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1. We have

dx = sin ¢ cos Odp + p cos ¢ cos @d¢ — p sin ¢ sin Odb
dy = sin ¢ sin 0dp + p cos ¢ sin Od¢ + psin ¢ cos 6db
dz = cos ¢pdp — psin ¢pde.

Hence the 1-form is equal to

1
cos ¢pdp — psin ¢pdo + 3 (p sin ¢ cos 0 [sin ¢ sin @dp + p cos ¢ sin Odp + p sin ¢ cos Hd0)|
— psin ¢ sin @ [sin ¢ cos Odp + p cos ¢ cos Bdp — psin ¢ sin Qd@])
= cos Odp — psin ¢dp + p* sin? ¢dh.

2. There was some confusion as to whether the image of f was to be taken in Cartesian or
polar coordinates, so we’ll show the solution in both cases.
Suppose first that the image is in Cartesian coordinates, i.e.

f(r,¢) =re; + (¢ + r?sin @)ey
where e; and ey are the dual basis to x and y. Then
f(x Ay) =dr A2rsingdr + (1 + 12 cos ¢)dg) = (1 + 12 cos ¢)dr A do.

If instead we take

f(r,¢) =r+ (¢ +r’sin ¢)g5
with f,g% dual to r and ¢, then recall that dx A dy = rdr A d¢, so that we find

f*(rdr Adg) = r(dr A (2rsin ¢dr + (1 + r® cos ¢)dp)) = (r + r° cos ¢)dr A d¢.



3. Since B A dB = xdy A (dz A dy) = 0 we have for any smooth f: R3 — R3,

0= [ (BNdB) = [7(B) A fH(dB) = F(B) N df(B).
Since a A da = (dx + ydz) A (dy AN dz) = dz AN dy A dz # 0 it is not possible that there is
smooth f with f*(3) = «a.

4. Since w is closed,
dw = (D1F2 — DQFl)dI VAN dy + (D3F1 - D1F3)dZ A dz + (D2F3 — D3F2)dy ANdz =0

so we have the three equalities

D1Fy = DyFy, D3Fy = DiF3, DyF3 = D3F. (1)
Differentiating the homogeneity equation with respect to ¢, and then setting t = 1 we obtain
Fe(x,y,2) = xD 1 Fy(z,y, z) + yDo Fy(z,y, 2) + 2DsFi(x, y, 2). (2)

Hence

1
df = 5((F1 + I’DlFl + yD1F2 —+ ZDng)dx + (iUDQFl + F2 -+ yD2F2 -+ ZDQFg)dy

+ (¢DsF, + yDsFy + Fy + zDgFg,)dz>
1 1
= 5(4) + 5 <(ZL’D1F1 + yD2F1 + ZDgFl)dl' + (ZL‘DlFQ + yD2F2 + ZDgFg)dy

+ (2D Fy + yDoFy + zDgFg)dz>

5. Let f =", xxiy, and let V = x; A ... A g, denote the volume form. Then

dw AN 0) wAb

= 0
= % (V - 21: xle+n?)

=0,

n

d) =

as desired.



