Math 52H: Practice problems for the midterm

1 Consider a Euclidean space V' = R?*" with coordinates (z1,%1, ..., Zn, yn) and the standard
dot-product. The space A¥(V*) of all exterior k-forms is also a Euclidean space with the

scalar product of defined by the formula

({0, B)) = »(anxB).

Consider a linear operator  : A*(V*) — AFF2(V*) defined by the formula Q(a) = a A w,

where w = ) x; A y;. Find the adjoint linear operator 2*, i.e. the operator
1
O* - Ak+2(v*) N Ak(v*)

such that
((Q(a), B)) = {{a, 2°(B)))

for any forms a € AF(V*), 8 € AF2(V*).
2. Consider two differential 1-forms in R?:
a=dr+ydz and [ =uzdy.

Prove that there is no map f : R® — R3 such that f*(3) = a.

3. The cylindrical coordinates

r € [0,00), ¢ €0,27), z € R,

1



are introduced in R?® by the formulas
T =7Ccosp,y=rsingy,

where (z,y, z) are Cartesian coordinates. Consider a differential 1-form

rsinr

«a = cosrdz +

dy
Suppose that a curve I' C R? is given parametrically by a map
[0, 7] = R?,

T(t) = (r = % s =h(t), p=2t), t€[0,7].

Find the function A such that I'"*a =0 and h(0) =1 .

4. Consider a smooth function f: R? — R. Let S; be a surface in R* given by equations

= ), wn= 2 a) (1)

85(71 a11’2

Suppose that this system of equations can is solved with respect to the coordinates x5 and

x4, i.e. there exist smooth functions xs = g(x1,z3) and x4 = h(zq, z3) such that

T3 = 8—331(531,9(931@3)),
0
) = 5 (o, gl ). 2)

Prove that the Jacobian of the map (h, g) : R* — R? is equal to —1, i.e. that

99 99
o0z Oxs -1
Oh  9g. '
8901 axg

Hint: Consider the pull-back of the form w = dzy A dxs + dwy Adzy by a map R? — Sy C R?

given by the formulas

(I1,$3) = (xhg(%,x:&),x:ﬂ,h($1,$3))‘



5. Consider a smooth differential k-form

1<ip<-<ig<n
in R™ such that f;, ; (0) =0 (i.e. all coefficients of the form « are equal to 0 at the origin).
Let F': R™ — R™ denote the dilatation x — 2x. Suppose that F*a = a. Prove that a = 0.

6. Given a function f : R® — R, consider a map F : R® — R?"*! defined by the formula

0 0
F(zy,...,x,) = (:cl,...,wn,g—i(acl,...,xn),...,a—;;(a:l,...,:Un),f(arl,...,xn)) )

Compute F*(«), where

n
a = dTopq1 — E Tipndx; .

=1

The actual midterm will consist of four problems.



