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1. (Online text 5.3.6) Note that the gradients VF}|,, ..., VF,_k|. span the normal space to
F =0 at x and that dF}, = D(VF}),...,dF,_;, = D(VF,_) are the dual linear functionals.
Let vq,...,vx be k vectors from the tangent space of A at z, chosen so that the sequence
VFi|gy oy VFy_kls, v1, ..., v has positive orientation on R™. By the second characterization
of duality introduced in class,

B Vol(vy, ..., vg)
" Vol(VFy,..,.VF,_})

*(dF1 VANPIRAN an—k)(Ula ...,Uk) dF1 NN an_k(VFl, 7VFn_k)

Now let wy, ..., u,_x be an orthonormal basis for span(V Fy, ..., VF,_) preserving the orien-
tation, and let vy, ..., y,_r be the dual basis. Then

dFl VANRRVAN an,k<VF1, ceey Vank) = VOZ(VFl, ceey anfk)dFl VANPYRAN an,k(ul, ceey Un,k)
and since dF; = D(VE;),
dEy N .. NdF,_, = VOol(VFy, ...V E,_p)dyy A ... N dy, g

We conclude that

VOl(Ul, ceey Uk)

dFy N\ ... NdF, - =
>|<( A A n k)(vl’ 7?}k) Vol(VFl,...,VFn—k)

Vol(VFy, ...,V F,_;)?

so that
(dFy A ... NdEF, k)

Vol(NF,...,VEyp)

(1, ey vx) = Vol(vy, ..., vk)

and thus
#(dFy N NdF, ) #(dFY N O NAF, )

Vol(VEy, ... VF, ) ||dFy A ... AdF, |

gives the area form on the tangent space of A.




2. (Online text 6.2.7) Suppose that U is star-shaped with respect to the base point r =
(ry,ry,72). Let F: U x [0,1] — U be defined by

F(z,y,z,t) = (L =t)x +try, (1 —t)y +try, (1 —t)z +tr,).

This is a contraction mapping of U onto the point r.
We calculate

F*(dx) = (1 —t)dx + (r, — x)dt
F(dy) = (1 = t)dy + (ry — y)dt
F*(dz) = (1 —t)dz+ (r, — z)dt

SO

Frao=P((1=t)(z,y,2) +tr) [(1 = t)*dy Adz+ (1 = t)dt A ((ry — y)dz — (r. — 2)dy)]
+Q((1—t)(x,y,2) +tr) [(1 = 1)2dz Ada + (L —t)dt A ((r, — 2)dx — (1, — 2)dz)]
+ R((1 = t)(z,y,2) + tr) [(1 — t)*dz Ady + (1 — t)dt A ((rp — 2)dy — (ry — y)da)]
= B(t) +dt A ()

with

v(t) = (1 =) P((1 = t)(x,y,2) + tr) [(ry — y)dz — (r. — 2)dy]
+(1=-0)Q((1 —t)(z,y,2) +tr)[(r, — 2)dx — (1, — x)dZz]
+ (1 =tR((1 = t)(z,y, 2) +tr) [(re — x)dy — (ry — y)dz]

From the proof of Poincare’s lemma we know that o = dK(F*a) = d(fo1 ~(t)dt) so a primitive
is given by

o= { [ =010 - 0e02) + 1) = 2) = R = 1)(0,0.2) + )5, ) dt} da
+ {/0 (1=t [R((1 —t)(x,y,2) +tr)(re —2z) — P((1 = t)(z,y,2) + tr)(r, — 2)] dt} dy
n { =0 1P = 0 2) 4 )00, = 9) = QU= )0, 2) + 00)0 )] dt} .

3. Suppose for contradiction that we have diffeomorphism f from the sphere
{(z,y,2) ER*: 2 +¢* + 22 =1}

to the torus
{(z1,22,y1,92) €ER*: 2] + 23 =92 + 93 = 1}.
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Parametrize the torus by F(6,¢) = (cos#,sinf,cos¢,sin¢), 6,¢ € [0,2n]. Let I be the
closed path (cost,sint, 1,0), t € [0,27] on the torus. We have

/iL’lde'; —ZL‘;dl’l _ /d@ — o
r 2t r

Hence ff*l(F) f*df = 2w. But observe that df is a closed 1-form on the torus so f*df is

closed on the sphere. Moreover, f~!(T') is not the entire sphere because I' is not the entire
torus, and f~! is a bijection. Hence, after deleting a point not on f~1(T), f*df is a closed
1-form on the punctured sphere and so it’s integral along any closed path is zero because
the punctured sphere is contractible. This gives a contradiction.

4. An orthonormal basis for the plane x + y + 2z = 0 is given by

Bl Bl
U1 = 72 , U2 = L/_g
0 7
Hence a parametrization of C' is given by
cost sin ¢
Vit
v(t) = costvy + sintvy = %O;t + L\% : t €10,2n].
—2sint
V6

We can check that the projection P(7) of 7y into the zy-plane revolves in a counter-clockwise
direction by noting that projection of v; and v, onto the zy-plane endow R with the same
orientation as the usual one. Thus 7 assigns the correct orientation to C.

The desired integral is now given by

I _8sint [ —sint cost ™ 9sintt T
+ dt = —dt = ——
o 6V6 V2 V6 o 3V3 2v/3

5. We may assume that M is connected after possibly restricting to a single connected
component. Since M is closed we have |, oW = / 1 dw = 0. Write dw = fo where o is the
volume form on M. Since M is compact, f achieves it’s minimum f_ and its maximum f,
on M. Note that

f_vol(M):/Mf_da§/A4fda:0§/Mf+da:f+vol(M).

Since vol(M) > 0 we conclude f- <0 and f, > 0. Let z_ and x, be points where f attains
the values f_ and fy. Let v(¢),t € [0,1] be a path in M such that v(0) = z_ and y(1) = .



Then f o+ is continuous on [0, 1] with f(0) < 0 and f(1) > 0. It follows that there exists
c € [0,1] with f(c) =0, that is, y(c) € M satisfies dw(y(c)) = 0.

6. Assume for the sake of eventual contradiction that there exists a smooth map f : S? —
5% such that f(z) # x, — for any x. Then for each x, there exists a unique arc of length less
than 7 connecting x and f(x). Let ,(t) be a parametrization of the half circle connecting
x and —z and passing through f(x). That is, 7,(0) = x and 7, (t) = —z with 7,(ty) = f(x)
for some ty € (0,1). Define a homotopy fi(x) = 7,(t) and note that fy = [ while f; = —1,
where I denotes the identity map.

Let o denote the volume form on S?*. By Lemma 6.2.3, [o, ffo = [qu ffo. On the
other hand, fio = o while ffo = —0, so that the first integral is Vol(S?*), while the second
is —Vol(S?*), a contradiction. Note that ffo = —o only on spheres of even dimension (one
way to prove this is by noting that ¢ = n.) where n = (21, ..., Zor41) is the normal vector
and Q = dxy A ... A dxgpy is the usual volume form for RZ++1),

7. a. We have w(”XH,Y) = HXII w(X,Y) and P( |X”,Y) ||)1€HP(X Y') so we may assume that

X is a unit vector. Write Y = Y;+Y5 with Y} a scalar times X and Y, € X*. Thenw(X,Y) =
w(X,Ys) and P(X,Y) = P(X,Y3). In particular, if X and Y are linearly dependent then
w(X,Y)=P(X,Y) =0, so it suffices to consider the case X and Y orthogonal unit vectors.

Let eq,...,e, dual to z1,...,z, and fi, ..., f, dual to y1,...,y,. Let X = 30 aie; + b f;
and Y = Z?:l cie; + dzfl Then

GOEY) = fareanbineta] | G| [ =AY = (XY = (0¥ < ax] v,
! d

n

The matrix A is orthogonal so we deduce w(X,Y) < || X||||Y]| = 1 with equality if and only
if Y = A'X, that is

b

b. By part a, w is equal to the area form on A. Hence

area(A):/Aw:/aAdw:/aBdw:/Bwg/BaB:area(B).



