condition.



2.) We guess a linear solution P, = Ap; + Bp,, Po» = Cp; + Dp,. Equating coefficients of
dp; A dg; in
dPy AN dQy + dPy AN dQo = dpy N dqy + dpa A dgo

leads to the equations
A+C=1, A-C=0, B+D=0, B-D=1
and hence A= B =C=1/2 and D = —1/2. Hence P, = p1/2 + pa/2, Po = p1/2 — pa/2.



3.) Let 6 be the angle that the pendulum makes with the downward normal. After
scaling, we may assume that the potential energy is given by U(f) = —cosf. With this
normalization, the critical energy is £} = 1, since this is the potential energy at the unstable
equilibrium 6 = £7. We study the period of oscillation as £ T E; = 1.

Given E < 1, the limit points of motion are given by U(f) = —cosf = E, that is
a,b = +cos™'(—F). We make the convention that cos™ (x) € [0, 7). According to p. 147
eqn (4), the period T'(F) is given by

b df cos™1(—E) df
FE) = = .
T(E) 2/a V2(E =U()) 2/—cosl(—E) 2(E + cos¢)

By symmetry, this is

4 cosT1(—E) d£
ﬁ/o VE +cos€ (1)

Expand cos¢ in its Taylor series about u = cos™!(—FE) to find

cos =~ — (¢ —u)sinu — E D conu 1 O((u— g
=Bt (- VI B4 26— u? 4 O((u—€))
and therefore
Bt cosé = (u— OV~ B2+ 2 (€~ w)? + O((u—&)") )

Here the O(...) notation should be understood as indicating a quantity bounded by a fixed
constant times |u — &|® for all 0 < & < u. Moreover, the fixed constant may be taken
independent of E since all derivatives of cos# are bounded.

Now set 1 — E = § and assume ¢ is very small, say < 1075 (so that log log% is well
defined). In the integral of (1), make change of variables ¢ = v — ¢ and split the integral to
obtain

/u dé— _ /61/2 log1/s N /(10g(log 1/6))~t N /u dC
0 VE+cos(u—) 0 §1/210g1/5 (log(log 1/6))-1 | /E + cos(u — )

Only the middle integral is going to make a substantial contribution. We first evaluate
this integral. Since

VI—E2=./(1-E)(1+E) < V25,
for 6'/21og(1/6) < ¢ < (loglogd)~" we have (V1 — E? < /20¢ = O(%), while ¢ =

log

O((loglog §)~1¢?). [Here, the O(EX P) should be taken to mean: bounded by a fixed con-
stant times the expression EX P, for all ¢ sufficiently small and ¢ in the stated range.]



Thus on the second integral,

E +cos(u—¢) = (1+ 0(1))56 (1+ 0<1))g2

and therefore the middle integral is

(log(log 1/6))
(1+ 0(1))/5 b _ (V2 + 0(1)) |log((loglog 1/6)~") — log(V/é) — log log1

1/2log1/6 V (/2 0

= —glogé + o(log d).

[The notation o(1) here means a quantity that becomes smaller in size than any fixed con-
stant, as § — 0. The relative notation A = (1 4 o(1))EXP is really a pair of inequalities
(1—¢eEXP < A < (14 €EXP; for any fixed € > 0 this pair becomes true once ¢ is
sufficiently small. The various o’ notations can be obtained by inserting these inequalities
at each step.]

We now show that the first and third integrals are of smaller order in §. The first integral
we write as

/51/210g1/6 dC
0 wl +of1 >><f C+C2/2)+0(¢)

§1/2 §1/210g1/8 dc

/51/2 5172 /C2/2

We observe that the length of the third integral is O(1), and that the integrand is de-
creasing in (. Therefore the net integral is bounded by the size of the integrand at the lower
limit, which is (1 + o(1)) loglog 1/, since the first and third terms of the Taylor series are
asymptotically smaller than the second.

Putting the three integrals together, we deduce that the period is

= 0(1) + O(loglog 1/6)

(1) = —2log 0 + o(log 6)

as wanted.



