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1. Let T = 21 ® 1 ® 9, w = (1,0,0) and v = (0,1,0). Then T(u,u,v) = 1 and
T(u,v,u) = 0. Say that T'= A + B where A is symmetric and B is anti-symmetric. Then
A(u, u,v) = A(u,v,u), whereas B(u,u,v) =0 = B(u,v,u), a contradiction.

This shows that not all 3-linear functions on R? can be expressed as a sum of a symmetric
function and a skew-symmetric function.

2. To verify that < -,- > is an inner product we check the axioms. First, < XY >=
Tr(XY) = Tr(YX) =< YV, X > Also < aX +Y,Z >=Tr((aX +Y)Z) = aTr(XZ) +
T(YZ)=a< X,Z >+ <Y, Z >. Finally, for X symmetric, X is diagonalizable over R
with real eigenvalues \; and Ay. Thus < X, X >= Tr < X% >= M + A2 > 0. Equality holds
if and only if \; = Ay = 0 which is equivalent to X = 0.

Let Ay = ((9), A2 = (%)), and A3 = (39). It is easy to check that A;A; has zeros on
the diagonal unless i = j. Moreover Tr(A?) = 1 if i = 1,3 and Tr(A2) = 2. Thus the matrix

for the biliear form is (é % %) )

3. Let {eq, ..., e,} be the usual basis for R”, dual to z1, ..., z,. We have

f ®g= Z f ®g(ei17€i2>€i37ei4>$i1 ®$i2 ®$i3 ®$i4

1<iy,42,i3,14<n

[Proof: Let
H - Z f ®g(€i176i276i376i4)xi1 ®xi2 ®xi3 ®xi4'

1<i1,i2,i3,54<n

Then H(ej,, €j,,€j5,€5,) = f@g(ej,, €js, €45, €j,). Equality at general vy, vo, v3,v4 then follows
by multilinearity of both H and f ® ¢.]

But
f & g(ei1 ) €ig, Cig, €i4> - f(eiw eiz)g(ei37 ei4) - ailizbi3i4



SO
f ® 9= Z ailini3i4xi1 ® xi2 ® :L’l-s ® xi4'

1<i1,i2,i3,84<n

4. (Assume [ # 0.) Let o = aywe A w3 + asxs A x1 + azxy A x9 and [ = byxy + boxs + byws.

Then a A B = (a1by + asbs + asbs)zy A x9 A x3 SO
aANf=0 < (ab)=0.
This is equivalent to a = b x ¢ for some ¢ € R3, i.e.
a1 = bycg — bsca,  ao = bycy — bics,  az = bicy — bacy
which says exactly that

o = (blxl + ngUQ + bgl'g) AN (01.171 + CoX9o + Cg.Tg).

5. We have 0 = S a; @ wiyy — S0 @iy @ ;50
n—1 n—1
6(A,B) =) ABi— ) Ainb;
i=1 i=1

n—1 n—1
» » 2 if n even
_ 1\t 1)
=2 (0T -2 (1 —{ 0 ifnodd -

=1

6. a. The n-fold wedge product of w with itself is given by

(W)An =wWA Aw=nl(z1 Ay) A(Ta Ay2) A A (Tn A yn).

n times

b. Now we have
(") = (Fw)™
SO
I ((xy Ayr) Ao A Ayn)) =0l Ayr) A e AT A Yn)-

Since (z1 Ay1) A ... A (T, Ayy,) is (up to sign/orientation) the volume form on R*"
Fr((ma ANyi) Ao AMxp Ayn) =det F(xg Aya) Ao A (@0 A Yn)

and det F' = 1.



[Proof of (1): This follows by repeatedly applying (i.e. with induction) the identity
F*(wl A WQ) = (F*wl) N (F*(UQ) (3)
valid for any w; € AF(V*), wy € AY(V*). To prove (3), write

F*(w1 A\ CUQ)(Ul, coey Uky Ukt 1 -~-7Uk+l)
= wy Awe(Foy, ..., Fog, Fugg, ..., Fupy)

= Z (—l)inv(il""’ik+l)wl(Fvil, ...,F?Jik)u}g(F’l}ik+17 ...,F’Uik_H)
11 <o <Oyl 1 <o TR

= Z (—1)inv(il""’ik+Z)F*wl(UZ’I, ...,Uik)F*wg(Uik+1, ""Uik+l>
i1<...<ik,ik+1<...<ik+l

= w1 W2 )\V1y ooy Uk Ukt 1y ooy V41 )-
(Fwi) A (Fwa)( )]

[Proof of (2): Let F: R” — R™. Then F*(z; A ... Ax,) = cxy A ... Az, since the space of
exterior n-forms on R™ is one-dimensional. To determine ¢, we check

c = F*(xi N Axy)(eq, ..., en) = 1A Ny (Fey, ..., Fe,) = | Fer ... Fe, | =|Mat,(F)|.

]



