Math 52H: Homework N9

Due to Thursday, March 14

1. Prove that if S is a closed surface in R3, n its unit normal vector field and v any fixed
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2. Given a function u : U — R, where U is an open domain in R™ we denote by Awu the

Laplace operator
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A function u is called harmonic in U if Au = 0. Suppose that n = 2, i.e. U is a planar
domain.

a) Prove that u is harmonic in U if and if for any closed 1-dimensional submanifold I' C U

one has
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where n is a unit normal vector field to I' and g—ﬁ = du(n) is the directional derivative.

b) Prove that for any C?-smooth function u : U — R one has
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where S C U is any compact domain with boundary T'.

c) Let S and T be as in the previous problem. Prove that for any two C?-functions

u,v : U — R one has the following identity:
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3. Consider in R? a differential 1-form
a=@—s+tytz—y)de+ (P +r—y+z—a2)dy+ (P +r+y—2z—ay)dz.

Prove that « is exact and find its primitive, i.e. the function F' such that dF = «.

4. Given a vector field
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compute Workr(v) where T is a curve in R? connecting points A = (ay,as,a3) and B =

(b1, ba, b3). The curve is oriented from A to B.

Each problem (including subproblems in 2) is 10 points.



