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1. Let e1, ..., en, f1, ..., fn be the standard basis on R2n with x1, ..., xn, y1, ..., yn the dual
basis. Let A : Rn → Rn be given by Aei =

∑n
j=1 Ajiej.

a. We have
(LA)∗ω =

∑

1≤i<j≤n

(LA)∗ω(ei, ej)xi ∧ xj.

Now

(LA)∗ω(ei, ej) = ω(LAei, LAej)

=
n∑

l=1

(xl ⊗ yl − yl ⊗ xl)((ei +
n∑

k=1

Akifk), (ej +
n∑

k=1

Akjfk))

=
n∑

l=1

[
xl(ei +

n∑

k=1

Akifk)yl(ej +
n∑

k=1

Akjfk)− yl(ei +
n∑

k=1

Akifk)xl(ej +
n∑

k=1

Akjfk)

]

= yi(ej +
n∑

k=1

Akjfk)− yj(ei +
n∑

k=1

Akifk)

= Aij − Aji.

So (LA)∗ω =
∑

1≤i<j≤n(Aij − Aji)xi ∧ xj and (LA)∗ω = 0 if and only if A is symmetric.

b. Write Cω(ek) =
∑

j(αjxj + βjyj). We have that αj = Cω(ek)(ej) = ω(ek, ej) =∑
j xi ∧ yi(ek, ej) = 0, and βj = Cω(ek)(fj) = ω(ek, fj) =

∑
j xi ∧ yi(ek, fj) = δk,j.

Similarly, write Cω(fk) =
∑

j(αjxj + βjyj). We then have αj = Cω(fk)(ej) = ω(fk, ej) =∑
j xi ∧ yi(fk, ej) = −δk,j, and βj = 0 similar to before.
The vector (α1, ..., αn, β1, ..., βn) corresponding to (ek, fk) is the kth column of the required

matrix. Thus C =
(

0 −I
I 0

)
, where 0 denotes the n× n zero matrix, and I denotes the n× n

identity matrix.

2. Consider the linear operator L = 1
2(∗ + I) : ∧2((R4)∗) → ∧2((R4)∗); the two-form β is

self-dual if and only if Lβ = β.
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Since ∗2 = I is the identity, L2 = 1
4(∗

2 + 2 ∗+I) = 1
2(∗+ I) = L so L is a projection, that

is,
{v : Lv = v} = im(L).

We have

L(x1∧x2) =
1

2
(x1∧x2+x3∧x4) = L(x3∧x4), L(x1∧x3) =

1

2
(x1∧x3−x2∧x4) = −L(x2∧x4)

L(x1 ∧ x4) =
1

2
(x1 ∧ x4 + x2 ∧ x3) = L(x2 ∧ x3),

so the space of self-dual forms is 3-dimensional, with basis

{1

2
(x1 ∧ x2 + x3 ∧ x4),

1

2
(x1 ∧ x3 − x2 ∧ x4),

1

2
(x1 ∧ x4 + x2 ∧ x3)}.

3. We let A be the matrix representation of A, and let e1, ..., en be the basis of Rn

correponding to x1, ..., xn. Then apply the identity given in the question to (e1, e2, ..., en).
The left hand side is det A. The right hand side is, by definition of exterior product

∑

i1<i2<...<ik,ik+1<...<in

(−1)inv(i1,...,in)A∗(x1 ∧ ... ∧ xk)(ei1 , ..., eik)A∗(xk+1 ∧ ... ∧ xn)(eik+1
, ..., ein),

and this is precisely the right hand side by Proposition 1.9.5 in the notes.

4. Let Y = αX +βZ where < X, Z >= 0. Then X×Y = βX×Z, since X×X = 0 whereas
D−1(∗(D(X) ∧ D(Y ))) = βD−1(∗(D(X) ∧ D(Z))) since D(X) ∧ D(X) = 0. It thus suffices
to check that

X × Z = D−1(∗(D(X) ∧ D(Z))).

We may assume that X, Z '= 0, and by dividing the above by ||X||||Z||, we may fur-
ther assume that X and Z are orthonormal. Let X, Z, W be an orthonormal basis for
R3, where W = X × Z, so that the basis defines the standard orientation for R3. Note
that D(X),D(Z),D(W ) forms the dual basis. By §1.16 in the notes 1, we have that
∗(D(X) ∧ D(Z)) = D(W ), and so D−1(∗(D(X) ∧ D(Z))) = W = X × Z as desired.

5. We first prove the following lemma.

Lemma 1. For any two n× n matrices A and B such that AB = BA, we have that

exp(A + B) = exp(A) exp(B).

1See, for instance, the second example given in that section.
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Proof.

exp(A + B) =
∑

k≥0

(A + B)k

k!

=
∑

j≥0

k∑

m=0

AmBj−m

m!(j −m)!

=
∑

m,n

Am

m!

Bn

n!
,

as desired. In the above, we have used that AB = BA in our binomial expansion.

Next note that for any n × n matrix M that exp(M)T =
(∑

k≥0
Mk

k!

)T

=
∑

k≥0
(MT )k

k! =

exp(MT ). Now let A be skew-symmetric so AT = −A. Then AT A = AAT so applying the
above and the Lemma gives

exp(A) exp(A)T = exp(A) exp(AT ) = exp(A + AT ) = exp(0) = I,

so exp(A) is orthogonal.
Conversely, say that exp(tA) is orthogonal for all t. Then

I = exp(tA) exp(tAT )

=

(
∑

k≥0

tkAk

k!

) (
∑

k≥0

tk(AT )k

k!

)

= I + t(A + AT ) +
t2

2
(2AAT + A2 + (AT )2) + ...

Apply d
dt

∣∣
t=0

to the equation above. The left hand side is 0, whereas the right hand side is
(A + AT + 2t(2AAT + A2 + (AT )2) + ...)

∣∣
t=0

= A + AT . Hence A = −AT , as desired.
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