Math 52H: Homework N&

Due to Friday, March 1

1. Coordinate charts U, and U_ on the unit sphere S® C R™™! are given by the stereographic
projections from the South and North pole, respectively. Find explicitly the transition map

between the two coordinate charts.

2. For the following manifolds define coordinate charts and transition maps between them:

a) projective space RP", i.e. the space whose points are lines in R"*! passing through the
origin;

b) the orthogonal group SO(3), i.e. the space of ortogonal 3 x 3-matrices with determinant
+1;

c) the tangent bundle T'(S?) to the 2-dimensional sphere, i.e. the space of pairs (X,Y),
where X € 5% is a unit vector in R? and Y € R% is a vector originated at X which is

tangent to the sphere S? (or, equivalently, orthogonal to X).

3. Let f: R”™ — R be a smooth function. Consider a graphical n-dimensional submanifold

with boundary

Ly= {(ml,...,xn,yl,...,yn) € R*"; Zx? <1 yj:%(:m,...,mn), J :1,...,n} C R
1



Suppose that Ly is parameterized by the map F' : D™ = {}_ x? < 1} — Ly given by the
1

formula

0 0
(ml,...,xn)»i (xl,...,xn,a—ai(:vl,...,xn),a—f(xl,...,xn)).

Suppose that n = 2k. Compute

/F*(dx1 ANdy, + -+ +dx, A dyn)Ak.

Dn

4. Let S = {2? +y*+ 22 = 1;2 > 0} C R3. Use the stereographic coordinate chart given by
the projection from the South pole to compute [ dx A dy + 2zdz A dz.
S

Each problem (and subproblems in Problem 2) is 10 points.



