Math 52H: Homework N3

Due to Friday, February 1

1. Given a parallelepiped P(vy,vs,v3,v4) C R* compute the 3-dimensional volume of each

of its 3-dimensional face. Here

Compare the orientation of R* given by the basis vy, v2, v3, v4 with the orientation given by

its standard basis ey, e, 3, 4.

2. A vector subspace L C V of a vector space V' is called invariant with respect to a linear
operator A :V — V if A(v) € L for each vector v € L.
Let A:V — V be a linear operator, and [y, ...,l, € V* be linear independent vectors

from the dual space V*. Suppose that
A*(ll/\"'/\lk):Cll/\--'/\lk,

for some non-zero real number ¢ € R. Prove that the vector subspace Span(ly,...,[) is

invariant with respect to the dual operator A* : V* — V*,

3. Let P(n) denote the space of polynomials of P(z1,...,x,) of n variables (of arbitrary

degree) with real coefficients. Let D : P — P be a linear operator which statisfies the
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Leibniz rule:
D(fg) = D(f)g + fD(g), for any f,g € P(n).

Prove that there exists a vector field v = ) H% on R™ with polynomial coefficients P; €
1 3

P(n) such that D = D,, i.e.
D(f) =df(v) = sz@—x
1 T
for any f € P".

4. In R? with the standard dot-product consider a basis v; = (1,0),v9 = (1,1). Let (y1,y2)
be coordinates dual to this basis. Given a function f(yi,y2) compute its gradient in these

coordinates, i.e. find functions g1 (y1,y2), 92(y1, y2) such that Vf = 918%1 + 928%2.

5. Spherical coordinates p € [0,00), ¢ € [0,7], 6 € [0,27), are introduced in R3 by the
formulas:

x = psinpcosf, y= psinpsinb, z = pcos p.
Express the 1-form dz + %(xdy — ydx) in spherical coordinates.

6. Consider a closed differential 1-form w = Fidx + Fydy + Fidz in R®. Suppose that each

function Fj, k = 1,2, 3, satisfies the homogeneity equation
Fi(tx, ty,tz) = tFy(z,vy, 2),
for any ¢t € R. Prove that w = df, where

1
f(I,y,Z) = 5 (IFl(Iayaz) +yF2(x7ya Z) + ZFg(IL‘,y,Z)) .

All problems and subproblems are 10 points.



