Math 52H Homework 4 Solutions

February 21, 2012

1. We have

dx = sin ¢ cos Odp + p cos ¢ cos @d¢ — p sin ¢ sin Odb
dy = sin ¢ sin 0dp + p cos ¢ sin Od¢ + psin ¢ cos 6db
dz = cos ¢dp — psin ¢pde.

Hence the 1-form is equal to
1
cos ¢pdp — psin ¢pdo + 3 (p sin ¢ cos 0 [sin ¢ sin @dp + p cos ¢ sin Odp + p sin ¢ cos Hd0)|
— psin ¢ sin @ [sin ¢ cos Odp + p cos ¢ cos Bdp — psin ¢ sin Qd@])

1
= cos ¢pdp — psin ¢pdo + §p2 sin? ¢d6.

2. Since w is closed,

0 0 0 0 0 0
dw = (—F, — —F))dz Nd —F, — —F3)dzNd —F;— —Fy)dyANdz =0
“ (8:1:' 2 oy 1)de y+(8z Y 3)d x+<8y T 0z 2)dy A\ dz
so we have the three equalities
0 0 0 0 0 0
—Fh=—F, —Fi=—F, —F;=—F,. 1
or 2 oy Y o9z ' T oY oyt 02t (1)

Differentiating the homogeneity equation with respect to t, and then setting t = 1 we obtain

0 0 0
Fk(x,y,z) - l’a—ka<I,y,Z) + ya_yFk(‘r7y7 Z) + Z&Fk(‘xﬂ% Z) (2)



Hence

df = %((Fl n x%Fl + y%Fg + Z%Fg)dﬂ? n (xa%ﬂ Ty y(%FQ n Z%Fg)dy
+ (x%Fl n y(,)%F2 Ty N Z%Fg)dz)
- %w + %((m%ﬂ + yé%Fl + Z%Fl)dx + (x%Fg + ya%F2 + Z%Fg)dy
+ (xa%Fg + y%Fg, + Z%Fg)dz)
=w.

3. Let f =31, 2&i4, and let V = dxy A ... A dxg,, denote the volume form. Then

dw N 0)
fn

= % (V — Z(xwrndxz + xldan) A WT/\Q>
1

= % (V - zlzl’zan?)

=0,

wAb

dQ) = —n Z(xl+ndxl + l’ZdSL'ZJrn) A\ W
1

as desired.

4. a. We have A = 92 + 9d + dO + d?>. Now
9? = x dxxtdx = x'ddx =0

so A = 0d + d0 and this is a map QF(R") — QF(R").

b. We compute A(a) for an arbitrary 1-form «(z) = ay(x)dx; + ...+ ap(x)dx,. So that we

don’t confuse the 0 operator with plain-old partial derivatives ail we’ll use the alternative




notation D; = % in this problem. We have

Odo = 0 (Z Djaidxj AN dl},)

i#]

=0 [Z (Diafj - DjOéi) dl‘l A de‘J]

i<j

= (_1>3n+1 *d [Z (DiO[j — DjOZZ‘) * (dZL'Z A dl'])]
i<j
= (—]_)n—l—l * [Z {(D?Oé] — DlDJOéZ) d[EZ VAN *(d[L‘l AN dl’J) + (DZ‘DjOéj — D?Oéz) dl[‘j VAN *(de‘Z AN dl’J)}]
i<j
Now dz; A *(dx; A\ dx;) = £+ dx;. We can determine the sign by noting (w is the volume

form)
dz; Ndx; A *(dx; A dr;) = w = dz; A xdz;.

Hence dz; A dx; A *(dx; A\ dzj) = —w so dz; A *(dx; A dx;) = — * dz;. Similarly we find
dz; N *(dz; N\ dx;) = *dz;. Plugging this in,

ad(l/ — (_1)n+1 * [Z {(DZDJOQ — D?Ojj) * df]fj =+ (DiDjOZj — DJQO_Q) * de‘l}]
1<j
= (_1)n+1+n—1 Z {(DZD]O.Q — DizOéj) dl’j —|— (DiDjOéj — DJQOZZ) df]fl}
1<j
= Z(DiDjaj - l);(lfl)dl‘Z
i#]

We also have

Hence

Aa = (d0+ dd)a = (D;Dja; — Djo)da; — Y DiDjayda; = =y Diayda;.
1,

i#] Y]



It follows that

]

c. Let’s agree to write V? for the second order differential operator V? = Z?:l DJ2». Thus
our calculation from part b shows that for 1-form a = a1dz; + asdrs + asdrs we have

Aa = —(Vaydr, + Viagdrs + Viaszdzs).
For o a zero form, 0o = + * d x o = 0 since *« is an n-form. Hence
Aa = (d0 + dd)a = dda = (—1)*"*! « d(Dyadzy A dzs + Dyadzs A dzy + Dsadzy A das)
= —(Dia+ Dia + Dia) = —V3a.

Now the trick to doing the k = 2,3 cases without more horrible computation is the
following

Lemma 1. A commutes with the Hodge star operator operator %, i.e. xAa = A x «.

Proof. Indeed, xAa = %(dd + dd) = —(xdx~* dx+d*d) while Axa = (dd + 0d)* = —(dx"*
d % % +*"Ld x dx). The two are equal since x ! = (=1)¥"=* and »x = (=1)*=HI1d. O

This lemma allows us to reduce the cases of £ = 2 and k = 3 to 1-forms and O-forms,
respectively. Essentially, we can use the x operator to flip a 2-form into a 1-form, apply the
Laplace-de Rham operator there, and then use x~! to flip back to a 2-form. We get that for
a the 2-form

a = aydry N\ drs + asdrs N dry + azdxy N dzs,
Aa = —(Viapdry A das + Viaodrs A dzy + Viasdr, A dxsy).

Lastly, for 3-forms we have that

Aa(x)dz; A deg A drs = —V2adz, A dxg A des.

d. We note that % and %% give an orthonormal basis for each tangent plane at every
point x € R2. The dual forms are dr and rdf, from which we infer that xdr = rdf and



*df = —%dr. Say that k£ = 0 and fix a O-form f. Then d0f = 0 and
ddf = 0 (D, fdr + Dy fdf)

1
= —%d (DrfrdQ — Dgf;d?“)
= — % (Drfdr ANdO+rD,D,fdr Adf — Dngf%dr A dr)

1 1
= - <_Drf + DrDrf + _2D9D9f) :
T T

For the case k = 2, we may write

f_
L

= — % (%Dr(f/r) + D,.D.(f/r)+ T%Dngf)

f

Afdrndd=AxL =%AL
.

= — (%Dr(f/r) + DTDT(f/T‘) + 7“_13D9D9f) rdr A df

D, 1
f+é+3mm0mww.
T T T

= - (DrDrf -
When k = 1 write the arbitrary 1-form a = a,dr + apdf. Aa = dda + dOa, and A(a,.dr) =
dd(a,dr) + dO(a,dr), so that we need to compute
dd(a,dr) = 0((Dga,.)dd N dr)
= —*d* ((Dga,)dO A dr)

— «d <D0ar)
r

2
_ (Dearde—l— (D(;Drar B Dgaw) dr)

r r 72
- _Dgszr + (DeDTaT — D@Ckr) o
r r
and
do(a,dr) = —dxd* (a,dr)
= —dxd(ra,df)
= —dx((a, +rDya,)dr A db)

_ g (ar —|—rDrar)
r




Therefore

we compute

A(oydr) = <

Now we do the same computation for apdf. Recall A(apdf) = dd(aydf) + dO(aydf), so that

Ay

r2

2D9a7«
r

r r2

Dray D?a, — Dgar) dr —

0 ((Dycvg)dr N d)
—xd* ((Dycg)dr A dB)

—xd (DT%)
,

D2ay D D,D
_*<( % _ j“’) dr + =~ md@)
r T r

Od(cpdf) =
and
d&(agde)
so that, finally,
D
Aa = (a_; o e D2, —
r r

D, D, D
( @ D3a9> do + ;aadr
r r
= —d*dx*(aydd)
- d*d<%dr>
r
= dx (Deo‘@de A dr)
r
Dg(l/g
()
S (Dgfede - 2D92a0dr) ~ DrDoca g,
r r r
_ (QDO;)O@ . D,J);Oég) dr — Dg;égdg
r r r
Dgar 2Dy 2Dgor, Doy
dr+( —
r2 r3 r r

de.




