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1. a. We have A = 0% + 9d + dO + d?. Now
9* =« tdxxldx = x tddx = 0
so A = 0d + d0 and this is a map QF(R™) — QF(R™).

b. We compute A(«a) for an arbitrary 1-form a(z) = a;(z)dzy + ... + an(x)dz,. We have

6d0& = 8 (Z DjOéide’j VAN dl’z>

i#]

== 8 [Z (Dz‘Oéj - DjOéi) dl‘l A dl’]]

1<j

_ (_1>3n+1 xd [Z (DiOCj — DjOéi) * (da:i N diL’j)]

1<j
— (—1>n+1 * [Z {(DZQOéJ — D,LD]OQ) dl’l A\ *(d.CCl A dl'j) + (DiDjOéj — D?Ozl) d.ij N *(dl’z N dSCJ)}
1<j

Now dz; A *(dx; A dx;) = £ % dz;. We can determine the sign by noting (w is the volume
form)
dz; Ndx; A\ x(dz; A drj) = w = dz; A xdx;.

Hence dz; A dx; A *(dx; A\ dzj) = —w so dwz; A *(dx; A dx;) = — % dz;. Similarly we find



dxj A\ x(dz; A\ dz;) = *dz;. Plugging this in,

Odo = (—1)"*" * [Z {(DiDje — Djay) * dxj + (DiDjay — Dja;) dmi}]
1<j
— (_1)n+1+n—1 Z {(DZD]CYZ — D?aj) d(L’j + (DiDjOzj — D?O&l) d(El}
1<j
= Z(DiDjaj — D?Oz»dl’z
i#j

We also have

dOo = (_1)2n+1d *d (Z o * da:i> = —d * (Z D;o;dz; A *dxi>

=1 =1

= —dx* (i me) = —d (i Dzozz>
i=1 =1

= — i D;Djc;dzx;

ij=1
Hence
Aa = (d0+ dd)a = Z(DiDjozj — D?ozi)dxi — Z D;D;ajdz; = — Z Df-aidxi.

i 0 i

It follows that

A(foz) = — Z DZDJ(fOz]>dJZZ = — Z(Oé]Dszf + DiijOéj + DijiCYj + fl)ZDJCY])dl'Z
1,J j

1,J

c. Let’s agree to write V? for the second order differential operator V2 = Z?:l DJQ.. Thus
our calculation from part b shows that for 1-form a = a1dr; + asdrs + asdrs we have

Aa = —(Viaydr, + Vagdry + Viasdzs).

Now we claim that A commutes with the dual operator *, i.e. *Aa = A *x «a. Assuming this
for the moment, we get by dualizing that for a the 2-form

a = aydxy N\ drs + asdxs N dry + azdxy N dzs,

Aa = —(V2a1da:2 A dxs + Viasdrs A dzy + Viasdz, A dry).



For a a zero form, da = + x d x a = 0 since x« is an n-form. Hence

Aa = (d0 + 0d)a = dda = (—1)*" x d(Dyadzy A dos + Dyadzs A doy + Dsadz; A das)
—(Dia+ Dia + Dia) = —V3a.

Dualizing, Aa(z)dz; A dwy A drs = —V2adxy A dxy A dzs.

It remains to show that *A = Ax. Indeed, *Aa = x(d0+ 0d) = —(*d 1 d* +d*d) while
Axa = (dO+0d)* = —(d+~ ' d** ++'d*d*). The two are equal since *~ = (—1)kM=F)x,
and * = (—1)*=R1q,

d. We note that % and X 3¢ give an orthonormal basis for each tangent plane at every
point x € R2. The dual forms are dr and rdf, from which we infer that *dr = rdf and
xdf) = —%dr. Say that k£ = 0 and fix a O-form f. Then d0f = 0 and

Adf = 0 (D, fdr + Dgfdf)
=—xd (Drfrdﬁ — Dgf%d’f‘)

1
— % (Drfdr ANdO+rD,D,fdr \df — Dngf;d?" A d?“)

1 1
- (_Drf + DrDrf + _2D9D9f) :
r r

For the case k = 2, we may write

Afdr/\d@zA*i:*Ai
”

r

— (2070 + DD/ + 5 DuDar

_— (%Dr(f/r) + D, D.(f/r) + T—lngDgf) rdr A df

D.f i + Dngf) dr A db.
.

- (DrDrf -

When k = 1 write the arbitrary 1-form a = a,.dr 4 agdy. We have dda,.dr = 0Dya,.d0 A dr =

w2 — — (L2dr 4 vD,Dy (%) dB). Also dda,dr = ~dd(ra,df) = —d(a,+rDya,)dr\

d0 = —d(a,/r + D,a,) = — (%d@ + DgD,a,d0 + D, (“7) dr + D?ardr). Adding the two

gives

DZa,
r2

Aa,dr = — ( 4D, ( : ) i D2ar> dr — 2Dy D, a,df.



Similarly, ddagdf = 0Dga,dd A dr = — x d22%2 = — « (fow dr — Prfody 4 PrDogs d9> =
_ (Dfagdﬁ — DTQG do — DGDT‘GO) Also dOagdf = —d * d(ag/rd'r) =dx %dr A df = d% _
ngae o + (W 2Dy%) dr. Adding the two gives
D3 D DyD,
Aagd = — (— =D, () + Dfae) dr —2 < oo 2 a") dr.

r2 r3 r2

Adding the two gives the final answer.

2. We calculate

div(Vf) = div(zn: D, fdx;) = zn: Dif
j=1 =1

div(curlv) = A1 (d(]|~'d(Dv))) = A~ (dd(Dv)) = 0
cwrl(V ) =) 1d(DD L (df)) =) (ddf) = 0

curl(fv) = (D2(fvs) — D3(fv2), Ds(fv1) — Di(fvs), Di(fvz) — Da(fv1))
= feurl(v) + (v3Dof —veD3f,v1Dsf — v3D1f,veD1f —v1Dsf)
= fcurl(v) +Vfxvwv

div(fv) = Di(fv1) + Da(fve) + Ds(fvs) = fdiv(v) + v1D1f + voDof + v3Ds f
= fdiv(v) +v-Vf.

3. By definition of div, it suffices to show that d(JV f x Vg) = 0. Following the hint, since
we know that D(V f) = df and similarly D(Vg) = dg, this is the same as
dD~ " x (df Ndg) = d* DD % (df Adyg)
— d(df A dg)
= d*(fdg)
= 0.

In the above, we have used that o = D, *? = Id, and d? = 0.



