Math 52H Homework 7 Solutions

March 1, 2013

1. Let S™ < R"! be the standard unit sphere and let us work with the following
notation: = = (z1,...,2,41) and ¢’ = (xy,...,2,). Finally, let (U, ps) and (U_,p_) the
two stereographic charts. Hence the transition maps we need to compute are given by
h_y =p_ opjr1 and h,_ = py op_'. We have already seen in class that

x x

py(r) = p-(z) = m
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and we need to compute their inverse maps. For instance, let’s see pjrl. Arguing geometri-
cally, let us pick the line (1 —¢)(0,0,...,0,—1) 4+ t(2’,0) and determine ¢ by requiring the
corresponding point to belong to S™: this gives t = 2/(1 + |2/|?) and therefore
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As a result, one finds that h_ (2') = lgf,llg and the same is true for the other transition map.

Namely, these are the standard spherical inversions with respect to S"~! «— R”™,

2.
a) Let us recall that RP" = R""! \ {0} / ~ where we declare x ~ y iff there is A\ €
Ry such that y = Az. Let us call p : R"*\ {0} — RP" the projection map. We can

define n + 1 charts of homogeneous coordinates by defining (on U; = p <UJ> where Uj =
{z e R"™\{0}| z; #0},j=1,2,...,n+1)
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Clearly U;L;rll U; = R™1\ {0} so that U;L;rll U; = RP", the inverse map 7; ' is given by
Triil([yl; Yas - - ,yn]) = (y17y27 e Yiea, 17%‘7 oo 7yn)
and the transition maps are given, for ¢ # j by
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hij(z) = mjom; H(y)

so these are algebraic, in fact rational, functions.

b) The key point for this part of the exercise is to show that in fact SO(3) is diffeomorphic
to the 3-dimensional real projective space RP? and thus it inherits the corresponding atlas
(described above) through this identification. This diffeomorphism is well-known and can
be found in several books and in other resources on-line.

A different approach (indeed a simpler one, in some sense) is to show that 1) SO(3)
is in bijection with the unit tangent bundle of S?, 2) the unit tangent bundle of S? is a
smooth submanifold of T'S? and hence to obtain an atlas by restriction of the coordinate
charts of T'S? itself. For the first part, it’s enough to observe that the columns of a matrix
in SO(3) form a (positive) orthonormal basis of R®. Hence, given A € SO(3) we first
associate to it a point of S? «— R3 by considering the first column and then we use the
second column to identify a vector in the unit tangent bundle of S? at the corresponding
point. The third column vector of A is uniquely determined by the first two and therefore
is irrelevant in describing this bijection. For the second part, I will explicitly refer to the
solution of ¢) below for the notation etc... There, I have shown that 7'S? has an atlas made
of two charts {(V, Fy),(V_, F_)} where p,,p_ are the maps defined in problem 1. Given
one of these charts, say V. let z1,x9,y1,y> the corresponding coordinates. Let us define
w € Tpll(thQ)SQ — R3 by z = dp;'(z1,29) [y1,72). So z is a well-defined and smooth
function of x1, zs, Y1, y2. Then

UT(S*)NVy = {(21, 22,1, 92) € V; = RY| |2 = 1}

and so by the implicit function theorem this implies that UT(5?) is a smooth submanifold
of T'S?. Hence, by general arguments, it inherits a smooth atlas (possibly with more than
two charts) and the transition maps are smooth as well.

¢) We have an atlas of two charts which is induced by the corresponding stereographic
atlas on S? (see the first exercise). So I will denote such atlas by {(V, F,), (V_, F_)} where
for instance V, = pjrlTS2 so it is the set of applied vectors whose base-point is NOT the



south pole of S? (here p, is the map defined in problem 1). On V, we have coordinates
(21, T2,Y1,y2) Where y1, Yo are determined by the requirement that for a given vector field ©

we have 5 9
dp,© = y;—
D+ Y1 O, + Yo — D’

The very same definition applies to V_. Now we need to determine the transition maps, say
k_y :R*\ {0} x R? «=. Clearly we have k_ (1, 22, y1,y2) = (h_1(z1,72), [y (1,22, Y1, y2))
with [y (21, 29,y1,92) to be determined. To this aim we proceed as follows: let © be a
vector field on S? and let

0
dp O = + Yo —
P2 = N, T o,
we need to determine zq, 25 as functions of x1, xs, y1, yo so that
0
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where we have set wuy,us the local coordinates associated to the projection p_ to avoid
confusion with z1, xo (that are induced by the map p, instead). Since u;(z) = ‘;7'3 forj=1,2
we get
Qu; x5 —xf  Ouy —2x129

Ov1 (22 +23)° 012 (27 +23)’

and symmetrically
Quy  —2xmy  Ouy 2?2 — 22

vy (af+43)" Ovz (2 +a3)’
and finally we use them in applying the chain rule:
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so that we first obtain

L (o2 J= (20, 0m O O
ij \(T1,T2,Y1,Y2) = yla 1/2a 2>yla o y28x2
and finally
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li‘(iﬂl,flfz,yl,w) = (91#—292—7— Y1 + Y2 )
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3. Write F' for the parametrization F(zy,...,x,) = (ml,.. xn,g—jl .,%) and w =

dxy Ndy, + ... + dx,, A dy,. By previous homework, wedge and pullback commute. Then

/ w/\k: — / F*(w/\k) _ / (F*w)/\k
Lf Fﬁl(Lf) Fﬁl(Lf)
But we calculate
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F*w = Zdwl (Z T &Ez ) Z ez, ——dz;Adx; = Z u:0z,; (dx;Ndzj+dxjAdx;) = 0.

Hence the integral vanishes.

4. Let V denote the submanifold given by 2% + y? + 22 < 1 with z > 0, and let D denote
the disc of radius 1 centered at the origin and lying on the zy plane oriented with upwards
pointing normal. Then 0V = SU D. Let w = dx A dy + zdz A dx. Note that dw = 0, and so

by Stokes Theorem
0= / dw = / w— / w
v s D

On D, z=0so0 fsw = fD dz N\ dy = 7, the latter being just the area of the disc D.

To compute directly, parametrize S by P(x,y) = (x,y,/1 — 22 —y?) for (z,y) € D.
Note that the tangent plane is spanned by 7, = (1,0, something) and T}, = (1, 0, something)

so T, x T, always has positive z component.

Now 9
dz = ———=(—2xdzx — 2ydy),

V1= a2 — 2
Yy
V1= a2 — 2

Thus fs w = fD(l +y)dz Ady = 7 since the first term gives the area of the the disc, and the
second is odd in y while D is symmetric in y.

SO

zdz Ndx = z dz N\ dy = ydx N dy.



