Math 52H Homework 4 Solutions

February 11, 2013

1. We start recalling the definition of the divergence operator given in the Lecture Notes
in Section 7.6:
div(v) = A~ (d (W) .
The first step is to express the standard volume form €2 = dx A dy in polar coordinates: since
by definition x = r cos(¢) and y = rsin(¢) by differentiating and taking the wedge product
we get at once ) = rdr A do.
As a result, we can compute Qv = 2 (v, -) namely

Q= (dr @ d¢ — dp @ dr) (ae, + bey, ) = ardp — bdr.
Therefore, by taking the differential

d () = [aéir) + %} dr A d6

and so, applying the isomorphism A~! (which basically amounts to diving by 7 since Q) =
rdr A df as we saw before) we end up getting

div(v) = % {8(5’) . %} |

2. Let f = Z?:l TiTirn and let V = dxy A ... A dzg, denote the volume form. Then
d(w A 0)
fn

_ 0
== % (V — Z(xz—i-ndxz + IZdIH_n) N %)
1

= % (V - ; mzxz—kn?)

=0,

wAb

dQ) = —n Z(Iz—l-ndxl + ZL’Zdl’H_n) VAN w
1




as desired.

3. We have A = 9% + 9d + dd + d?. Now
P =+*tdxxtdrk =+ "tddx =0
so A = dd + dO and this is a map QF(R") — QF(R™).

We compute A(a) for an arbitrary 1-form a(x) = a;i(x)dzy + ... + o, (v)dz,. So that we

don’t confuse the 0 operator with plain-old partial derivatives ai_ we’ll use the alternative

notation D; = 8%1_ in this problem. We have

dda = 0 (Z DjOéidilZ'j A dl’1>

i#]

=0 [Z (Diaj — DjOéi> dl’l A d(lﬁ']]

1<j

= (_1)3n+1 *d [Z (DZ‘OZJ‘ — Djai) * (dl‘z A dZL'])]
i<j
= (—]_)n—i—l * [Z {(D?Oé] — DZDJO{Z) dZEZ VAN *(dl‘z AN dl’J) + (DZ‘DJ‘Oéj — D?OZZ) d[Ej N *(d[L‘Z VAN dl’J)}]
i<j
Now dx; A *(dx; A\ dzj) = £ % dxj. We can determine the sign by noting (w is the volume

form)
dx; Ndxj N *(dx; Ndx;) = w = dxj A\ *dz;.

Hence dx; A dx; A x(dx; A dxj) = —w so dx; A x(dz; A dzj) = — * dz;. Similarly we find
dzj N *(dz; N\ dx;) = *dz;. Plugging this in,

8da = (_1)n+1 * [Z {(DZDJOQ — DZQCYJ) * dl’] + (DZD]OZJ — DJQOQ) * dxl}]
1<j
— (_1)n+1+n—1 Z {(DZD]OQ — D?Oéj) dl’j + (DiDjOéj — DJZOKZ) dl’l}
1<j
= Z(DiDjaj — DJQO,/Z)CZ$Z
i#]



We also have

dOo = (_1>2n+1d* d (Z o * da:i> = —d* (Z D;a;dz; N *dg;i>

i=1 =1

Hence
Aa = (d0+ dd)a = Z(DiDjaj — D?ai)d:v,- - Z D;D;ajdr; = — Z D?aid:vi.
i#j 0] 4,j
It follows that
A(fa) == Di(fai)dw; = =Y (uD}f +2D; fDjo; + fD}a;)d;.
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Let’s agree to write V2 for the second order differential operator V2 = Z?Zl Djz-. Thus
our calculation from part b shows that for 1-form a = a1dr; + asdry + asdrs we have

Aa = —(Viaydx, + Vagdry + Viasdes).
For av a zero form, 0o = + * d x @ = 0 since *« is an n-form. Hence
Aa = (d0 + dd)a = dda = (—1)*"t x d(Dyadzy A dos + Dyadrs A doy + Dzadzy A dasg)
= —(Dia+ Dia + Dia) = —V3a.

Now the trick to doing the £k = 2,3 cases without more horrible computation is the
following

Lemma 1. A commutes with the Hodge star operator operator x, i.e. *Aa = A x a.

Proof. Indeed, xAa = %(d0 + dd) = —(xd*~' dx+d*d) while Axa = (dd + dd)* = —(dx"*
d % * +x"d % dx). The two are equal since x ' = (=1)*""Fx and +x = (=1)F*=F1d. O

This lemma allows us to reduce the cases of £ = 2 and £ = 3 to 1-forms and O-forms,
respectively. Essentially, we can use the x operator to flip a 2-form into a 1-form, apply the
Laplace-de Rham operator there, and then use x~! to flip back to a 2-form. We get that for
a the 2-form

a = aydry N\ dxs + asdrs N\ dry + asdxy N dzs,



Ao = —(V2oz1dx2 A dzs + Viasdes A doy + Viasdz, A dry).

Lastly, for 3-forms we have that

Aa(x)dzy A drg A drs = —V2adr, A drg A das.



