Math 52H: Solutions to Midterm Exam

February 2, 2011

1. In the standard Euclidean R?*" with Cartesian coordinates 1,91, ..., T, Yy, consider an

exterior 2-form

n= Zl’k A Y-
k=1

n n
Given a 1-form o = ) a;z; + > bjy;, where a;,b; € R are constants, compute the 1-form
1 1

B=*xaAnA---An
—_——

n—1

We have
"t =(n—1)! le AT Ay, (x; Ay; is missing).
1
Then
J
z; A = (n—1)! le A .7 AY, (y; is missing)
1
and

n .

i
To; A" = (n—1)! E 1 A .7 Ao, (x; is missing).
1

Hence, * (z; An" ') = (n — 1)ly; and * (y; An" 1) = —(n — 1)!z;.



Therefore

n

B=x(aAn"" Za]* (z; A" 1) + b % (y; An™H)
1

(n—1) 'Z a;y; — bjx;).
1

Note that these formulas also holds for n = 1. In this case, x(a1x1 + b1y1) = a1y1 — byx1.
2. Denote coordinates in R? by (u,s) and in R* with coordinates (1, z9, r3,24). Consider

a differential 1-form

a = xy(drs — xodry).

Let h : R* — R be a smooth function such that 2%(u,s) > 0 for all (u,s) € R% Find a
smooth function ¢ : R? — R such that the form G*a on R? is closed for the map G : R? — R*

given by the formula

G(u,s) = (u, %(u,s),h(u, s),g(u,s)) .

Note that there are infinitely many functions g which satisfy this condition. You need to
find just any of them.
We have

. oh oh oh oh oh
G o (dh — %du) g <6ud %ds — adu) g (83d )

By assumption, % > (. Define
1

g = @
0s

Then G*a = ds, and hence, dG*a = dds = 0.

4. In R™\ O consider the unit vector field in the radial direction
I~ 0
€, = ;21: xiﬁ_aji’

where r = />~ x2. Denote n :=dx; A--- Adx,. Find all integer values k € Z for which the
1
differential (n — 1)-form

1
—e€; 11 is closed.
,



Denote

1
0, = ﬁerJn.
We have
1 1« i1 g
ﬁer an = sy Z(—l) zidry N .7 Nz,
1
24 dIZ zljxjd:cj
4 () = e~ b
Hence

_n—k:—l

i dxi N -+ Ndzx,.
Hence, 0y, is closed if (and only if) k =n — 1.

4. Let D ={2? +y*> <1} CR? and f: D — R? a smooth map such that
o f(z,y)=(z,y)if ; <a®+y*<1and

o £(0,0) = (2,2013).

Prove that there exists a point a = (29, yo) € D such that the 2-form f*(dz A dy) vanishes

at a.

Denote the coordinate functions of f by f; and f;. We have

ofi Of
* o _ | oz oy
f (dx ANdy) =detDfdx Ady = oh oh|

oz oy



We need to show that detDf vanishes at some point a € D The continuous function f;
achieves its maximum value at a poin a € D. At the center of the ball it takes the value
2, while at the boundary of the ball D its values belong to [—1,1]. Hence, a should be the
interior point of D, and hence a critical point of f;. Therefore, both partial derivatives of f;
vanish at that point:

of:

ofi, | _ _
%(a) = 0, ay (CL) =0.

Hence, the Jacobi matrix has its first column equal to zero at the point a, and therefore

detDf(a) = 0.



