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1 Linear and multilinear functions

1.1  Dual space

Let V be a finite-dimensional real vector space. The set of all linear functions on V' will be

denoted by V*.
Proposition 1.1.1. V* is a vector space of the same dimension as V.

Proof. One can add linear functions and multiply them by real numbers:

A)(x) = XN(z) forll,lbeV*, zeV, AeR

It is straightforward to check that all axioms of a vector space are satisfied for V*. Let

us now check that dimV = dim V*.

Zy
Choose a basis v ...v, of V. For any x € V let : be its coordinates in the basis
Tn
v1...v,. Notice that each coordinate x1,...,x, can be viewed as a linear function on V.

Indeed,

1) the coordinates of the sum of two vectors are equal to the sum of the corresponding

coordinates;

2) when a vector is multiplied by a number, its coordinates are being multiplied by the

same number.

Thus x4, ..., z, are vectors from the space VV*. Let us show now that they form a basis

of V*. Indeed, any linear function [ € V* can be written in the form {(z) = a121 + ... + a,x,



which means that [ is a linear combination of z;...x, with coeflicients a4, ...,a,. Thus

x1,...,T, generate V*. On the other hand, if a1z + ... + a,x, is the O-function, then all
the coefficients must be equal to 0; i.e. functions z1, ..., z, are linearly independent. Hence
x1,...,x, form a basis of V' and therefore dim V* =n = dim V. [ |

The space V* is called dual to V' and the basis z1,...,x, dual to vy .. .vnﬂ

Exercise 1.1.2. Prove the converse: given any basis ly, ..., l, of V* we can construct a dual
basis wy, ..., w, of V so that the functions l,... 1, serve as coordinate functions for this
basts.

Recall that vector spaces of the same dimension are isomorphic. For instance, if we fix
bases in both spaces, we can map vectors of the first basis into the corresponding vectors of
the second basis, and extend this map by linearity to an isomorphism between the spaces.
In particular, sending a basis S = {v1,...,v,} of a space V into the dual basis 1, ..., x, of
the dual space V* we can establish an isomorphism ig : V' — V*. However, this isomorphism
s nmot canonical, i.e. it depends on the choice of the basis vy,...,v,.

If V is a Euclidean space, i.e. a space with a scalar product (z,y), then this allows
us to define another isomorphism V' — V*  different from the one described above. This
isomorphism associates with a vector v € V' a linear function [,(x) = (v, z). We will denote

the corresponding map V — V* by D. Thus we have D(v) = [, for any vector v € V.

Exercise 1.1.3. Prove that D : V. — V* is an isomorphism. Show that D = ig for any

orthonormal basis S.

The isomorphism D is independent of a choice of an orthonormal basis, but is still not

completely canonical: it depends on a choice of a scalar product.

Tt is sometimes customary to denote dual bases in V and V* by the same letters but using lower indices
for V and upper indices for V*, e.g. v1,...,v, and v',...,v". However, in these notes we do not follow this

convention.



Remark 1.1.4. The definition of the dual space V* also works in the infinite-dimensional

case.

Exercise 1.1.5. Show that both maps is and D are injective in the infinite case as well.

However, neither one is surjective if V' is infinite-dimensional.

1.2 Canonical isomorphism between (V*)* and V

The space (V*)*, dual to the dual space V', is canonically isomorphic in the finite-dimensional
case to V. The word canonically means that the isomorphism is “god-given”, i.e. it is inde-

pendent of any additional choices.

When we write f(x) we usually mean that the function f is fixed but the argument x can

vary. However, we can also take the opposite point of view, that x is fixed but f can vary.

If z € V and f € V* then the above argument allows us to consider vectors of the space
V' as linear functions on the dual space V*. Thus we can define a map [ : V. — V** by the

formula

x— I(x) € (V*)*, where I(z)(l)=I(x) forany [leV™.

Exercise 1.2.1. Prove that if V is finite-dimensional then I is an isomorphism. What can

go wrong in the infinite-dimensional case?

1.3 The map A*

Given a map A : V — W one can define a dual map A* : W* — V* as follows. For any linear
function [ € W* we define the function A*(1) € V* by the formula A*({)(z) = I(A(x)), z € V.
In other words, A*(l) =l o AP|

2 In fact, the above formula makes sense in much more general situation. Given any map ® : X — Y
between two sets X and Y the formula ®*(h) = ho ® defines a map ®* : F(Y') — F(X) between the spaces

of functions on Y and X. Notice that this map goes in the opposite direction as the map ®.



Given bases B, = {v1,...,v,} and B, = {ws,...,w;} in the vector spaces V and W
one can associate with the map A a matrix A = Mg, 3, (A). Its columns are coordinates of
the vectors A(v;),7 = 1,...,n, in the basis B,. Dual spaces V* and W* have dual bases
X ={x1,...x,} and Y = {yy,...,yr} which consist of coordinate functions corresponding
to the basis B, and B,,. Let us denote by A* the matrix of the dual map A* with respect to
the bases Y and X, i. e. A* = My x(A").

Proposition 1.3.1. The matrices A and A* are transpose to each other, i.e. A* = AT.

Proof. By the definition of the matrix of a linear map we should take vectors of the basis
Y ={v1,...,yx}, apply to them the map A*, expand the images in the basis X = {x1,...2z,}
and write the components of these vectors as columns of the matrix A*. Set g, = A*(y;), i =

1,...,k. For any vector u = > u;v; € V, we have ¢;(u) = y;(A(u)). The coordinates of the
j=i
vector A(u) in the basis wy,. .., wy may be obtained by multiplying the matrix A by the
Uy

column : . Hence,

Gi(u) = yi(A(u)) = Z iju;.

But we also have
n

n
D ayri(u) =) aiu;.
: —

Jj=1
n
Hence, the linear function g; € V* has an expansion Y a;;z; in the basis X = {z1,...z,}
i=1
Q41

of the space V*. Hence the i-th column of the matrix A* equals : , so that the whole

matrix A* has the form
a1x - Q1

A =1|... .| =AT.

A1p - Agp



Exercise 1.3.2. Given a linear map A :V — W with a matriz A, find A*(y;).

n
Answer. The map A* sends the coordinate function y; on W to the function ) a;;z; on V.
j=1

Proposition 1.3.3. Consider linear maps
U=V-=Ww.
Then (Bo A)* = A* o B*.
Proof. For any linear function [ € W* we have
(Bo A)()(x) = U(B(A(x)) = A"(B"(1))(z)

for any x € U. [ |

Exercise 1.3.4. Suppose that V' is a Euclidean space and A is a linear map V' — V. Prove

that for any 2 vectors X, Y € V we have (A(X),Y) = (X, Do A* o D(Y)).

Let us recall that if V' is an Euclidean space, then operator B : V' — V is called adjoint
to A: V — V if for any two vectors X,Y € V one has

(AX),Y) = (X, B(Y)).

The adjoint operator always exist and unique. It is denoted by A*. Clearly, (A*)* = A. In
any orthonormal basis the matrices of an operaor and it adjoint are transpose to each other.
An operator A : V — V is called self-adjoint if A* = A, or equivalently, if for any two
vectors X,Y € V one has

(A(X),Y) = (X, A(Y)).

The statement of Exercise [1.3.4] can be otherwise expressed by saying that the operator

D 'loA*oD:V — Vis adjoint to A.



Remark 1.3.5. Recall that a linear transformation A : V' — V of a Euclidean space V'
is called orthogonal if (A(X), A(Y)) = (X,Y) for any vectors X,Y € V. Equivalently,
one can say that A is orthogonal if it maps an orthonormal basis to an orthonormal basis.
Exercise[l.1.3|can be equivalently reformulated as follows: For any orthogonal transformation

AV — V the operator A* commutes with D, i.e. A* oD =D o A*.

1.4 Multilinear functions

A function (X7, X, ..., X)) of k vector arguments Xi,..., Xy € V is called k-linear (or
multilinear) if it is linear with respect to each argument when all other arguments are fixed.
We say bilinear instead of 2-linear. Multilinear functions are also called tensors. Sometimes,
one may also say a “k-linear form”, or simply k-form instead of a “k-linear functions”.
However, we will reserve the term k-form for a skew-symmetric tensors which will be defined
in Section [L.7] below.

If one fixes a basis vy ... v, in the space V' then with each bilinear function f(X,Y’) one
can associate a square n X n matrix as follows. Set a;; = f(v;,v;). Then A = (a;;)ij=1...n is

called the matriz of the function f in the basis vy, ..., v,. For any 2 vectors

X:i Z;U;, Y:i Y;v;
1 1

we have

f(X,Y) = f(z Tv;, Zijj) = Z 2y, f (vi, vj) = Z aijziy; = XTAY .
i=1 j=1

ij=1 ij=1
Exercise 1.4.1. How does the matriz of a bilinear function depend on the choice of basis?

Answer. The matrices A and A of the bilinear form f(z,y) in the bases vy,...,v, and
01, ..., 0, are related by the formula A = CTAC, where C' is the matrix of transition from
the basis v; ... v, to the basis 07 ...7,, i.e the matrix whose columns are the coordinates of

the basis 7; ... 7, in the basis vy ... v,.



Similarly, with a k-linear function f(Xi,...,X%) on V and a basis vq,...,v, one can

associate a “k-dimensional” matrix

A=Aayiy ip; 1<i1,...,0x <n},

f(Xh .. 7Xk) = Z Qiin..i; 0151249 - - - Thiy, »

11,82, =1

see Proposition below.

1.5 Tensor product

Given a k-linear function ¢ and a [l-linear function ¢, one can form a (k + [)-linear function,
which will be denoted by ¢ ® v and called the tensor product of the functions ¢ and . By

definition

¢ ® 7/J(X17 B 7Xk7Xk+1a s 7Xk+l) = ¢(X17 cee an’) ’ w(Xk?-i-la S 7Xk+l)-
For instance, the tensor product two linear functions /; and [, is a bilinear function [; ® Iy

defined by the formula
L @LU,V)=14L(U)LV).

Let vy ...v, be a basisin V' and xq,...,z, a dual basis in V*, i.e. xq,...,x, are coordinates
of a vector with respect to the basis vy, ..., v,.

The tensor product z; ® z; is a bilinear function z; ® z;(Y, Z) = y;z;. Thus a bilinear
function f with a matrix A can be written as a linear combination of the functions z; ® x;

as follows:

n
f= E Q5 Ty Q Tj,

,j=1

10



where a;; is the matrix of the form f in the basis vy ...v,. Similarly any k-linear function

f with a “k-dimensional” matrix A = {a;,;, ., } can be written (see below) as a linear

combination of functions
Ty @ Ty Q-+ Q x5, 1 <i1,00,...,0, < 1.

Namely, we have
n

f = E ai1i2...ikxi1 0%y xig IR xik .

11,82,...05 =1
1.6 Spaces of multilinear functions

All k-linear functions, or k-tensors, on a given n-dimensional vector space V' themselves form
a vector space, which will be denoted by V*®*. The space V*®! is, of course, just the dual

space V'*.

Proposition 1.6.1. Let vy,...v, be a basis of V', and x1,...,xy be the dual basis of V*

formed by coordinate functions with respect to the basis V.. Then n* k-linear functions x;, ®

@y, 1<y, ..., i, < n, form a basis of the space V*®F.
Proof. Take a k-linear function F from V*®* and evaluate it on vectors v;,, ..., v;,:
17<’IJZ'17 e 7Uik) = ailmik .

We claim that we have

F = Z ailmikxil R R a:ik, .

1<iy,.ig<n
Indeed, the functions on the both sides of this equality being evaluated on any set of &
basic vectors v;,,...,v;,, give the same value a;, ;. The same argument shows that if
> Qjy..iyTiy @ - @ x;, = 0, then all coefficients a;,_;, should be equal to 0. Hence
1<i1, i <n

the functions z;, ® ---®@x;,, 1 <'41,...,% < n, are linearly independent, and therefore form

a basis of the space V*®F [

11



Similar to the case of spaces of linear functions, a linear map A : V' — W induces a linear
map A* : W*®F — V*® which sends a k-linear function F € W*®* to a k-linear function

A*(F) € V*®k_ defined by the formula

A (F)(X1,...,Xk) = F(A(X1),..., A(Xy)) for any vectors Xi,...X; € V.

1.7 Symmetric and skew-symmetric tensors

A multilinear function (tensor) is called symmetric if it remains unchanged under the trans-

position of any two of its arguments:

FOX0, XX X = (X X X X

Equivalently, one can say that a k-tensor f is symmetric if

f(Xil,...,X' ):f(lean:)

i
for any permutation 41, ...,%; of indices 1,..., k.

Exercise 1.7.1. Show that a bilinear function f(X,Y") is symmetric if and only if its matriz

(in any basis) is symmetric.
Notice that the tensor product of two symmetric tensors usually is not symmetric.

Example 1.7.2. Any linear function is (trivially) symmetric. However, the tensor product
of two functions l; ® ly s not a symmetric bilinear function unless Iy = ly. On the other

hand, the function Iy ® ls + ls ® Iy, is symmetric.

A tensor is called skew-symmetric (or anti-symmetric) if it changes its sign when one

transposes any two of its arguments:

FOX0, XX X = —f(X X X X,



Equivalently, one can say that a k-tensor f is anti-symmetric if

f(XiU cee ,sz) - (_]‘)inV(ilmik)f(Xla s 7Xk)

for any permutation iy, ..., of indices 1,...,k, where inv(i; ...4) is the number of inver-
sions in the permutation iy,..., 7. Recall that two indices i, 7, form an inversion if k < [
but 2, > 4.

The matrix A of a bilinear skew-symmetric function is skew-symmetric, i.e.

AT = — A,

Example 1.7.3. The determinant det(Xy,...,X,) (considered as a function of columns

Xi1,..., Xy of a matriz) is a skew-symmetric n-linear function.

Exercise 1.7.4. Prove that any n-linear skew-symmetric function on R™ is proportional to

the determinant.

Linear functions are trivially anti-symmetric (as well as symmetric).
As in the symmetric case, the tensor product of two skew-symmetric functions is not skew-
symmetric. We will define below in Section a new product, called an exterior product of

skew-symmetric functions, which will again be a skew-symmetric function.

1.8 Symmetrization and anti-symmetrization

The following constructions allow us to create symmetric or anti-symmetric tensors from

arbitrary tensors. Let f(X3,..., X)) be a k-tensor. Set

X X)) = Y (XL X

(41.ik)

and

FOYIX, LX) = Y ()Y (XL XG,)

(41...1k)

13



where the sums are taken over all permutations i1, ...,1%, of indices 1,...,k. The tensors
FSYM and fASSYM are called, respectively, symmetrization and anti-symmetrization of the

tensor f. It is now easy to see that

Proposition 1.8.1. The function f5Y" is symmetric. The function %Y is skew-symmetric.
If f is symmetric then fSY" = k\f and f*SY" = 0. Similarly, if f is anti-symmetric then
fasym — ]f!f, fsym =0.

Exercise 1.8.2. Let x1, ..., 1, be coordinate function in R™. Find (11 @1, ®...RQx,)5YM,

Answer. The determinant.

1.9 Exterior product

For our purposes skew-symmetric functions will be more important. Thus we will concentrate
on operations on them.
Skew-symmetric k-linear functions are also called exterior k-forms. Let ¢ be an exterior

k-form and 1) an exterior [-form. We define an exterior (k-1)-form ¢ A1, the exterior product

of ¢ and 1 as
1

. asym
In other words,
1 NV (i1, yiggr)
¢/\¢(Xla"'7Xk7Xk’+1a'~'>Xk‘+l) = W Z (_1) ¢(Xi1"'ink)¢(Xik+1v~--7Xik+l)a
ik
where the sum is taken over all permutations of indices 1,... k4 [.

Note that because the anti-symmetrization of an anti-symmetric k-tensor amounts to its

multiplication by k!, we can also write

dAY(X1, ... Xpyt) = > (— 1)V Ot (X X)X rs s X))

11 <o <Oyl <o <Ufpg

where the sum is taken over all permutations i, ...,y of indices 1,... &k + (.

14



Exercise 1.9.1. The exterior product operation has the following properties:
o For any exterior k-form ¢ and exterior l-form 1 we have ¢ A = (=1)*ap A ¢.

e Faterior product is linear with respect to each factor:

(1 +d2) ANV = 1 AY+ P AN
(AP) A = Ao AY)

for k-forms ¢, ¢1, ¢o, L-form 1 and a real number .
e FExterior product is associative: (p AN) ANw = ¢ A (Y Aw).

First two properties are fairly obvious. To prove associativity one can check that both
sides of the equality (¢ AY) Aw = ¢ A (¢ A w) are equal to
1 asym
(@ @Y @w)™ .

Ellm!

In particular, if ¢,v and w are 1-forms, i.e. if k =1 =m = 1 then
VAPAw=(p R R@w)™™.

This formula can be generalized for computing the exterior product of any number of 1-forms:

PLA Ay = (1 @ ® g )™, (1.1)
Uy U1
Example 1.9.2. 7y A zy = 11 @ 3 — 12 ® x1. For 2 vectors, U = : V= S E
Up, Un
we have
u;y U1
21 A 2o(U, V) = ugve — ugvy =
U V9

For 3 vectors U, V, W we have

15



T N\ Xo /\ZE3(U,VV,W) =
=21 ANxa(U,V)xs(W) + 21 A zo(V,W)3(U) + 21 A 2o(W,U)23(V) =

Uy V1 Wy
(w2 — ugy)ws + (Viwg — Vown )ug + (W1t — Woltl1 )3 = | uy vy Wy
Uz V3 wWs

The last equality is just the expansion formula of the determinant according to the last row.

Proposition 1.9.3. Any exterior 2-form f can be written as

f: Z (Iijl'i/\.’lfj

1<i<j<n

Proof. We had seen above that any bilinear form can be written as f =Y a; jx; ® z;. If f
]

is skew-symmetric then the matrix A = (a;;) is skew-symmetric, i.e. a; = 0, a;; = —aj; for
1% 7.
ThUS, f = Z aij(a?i &® T; — Tj & IEZ) = Z Q5 T; A Zj. [ |
1<i<j<n 1<i<j<n

Exercise 1.9.4. Prove that any exterior k-form f can be written as

f= E iy iy, Tiy N Ty N o X5

1<6,<..<ig<n
The following proposition can be proven by induction over k, similar to what has been

done in Example for the case k = 3.
Proposition 1.9.5. For any k 1-forms l1,...,lx and k vectors X1, ..., Xy we have

(X)) ... L(Xy)
DA ANe( Xy, X)) =1 . (1.2)

(X1) oo Le(Xk)

16



Corollary 1.9.6. The 1-forms ly, ...l are linearly dependent as vectors of V* if and only
if i Ao Nl = 0. In particular, iy A ... Nl =0 if k> n=dimV.

Proof. If [1,...,l; are dependent then for any vectors Xi,..., Xy € V the rows of the
determinant in the equation are linearly dependent. Therefore, this determinant is
equal to 0, and hence I; A ... Al = 0. In particular, when k£ > n then the forms [y,..., [
are dependent (because dimV* = dimV = n).

On the other hand, if [1,...,[; are linearly independent, then the vectors ly,...,l, € V*

can be completed to form a basis ly,..., I, lgs1,...,l, of V*. According to Exercise [1.1.2
there exists a basis wy, ..., w, of V that is dual to the basis ly,...,[, of V*. In other words,
ly,...,l, can be viewed as coordinate functions with respect to the basis wq,...,w,. In
particular, we have [;(w;) = 0if i # j and [;(w;) =1 for all 4,j = 1,...,n. Hence we have
Li(wy) .. li(wg) 1 ... 0
LA N(wy, oo cywg)=1 ... ... .. |=|.. 1 ...|=1,
le(wy) .. lx(wg) 0o ... 1
ie. ly Ao Al #0. |

Proposition can be also deduced from formula (|1.1)).
Corollary and Exercise [1.9.4] imply that there are no non-zero k-forms on an n-

dimensional space for k > n.

1.10 Operator A* on spaces of tensors

For any linear operator A : V' — W we introduced above in Section the notion of a dual
linear operator A* : W* — V*. Namely A*(l) = [ o A for any element [ € V* which is just a
linear function on V. In this section we extend this construction to k-tensors for k > 1, i.e.

we will define a map A* : W*®F — @k,

Given a k-tensor ¢ € W*® and k vectors X1,..., X, € V we define

17



Note that if ¢ is symmetric, or anti-symmetric, so is A*(¢). Hence, the map .A4* also induces
the maps S*(W*) — S*(V*) and AF(W*) — A¥(V*). We will keep the same notation A* for

both of these maps as well.
Proposition 1.10.1. Let A:V — W be a linear map. Then

1. A (¢ @) = A*(¢) @ A* (V) for any ¢ € W*k o € Wre!,

2. AT (¢RI = (A%(9))" WV, A (6TV) = (A*()) M,

3. A (p Ap) = A*(p) AN A*(W) for any ¢ € AF(W™*), 4 € A{(W™).
If B: W — U is another linear map then (Bo A)" = A* o B*.

Proof.
1. Take any k + [ vectors Xi,..., X € V. Then by definition of the operator A* we have

Ao @) ( Xy, .o, Xit) =0 @ Y(A(X1), ..o, A X)) =
P(AXL), . AXR)V(A(Xpr1), - AXr)) =
A () (X1, .o, Xp) A () (Xkat1y - -y Xpan) =
A (9) @ A" () (X1, ..o Xia)-

2. Given k vectors Xq,..., Xy € V we get

A*(¢a8ym)(X17 s ’Xk) = ¢asym(A(X1)’ ce 7“4(X/€)) = Z (b(-A(Xu)? SR 7'A(Xlk)) =

(i1...1x)

N (D) (X, X)) = (AT (X, X))

(41---11)
where the sum is taken over all permutations iy,...,%; of indices 1,... k. Similarly one
proves that A*(¢5Y™) = (A*(¢))>Y™.
B.AN G AY) = A (@ )*U™)) = (A"(¢ @ )™ = A*(¢) N A™(1).

The last statement of Proposition [1.10.1] is straightforward and its proof is left to the

reader.
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Let us now discuss how to compute A*(¢) in coordinates. Let us fix bases vy, ..., v, and

wi, ..., w, in spaces V and W. Let zq,...,x,, and vy, ..., ¥y, be coordinates and
an Q1n
A=
am1 Qmn

be the matrix of a linear map A : V' — W in these bases. Note that the map A in these

coordinates is given by n linear coordinate functions:

Y1 L@, .. %) = a11%1 + @122 + ... + Q1T
Yo = l2($1, e ,l‘m) = 211 + A922T9 + ...+ A2mLm
Yn = ln(.l’l, e ,Ik) = Ap1T1 + Q2T 4+ ...+ ApmTn

We have already computed in Section |1.3|that A*(yx) = lx = > axjzj, k =1,...,n. Indeed,
j=1

the coefficients of the function I, = A*(zy) form the k-th column of the transpose matrix

AT Hence, using Proposition |1.10.1] we compute:
A*(yjl ®"'®yjk) =1; ® - Ql

and
A (g N Nyg) =L N N

Consider now the case when V =W, n = m, and we use the same basis v, ..., v, in the

source and target spaces.

Proposition 1.10.2.

A @y A Axyp) =det Axg A+ Ay,
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Note that the determinant det A is independent of the choice of the basis. Indeed,
the matrix of a linear map changes to a similar matrix C~1AC in a different basis, and
det C~1AC = det A. Hence, we can write det A instead of det A, i.e. attribute the determi-
nant to the linear operator A rather than to its matrix A.

Proof. We have

n n
A*(:cl/\~~-/\:cn):ll/\-~~/\ln:Za1ilxil/\-~~/\Zam-n:cl-n:

i1=1 in=1
n

E A14q -+« - Apj, Tiy /\/\[L’Zn

B1yeenyin=1
Note that the in the latter sum all terms with repeating indices vanish, and hence we can
replace this sum by a sum over all permutations of indices 1,...,n. Thus, we can continue

Ay A Ny) = Z Uiy« o Qg Tiy N oo ANy, =

( Z (—1)invlinein) g, .amn> TN ANz, =det Azg A Ay,

7;17'~-7in

Exercise 1.10.3. Apply the equality
Ay N N ANxgpr Ao ANayp) = Ay Ao Aag) NA (T A+ - A xy)

for a map A : R" — R" to deduce the formula for expansion of a determinant according to

its first k rows:

Q14 -+ Al | |Qk+1,57 -+ OQk+1,5,_p

det A = Z (_1)inV(i17---,jn_k)

1< <ig, J1<<Jn—k; imFJ
Akiy -+ Qkgp|| Qngr -+ Gng,_y

1.11 Spaces of symmetric and skew-symmetric tensors

As was mentioned above, k-tensors on a vector space V form a vector space under the

operation of addition of functions and multiplication by real numbers. We denoted this
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space by V*®*  Symmetric and skew-symmetric tensors form subspaces of this space V*®*,

which we denote, respectively, by S*(V*) and A*(V*). In particular, we have

Exercise 1.11.1. What is the dimension of the spaces S*(V*) and A*(V*)?

Answer.
n n!
dim A*(V*) = =
m AR(V7) . K(n — k)
(n+k—1)!

: k *\
dim S*(V*) = =1

The basis of A*(V*) is formed by exterior k-forms z;, Aziy A ... A w1 <y <idg < ... <

1.12 Orientation

We say that two bases vq,...,v, and wyq, ..., w of a vector space V define the same orien-
tation of V' if the matrix of transition from one of these bases to the other has a positive
determinant. Clearly, if we have 3 bases, and the first and the second define the same orien-
tation, and the second and the third define the same orientation then the first and the third
also define the same orientation. Thus, one can subdivide the set of all bases of V' into the
two classes. All bases in each of these classes define the same orientation; two bases chosen
from different classes define opposite orientation of the space. To choose an orientation of
the space simply means to choose one of these two classes of bases.

There is no way to say which orientation is “positive” or which is “negative” —it is a

question of convention. For instance, the so-called counter-clockwise orientation of the plane
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depends from which side we look at the plane. The positive orientation of our physical 3-space
is a physical, not mathematical, notion.

Suppose we are given two oriented spaces V,W of the same dimension. An invertible
linear map (= isomorphism) A : V' — W is called orientation preserving if it maps a basis
which defines the given orientation of V' to a basis which defines the given orientation of W.

Any non-zero exterior n-form n on V' induces an orientation of the space V. Indeed, the

preferred set of bases is characterized by the property n(vy,...,v,) > 0.

1.13 Orthogonal transformations

Let V be a Euclidean vector space. A linear operator U : V' — V is called orthogonal if it

preserves the scalar product, i.e. if
UX),Uy)) =(X,Y), (1.3)
for any vectors X,Y € V. Recall that we have
UX),UY)) = (X, u" U(Y))),

where U* : V — V is the adjoint operator to U, see Section above. Hence, the orthog-
onality of an operator U is equivalent to the identity U* o = Id, or U* = U~'. Here we
denoted by Id the identity operator, i.e. Id(X) = X for any X € V.

Let vq,...,v, be an orthonormal basis in V and U be the matrix of ¢/ in this basis. The
matrix of the adjoint operator in an orthonormal basis is the transpose of the matrix of
this operator. Hence, the equation &* o i/ = Id translates into the equation UTU = E, or
equivalently UUT = E, or U~! = U7 for its matrix. Matrices, which satisfy this equation

are called orthogonal. If we write

U1 ... Uip

Up1 - Upn
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then the equation UTU = E can be rewritten as

1, ifk=j,

E Ukillji =
i

0, ifk#j,
Similarly, the equation UU” = E can be rewritten as

1, ifk=j

E WikUij =
i

0, itk #j,
In particular, we have
1 =det(UTU) = det(UT) det U = (det U)?,

and hence det U = *1. In other words, the determinant of any orthogonal matrix is equal +-1.
We can also say that the determinant of an orthogonal operator is equal to +1 because the
determinant of the matrix of an operator is independent of the choice of a basis. Orthogonal
transformations with det = 1 preserve the orientation of the space, while those with det = —1
reverse it.

Composition of two orthogonal transformations, or the inverse of an orthogonal trans-
formation is again an orthogonal transformation. The set of all orthogonal transformations
of an n-dimensional Euclidean space is denoted by O(n). Orientation preserving orthogonal
transformations sometimes called special orthogonal transformations, and the set of special
orthogonal transformations is denoted by SO(n). For instance O(1) consists of two elements
and SO(1) of one: O(1) = {1, -1}, SO(1) = {1}. SO(2) consists of rotations of the plane,

while O(2) consists of rotations an reflections with respect to lines.

1.14 Determinant and Volume

We begin by recalling some facts from Linear Algebra. Let V' be an n-dimensional Euclidean

space with an inner product ( , ). Given a linear subspace L C V and a point x € V,
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the projection proj ;(z) is a vector y € L which is uniquely characterized by the property
x—y L L iie (x—y,z) =0for any z € L. The length ||z — proj ,(x)|| is called the distance
from x to L; we denote it by dist(x, L).

Let Uy,...,Ur € V be linearly independent vectors. The k-dimensional parallelepiped
spanned by vectors Uy, ..., Uy is, by definition, the set

k
P(Uy,...,Up) = {ZAjUj; 0< A, M < 1} C Span(Uy, ..., Uy).
1

Given a k-dimensional parallelepiped P = P(Uy,...,U;) we will define its k-dimensional

volume by the formula

VolP = ||Uy||dist(Us, Span(Uy ) )dist(Us, Span(Uy, Us)) . . . dist (U, Span(Uy, . .., Uk—_1)).
(1.4)
Of course we can write dist(Uy, 0) instead of ||Uy||. This definition agrees with the definition of
the area of a parallelogram, or the volume of a 3-dimensional parallelepiped in the elementary

geometry.

Proposition 1.14.1. Let vy, ..., v, be an orthonormal basis in V. Given n vectors Uy, ..., U,
let us denote by U the matriz whose columns are coordinates of these vectors in the basis

Vlyeny Upl

Then
Vol P(Uy,...,U,) = |det U|.

Proof. If the vectors Uy, ..., U, are linearly dependent then Vol P(Uy, ..., U,) =detU = 0.
Suppose now that the vectors Uy,...,U, are linearly independent, i.e. form a basis. Con-
sider first the case where this basis is orthonormal. Then the matrix U is orthogonal. i.e.
UUT = E, and hence detU = 41. But in this case Vol P(Uy,...,U,) = 1, and hence
Vol P(Uy, ..., U,) = |detUl|.
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Now let the basis Uy, ..., U, be arbitrary. Let us apply to it the Gram-Schmidt orthonor-
malization process. Recall that this process consists of the following steps. First, we normalize
the vector Uy, then subtract from U, its projection to Span(U; ), Next, we normalize the new
vector Us, then subtract from Us its projection to Span(Us, Us), and so on. At the end of this
process we obtain an orthonormal basis. It remains to notice that each of these steps affected
Vol P(Uy,...,U,) and |det U] in a similar way. Indeed, when we multiplied the vectors by a
positive number, both the volume and the determinant were multiplied by the same num-
ber. When we subtracted from a vector Uy, its projection to Span(Uy, . .., Ug_1), this affected

neither the volume nor the determinant. [ |

Corollary 1.14.2. 1. Let xy,...,x, be a Cartesian coordinate system. Then

VOlP(Ul,...,Un) = |ZE1 /\l’n<U17,Un)|

2. Let A:V — V be a linear map. Then
Vol P(A(Uh), ..., A(U,)) = |det A|Vol P(Uy, ..., U,).

Proof.
1. According to , iAoz, (Up, .. Uy) = det U.
2. oAz (AT, . A(Uy)) = A (e A - Az ) (U, ..., Uy,) = det Az Aoy (Uy, .., Uy).
]
In view of Proposition and the first part of Corollary the value

TNz (Up, .. Uy) =detU

is called sometimes the signed volume of the parallelepiped P(Uy,...,U,). It is positive when
the basis Uy, . .., U, defines the given orientation of the space V', and it is negative otherwise.
Note that 21 A ...2x(Uy,...,Uy) for 0 < k < n is the signed k-dimensional volume of

the orthogonal projection of the parallelepiped P(Uy,...,Uy) to the coordinate subspace

{p41 ="+ =z, =0}.
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For instance, let w be the 2-form x; A x5 + 23 A 24 on R*. Then for any two vectors
Uy, Uy € R* the value w(Uy, Uy) is the sum of signed areas of projections of the parallelogram

P(Uy, Us) to the coordinate planes spanned by the two first and two last basic vectors.

1.15 Volume and Gram matrix

In this section we will compute the VolgP(vy,...,v) in the case when the number k of

vectors is less than the dimension n of the space.

Let V be an Euclidean space. Given vectors vy,...,v, € V we can form a k x k-matrix
(vi,v1) ... (v1,v)
G(Ul,...,vk>: ) (15)
(Vg,v1) ... (g, k)
which is called the Gram matrixz of vectors vy,. .., v.

Suppose we are given Cartesian coordinate system in V' and let us form a matrix C' whose
columns are coordinates of vectors vy, ..., v,. Thus the matrix C has n rows and &k columns.
Then

G(vy,...,vu) = CTC,

because in Cartesian coordinates the scalar product looks like the dot-product.

We also point out that if & = n and vectors vy, . . ., v, form a basis of V', then G(vy, ..., vy)
is just the matrix of the bilinear function (X, Y’) in the basis vy, ..., v,.
Proposition 1.15.1. Given any k vectors vy, ...,vx tn an Fuclidean space V' the volume

Volg P(vy,...,v) can be computed by the formula

Volg P(vy, ..., 0)% = det G(vy, ..., v;) = det CTC, (1.6)
where G(vy,...,vx) is the Gram matriz and C' is the matriz whose columns are coordinates
of vectors vy, ..., v in some orthonormal basis.
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Proof. Suppose first that & = n. Then according to Proposition[I.14.1]we have Vol P(v1, . .., vg) =
| det C|. But det CTC' = det C?, and the claim follows.

Let us denote vectors of our orthonormal basis by wy,...,w,. Consider now the case
when

Span(vy, ..., v;) C Span(wy, ..., wg). (1.7)

In this case the elements in the j-th row of the matrix C' are zero if 7 > k. Hence, if we
denote by C the square k x k matrix formed by the first k& rows of the matrix C, then
CTC = CTC and thus det CTC = det CTC. But det CTC = Volg P(vy, . .., ;) in view of our
above argument in the equi-dimensional case applied to the subspace Span(wy, ..., wg) C V),

and hence

Volg P(v1, ..., v) = det CTC = det G(vy, . .., vp).

But neither Voly P(vy, ..., v;), nor the Gram matrix G(vy, ..., v;) depends on the choice of

an orthonormal basis. On the other hand, using Gram-Schmidt process one can always find

an orthonormal basis which satisfies condition (1.7]).

Remark 1.15.2. Note that det G(vy,...,v;) > 0 and det G(vy,...,vx) = 0 if an and only

if the vectors vy, ..., v, are linearly dependent.

1.16 Duality between k-forms and (n—k)-forms on a n-dimensional

Euclidean space V'

Let V be an n-dimensional vector space. As we have seen above, the space A*(V*) of k-forms,
and the space A" *(V*) of (n — k)-forms have the same dimension #lk),, these spaces are
therefore isomorphic. Suppose that V' is an oriented Fuclidean space, i.e. it is supplied with
an orientation and an inner product (, ). It turns out that in this case there is a canonical

way to establish this isomorphism which will be denoted by

*: ARV — AmTR(V).
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Definition 1.16.1. Let o be a k-form. Then given any vectors Uy, ..., U, i, the value
*a(Uy, ..., U,_k) can be computed as follows. If Uy,...,U,_y are linearly dependent then
*xa(Uy,...,Uy_y) = 0. Otherwise, let S+ denote the orthogonal complement to the space

S = Span(Uy, ...,U,_t). Choose a basis Zy, ..., Z of S* such that
VOIk(Zl, ooy Zk) == VOln,k(Ul, ceey Unfk)

and the basis Zy, ..., Zx,Ur,...,Uy_t) > 0. defines the given orientation of the space V.
Then
xa(Uy,...,Upx) =a(Z1,...,Z). (1.8)

Let us first show that
Lemma 1.16.2. x« is a (n — k)-form, i.e. *a is skew-symmetric and multilinear.

Proof. To verify that x« is skew-symmetric we note that for any 1 < i < 57 < n—q the bases
Z, 2oy 2, Uy oo Uy oo Uy o Uy, =20, 2oy 2y, Uy UG Uy Uy de-
fine the same orientation of the space V', and hence
*Oé(Ul,...,Uj,...,Ui,...,Un_k):Oz(—Zl,ZQ,...,Zk)
:—Oé(Zl,ZQ,...,Zk):*Oé(Ul,...,UZ',...,Uj,...,Un,k).

Hence, in order to check the multi-linearity it is sufficient to prove the linearity of a with

respect to the first argument only. It is also clear that
*Oé()\Ul,...,Un,k) :*)\Od(Ul,...,Un,k). (19)

Indeed, multiplication by A # 0 does not change the span of the vectors Uy,...,U,_, ,
and hence if xa(Uy, ..., Up_x) = a(Z1, ..., Zg) then xa(AUy, ..., U,_x) = a(XZy, ..., Zy) =
Aa(Zy, .., Z).

Thus it remains to check that

CY(Ul + (71, U27 ey Un—k) = a(Ul, U27 ey Un—k) + @((71, UQ, N Un—k))
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Let us denote L := Span(Us, ..., U,_x) and observe that proj L(Ul—i-fjl) = proj . (U1)+
proj ;(Uy). Denote N := Uy — proj (Uy) and N := Uy — proj ,(U;). The vectors N and N
are normal components of U; and (71 with respect to the subspace L, and the vector N + N

is the normal component of U; + [71 with respect to L. Hence, we have

a(Ur, .. Up) =a(N, ..., Usr), a(Uy,....,Usi)=c(N,... ,Usy),

and

aUi+ Uy, ... .Upp) =a(N+N,... . Usp).
Indeed, in each of these three cases,

- vectors on both side of the equality span the same space;
- the parallelepiped which the generate have the same volume, and

- the orientation which these vectors define together with a basis of the complementary

space remains unchanged.
Hence, it is sufficient to prove that
a(N+N,Us, ..., Uy i) =(N,Us, ..., Ups) +a(N,Us, ..., Un_s)). (1.10)

If the vectors N and N are linearly dependent, i.e. one of them is a multiple of the other,
then follows from ({1.9)).

Suppose now that N and N are linearly independent. Let L‘ denote the orthogonal
complement of L = Span(Us, ..., U,_). Then dim L+ = k + 1 and we have N,N € L*.
Let us denote by M the plane in L+ spanned by the vectors N and N , and by N* its
orthogonal complement in L. Choose any orientation of M so that we can talk about
counter-clockwise rotation of this plane. Let Y, Y € M be vectors obtained by rotating N
and N in M counter-clockwise by the angle 7. Then Y + Y can be obtained by rotating
N + N in M counter-clockwise by the angle 7. Let us choose in N L a basis Zs, ..., Z; such

that
VOlk_lp(Zg, ey Zk;) = VOln_k_lp(Ug, ey Un—k)
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Note that the orthogonal complements to Span(N, Us, ..., U, k), Span(]v, Usyy..., Uy k), and
to Span(N + ]\7, Us,...,U,—_x) in V coincide, respectively, with the orthogonal complements
to the the vectors N, N and to N + N in L*. In other words, we have

(Span(N, Uy, ..., U, 1))y = Span(Y, Za, .. ., Z4),
- L -
(Span(N, Us, ..., Un,k)>v = Span(Y', Zs, ..., Zx) and
- L ~
(span(N YN, Uy, ..., Un_k)>v = Span(Y + Y, Zo, ..., Zy).
Next, we observe that
Vol, 4 P(N,Us, ..., Un_y) = VoluP(Y, Zo, ..., Z1).

Vol,_ s P(N,Us, ..., Up_) = VOl P(Y Zs, ..., Z;) and
Vol, s P(N + N, Us, ..., Un_i) = VO, P(Y +Y, Zo,..., Z1).
Consider the following 3 bases of V:

Yaz27'"7Zk7N7U2>"'7Un7k7

Y, Zoy.o  Zi, N, Us, oo Uni,
Y4+Y,Z,.... 2, N+ N,Us, ..., Un_s,

and observe that all 3 of them induce the same orientation of V. Let us assume that this

the orientation given by the volume form x; A --- A x,,. Then we have, by definition of the

operator x:
*xa(N+N,Us,....Upi)=aY +Y,Zo,.... %) =
oY, Zo, .. 20+ Y, Zy, ... Zy) =
* (N, Us, ..., Un) +*(N,Us, ..., Up_p).
This completes the proof that xa is an (n — k)-form. [ |
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Thus the map a +— *a defines a map x : A¥(V*) — A"=k(V*). Clearly, this map is linear.
In order to check that x is an isomorphism let us choose an orthonormal basis in V' and
consider the coordinates x1,...,x, € V* corresponding to that basis.

Let us recall that the forms x;, Axj, A~ Awy, 1 <4y <ig <--- <1, <n, form a basis

of the space A*(V*).

Lemma 1.16.3.

* Ty A Tiy Ao v Ay, = (—1)VO0tedtdn-i) g A gs Ao Ay (1.11)
where j1 < --+ < Ju_k 1S the set of indices, complementary to iy,...,1x. In other words,
Uy vy lhy J1y - - s Jn_k 1S @ permutation of indices 1,...,n.

Proof. Evaluating *(x;, A --- A z;,) on basic vectors v, ..., v, _,, 1 < ji1 <-+ < Jnq <,
we get 0 unless all the indices ji, ..., j,_r are all different from 44, ..., 1, while in the latter
case we get

*(xil /\ oo /\ xik)(”jl? . 7/an7k) — (_1)inv(i1a~~~7ik)j17~~7jn7k)‘
Hence,

INV(21 ey, J1yeeesdn—
*Tiy N Tig N+ - Ny, = (—1) (05010 k)le NTjy N Nxj .

[
Thus * establishes a 1 to 1 correspondence between the bases of the spaces A*(V*) and
the space A" *(V*), and hence it is an isomorphism. Note that by linearity for any form

Q= > Qi iy Tiy N -+ Ay, ) we have
1<i1 << <n

* = Z iy .5 * (Iil VANRERIAY ZEZk) .

1<t << <n

Examples.

1. xC = Cxy A -+- A x,; in other words the isomorphism * acts on constants (= 0-forms)

by multiplying them by the volume form.
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2. In R?® we have
*T1] = Tog N T3, %To = —T1 NT3 =2T3 N\NT1,*%T3 =21 N\ o,
*(x1 A xg) = w3, *x(r3 A1) = 29, %(T2 A 23) = 7.
3. More generally, given a 1-form [ = ayxy + - - - + a,x, we have
xl = a1y N ATy — a1 ATg A~ Ay 4+ (=) Lapz A Axp_y .
In particular for n = 3 we have

*(a171 + asxs + azrs) = a1x9 A\ T3 + asxs A 1 + azxr; A .

Proposition 1.16.4.
x2 = (—1)k("_k)1d, ie.  x(xw) = (—1)k("_k)w for any k-form w.

In particular, if dimension n = dimV is odd then **> = Id. If n is even and w is a k-form

then x(*w) = w if k is even, and x(>w) = —w if k is odd.
Proof. It is sufficient to verify the equality
*(kw) = (=1)Fn=Fy
for the case when w is a basic form, i.e.
W=y N ANxy, 1< <<, <n.

We have

(s, Ao Aay) = (Lt g, A A,

and

*(le NZjy Neee N Q:jnfk> = (_1)inV(j1Vn,jnikm’m’ik) * Tiyp N N Ty
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But the permutations i; ... 4xJ1 . .. ju_g and ji ... jn_xiy . . . ix differ by k(n—k) transpositions

of pairs of its elements. Hence, we get

(_1)inV(i17~~~7ik7j17~-~,jn—k) — (_1>k(n—k) (_1)inv(jl,...,jn,k,ih...,ik)

Y

and, therefore,

K(x (i Ao Aag)) = x (1)t g Ny A A, )

= (1)t dtednek) e (g0 N, A Ay, )

— (_1)1nv(7‘17"'7zk7.71""7]n7k)+1nv(.]l7"'7‘7n7k’7’1)"~77'k)x2.1 /\ e /\ Ilk

Exercise 1.16.5. (a) For any special orthogonal operator A the operators A* and % com-

mute, 1.e.

A*ox = x o0 A*.

(b) Let A be an orthogonal matriz with det A = 1. Prove that the absolute value of each
k-minor M of A is equal to the absolute value of its complementary minor of order

(n— k). (Hint: Apply (a) to the form z; N--- Nx;, ).

(c) Let V' be an oriented 3-dimensional Euclidean space. Prove that for any two vectors

X, Y €V, their cross-product can be written in the form

X xY =D (+(D(X) AD(Y))).

1.17 Euclidean structure on the space of exterior forms

Suppose that the space V is oriented and Euclidean, i.e. it is endowed with an inner product

(,) and an orientation.
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Given two forms «, 3 € A¥(V*), k =0,...,n, let us define

({a,8)) = x(a Axp).
Note that o Axf3 is an n-form for every k, and hence, ({«, 3)) is a 0-form, i.e. a real number.

Proposition 1.17.1. 1. The operation ({, )) defines an inner product on A*(V*) for each
k=0,...,n.

2. If A:V — V is a special orthogonal operator then the operator A* : AF(V*) — AF(V*)

is orthogonal with respect to the inner product {({,)).

Proof.
1. We need to check that ((a, 3)) is a symmetric bilinear function on A¥(V*) and ({o, ) > 0
unless a = 0. Bilinearity is straightforward. Hence, it is sufficient to verify the remaining
properties for basic vectors a = x;, A---Aw;,, B = x;, A---Axj,, where 1 <14y <--- < i < n,
1 <j <--+ <jp <n. Here (x1,...,z,) is any Cartersian coordinates in V' which define its
given orientation.

Note that ((a,5)) = 0 = ({8, a)) unless i,, = j,, for all m = 1,... k, and in the the

latter case we have a = 3. Furthermore, we have
({a,a)) =*(aA*a) =*(xy A+~ ANxp) =1 >0.

2. The inner product ((, )) is defined only in terms of the Euclidean structure and the orien-

tation of V. Hence, for any special orthogonal operator A (which preserves these structures)
the induced operator A* : A*(V*) — A*(V*) preserves the inner product {((, )).

[ |

Note that we also proved that the basis of k-forms z;, A--- Az, 1 <ip <--- <1 <,

is orthonormal with respect to the scalar product ((,)). Hence, we get

Corollary 1.17.2. Suppose that a k-form « can be written in Cartesian coordinates as

o = E ail,__z-kxil VANKICIRIVAN ZL‘ik.

1<ii << <n
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Then
lalP={aa)= > d .

1<t << <n

Corollary 1.17.3. Let V be a Euclidean n-dimensional space. Choose an orthonormal basis

€1,...,en i V. Then for any vectors Z1 = (211, 2n1)s -+ 2k = (Z1ky -+, Znk) € V we
have
(VolyP(Z1, ... Z)) = Y. Z} 4, (1.12)
1<iy <-<ip<n

where

Zill e Zilk

iy iy = | ..
Zigl oo Rigk

Proof. Consider linear functions l[; = D(Z;) = > zijz; € V*, j=1,..., k. Then
=1

7

n n
ll/\"'/\lk:ZZiljl'il/\"'/\ZZiijik:

i1=1 ip=1
11,0000k 1< << <n

In particular, if one has Zi,...Z; € Span(ey,...,e;) then Z; , = Vol P(Zy,...,Z;) and

hence

WA ANy =2Z1 gai Ao ANwg = Vol P(Zy, ..., Zp)xy Ao A g,

which yields the claim in this case.

In the general case, according to Proposition [1.17.2| we have

A AblP= > Z (1.14)

1<) << <n

which coincides with the right-hand side of (1.12]). Thus it remains to check to that
|| ll ARRENAN lk ||2: (VOlkP(Zla SR Zk))2
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Given any orthogonal transformation A : V' — V we have, according to Proposition [1.17.1]
the equality

A AL =] AN ANAL ], (1.15)
and applying Corollary [1.14.2| we have
Vol P(Z1, ..., Z)| = |V, P(A(Z1), ..., A(Z))|- (1.16)

On the other hand, there exists an orthogonal transformation A : V' — V such that

A(Zy), ..., A(Zy) € Span(ey, . .., e;). As was pointed out above we then have

NolyP(A(Z), ..., ACZI) =I| AT A A AL |, (1.17)
and the claim follows from ([1.15)), (1.16]) and (1.17)). [
We recall that an alternative formula for computing Vol P(Z, ..., Zy) was given earlier

in Proposition [1.15.1

1.18 Contraction

Let V be a vector space and ¢ € A¥(V*) a k-form. Define a (k — 1)-form v = v J¢ by the

formula
1/}(X17 e 7Xk71> = (b('l}, )(17 e 7Xk71>
for any vectors Xq,..., Xy 1 € V.

Proposition 1.18.1. 1 s a bilinear operation, i.e.

(vi+v2)dp = vidp+v21¢
(A)1¢ = Avig)
vI(P1+ o) = vipr+vigy
vi(Ap) = Avdlo).
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Here v,v1,v5 € V; ¢, 1,02 € AF(V*); X € R.

The proof is straightforward.

Let ¢ be a non-zero n-form. Then we have

Proposition 1.18.2. The map 1:V — A""Y(V*), defined by the formula J(v) = v ¢ is an

isomorphism between the vector spaces V' and A"~ (V*).

Proof. Take a basis vq,...,v,. Let z1,...,x, € V* be the dual basis, i.e. the corresponding
coordinate system. Then ¢ = ax; A ... A x,, where a # 0. To simplify the notation let us
assume that a = 1, so that

qb:xl/\.../\xn.

Then
ap U1 ... Uin-1
/UJ¢(U17"'7UTL71):det(/U)Ula'-'aUnfl): 5
ap  Upa ... Upp-1
U1 ay
where : are coordinates of the vector U; € V in the basis Vi,...,V, and
Un,i (n,

are coordinates of v.

Expanding the determinant according to the first column, we get

U1 ... Un-1 U1 ... Uip—1
ug1 ... U3n—1 Uz1 <o Uzp—1
_ ) ) n+1 ) )
vio(Uy,...,Ux) =y +-+(=D)"a,
Up1 -+ Upn-—1 Up-1,1 --- Up-1,n-1

Take the (k — 1)-form
W=aTa N ... ATy — AT ATz A ... ATy ++... 4+ (D" Mz AL AT, (1.18)
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Then we have

wug,y oy Up_1) = v 10Uy oy Up—1)
for any (n — 1) vectors uq,...,u, 1 € V. Hence,
w=10vlo.
But any (n — 1)-form coefficients ay,...,a,. Hence, the correspondence v — v J¢ is an
isomorphism V' — A" 1(V*). |

Suppose that dim V' = 3. Then the formula ((1.18) can be rewritten as
v (T A X A\ T3) = a1 A\ T3 + asxs A T + azry A Ta,

3]
where as are coordinates of the vector V.
as

Exercise 1.18.3. Let
a=xy NNy, 1< <<, <n

and v = (ay,...,a,). Show that

k

via=Y (=Y e Aoz Az AL
E ST N Ty N N T
j=1

Let us describe the geometric meaning of the operation 1. Set w = v 1(xy Azg Ax3). Then
w(Uy, Us) is the volume of the parallelogram defined by the vectors Uy, U, and v. Let v be

the unit normal vector to the plane L(U;,Us) C V. Then we have
w(Uy,Uy) = Area P(Uy,Us) - (v,v) .

If we interpret v as the velocity of a fluid flow in the space V' then w(Ui,Us) is just an
amount of fluid flown through the parallelogram II generated by vectors U; and U, for the
unit time. It is called the fluz of v through the parallelogram II.

The next proposition establishes a relation between the isomorphisms x, J and D.
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Proposition 1.18.4. Let V' be a Fuclidean space, and x,...,x, be coordinates in an or-

thonormal basis. Then for any vector v € V we have
*Dv=vi(xi N ANxy).
Proof. Let v = (ay,...,a,). Then Dv = a;x1 + -+ + a,x, and
*Dv = (a1g N ATy — apr 1 ATz A+ Axyg Ay + -+ (=1)" tagzy Ao Amy_y).

But according to Proposition [1.18.2| the (n — 1)-form v1(zq A- -+ Ax,) is defined by the same

formula. [ |

2 Vector fields and differential forms

2.1 Differential and gradient of a smooth function

Given a vector space V' we will denote by V. the vector space V with the origin translated
to the point z € V. One can think of V, as that tangent space to V' at the point z. Though
the parallel transport allows one to identify spaces V' and V, it will be important for us to
think about them as different spaces.

Let f: U — R be a function on a domain U C V in a vector space V. The function f is

called differentiable at a point x € U if there exists a linear function [ : V, — R such that

f(@+h) = fz) = U(h) + o]|A]])

for any sufficiently small vector h, where the notation o(t) stands for any function such that

@ t—>0(). The linear function [ is called the differential of the function f at the point x and

is denoted by d, f. In other words, f is differentiable at x € U if for any h € V, there exists

a limit
1) =ty 1) = S @

t—0 t ’
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and the limit I(h) linearly depends on h. The value [(h) = d,f(h) is called the directional
deriwative of f at the point x in the direction h. The function f is called differentiable on
the whole domain U if it is differentiable at each point of U.

Simply speaking, the differentiability of a function means that at a small scale near a
point z the function behaves approximately like a linear function, the differential of the
function at the point . However this linear function varies from point to point, and we call
the family {d, f}.cu of all these linear functions the differential of the function f, and denote
it by df (without a reference to a particular point x).

Let us summarize the above discussion. Let f : U — R be a differentiable function. Then
for each point x € U there exists a linear function d, f : V, — R, the differential of f at the

point z defined by the formula
flz+th) — f(z)

dxf(h):lir% ; , xeUheV,.
If vy, ...,v, are vectors of a basis of V', parallel transported to the point z, then we have
af
d:f(v;)) = =—(x),z€eU,i=1,...,n,
() = 5-(a)
where x4, ..., x, are coordinates with respect to the chosen basis vy, ..., v,.

Notice that if f is a linear function,
f(z) = a1z + -+ + apx,,
then for each z € V we have
d.f(h) =athy + -+ anyhy, ,h = (hy,...,hy) €V,.

Thus the differential of a linear function f at any point x € V' coincides with this function,
parallel transported to the space V. This observation, in particular, can be applied to linear

coordinate functions x1,...,z, with respect to a chosen basis of V.

In Section below we will define the differential for maps f : U — W, where W is a

vector space and not just the real line R.
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2.2 Gradient vector field

If V' is an Euclidean space, i.e. a vector space with an inner product (, ), then there exists
a canonical isomorphism D : V' — V*, defined by the formula D(v)(z) = (v, x) for v,z € V.

Of course, D defines an isomorphism V, — V* for each x € V. Set

V(@) =D (d.f).

The vector V f(z) is called the gradient of the function f at the point z € U. We will
also use the notation gradf(z).

By definition we have
(Vf(x),h) =d,f(h) for any vector heV.

If [|h]| = 1 then d,f(h) = ||V f(x)|| cos ¢, where ¢ is the angle between the vectors V f(z)
and h. In particular, the directional derivative d,f(h) has its maximal value when ¢ = 0.
Thus the direction of the gradient is the direction of the maximal growth of the function and
the length of the gradient equals this maximal value.

As in the case of a differential, the gradient varies from point to point, and the family of
vectors {V f(x) }zep is called the gradient vector field V f.

We discuss the general notion of a vector field in the next section.

2.3 Vector fields

A wvector field v on a domain U C V is a function which associates to each point z € U a
vector v(z) € V,, i.e. a vector originated at the point x.
A gradient vector field V f of a function f provides us with an example of a vector field,
but as we shall see, gradient vector fields form only a small very special class of vector fields.
Let v be a vector field on a domain U € V. If we fix a basis in V, and parallel transport

this basis to all spaces V,,z € V| then for any point € V' the vector v(z) € V, is described
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by its coordinates (vq(x),v2(x), ..., v,(x)). Thus to define a vector field on U is the same as
to define n functions vy, ..., v, on U, i.e. to define a map (vy,...,v,) : U — R™.

Thus, if a basis of V' is fixed, then the difference between the maps U — R"™ and vector
fields on U is just a matter of geometric interpretation. When we speak about a vector field
v we view v(z) as a vector in V, i.e. originated at the point z € U. When we speak about
amap v: U — R" we view v(x) as a point of the space V, or as a vector, with its origin at
0eV.

Vector fields naturally arise in a context of Physics, Mechanics, Hydrodynamics, etc. as

force, velocity and other physical fields.

There is another very important interpretation of vector fields as first order differential
operators.
Let C*°(U) denote the wvector space of infinitely differentiable functions on a domain

U C V. Let v be a vector field on V. Let us associate with v a linear operator
D, : C*(U) — C>(U),

given by the formula
Dy(f) = df (v), f € C*().
In other words, we compute at any point x € U the directional derivative of f in the direction

of the vector v(z). Clearly, the operator D, is linear: D,(af + bg) = aD,(f) + bD,(g) for

any functions f,g € C*°(U) and any real numbers a,b € R. It also satisfies the Leibniz rule:

Dy(fg) = Du(f)g + fDy(9)-

In view of the above correspondence between vector fields and first order differential
operatopts , it is sometimes convenient just to view a vector field as a differential operator.
Hence, when it will not be confusing we may drop the notation D, and just directly apply
the vector v to a function f.

Let vq,...,v, be abasis of V, and x4, ..., z, be the coordinate functions in this basis. We

would like to introduce the notation for the vector field obtained from vectors vy, ..., v, by
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parallel transporting them to all points of the domain U. To motivate the notation which we
are going to introduce, let us temporarily denote these vector fields by vy, ..., v,. Observe
that Dy, (f) = g—é, ¢t = 1,...,n. Thus the operator Dy, is just the operator 8%1- of taking

i-th partial derivative. Hence, viewing the vector field v; as a differential operator we will

just use the notation ai instead of v;. Given any vector field v with coordinate functions
ai,as,...,a, : U — R we have
Dy(f)(x) = _ailw)5—(x), forany feC=(U),
i=1 ¢

and hence we can write v = Z ;5 d . Note that the coefficients a; here are functions and not
constants. -

Suppose that V, (, ) is a Euclidean vector space. Choose a (not necessarily orthonormal)
basis vy, ...,v,. Let us find the coordinate description of the gradient vector field Vf, i.e.

find the coefficients a; in the expansion V f(z) = Y a;(z);>. By definition we have
1 K3

(V). h) = d.f(h) = Z Sl 2.1)

for any vector h € V, with coordinates (h1, ..., h,) in the basis vy, . .., v, parallel transported

to V. Let us denote g;; = (v;,v;). Thus G = (g;;) is a symmetric n X n matrix, which is

called the Gram matriz of the basis vy, ..., v,. Then the equation (2.1)) can be rewritten as
af
i 1h =
> gueds =3 L oy,
i,j=1

Because h; are arbitrarily numbers it implies that the coefficients with h; in the right and

left sides should coincide for all j = 1,...,n. Hence we get the following system of linear
equations:
Zgwazza—%(m), ] :1,...,71, (22)
i=1
or in matrix form
of
a1 Bar (7)
G = ,
0
ap amj; (x)
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and thus

aq %(x)
=G! : , (2.3)
an aaxi (z)
le.
Vf= Z a:cl 6% (2.4)

4,j=1

where we denote by ¢g* the entries of the inverse matrix G™! = (g;;) !

If the basis vy, ..., v, is orthonormal then G is the unit matrix, and thus in this case

Vf= Z 8% 8% (2.5)

(2L A1) However, simple expression (2.5) for the gradient holds

i.e. Vf has coordinates S 3:):

only in the orthonormal basis. In the general case one has a more complicated expression

).

2.4 Differential forms

Similarly to vector fields, we can consider functions on U C V which associates to each point
a k-form from A*(V¥). These functions are called differential k-forms.

Thus the relation between k-forms and differential k-forms is exactly the same as the
relation between vectors and vector-fields. For instance, a differential 1-form « associates
with each point x € U a linear function a(z) on the space V,. Sometimes we will write a,

instead of a(z) to leave space for the arguments of the function a(z).

Example 2.4.1. 1. Let f : V — R be a smooth function. Then the differential df is a
differential 1-form. Indeed, with each point x € V' it associates a linear function d, f on
the space V. As we shall see, most differential 1-form are not differentials of functions

(just as most vector fields are not gradient vector fields).
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2. A differential O-form f on U associates with each point x € U a O-form on V, i. e. a

number f(z) € R. Thus differential 0-forms on U are just functions U — R.

2.5 Coordinate description of differential forms

Let zq,...,x, be coordinate linear functions on V', which form the basis of V* dual to
a chosen basis vq,...,v, of V. For each © = 1,...,n the differential dz; defines a linear
function on each space V,,x € V. Namely, if h = (hy,...,h,) € V, then dz;(h) = h;. Indeed

dys(h) = Tim T T thi =2 _

t—0 t
independently of the base point x € V. Thus differentials dx1,...,dx, form a basis of the

space V© for each € V. In particular, any differential 1-form a on v can be written as

a = fidry + ...+ fudx,,

where f1,..., f, are functions on V. In particular,
of of
df = ——d dx,,. 2.6
Iif B 1+ ...+ o, x (2.6)

Let us point out that this simple expression of the differential of a function holds in an
arbitrary coordinate system, while an analogous simple expression for the gradient
vector field is valid only in the case of Cartesian coordinates. This reflects the fact that while
the notion of differential is intrinsic and independent of any extra choices, one needs to have

a background inner product to define the gradient.
Similarly, any differential 2-form w on a 3-dimensional space can be written as
w = by(x)dzy A dxs + be(z)dxs A dxy + bs(x)dxy A dxg

where by, by, and b3 are functions on V. Any differential 3-form €2 on a 3-dimensional space
V' has the form
Q = c(x)dxy A dxs A dxs
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for a function con V.

More generally, any differential k-form o can be expressed as

o = Z ail...ikd'ril A A dl’zk

1< <2< <n

for some functions a;, ;, on V.

2.6 Smooth maps and their differentials

Let V,W be two vector spaces of arbitary (not, necessarily, equal) dimensions and U C V'
be an open domain in V.

Recall that a map f : U — W is called differentiable if for each x € U there exists a

linear map
[ Ve — Wi
such that
1) = iy 10 =10

for any h € V. In other words,

flz+1th) — f(xz) =tl(h) + o(t), where @ — 0.

t—0
The map [ is denoted by d, f and is called the differential of the map f at the point z € U.
Thus, d, f is a linear map V, — Wy(,).
When W = R then we get the notion of the differential of a function, which was introduced

earlier in Section .11

Let us pick bases in V and W and let (z1,...,x;) and (y1,...,y,) be the corresponding
coordinate functions. Then each of the spaces V, and Wy, x € V, y € W inherits a basis ob-
tained by parallel transport of the bases of V' and W. In terms of these bases, the differential
d. f is given by the Jacobi matrix
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ofr ofr

AR v
Ofn Ofn
ory = Oz

In what follows we will consider only sufficiently smooth maps, i.e. we assume that all

maps and their coordinate functions are differentiable as many times as we need it.

2.7 Operator f*

Let U be a domain in a vector space V and f : U — W a smooth map. Then the differential

df defines a linear map

dxf . Vx — Wf(m)
for each z € V.

Let w be a differential k-form on W. Thus w defines an exterior k-form on the space W,

for each y € W.

Let us define the differential k-form f*w on U by the formula

(ff)lve = (daf)" (@lwy(,y)-

Here the notation w|w, stands for the exterior k-form defined by the differential form w on

the space W,,.

In other words, for any k vectors, Hy, ..., H, € V, we have
ffw(Hy, ..., Hy) = w(d.f(Hy),...,d.f(Hy)).

We say that the differential form f*w is induced from w by the map f, or that f*w is the
pull-back of w by f.
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Example 2.7.1. Let Q = h(z)dzy A -+ A dz,. Then formula ((1.14.2)) implies

" Q=ho fdet Dfdxy N --- ANdzx,.

Here
fL of1
oxr1 Oxn
det Df =1|. ..
Ofn Ofn
oz T Oxn

is the determinant of the Jacobian matrix of f = (fi,..., fa).
Similarly to Propositionl.3.3| we get

Proposition 2.7.2. Given 2 maps
U1 — UQ — U3
and a differential k form w on Us we have

(go f)'(w) = [f"(gw).

2.8 Coordinate description of the operator f*

Consider first the linear case. Let A be a linear map V' — W and w € AP(W*). Let us fix
coordinate systems x1,...,xx in V and y,...,y, in W. If A is the matrix of the map A

then we already have seen in Section that
A*yj = lj(ﬂ?l, e ,.’L‘k> = aﬂxl + CLJ'QIQ 4+ ...+ ajkxk, j = 1, ey,
and that for any exterior k-form
W = Z Ail,...,ip Yiq VAN yip
1<i1 <...<ip<n
we have

.A*w = Z Ai1...ipli1 A N

ip-*
1<6,<...<ip<n
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Now consider the non-linear situation. Let w be a differential p-form on W. Thus it can

be written in the form

W= Z Aiy iy (Y)dys, N dys,

for some functions A on W .

Let U be a domain in V and f: U — W a smooth map.
Proposition 2.8.1. f*w =" A; . (f(2))dfiy A... Ndf;,, where fi,..., f, are coordinate
functions of the map f.

Proof. For each point z € U we have, by definition,

frwlv, = (daf) (wlw,, )

But the coordinate functions of the linear map d, f are just the differentials d, f; of the
coordinate functions of the map f. Hence the desired formula follows from the linear case

proven in the previous proposition. [

2.9 Examples

1. Consider the domain U = {r > 0,0 < ¢ < 27} on the plane V = R? with cartesian
coordinates (r, ). Let W = R? be another copy of R? with cartesian coordinates (x,y).

Consider a map P : V — W given by the formula

P(r,¢) = (rcosp,rsinp).

This map introduces (7, ) as polar coordinates on the plane W. Set w = dx A dy. It is
called the area form on W. Then

P*w = d(rcos ) Ad(rsin ) = (cos pdr + rd(cos ¢)) A (sin pdr + rd(sin ¢) =
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(cos pdr — rsin pdp) A (sin pdr + r cos pdp) =
cos ¢ - sin@dr A dr — rsin® pdp A dr + r cos® pdr A dp — 1% sin @ cos pdp A dp =

rcos? dr A dp + rsin® dr A dp = rdr A de.

2. Let f : R? — R be a smooth function and the map F : R? — R? be given by the formula

F(x,y) = (v,y, f(r,y))

Let
w=P(x,y,z)dy Ndz + Q(x,y, z)dz N dx + R(x,y, z)dz A\ dy

be a differential 2-form on R3. Then

F'w = P(z,y, f(z,y))dy ANdf +
+ Q(z,y, fz,y))df Adx+ R(z,y, f(z,y))ds A dy
= Plz,y, f(z,y))dy A (fadz + fydy) +
+ Qz,y, f(z,y))(fadz + fydy) N dx +
+ R(z,y, f(z,y))dz Ady =
= (R(z,y, f(z,y)) — P(z,y, fx.y) fo — Qz,y, f(2,9)) fy)dz N dy

where f;, f, are partial derivatives of f.

3. If p > k then the pull-back f*w of a p-form w on U to a k-dimensional space V is equal
to 0.
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3 Exterior differential
Let Q%(U) be the space of all differential k-forms on U. We will define a map
d: Q"U) — Q)

which is called the exterior differential.
We first define it in coordinates and then prove that the result is independent of the
choice of the coordinate system. Let us fix a coordinate system zq,...,2z, in V D U. As a

reminder, a differential k-form w € Q¥(U) has the form w = > a;, ;. dzy A... ANdz,
11 <...<lp
where a;,._;, are functions on the domain U. Define

dw := Z da, ., Ndxi, N\ ... Ndx;,.

11<...<i

n

Examples. 1. Let w € QY(U), i.e. w =Y a;dz;. Then

=1

8aj Gai
_ A dxs.
Z ( oz, 8:1:]-) dz; N\ dx;

dw:Zdai/\dm:Z ( gzidxj) Adz; =
J

i=1 i=1 \j=1 1<i<j<n
For instance, when n = 2 we have
6’a2 (9a1
d(aidxy + asdrs) = | — — — | dxy Ndx
(ardx, 2dxs) (83:1 o2y 1 2

For n = 3, we get

d(aydzy+agdretasdrs) = (g—zz — g—;z) droNdxs+ (g—z — g—jj) dazg/\dxl—i—(g—;j — 2—2) driNdxs.

2. Let n =3 and w € Q*(U). Then

w = a1dxy A dxs + asdxs A dry + asdry A dxg
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and

dw = daj Ndxy A dxs+ dag N dxs A dxy + das A dxy A dxy

0(11 8@2 8@3
= d d d
(8ZE1 + 8ZE2 + 8ZE3 T1 N T VAN T3

3. For O-forms, i.e. functions the exterior differential coincides with the usual differential

of a function.

3.1 Properties of the operator d

Proposition 3.1.1. For any 2 forms, a € QF(U), B € QYU) we have

dlaAB) =da B+ (—1)FandB.

Proof. We have

o = Z a’il...ikdxil VAN dl’zk
11 <...<ig

ﬂ = Z bji---jldle VANPIAN dl‘jl
J1<...<J1

a N\ ﬁ = ( Z ail..‘ikdfﬂil VANAN dl’lk> A ( Z bjl..‘jldxﬁ ARERwA d’le)

11 <...<tp 7i<...<J1

= Z az-lmikbjlmjldxil VAP dl’zk A\ dl‘jl VAN dlEjl

Z:1<'“<i1§
J1<...<J1
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d(O{ A 5) = Z (bjl__,jldail_”ik + ah...ikdbjl...jl) N d[lj’il VANRAAN d$7,k VAN dle VANPIAN dl’jl

i1<...<ip
J1<...<gi

= Z bjlmjldailmik A dxil VANPAN dllﬁlk A dle VANAN d.ﬁlﬁjl

i< i
J1<...<Jy

+ Z ail...ikdbjl...jl A d[lfil VANAN dl’Zk A dle VANPIAN d.le

i1 <...<ip
11<...<J1

= ( Z dail,,_ik A dill'“ A dl’lk) AN (Z bj1...jzdxj1 VANAN dxj[)

11 <...<i

+ (—1)k ( Z ail,,,ikd:cil VAN d&:zk> N ( Z dbjl--.jl A dle VAP dxj;)

11<... <l Ji<..<Ji

= da B+ (-DFandB.

Notice that the sign (—1)* appeared because we had to make k transposition to move db;, _,

to its place. [ |

Proposition 3.1.2. For any differential k-form w we have

ddw = 0.

Proof. Let w= > a;. idxy A...Ndz;,. Then we have

11 <...<tp

11 <...<i

Applying Proposition we get

ddw = Y dda;, i Adai AN deg, — dag, g, Adda, A A d,

11 <...<i

+ (=DFda;, i, Ndxi, A ... A dda;,.
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But ddf = 0 for any function f as was shown above. Hence all terms in this sum are equal

to 0, i.e. ddw = 0. |

Definition. A k-form w is called closed if dw = 0. It is called ezact if there exists a (k — 1)-
form 0 such that df = w. The form @ is called the primitive of the form w. The previous

theorem can be reformulated as follows:
Corollary 3.1.3. Fvery exact form is closed.

The converse is not true in general. For instance, take a differential 1-form

xdy — ydx
w=———"
x2+y2

on the punctured plane U = R?\ 0 (i.e the plane R? with the deleted origin). It is easy to
calculate that dw = 0, i.e w is closed. On the other hand it is not exact. Indeed, let us write

down this form in polar coordinates (r, p). We have
T =1rCcosp, y=rsinep.

Hence,

1
W= (r cos p(sin dr + 1 cos pdp) — rsin p(cospdr — rsin pdp)) = dp .

If there were a function H on U such that dH = w, then we would have to have H = p-+const,
but this is impossible because the polar coordinate ¢ is not a continuous univalent function

on U. Hence w is not exact.

However, a closed form is exact if it is defined on the whole vector space V.

Proposition 3.1.4. Operators f* and d commute, i.e. for any differential k-form w &

QF(W), and a smooth map f: U — W we have

df*w = f*dw
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Proof. Suppose first that £ = 0, i.e. w is a function ¢ : W — R. Then f*¢ = p o f. Then
d(po f) = f*dep. Indeed, for any point z € U and a vector X € V,, we have

d(p o [)(X) = dp(d..f(X))

(chain rule)

But dp(d.. f(X)) = f*(dp(X)).

Consider now the case of arbitrary k-form w,

w = Z ailmikdxil VARRRAN dxlk

11 <...<i
Then
frw=>" a0 fdfiy Ao Ndfs,
11 <...<l
where fi,..., f, are coordinate functions of the map f. Using the previous theorem and

taking into account that d(df;) = 0, we get

d(fw)= Y dlay.q, o f)Adfi, A Adfs,.

11 <...<tp

On the other hand

11 <...<i

and therefore

fraw= " fday,_ i) Ndfi, A Ndfi,.

11<...<ig

But according to what is proven above, we have

f*dailmik — d(aulk © f)

Thus,
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fdw= " dlai i of)Ndfs, Ao Adfs, = df*w

11 <...<ij

The above theorem shows, in particular, that the definition of the exterior differential is
independent of the choice of the coordinate. Moreover, one can even use non-linear (curvi-

linear) coordinate systems, like polar coordinates on the plane.

Remark 3.1.5. We will show later (see Lemma [5.1.2) that one can give another equivalent

definition of the operator d without using any coordinates at all.

3.2 Curvilinear coordinate systems

A (non-linear) coordinate system on a domain U in an n-dimensional space V' is a smooth

map f = (f1,..., fn) : U — R" such that

1. For each point x € U the differentials d, f1,...,d,f, € (V,)* are linearly independent.

2. f is injective, i.e. f(z) # f(y) for = # y.

Thus a coordinate map f associates n coordinates y; = fi(z),. .., Yo = fn(z) with each point
x € U. The inverse map f~': U' — U is called the parameterization. Here U’ = f(U) C R"
is the image of U under the map f. If one already has another set of coordinates x; ...x,
on U, then the coordinate map f expresses new coordinates y; ...y, through the old one,
while the parametrization map expresses the old coordinate through the new one. Thus the

statement

g dw = dg*w

applied to the parametrization map ¢ just tells us that the formula for the exterior differential

is the same in the new coordinates and in the old one.
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Consider a space R™ with coordinates (uy,...,u,). The j-th coordinate line is given by
equations u; = ¢;,i = 1,...,n;1 # j. Given a domain U’ C R" consider a parameterization
map g : U — U C V. The images g{u; = ¢;,i # j}) C U of coordinates lines {u; = ¢;,i #
j} C U’ are called coordinate lines in U with respect to the curvilinear coordinate system
(uy, ..., uy,). For instance, coordinate lines for polar coordinates in R? are concentric circles
and rays, while coordinate lines for spherical coordinates in R? are rays from the origin, and

latitudes and meridians on concentric spheres.

3.3 More about vector fields

Similarly to the case of linear coordinates, given any curvilinear coordinate system (uy, . . ., u,)

in U, one denotes by

0 0
Ju T Ban
the vector fields which correspond to the partial derivatives with respect to the coordinates
U1, ...,U,. In other words, the vector field 8%1- is tangent to the w;-coordinate lines and
represents the the velocity vector of the curves u; = consty,...,u;—1 = const;_1,u;11 =
const; 1, ...,u, = const, , parameterized by the coordinate ;.

For instance, for spherical coordinates (r, 0, ) in R? the vector fields

g 0 q 0
dor’ 00 Do
are mutually orthogonal. We also have ||Z|| = 1. However the length of vector fields %

and % vary. When r and 6 are fixed and ¢ varies, then the corresponding point (r, 6, @) is

moving along a meridian of radius r with a constant angular speed 1. Hence,

When 7 and ¢ are fixed and € varies, then the point (r, ¢, #) is moving along a latitude of

radius 7 sin ¢ with a constant angular speed 1. Hence,

| =rsing.

[k
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The chain rule allows us to express the vector fields aiul’ e % through the vector fields

8%1’ cee %. Indeed, for any function f : U — R we have
af Z of Ox;
ou; axj ou; ’

and, therefore,

0 Z 8%
ou; ou; ij
For instance, suppose we are given spherlcal coordinates (r, ¢, ) in R3. The spherical

coordinates are related to the cartesian coordinates (z,y, z) by the formulas

xr = rsingcosb,
y = rsinpsinf,
Z = rcosey.

Hence we derive the following expression of the vector fields %, %, % through the vector

fields -2 e By’ (,;92 :
g si cosQa—i- 1 S‘Ha—l— cos 4
— = in — sin ¢ sin 0 — 0S (p—
or v Ox v oy Yoz
0 7 8in ¢ sin @ — —+ 7 sin ¢ cos ¢
— = —rsi inf@— +rsi —
00 ¥ Ox v oy’

0 0 0 .0

— = rcosgpcos@a+rcosgpsin98—y —Tsingo-.

3.4 Case n = 3. Summary of isomorphisms

Let U be a domain in the 3-dimensional space V. We will consider 5 spaces associated with

U.
QO(U) = C>(U)—the space of 0-forms, i.e. the space of smooth functions;
QF(U) for k = 1,2, 3—the spaces of differential k-forms on U;
Vect(U)—the space of vector fields on U.
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Let us fix a volume form w € Q3(U) that is any nowhere vanishing differential 3-form. In

coordinates w can be written as

w = f(z)dx; A dxs A dxs

where the function f : U — R is never equal to 0. The choice of the form w allows us to

define the following isomorphisms.
1. Ay : C®(U) — Q¥(U), Ayu(h) = hw for any function h € C*(U).
2. 4y Vect(U) — Q*(U)  1,(v) = v Jw.

Sometimes we will omit the subscript w an write just A and ..
Our third isomorphism depends on a choice of a scalar product <,> in V. Let us fix a

scalar product. This enables us to define an isomorphism

which associates with a vector field v on U a differential 1-form D(v) = (v,.). Let us write
down the coordinate expressions for all these isomorphisms. Fix a cartesian coordinate system
(21, 22, x3) in V so that the scalar product (z,y) in these coordinates equals z1y; +xoys +x3Ys3.

Suppose also that w = dzy A dzy A dzs. Then A(h) = hdzy A dzg A dxs.

A(v) = vidxg A dxs + vodxs A dxy + vsdry A dag

where v1, v9, v3 are coordinate functions of the vector field v.

D(v) = vidxy + vodxs + v3dxs.

If V is an oriented Euclidean space then one also has isomorphisms
*: QM V) = RV, k=0,1,2,3.
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If w is the volume form on V for which the unit cube has volume 1 and which define the
given orientation of V' (equivalently, if w = z1 A xy A x3 for any Cartesian positive coordinate

system on V'), then

1o(v) = *D(v), and A, =*: QUV) — Q*(V).

3.5 Gradient, curl and divergence of a vector field

The above isomorphism, combined with the operation of exterior differentiation, allows us
to define the following operations on the vector fields. First recall that for a function f €
c=(U),

gradf = D'(df).

Now let v € Vect (U) be a vector field. Then its divergence div v is the function defined by

the formula

div v = A7 (d(w))

In other words, we take the 2-form v Jw (w is the volume form) and compute its exterior
differential d(vJw). The result is a 3-form, and, therefore is proportional to the volume form
w, i.e. d(v Jw) = hw. This proportionality coefficient (which is a function; it varies from
point to point) is simply the divergence: div v = h.

Given a vector field v, its curl is as another vector field curl v defined by the formula
curl v := 77 'd(Dv) = D' % d(Dv).

If one fixes a cartesian coordinate system in V such that w = dx; A dxy A drs and

(x,y) = 1y1 + T2y2 + x3y3 then we get the following formulas

60



wap _ (00 01 of
& n 8x1’ 8@’ 8x3
diV - (91)1 i 81}2 81)3

8:151 61'2 * (91’3

curl v =

81}3 _ 8112 c%l _ 81}3 81}2 _ 81)1
8x2 aZL’3’ 8x3 81:1’ 81;1 81’2

where v = (vy, vg, v3).

We will discuss the geometric meaning of these operations later in Section [5.5

4 Integration of differential forms and functions

4.1 One-dimensional Riemann integral for functions and differen-

tial 1-forms

A partition P of an interval [a,b] is a finite sequence a =ty < t; < --- < ty = b. We will
denote by Tj,j = 0,..., N the vector t;1; —t; € Ry, and by A; the interval [t;,t;;1]. The
length t;41 —t; = ||T}|| of the interval A; will be denoted by d,;. The number max d; is
called the fineness or the size of the partition P and will be denoted by 6(P).

Let us first recall the definition of (Riemann) integral of a function of one variable. Given

a function f : [a,b] — R we will form a lower and upper integral sums corresponding to the

partition P:

N-1
Z inf )t — 1),
0 [t5t5+1]
N-1
S Csup At~ ), (@)
0 [tisti+1]
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The function is called Riemann integrable if
sup L(f;P) =inf U(f;P),
P P

and in this case this number is called the (Riemann) integral of the function f over the
interval [a,b]. The integrability of f can be equivalently reformulated as follows. Let us

choose a set C'= {c1,...,en_1}, ¢; € A;, and consider an integral sum

I(f;P,C) = ch] tin—t), ¢; € A (4.2)

Then the function f is integrable if there exists a limit 5(%](—1» . I(f,P,C). In this case this limit
is equal to the integral of f over the interval [a, b]. Let us emphasize that if we already know
that the function is integrable, then to compute the integral one can choose any sequence of
integral sum, provided that their fineness goes to 0. In particular, sometimes it is convenient
to choose ¢; = t;, and in this case we will write I(f;P) instead of I(f;P,C).

The integral has different notations. It can be denoted sometimes by [ f, but the most

. [a,b]

common notation for this integral is | f(x)dz. This notation hints that we are integrating
here the differential form f(z)dx rather than a function f- Indeed, given a differential form
a = f(z)dr we have f(c;)(tj41 —t;) = o, (TJ>’E| and hence

N—-1
He;P,C)=I(f;P,C) = a,(T}), ¢; € A;. (4.3)

0
We say that a differential 1-form « is integrable if there exists a limit é(gl)m I(a,P,C), which
—0

is called in this case the integral of the diﬁerentml L-form « over the oriented interval [a,b]

and will be denoted by f a, or simply f «. By definition, we say that f a=— f «. This
[a b] [a b] [a b]
N-1
agrees with the definition f o= (17%11 > a.;(=Tj), and with the standard calculus rule
-0 7
0,0

b

[ fayde = ] fla)dz

a

3Here we parallel transported the vector T; from the point ¢; to the point ¢; € [t;,;11].
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Let us recall that a map ¢ : [a,b] — [c,d] is called a diffeomorphism if it is smooth and

has a smooth inverse map ¢! : [¢,d] — [a,b]. This is equivalent to one of the following:

e ¢(a) =c;¢(b) = d and ¢ > 0 everywhere on [a, b]. In this case we say that ¢ preserves

orientation.

e ¢(a) =d;¢(b) = c and ¢’ < 0 everywhere on [a, b]. In this case we say that ¢ reverses

orientation.

Theorem 4.1.1. Let ¢ : [a,b] — [c,d] be a diffeomorphism. Then if a 1-form o = f(x)dx is

integrable over [c,d] then its pull-back f*a is integrable over [a,b], and we have

[oa=[a (4.4

[a,b] le,d]

if ¢ preserves the orientation and

if ¢ reverses the orientation.

Remark 4.1.2. We will show later a stronger result:
/ P'a = / Q@
0.0 fe.]

for any ¢ : [a,b] — [c,d] with ¢(a) = ¢, ¢(b) = d, which is not necessarily a diffeomorphism.

Proof. We consider only the orientation preserving case, and leave the orientation reversing
one to the reader. Choose any partition P = {a = ty < -+- < ty_1 < ty = b} of the
interval [a,b] and choose any set C' = {cy,...,cn_1} such that ¢; € A;. Then the points
t; = ¢(t;) € [c,d], 5 = 0,... N form a partition of [c,d]. Denote this partition by P, and
denote Ej = [t;,t11] C [c,d), & = ¢lc;), C = ¢(C) ={¢,...,cn-1}. Then we have

63



N-1 N-1
I(¢"a,P,C) = ¢, (Tj) = Y ag,(de(T})) =
0 0

Z_: oz, (¢ (4.5)

Recall that according to the mean value theorem there exists a point d; € A;, such that

T = thJrl - tNJ = ¢(tj1) — o(t)) = ¢/<dj>(tj+1 —15)-

Note also that the function ¢ is uniformly continuous, i.e. for any € > 0 there exists § > 0
such that for any ¢,t' € [a, b] such that |t — /| < & we have |¢/(t) — ¢'(t')] < €. Besides, the
function ¢’ is bounded above and below by some positive constants: m < ¢’ < M. Hence

mo; < gj < Mo, for all j =1,..., N — 1. Hence, if §(P) < § then we have

160, P,0) ~ (e P,0)] = | 3 0 ((¢(cs) — 0(d)0,) | =
< IS @i =SB o). e

~ o d
When §(P) — 0 we have 6(P) = 0, and hence by assumption I(a;P,C) — [ «, but this
implies that I(¢*a, P,C) — I(«; P, 6’) — 0, and thus ¢*« is integrable over [a, b] and

b

d
‘o= lim I(¢*a,P,C)= lim I(a,P,C :/a
/(b 5(P)—0 (¢ ) 5(P)—0 ( )

a

|
If we write @ = f(z)dx, then ¢*a = f(¢(x))¢' (x)dx and the formula takes a

familiar form of the change of variables formula from the 1-variable calculus:
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4.2 Integration of differential 1-forms along curves
Curves as paths

A path, or parametrically given curve in a domain U in a vector space V is a map v :
la,b] — U. We will assume in what follows that all considered paths are differentiable. Given
a differential 1-form a in U we define the integral of o over v by the formula

/a:/v*a.

[a,b]

Example 4.2.1. Consider the form o = dz — ydz + zdy on R3. Let 7 : [0,27] — R? be a

heliz given by parametric equations z = Rcost,y = Rsint, z = Ct. Then

21 21
/ a= / (Cdt + R*(sin’tdt + cos® tdt)) = / (C'+ R*)dt =27 (C + R?).
¥ 0

0
Note that [ a =0 when C'= —R?. One can observe that in this case the curve v is tangent

0
to the plane field £ given by the Pfaffian equation o = 0.

Proposition 4.2.2. Let a path 7 be obtained from ~ : [a,b] — U by a reparameterization,
i.e. ¥ = vy o ¢, where ¢ : [c,d] — |a,b] is an orientation preserving diffeomorphism. Then

[a:{a.

Indeed, applying Theorem we get

d d b
[a=[7a=[owa) [ra=[a
5 c c a 5

A vector 7/'(t) € V) is called the welocity vector of the path +.

Curves as 1l-dimensional submanifolds

A subset I' C U is called a I-dimensional submanifold of U if for any point x € I there is a
neighborhood U, C U and a diffeomorphism &, : U, — , C R", such that ®,(x) =0 € R"
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and ®,(I'NU,) either coincides with {xy = ...z, =0} NQ,, or with {xs = ... 2, =0, 7 >
0} N Q. In the latter case the point z is called a boundary point of I'. In the former case it
is called an interior point of T.

A 1-dimensional submanifold is called closed if it is compact and has no boundary. An
example of a closed 1-dimensional manifold is the circle S* = {22 +¢* = 1} C R

WARNING. The word closed is used here in a different sense than when one speaks about
closed subsets. For instance, a circle in R? is both, a closed subset and a closed 1-dimensional
submanifold, while a closed interval is a closed subset but not a closed submanifold: it has
2 boundary points. An open interval in R (or any R") is a submanifold without boundary
but it is not closed because it is not compact. A line in a vector space is a 1-dimensional
submanifold which is a closed subset of the ambient vector space. However, it is not compact,

and hence not a closed submanifold.

Proposition 4.2.3. 1. Suppose that a path 7y : [a,b] — U is an embedding. This means
that v'(t) # 0 for all t € [a,b] and ~(t) # (') if t # t'[] Then T = ~([a,b]) is

1-dimensional compact submanifold with boundary (and possibly with corners).

2. Suppose I' C U 1is given by equations Fy =0,...,F, 1 =0 where F,..., F,_1: U —R
are smooth functions such that for each point x € T the differential d, F1, ..., dF,_1

are linearly independent. Then I' is a 1-dimensional submanifold of U.

3. Any compact connected 1-dimensional submanifold I' C U can be parameterized either
by an embedding v : [a,b] — T' < U if it has non-empty boundary, or by an embedding
v: St — T «— U if it is closed.

Proof. Will be added. [
In the case where I is closed we will usually parameterize it by a path v : [a,b] — T C U
with y(a) = v(b). For instance, we parameterize the circle S' = {22 + > = 1} C R? by a

path [0, 27| — (cost,sint). Such ~, of course, cannot be an embedding, but we will require

41f only the former property is satisfied that v is called an immersion.
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that 7/(t) # 0 and that for ¢t # ¢’ we have (t) # ~(t') unless one of these points is a and
the other one is b. We will refer to 1-dimensional submanifolds simply as curves, respectively
closed, with boundary etc.

Given a curve I its tangent line at a point € I' is a subspace of V, generated by the
velocity vector 7/(t) for any local parameterization v : [a,b] — ' with y(¢t) = z. If T is
given implicitly, as in [£.2.3]2, then the tangent line is defined in V,, by the system of linear
equations d,F; =0,...,d.F,_1 = 0.

Orientation of a curve I' is the continuously depending on points orientation of all its
tangent lines. If the curve is given as a path 7 : [a,b] — ' C U such that ~/(t) # 0 for all
t € [a,b] than it is canonically oriented. Indeed, the orientation of its tangent line [, at a
point x = y(t) € I" is defined by the velocity vector +/(t) € .

It turns out that one can define an integral of a differential form « over an oriented com-
pact curve directly without referring to its parameterization. For simplicity we will restrict
our discussion to the case when the form « is continuous.

Let I' be a compact connected oriented curve. A partition of I' is a sequence of points
P = {2, 21,...,2n} ordered according to the orientation of the curve and such that the
boundary points of the curve (if they exist) are included into this sequence. If T is closed we
assume that zy = 2z9. The fineness 6(P) of P is by definition is jzg}%ﬁ_ldist(zj, Zjv1) (we
assume here that V' a Euclidean space).

Definition 4.2.4. Let a be a differential 1-form and I' a compact connected oriented curve.
Let P = {z9,...,2n} be its partition. Then we define

/a = 6(hm I(a,P),

P)—0
I

N-1
where I(o, P) = Y o, (Z;), Zj = 2zjy1 — 2, € Vs,.
0

J

When I' is a closed submanifold then one sometimes uses the notation j§ « instead of f Q.
r r
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Proposition 4.2.5. If one chooses a parameterization 7y : [a,b] — I" which respects the given

b
/a:/’y*a:/a
vy a 1N

Proof. Indeed, let P = {to,...,tn} be apartition of [a, b] such that y(¢;) = z;, 1 =0,..., N.

ortentation of I' then

N-1

I(v'o,P) = Z v e, ( Z o, (U

1
where U; = d;;7(Tj)) € V., is a tangent vector to I' at the point z;. Let us evaluate the
difference U; — Z;. Choosing some Cartesian coordinates in V' we denote by vi,...,7, the
coordinate functions of the path . Then using the mean value theorem for each of the
coordinate functions we get v;(t;11) — 7i(t;) = 7i(c})d; for some ¢ € Ay, i =1,...,n; j =
0,...,N —1. Thus

Zj = (tin) — () = (n(c)), -, 7i(c))d;.

On the other hand, U; = dy,v(1})) € V., = 7/(t;)d;. Hence,

n

1Z; = Ujll = 64| D (vi(ch) = 7ilt;))>

1

Note that if 6(P) — 0 then we also have 5(75) — 0, and hence using smoothness of the
path v we conclude that for any e > 0 there exists 6 > 0 such that ||Z; — Uj|| < €d; for all
Jg=1,...,N. Thus

§ azJ E Oézj —> 7

and therefore

b
/'y*a = lim I(v'a,P)= lim I(a,P)= /a.
a r

§(P)—0 5(P)—0
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4.3 Integrals of closed and exact differential 1-forms

Theorem 4.3.1. Let o« = df be an exact 1-form in a domain U C V. Then for any path
v« |a,b] — U which connects points A = ~y(a) and B = ~(b) we have

[a=1®)- s,

Y

In particular, if v is a loop then $ o = 0.
v

Similarly for an oriented curve I' C U with boundary dI' = B — A we have

[a= 1)~ 1)

r

Proof. We have [ df = [vdf = [d(f o) = [(x(8) — [>(@) = /(B) — f(4).

It turns out that closed forms are locally exact. A domain U C V is called star-shaped
with respect to a point @ € V if with any point € U it contains the whole interval I, ,
connecting a and z, i.e. I, = {a +t(x —a); t € [0,1]}. In particular, any convex domain is

star-shaped.

Proposition 4.3.2. Let a be a closed 1-form in a star-shaped domain U C V. Then it is

exact.

Proof. Define a function F': U — R by the formula

F(x):/a, zeU,

—

Ia,z

where the intervals I, , are oriented from 0 to x.
We claim that dF = a. Let us identify V' with the R™ choosing a as the origin a = 0.

Then « can be written as a = Y Py (z)dxy, and Iy, can be parameterized by
1
ttx, t €0,1].
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Hence,

Flz) = / /1 S Bu(ta)at (@7)

—

IO x
Differentiating the integral over x; as parameters, we get

1

&E] / thk 893] 5 (tw)dt + / P;(tx)dt.

0

OP;

. . 9
But da = 0 implies that 85;“ = o

and using this we can further write

1

1 1 1 1
OF "\ 0P dP;(tx) /
- = -=J P = J P.
o / ;tmk o (tz)dt + / . (ta)dt / / t—o—dt + [ Py(tz)dt
- 0 0 0 0

0

1

— (tPy(t))]} - / Py(t)dt + / Py (tz)dt = Py(tx)

0 0

Thus

dF = Z (935] ;P](x)cm =a

4.4 Integration of functions over domains in high-dimensional spaces

In this section we will discuss integration of bounded functions over bounded sets in a vector
space V. We will fix a basis ey, ..., e, and the corresponding coordinate system z1, ..., z, in
the space and thus will identify V' with R™. Let n denote the volume form z; A ... x,. As it
will be clear below, the definition of an integral will not depend on the choice of a coordinate
system but only on the background volume form, or rather its absolute value because the
orientation of V' will be irrelevant.

We will need a special class of parallelepipeds in V', namely those which are generated by

vectors proportional to basic vectors, or in other words, parallelepipeds with edges parallel
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to the coordinate axes. We will also allow these parallelepipeds to be parallel transported

anywhere in the space. Let us denote
P(ay,bi;as,bo;. . 5a,,b,) i ={a; <z; <b; i=1,...,n} CR".

We will refer to P(aq, bi;az,bs;...;a,,b,) as a special parallelepiped, or rectangle.

Let us fix one rectangle P := P(ay,by;as,bs; .. .;a,,b,). Following the same scheme as
we used in the 1-dimensional case, we define a partition P of P as a product of partitions
ap =ty < - <ty =bi, ..o,a, =10 < -0 <t} = by, of intervals [ay,bi],. .., [an, by].
For simplicity of notation we will always assume that each of the coordinate intervals is
partitioned into the same number of intervals, i.e. Ny = --- = N, = N. This defines a

partition of P into N™ smaller rectangles Py = {t; < @1 <t ., ..., t] <z, <t}

? TIn

where j = (j1,...,J,) and each index j; takes values between 0 and N — 1. Let us define

n

Vol(Py) == [ [t 4y — (4.8)

k=1
This agrees with the definition of the volume of a parallelepiped which we introduced earlier

(see formula (|1.4]) in Section |1.14)). We will also denote d; := Jmax (th . —tF)and 6(P) :=

max(d;). Let us fix a point ¢; € P and denote by C' the set of all such ¢;. Given a function
J

f: P — R we form an integral sum
I(f;P,C) Z flc;)Vol(P, (4.9)

where the sum is taken over all elements of the partition. If there exists a limit (17131)11 I(f;P,C)
o —0

then the function f : P — R is called integrable (in the sense of Riemann) over P, and this
limit is called the integral of f over P. There exist several different notations for this integral:

[ f, [ fdV, [ fdVol, etc. In the particular case of n = 2 one often uses notation [ fdA, or
P P P P
[[ fdA. Sometime, the functions we integrate may depend on a parameter, and in these
P
cases it is important to indicate with respect to which variable we integrate. Hence, one also

uses the notation like f f(z,y)dz"™, where the index n refers to the dimension of the space
P

71



over which we integrate. One also use the notation //f(xl, ...xp)dry . .. dx,, which

—
P

are reminiscent both of the integral [ p f(x1, ... 2y)doy A~ - - Adx, which will be defined later
by by
in Section {4.6/ and the notation [ ... [ f(x1,...2,)d2 ... dz, for n interated integral which

al

will be discussed in Section K5
Alternatively and equivalently the integrability can be defined via upper and lower inte-

gral sum, similar to the 1-dimensional case. Namely, we define

}:M' f)Vol(P, }:mu f)Vol(P,

where M;(f) = sup f,m;(f) = i}rle f, and say that the function f is integrable over P if
2 )
inf U(f;P) = sup L(f, P).
P
Note that i%f U(f;P) and sup L(f,P) are sometimes called upper and lower integrals,
P

respectively, and denoted by 7 f and [ f. Thus a function f : P — R is integrable iff
P P
Jr=Jr
P
Let us list some properties of Riemann integrable functions and integrals.

Proposition 4.4.1. Let f,g: P — R be integrable functions. Then

1. af + bg, where a,b € R is integrable and [af +bg=a [ f+b[g;
P P P

2. If f<gthen [ f < [g;
P P

3. h = max(f,g) is integrable; in particular the functions f, := max(f,0) and f_ :=

max(—f,0) and |f| = fi + f_ are integrable;
4. fg 1is integrable.

Proof. Parts 1 and 2 are straightforward and we leave them to the reader as an exercise.
Let us check 3 and 4.
3. Take any partition P of P. Note that

M;(h) —mj(h) < max(M;(f) = m;(f), Mj(g) —m;(9)) - (4.10)
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Indeed, we have M;(h) = max(M;(f), M;(g)) and m;(h) = max(m;(f), m;j(g)). Suppose for
the determinacy that max(My;(f), M;(g)) = M;(f). We also have m;(h) > m;(f). Thus

M;(h) —mj(h) < M;(f) —mj(f) < max(M;(f) —my(f), M;(g) —m;(g))-
Then using we have

U(h;P) — L(h; P) =Y _(Mj(h) — my(h))Vol(P}) <

max (Z(Mj(f) —m;(f), M;(g) — mj(9)> Vol(P;) =
max (U(f;P) — L(f;P),U(f; P) — L(f;P)).

By assumption the right-hand side can be made arbitrarily small for an appropriate choice
of the partition P, and hence h is integrable.

4 Wehave f = fy = f, g =gy —g_ and fg = frgy+ f g — frg- — f-gs. Hence, using 1
and 3 we can assume that the functions f, g are non-negative. Let us recall that the functions
f, g are by assumption bounded, i.e. there exists a constant C' > 0 such that f,g < C. We
also have M;(fg) < M;(f)M;(g) and m;(fg) > m;(f)m;(g). Hence

U(fg:P) = L(fg:P) = > (M;(Fg) = m;(Fg)) Vol(F}) <

D> _(M;()Ms(g) = my(F)ms () Vol(F}) =

D (M()M;(9) = my(£)M(g) +ms(f)My(9) = my(F)m(9)) Vol(F}) <
D (M) = ms(1)My(9) + ms(£) (Ms(g) — ms(9))) Vol(Fy) <

CU(f;P) — L(f;P) +U(g; P) — L(g; P)).

By assumption the right-hand side can be made arbitrarily small for an appropriate choice

of the partition P, and hence fg is integrable. [ |
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Consider now a bounded subset K C R"™ and choose a rectangle P O K. Given any
function f : K — R one can always extend it to P as equal to 0. A function f : K — R
is called integrable over K if this trivial extension f is integrable over P, and we define
[fdv = [ fdV. When this will not be confusing we will usually keep the notation f for
[t(he above extension.

We further define the volume

Vol(K) :/1dV:/XKdV,

K P

provided that this integral exists. In this case we call the set K measurable in the sense of
Riemann, or just measurableﬁ Here g is the characteristic or indicator function of K, i.e.
the function which is equal to 1 on K and 0 elsewhere. In the 2-dimensional case the volume

is called the area, and in the 1-dimensional case the length.

Remark 4.4.2. For any bounded set A there is defined a lower and upper volumes,

Vol(A) = /XAdV < Vol(A) = 7XAdV-

The set is measurable iff Vol(A) = Vol(A). If Vol(A) = 0 then Vol(A) = 0, and hence A is
measurable and Vol(A4) = 0.

Exercise 4.4.3. Prove that for the rectangles this definition of the volume coincides with

the one given by the formula (4.8)).
The next proposition lists some properties of the volume.

Proposition 4.4.4. 1. Volume is monotone, i.e. if A, B C P are measurable and A C B
then Vol(A) < Vol(B).

2. If sets A, B C P are measurable then AN B, A\ B and AU B are measurable as well
and we have

Vol(A U B) = Vol(A) + Vol(B) — Vol(AN B).

SThere exists a more general and more common notion of measurability in the sense of Lebesgue. Any

Riemann measurable set is also measurable in the sense of Lebesgue, but not the other way around.
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3. If A can be covered by a measurable set of arbitrarily small total volume then Vol(A) =
0. Conversely, if Vol(A) = 0 then for any € > 0 there exists a 6 > 0 such that for
any partition P with 6(P) < § the elements of the partition which intersect A have

arbitrarily small total volume.
4. A is measurable iff Vol (0A) = 0.

Proof. The first statement is obvious. To prove the second one, we observe that y g =
max (x4, XB), XAnB = XaXB, Max(xa,XB) = XA + XB — XaXB, {a\B = 4 — Tianp and then
apply Proposition [4.4.1] To prove [4.4.413 we first observe that if a set B is measurable and
VolB < e then then for a sufficiently fine partition P we have U(xp; P) < VolB+e€ < 2¢. Since
A C B then &4 < xp, and therefore U(xa,P) < U(xs,P) < 2e. Thus, infp U(xa,P) =0
and therefore A is measurable and Vol(A) = 0. Conversely, if Vol(A) = 0 then for any € > 0
for a sufficiently fine partition P we have U(xa;P) < €. But U(xa;P) is equal to the sum
of volumes of elements of the partition which have non-empty intersection with A.

Finally, let us prove 4.4.414. Consider any partition P of P and form lower and upper
integral sums for x 4. Denote M; := M;(x4) and m; = m;j(xa). Then all numbers M;j, m; are
equal to either 0 or 1. We have M =m; =1if P, C A; Mj =m; =0if bLNA =& and
M; = 1,m; = 0 if P; has non-empty intersection with both A and P\ A. In particular,

B(P)= |J PB>DoA
JiMj—my=1
Hence, we have
U(xaiP) — L(xa; P) = Y (M — my)Vol(P;) = VolB(P).
J
Suppose that A is measurable. Then there exists a partition such that U(x; P)—L(xa; P) <
¢, and hence 0A is can be covered by the set B(P) of volume < e. Thus applying part 3 we

conclude that Vol(0A) = 0. Conversely, we had seen below that if Vol(OA) = 0 then there

exists a partition such that the total volume of the elements intersecting 0A is < e. Hence,
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for this partition we have L(xa;P) < U(xa;P) < €, which implies the integrability of y 4,

and hence measurability of A. [ |

Corollary 4.4.5. If a bounded set A C V' is measurable then its interior Int A and its closure

A are also measurable and we have in this case
VolA = VolInt A = Vol A.

Proof. 1. We have A C A and d(Int A) C A. Therefore, Vol9A = Vol dInt A = 0, and
therefore the sets A and Int A are measurable. Also Int A UJA = A and Int AN JA = @.
Hence, the additivity of the volume implies that VolA = Vol 9Int A + Vol A = Vol 9 Int A.
On the other hand, Int A € A C A. and hence the monotonicity of the volume implies that
Vol Int A < Vol A < Vol A. Hence, Vol A = Vol Int A = Vol A. [ |

Exercise 4.4.6. If Int A or A are measurable then this does not imply that A is measurable.
For instance, if A is the set of rational points in interval I = [0,1] C R then Int A = @ and
A = I. However, show that A is not Riemann measurable.

2. A set A is called nowhere dense if Int A = @. Prove that if A is nowhere dense than
either VolA = 0, or A is not measurable in the sense of Riemann. Find an example of a

non-measurable nowhere dense set.

We will further need the following lemma. Let us recall that given a compact set C' C V/,
we say that a map f : C' — W is smooth if it extends to a smooth map defined on an open

neighborhood U D C. Here V, W are vector spaces.

Lemma 4.4.7. Let A CV be a compact set of volume 0 and f : V — W a C*-smooth map,
where dim W > dim V. Then Volf(A) = 0.

Proof. The C'-smoothness of f and compactness of A imply that there exists a constant
K such that ||d,f(h)|| < K||h|| for any © € A and h € V,. In particular, the image d, f(P)

of every rectangle P of size d in V,, x € A, is contained in a cube of size K¢ in Wy(,).
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C'-smoothness of f also implies that for any e > 0 there exists such § > 0 that if z € A
and [|h|| < § then ||f(z + h) — f(z) — d.f(h)|| < €||h||. This implies that if we view P as a
subset of V', rather than V., then the image f(P) is contained in a cube in W of size 2K§
if 0 is small enough, and if PN A # &. Let us denote dimensions of V' and W by n and
m, respectively. By assumption A can be covered by N cubes of size d such that the total
volume of these cubes is equal to N¢" < e. Hence, f(A) can be covered by N cubes of size

2K of total volume

N(2K8)™ = N§"(2K)"6™ " = e(2K)"6™ ™" = 0,

e—0

because m > n. [ |

Corollary 4.4.8. Let A C V be a compact domain and f : A — W a C'-smooth map.
Suppose that n = dimV < m = dim W. Then Vol(f(A)) = 0.

Indeed, f can be extended to a smooth map defined on a neighborhood of A x0in V' xR
(e.g. as independent of the new coordinate ¢ € R). But Vol,,41(A x 0) = 0 and m > n + 1.

Hence, the required statement follows from Lemma [4.4.7]

Remark 4.4.9. The statement of Corollary is wrong for continuous maps. For instance,
there exists a continuous map A : [0, 1] — R? such that i([0, 1]) is the square {0 < z1, 7, < 1}.

(This is a famous Peano curve passing through every point of the square.)

Corollary is a simplest special case of Sard’s theorem which asserts that the set of

critical values of a sufficiently smooth map has volume 0. More precisely,

Proposition 4.4.10. (A. Sarp, 1942) Given a C*-smooth map f : A — W (where A is a

compact subset of V., dimV = n,dim W = m) let us denote by
X(f) : {z € C; rankd, f < m}.

Then if k > max(n —m + 1,1) then Vol,,(f(2(f)) = 0.
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If m > n then X(f) = A, and hence the statement is equivalent to Corollary 4.4.8
Proof. We prove the proposition only for the case m = n. The proof in this case is similar to
the proof of Corollary 4.4.7. C'-smoothness of f and compactness of 3(f) imply that there

exists a constant KX such that
||d.f(R)]| < K|[h]| (4.11)

for any x € A and h € V,. C'-smoothness of f also implies that for any € > 0 there exists
such § > 0 that if z € A and ||h|| < § then

1f(z+h) = f(x) = de f(D)]] < €[|A]]. (4.12)

Take a partition P of a rectangle P D A by N™ smaller rectangles of equal size. Let B be
the union of the rectangles intersecting 3( f). For any such rectangle P; C B choose a point
¢j € X(f). Viewing P as a subset of V., we can take its image P = de;(Poj) C Wy(e)- Then
the parallelepiped ]SJ is contained in a subspace L C Wy, of dimension r = rank(dcj f) <m.
In view of it also contained in a ball of radius %; centered at the point f(¢;). On
the other hand, the inequality implies that if IV is large enough then for any point
u € f(P,) there is a point in & € P, such |ju—1a|| < ~- This means that f(F) is contained in
a parallelepiped centered at c; and generated by r orthogonal vectors of length % parallel to
the subspace L and n —r > 0 vectors of length % which are orthogonal to L, where C, (5

are some positive constants. The volume of this parallelepiped is equal to

Crem—Tren=r  Cyen"
No T Nn

and hence Vol(f(P;) < €. The set B contains no more that N" cubes P}, and hence

Cae™ T
CAR— N N}
3
N7 e—0

Vol(f(2(f)) < Volf(C) < N™
|

We say that some property holds almost everywhere (we will abbreviate a.e.) if it holds in

the complement of a set of volume 0. For instance, we say that a bounded function f : P — R
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is almost everywhere continuous (or a.e. continuous) if it is continuous in the complement
of a set A C P of volume 0. For instance, a characteristic function of any measurable set is
a.e. continuous. Indeed, it is constant away from the set A which according to Proposition

[4.4.414 has volume 0.

Proposition 4.4.11. Suppose that the bounded functions f,g : P — R coincide a.e. Then
if f is integrable, then so is g and we have [ f = [g.
P P

Proof. Denote A = {x € P : f(z) # g(x)}. By our assumption, VolA = 0. Hence, for any
¢ there exists a 6 > 0 such that for every partition P with §(P) < ¢ the union Bj of all
rectangles of the partition which have non-empty intersection with A has volume < eps.
The functions f, g are bounded, i.e. there exists C' > 0 such —C < |f(x)|, |g(x)| < C for all
x € P. Due to integrability of f we can choose ¢ small enough so that |U(f, P)—L(f,P)| < e
when §(P) < J. Then we have

U(g,P)—U(f.P)=| > supg—supf)| <2CVolB;s < 2Ce.

J: P;CBg Py P,

Similarly, |L(g, P) — L(f,P)| < 2Ce¢, and hence

<e+4Ce—0,
6—0

and hence ¢ is integrable and

o= lim Ulg.P) = tm v(r.P)= [ 7
P P

Proposition 4.4.12. 1. Suppose that a function f : P — R is a.e. continuous. Then f

15 integrable.

2. Let A C V be compact and measurable, f : U — W a C*-smooth map defined on a
neighborhood U D A. Suppose that dim W = dim V. Then f(A) is measurable.
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Proof. 1. Let us begin with a

WaRrNING. One could think that in view of Proposition it is sufficient to consider only
the case when the function f is continuous. However, this is not the case, because for a given
a.e. continuos function one cannot, in general, find a continuos function g which coincides

with f a.e.

Let us proceed with the proof. Given a partition P we denote by J4 the set of multi-indices

j such that Int PN A # @, and by Ja the complementary set of multi-indices, i.e. for each

j € Jawe have P,N A= @. Let us denote C := |J P. According to Proposition {4.4.43 for

Jje€Ja
any € > 0 there exists a partition P such that Vol(C) = > Vol(F}) < e. By assumption the
Jj€Ja
function f is continuous over a compact set B = |J B, and hence it is uniformly continuous

j€Ja
over it. Thus there exists 6 > 0 such that |f(z) — f(2')| < € provided that z,2’ € B and

||z —2'|| < 6. Thus we can further subdivide our partition, so that for the new finer partition

P’ we have §(P’) < 6. By assumption the function f is bounded, i.e. there exists a constant

K > 0 such that M;(f) —m;(f) < K for all indices j. Then we have

U(f;P) = L(f,P') =D _(M(f) — mi(f))Vol(P) =

J

> (M(f) = my(£)Vol(P) + Y (M;(f) — my(f))Vol(FB) <

sFCB hpcc

eVolB + KVolC' < ¢(VolP + K).

Hence i%f U(f;P) = Sl7l)p L(f;P), i.e. the function f is integrable.

2. If z is an interior point of A and detD f(x) # 0 then the inverse function theorem implies
that f(z) € Int f(A). Denote C' = {z € A;det Df(x) = 0}. Hence, 0f(A) C f(0A) U f(C).
But Vol(9A) = 0 because A is measurable and Vol f(C) = 0 by Sard’s theorem [4.4.10]
Therefore, Vol0f(A) = 0 and thus f(A) is measurable. |

The following lemma provides a way of computing the volume via packing by balls rather

then cubes. An admissible set of balls in A is any finite set of disjoint balls By,..., By C A
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Lemma 4.4.13. Let A be a measurable set. Then VolA is the supremum of the total volume

of admissible sets of balls in A. Here the supremum is taken over all admissible sets of balls

mn A.

Proof. Let us denote this supremum by (. The monotonicity of volume implies that 3 <
VolA. Suppose that 3 < VolA. Let us denote by u, the volume of an n-dimensional ball of
radius 1 (we will compute this number later on). This ball is contained in a cube of volume
2™ It follows then that the ratio of the volume of any ball to the volume of the cube to which
it is inscribed is equal to 5%. Choose an € < £2(VolA — [3). Then there exists a finite set of

K
disjoint balls By, ..., Bx C A such that Vol(|J B;j) >  — e. The volume of the complement
1

K
C = A\ | B, satisfies
1

K
VolC' = VolA — Vol <U Bj) > Vold4 — .
1

Hence there exists a partition P of P by cubes such that the total volume of cubes @1, ..., QL
contained in C' is > VolA — 3. Let us inscribe in each of the cubes @, a ball Ej. Then
B, ..., By, El, cee EL is an admissible set of balls in A. Indeed, all these balls are disjoint

and contained in A. The total volume of this admissible set is equal to
K L N
S VolB; + 3 VolB, > 5 — e + %(vom —B)> 5,
1 1

in view of our choice of €, but this contradicts to our assumption 3 < VolA. Hence, we have

3 = VolA. [

Lemma 4.4.14. Let A C V be any measurable set in a Fuclidean space V. Then for any

linear orthogonal transformation F : V. — V the set F(A) is also measurable and we have

Vol(F(A)) = Vol(A).

Proof. First note that if VolA = 0 then the claim follows from Lemma [4.4.7] Indeed, an

orthogonal transformation is, of course a smooth map.
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Let now A be an arbitrary measurable set. Note that 0F(A) = F(0A). Measurability of
A implies Vol(0A) = 0. Hence, as we just have explained, Vol(0F(A)) = Vol(F(0A)) = 0,
and hence F'(A) is measurable. According to Lemma the volume of a measurable
set can be computed as a supremum of the total volume of disjoint inscribed balls. But the
orthogonal transformation F' moves disjoint balls to disjoint balls of the same size, and hence
VolA = VolF'(A). [

Next proposition shows that the volume of a parallelepiped can be computed by formula

(1.4) from Section [1.14]

Proposition 4.4.15. Let vy,...,v, € V be linearly independent vectors. Then
Vol P(vy,...,v,) = |21 A+  Aap(vr ..o 0,)]. (4.13)

Proof. The formula holds for rectangles, i.e. when vectors v; = c;e; for some non-
zero numbers ¢;j, 7 = 1,...n. Using Lemma we conclude that it also holds for any
orthogonal basis. Indeed, any such basis can be moved by an orthogonal transformation to
a basis of the above form cje;, j = 1,...n. Lemma ensures that the volume does
not change under the orthogonal transformation, while Proposition |[1.10.2| implies the same
about |zqy A+ Axp(vy...,0,)].

The Gram-Schmidt orthogonalization process shows that one can pass from any basis
to an orthogonal basis by a sequence of following elementary operations: reordering of basic

vectors, and shears, i.e. an addition to the last vector a linear combination of the other ones:

n—1
Vly ooy Up1,Up b U1y evny Up1,Up + Z)\jvj.
1
Note that the reordering of vectors vy, ..., v, changes neither VolP(vy,...,v,), nor the ab-
solute value |z A+ Azp(vy...,v,)]. On the other hand, a shear does not change
Ty A Axp(vg .. uy).

It remains to be shown that a shear does not change the volume of a parallelepiped. We will
consider here only the case n = 2 and will leave to the reader the extension of the argument

to the general case.
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Let v1,v2 be two orthogonal vectors in R?. Because we already prove the invariance of
volume under orthogonal transformations, we can assume that v; = (a,0), vo = (0,b) for
a,b > 0. Let v = vy + Av; = (d',b), where o' = a + \b. Let us partition the rectangle
P = P(v1,vq) into N? smaller rectangles P, j, 4,5 = 0,..., N — 1, of equal size. We number
the rectangles in such a way that the first index corresponds to the first coordinate, so that
the rectangles Py, ..., Pn_1 form the lower layer, Fp, ..., Py_11 the second layer, etc. Let
us now shift the rectangles in k-th layer horizontally by the vector (%, 0). Then the total
volume of the rectangles, denoted ]5;3- remains the same, while when N — oo the volume of
part of the parallelogram P(vy,v5) that is not covered by rectangles EJ, i,j=0,...,N—1

converges to 0.

|
4.5 Fubini’s Theorem
Let us consider R” as a direct product of R¥ and R"* for some k = 1,...,n — 1. We will
denote coordinates in R* by x = (x,..., ;) and coordinates in R"* by y = (y1,..., Yn_s),
so the coordinates in R™ are denoted by (z1,..., %k, Y1, -, Yn_k). Given rectangles P, C R*

and P, C R"* their product P = P, x P, is a rectangle in R".

The following theorem provides us with a basic tool for computing multiple integrals.

Theorem 4.5.1. Suppose that a function f : P — R is integrable over P. Given a point
x € Py let us define a function f, : Py — R by the formula f.(y) = f(x,y), y € Py. Then

/ fav, / / fudVi s | avi = / / fdvi | vk
P n \B Py

Py

In particular, if the function f, is integrable for all (or almost all) x € Py then one has

/de /(ﬁ fodVi_g | dVi.
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Here by writing dV, dV,,_, and dV,, we emphasize the integration with respect to the k-,
(n — k)- and n-dimensional volumes, respectively.
Proof. Choose any partition P; of P; and P, of P,. We will denote elements of the partition
P, by PJ and elements of the partition P, by Pi. Then products of P = PJ x P} form a
partition P of P = P; x P,. Let us denote

=Z2fx, I(x) 1=4fx, re P,

Let us show that
L(f,P) < L(L,Py) <U(I,Py) <U(f,P). (4.14)

Indeed, we have

= Z Z mj7i(f)V01nPj’i.
j i

Here the first sum is taken over all multi-indices j of the partition P, and the second sum

is taken over all multi-indices i of the partition P,. On the other hand,

L(L,Py) = Z inf

Q/ﬁﬂw%k Vol Pi.
j zEP‘ll

Py

Note that for every x € Pf we have

[ Vs = L5 P2) = 3 Vol o( ) = 3 sy £) Vol ().

and hence
it [ fudVo = 3 m(Vol,-o(P).

vePl)

Therefore,

L(LPy) 2> > muj(f)Vol,_i(Pi)Voly(P) = ZZ%IWHM:Wﬂ.
j i
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Similarly, one can check that U(I,P;) < U(f,P). Together with an obvious inequality

L(L,P1) < U(I,P,) this completes the proof of (4.14]). Thus we have

max(U(I,Py) — L(I,Py),U(L,P1) — L(L,Py)) <U(I,P,) — L(L,P,) <U(f,P) — L(f,P).

By assumption for appropriate choices of partitions, the right-hand side can be made < €

for any a priori given € > 0. This implies the integrability of the function I(x) and I(x) over

P;. But then we can write

[1@avis = Jim D)
P

and

/T(x)ank: lim U(I;Py).
(5(731)—>0
P

We also have

5(%20[/“;7)) = 6(2})&10(](]“;77) = /den.
P

Hence, the inequality (4.14]) implies that

P/den:/ lfIan_k de:/ éfxdvn_k dVi.

Py Py Py

Corollary 4.5.2. Suppose f : P — R is a continuous function. Then

[0 [

P P Py P
Thus if we switch back to the notation x4, ..., x, for coordinates in R", and if P =
x1 <by,...,a, <2, < b,} then we can write

bn

by
P/f:/ a[ﬂxl,...,xn)dml | da.

an
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The integral in the right-hand side of (4.15)) is called an iterated integral. Note that the
order of integration is irrelevant there. In particular, for continuous functions one can change

the order of integration in the iterated integrals.

4.6 Integration of n-forms over domains in n-dimensional space

Differential forms are much better suited to be integrated than functions. For integrating a
function, one needs a measure. To integrate a differential form, one needs nothing except an
orientation of the domain of integration.

Let us start with the integration of a n-form over a domain in a n-dimensional space. Let
w be a n-form on a domain U C V, dimV = n.

Let us fix now an orientation of the space V. Pick any coordinate system (z; ...x,) that
agrees with the chosen orientation.

We proceed similar to the way we defined an integral of a function. Let us fix a rectangle
P = P(ay,by;as,by;...5a,,b,) = {a; <x; <b; i =1,...,n}. Choose its partition P by N"

smaller rectangles P; = {t;n <z <t!

n
]n+17...,t

T < <t} .}, where j = (ji,...,jn) and
each index jj takes values between 0 and N — 1. Let us fix a point ¢; € P; and denote by
C the set of all such ¢;. We also denote by ¢; the point with coordinates t}l, ..., 17 and by
Tym € Vo, m = 1,...,n the vector tj,1,, — t;, parallel-transported to the point ¢j. Here we
use the notation j+ 1,, for the multi-index 71, ..., jm-1,Jm + 1, Jma1,- - -, Jn- LThus the vector
T} is parallel to the m-th basic vector and has the length |¢; 1 —1;,.].

Given a differential n-form a on P we form an integral sum

I(;P.C) =) o3, T3,... . T},), (4.16)
J
where the sum is taken over all elements of the partition. We call an n-form « integrable if

there exists a limit 5(2?1 I(a; P, C) which we denote by [« and call the integral of o over
—0 P
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P. Note that if « = f(x)dzy A-- - Adz, then the integral sum I(«, P, C) from (4.16)) coincides
with the integral sum I(f;P,C) from (4.9) for the function f. Thus the integrability of « is

the same as integrability of f and we have

/f(x)dxl/\---/\dxn:/fdv. (4.17)

P
Note, however, that the equality (4.17)) holds only if the coordinate system (x1, ..., x,) defines
the given orientation of the space V. The integral [ f(x)dxy A-- - Adx, changes its sign with
P

a change of the orientation while the integral [ fdV is not sensitive to the orientation of the
P
space V.

Theorem 4.6.1. Let f : P — P be an orientation preserving diffeomorphism. Then for any

integrable n-form « the form f*« is also integrable and we have

P/a—P/f*a. (4.18)

For an orientation reversing diffeomorphism one has [o = — [ f*a.
P P

Remark 4.6.2. We will prove later (see C’orollary that iof f : P — P is any smooth
map (and not necessarily a diffeomorphism) such that f(x) = x for all x € OP, then the

equation ([(L.18) holds, i.e. [a = [ f*a..
P P

Let a = g(z)dzy A -+ Adxy. Then f*a = go fdet Dfdxy A --- A dx,, and hence the
formula (4.18) can be rewritten as

/g(:vl,...,.rn)dxl/\---/\da:n:/gOfdethdasl/\---/\da:n.

P P
Here
N Of1
oxr1 Oxn
detDf = ...
Ofn Ofn
oz t Oxn
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is the determinant of the Jacobian matrix of f = (f1,..., fa).
Hence, in view of formula (4.17) we get the following change of variables formula for

multiple integrals of functions.

Corollary 4.6.3. [CHANGE OF VARIABLES IN A MULTIPLE INTEGRAL] Let g : P — R be an inte-
grable function and f : P — P a diffeomorphism. Then the function g o f is also integrable

and

/ng: /gof|det Df|dv . (4.19)
P P
Proof of Theorem We can choose a coordinate system in V' such that P is the unit
cube P = {0 < z; < 1,57 =1,...,n}. Let us write « = gdzy A ...dz,. To emphasize the
main ideas of the proof we will present here the proof only for the most important special
case when g is a bounded a.e. continuous function. Under this assumption, the form f*« is
also a.e. continuous, and hence integrable.
Let us first analyze the case when ¢ is continuous. Let us choose a partition P of P
by N™ equal cubes. Thus §(P) = + and partition points and take a set C' = {¢;}, where

¢ = (1, - tj,n) = (Jﬁl, cee ]ﬁ”) is one of the corners of the rectangle P;. Consider the

corresponding integral sum
I(ffa;P.C) = frog(T,. .. Tin) =Y ag(T¥,... . Tin),
J J

where we denoted
¢ = [(g), fij - dcjf(ri,k)? k=1,....n

Choose € > 0. Then for a sufficiently large N we have

u(f*a;P,C)—/f*a| <e (4.20)
P

Let us denote IBJ := f(F;). Though the domain é is not a parallelepiped it is close, when
the rectangle P; is small, to the parallelepiped lBJ = dcj(Pj) viewed as a subset of V, rather
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than of V. In other words,
Bi=+P(T..... Tm) = {G +dgy(h), h= P(T], T}, Ty.)}.
More precisely, we have

Lemma 4.6.4. If N is sufficiently large then

= = Ce
Vol(F; A By) < N

where ﬁj A ]5J 15 the symmetric difference of two sets:
Ron-(A\R)u (A7)

Proof of Lemma In view of smoothness of the map f we have

1f(z 4+ h) = fz) = do(f)(R)]| < el[R]] (4.21)

for any point z € P and any h € V, such that x + h € P and ||h|| < 0, provided that ¢ is

chosen large enough. Hence, if we chooseﬁ N > ‘/Tﬁ then for any any x = ¢; +h € F; we have

|[f(z) = f(¢;) — deg f(h)] < el|h]].

This implies that any point y € 13J A ]5J lies at a distance at most §; from the boundary of
]3j. We also observe that smoothness of f guarantees existence of a constant K > 0 such

that
||dsf(R)]] < K[|A] (4.22)

for any x € P,h € V,. Consider one of the faces F' of the parallelelpiped ﬁj. Let F. be the
set of points which lie at a distance at most § from F. We claim that Vol(F,) < % for some
positive constant Cy. Indeed, according to (4.22)) F' is contained in an (n — 1)-dimensional

cube with the side % in the same hyperplane as F'. Hence, the orthogonal projection of

K+2¢
N

F. this hyperplane is contained in a cube of side , while the F' itself is contained in a
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Figure 1: The shaded area is 13J A ]3J

rectangular (i.e. a parallelepiped with orthogonal edges) whose one side has length % and
all the others of length %
Thus,
2¢(K +2¢)" 1 Che
VolF, < <
0 N = Nn
for some positive constant C; > 0. The parallelepipeds ]3J has 2n faces, and hence
~ o~ 2nCre  Ce
Vol (BAR) < = =
|

Let us now evaluate the difference I(f*a;P,C) — [ a. We have
P

/a:/ a+/ o
B JRoR JR\A

6 This condition ensures that the distance between any two points of P;is < 6.
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and

/a:/ oz—}—/ .
P PNk P\P;

< / lgldV < mgx|g|Vol <16J A ]3J> <

BoF;

Thus
m}gx\g\Ce Oy

Nn N

(4.23)

/‘“‘/O‘
P P;

Using additivity of the integral we have

/a:Z/ﬁja (4.24)

Hence, (4.23)) implies that

[ =Rl f

In view of (4.22)) we have ||TJ;€|| < K||Tyx|| = & for all j and k = 1,....n. Together with
inequality (4.21)) and continuity of ¢ this imply that for a sufficiently large N,

CQG

max [ maxg —ming | <e.
J B B

Let us also recall that in view of Proposition |4.4.15| we have

ag (T3, .. Ty) = g(e)dar A=~ Ny (T3, ... Ty,) = glc;)Vol(Py) = /g(cj)dV, (4.26)

b
and hence using (4.22)) we get
~ ~ -~ K"
al —a(T,....Ti.)| < [ |9(z) — g(¢)|dV < eVolP; < € (4.27)
A A
Thus we get
1rap0) - [ <|Sag@ . T -3 [o|+|[a=X [ af <
P i ip P i

K"e + CQE = 036. (428)
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But € can be chosen arbitrarily small, and hence combining (4.20) and (4.28)) we conclude
that

/ ffa= / a

P P

Let us finally sketch the proof for the case when the function h is almost everywhere
continuous. Let A be the discontinuity locus of the function h. By assumption, Vol(A) = 0.
Choose an open set B D A such that VolB < e. The complement P\ B is compact, the
function h|p\p : P\ B — R is continuous, and hence it is uniformly continuous.

Given a partition P of P we denote by Jpaq the set of multi-indices j for which P,NB # &
and by Jgeod the complementary set of indices. Respectively, the integral sum I(f*a; P, C)
can be split as

I(f*Oz, P, C) = [bad<f*05; P, C) + Igood(f*a/; P, 0)7

where
Iyood(f*;P.C) = > frog(Ty,... . Tjn),
JEJgood
La(f*; P,C) = > frag(TY,..., Tin).
J€Jbad
We will further denote Pyooq = U B Poaa = U P Paood = f(Paood)- Poad =
J€Jg00d J€Jbad
f(Pyaa). Hence, we can write
foo [ [o
good Pbad

Arguing as in the case of continuous o we can show that by choosing N sufficiently large

one can ensure that

Loood(ffa; P,C) — / al < Che. (4.29)

Pgood

On the other hand we can also arrange that

|Ibad(f*OZ; P, O)| < 026. (430)
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/a < Cse. (4.31)

bad

Combining inequalities (4.29)), (4.30) and (4.31)) we get the bound

I(f*oz;P,C)—/oz < Cye.
P

and the claim follows as in the case of continuous «. [ |
Discussion.

1. One can modify the formulation of Theorem by considering a diffeomorphism
f: PL — P, between two different rectangles, provided that both are oriented and f
preserves their orientation. Then for any integrable differential n-form « on P, we have

/ ffa= / .
Py Py

We leave it to the reader to formally deduce this claim from Theorem [4.6.1

2. The condition that f: P — P is a diffeomorphism can be relaxed by requiring that f
is 1 — 1 map and that det Df > 0, i.e. that the differential of f preserves orientation
everywhere where it is non-degenerate. The above proof goes in this case without any

modifications.
3. One can also prove the following version of Theorem for partially defined maps.

Proposition 4.6.5. Let A C V be a compact measurable set, U D A its open neighborhood
and f: U — V any injective map with non-negative Jacobian det D f. Let o be an integrable

differential n-form given on a neighborhood of the image f(A) C V. Then the form f*a is

[ra=[a

A f(A)

integrable over A and
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Sketch of a proof. Take a large rectangle P which contains both sets, A and f(A), and
extend the form o to P C V as equal to 0 outside f(A). Take a sufficiently fine partition P
of P such that the rectangles which intersect A are contained in U, and such that the total
volume of rectangles intersecting 0A is < e. Then the proof of Theorem [4.6.1| goes through

in this case with the only modification that we consider only those rectangles which intersect

A. |

Corollary 4.6.6. Let o be an integrable n-form over a rectangle P. Let Aq,..., Ak be
compact measurable sets in 'V, and Uy D A,...,Ux D Ak be their neighborhoods. Let f; :

Uj— P, j=1,...,K be smooth maps such that
o fi(4;) C P;
e f; has non-negative Jacobian determinant det D f;;
o f; is injective;
k
i L1Jf1<AJ> =P;

o Vol(f;(A;) N fi(Ai)) =0 for all i # j.

/a:zn:/f*a.

3. In the case when the form « is smooth over P we will prove later, as a corollary of Stokes’

Then

theorem that for any smooth map P — P such that f(x) = x for x € OP we have
[ fra=[a
P P
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4.7 Manifolds and submanifolds
4.7.1 Manifolds

Manifolds of dimension n are spaces which are locally look like open subsets of R™ but
globally could be much more complicated. We give a precise definition below.

Let U, U’ C R™ be open sets. A map f : U — U’ is called a homeomorpism if it is
continuous one-to-one map which has a continuous inverse f~!: U’ — U.

A map f: U — U’ is called a C*-diffeomorpism, k = 1,..., 00, if it is C*-smooth, one-
to-one map which has a C*-smooth inverse f~! : U’ — U. Usually we will omit the reference
to the class of smoothness, and just call f a diffeomorphism, unless it will be important to
emphasize the class of smoothness.

A set M is called an n-dimensional C*-smooth (resp. topological) manifold if there exist
subsets Uy, C X, A € A, where A is a finite or countable set of indices, and for every A € A
a map V¥, : Uy — R" such that

M1. M = | U,.
AEA

M2. The image G = ¥, (U,) is an open set in R"™.
M3. The map ¥, viewed as a map Uy, — G, is one-to-one.

M4. For any two sets Uy, Uy, A, o € A the images W, (U, UU,),¥,(UyUU,) C R" are open

and the map
h)\ﬂ = \I’ljl oW, : \I’)\(U)\ U U#) — \IIM<U)\ U UM) Cc R”
is a C*-diffeomorphism (resp. homeomorphism).

Sets U, are called coordinate neighborhoods and maps ®, : Uy — R are called coordinate
maps. The pairs (Uy, ®,) are also called local coordinate charts. The inverse maps ¥, =
;' ®,(Uy) — U, are called (local) parameterization maps. An atlas is a collection A =

{Uy, @5} rea of all coordinate charts.
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One says that two atlases 2 = {Uy, @y }rer and A’ = U, @;}Wep on the same manifold
X are equivalent, or that they define the same smooth structure on X if their union AU’ =
{(Ux, @1), (U, @.) freanqer is again an atlas on X. In other words, two atlases define the
same smooth structure if transition maps from local coordinates in one of the atlases to the
local coordinates in the other one are given by smooth functions.

A subset G C M is called open if for every A € A the image (G N U,) C R" is open.
In particular, coordinate charts U, themselves are open, and we can equivalently say that a
set GG is open if its intersection with every coordinate chart is open. By a neighborhood of a
point a € M we will mean any open subset U C M such that a € U.

Given two smooth manifolds M and M of dimension m and n then for k = 0,...,01 a

map f: M — M is called smooth if for every point a € M there exist local coordinate charts

(Ux, ®,) in M and ((7,\,5,\) in ]\A@, such that a € Uy, f(Uy C U, and the composition map

is smooth. In other words, a map is smooth, if it is smooth when expressed in local coordi-
nates.

A map f: M — N is called a diffeomorphism if it is smooth, one-to-one, and the inverse
map is also smooth.

Note that in view of the chain rule the C*-smoothness is independent of the choice of
local coordinate charts (Uy, ®,) and (Uy, ®,). Note that for C*-smooth manifolds one can
talk only about C'-smooth maps for [ < k. For topological manifolds one can talk only
about continuous maps. One-to-one continuous maps with continuous inverses are called
homeomorphisms.

Note that any point a of an n-dimensional manifold M has a neighborhood B diffeomor-

phic to an open ball B;(0) C R™.
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4.7.2 Gluing construction

The construction which is described in this section is called gluing or quotient construction.
It provides a rich source of examples of manifolds. We discuss here only very special cases
of this construction.

a) Let M be a manifold and U, U’ its two open disjoint subsets. Let us moreover assume
that each point x € M has a neighborhood which does not intersect at least one of the sets
U and U'[] Consider a diffeomorphism f : U — U’.

Let us denote by M/{f(z) ~ x} the set obtained from M by identifying each point
x € U with its image f(x) € U’. In other words, a point of M/{f(z) ~ z} is either a
point from x € M \ (U UU’), or a pair of points (z, f(z)), where = € U. Note that there
exists a canonical projection 7 : M — M/{f(z) ~ z}. Namely n(z) = z if z ¢ U U U,
n(z) = (x, f(z)) if z € U and 7(x) = (f~Y(z),z) if z € U’. By our assumption each point
x € M has a coordinate neighborhood G, > x such that f(G,NU)NG, = @. In particular,
the projection 7|g, : Gy — Gy = 7(G,) is one-to-one. We will declare by definition that
G, is a coordinate neighborhood of m(z) € M/{f(z) ~ z} and define a coordinate map
d:G, > R by the formula ® = ®on L. It is not difficult to check that this construction
define a structure of an n-dimensional manifold on the set M/{f(z) ~ x}. We will call the
resulted manifold the quotient manifold of M, or say that M/{f(x) ~ x} is obtained from
M by gluing U with U" with the diffeomorphism ®.

Though the described above gluing construction always produce a manifold, the result

could be quite pathological, if no additional care is taken. Here is an example of such pathol-

ogy.

Example 4.7.1. Let M = I U I’ be the union of two disjoint open intervals I = (0,2) and
I' = (3,5). Then M is a 1-dimensional manifold. Denote U := (0,1) C I,U’ := (3,4) C I'.
Consider a diffeomorphism f : U — U’ given by the formula f(¢t) = t+ 3, t € U. Let

"Here is an example when this condition is not satisfied: M = (0,2),U = (0,1),U’ = (1,2). In this case

any neighborhood of the point 1 intersect both sets, U and U’.
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M = M/{f(z) ~ x} be the corresponding quotient manifold. In other words, M is the result
of gluing the intervals I and I’ along their open sub-intervals U and U’. Note that the points
1 € I and 4 € I' are not identified, but 1 — ¢,4 — € are identified for an arbitrary small
€ > 0. This means that any neighborhood of 1 and any neighborhood of 4 have non-empty

intersection.

In order to avoid such pathological examples one usually (but not always) requires that

manifolds satisfy an additional axiom, called Hausdorff property:
M5. Any two distinct points x,y € M have non-intersecting neighborhoods U > z,G 3 Y.

In what follows we always assume that the manifolds satisfy the Hausdorff property Mb5.

b) Let M be a manifold, f : M — M be a diffecomorphism. Suppose that f satisfies the
following property: There exists a positive integer p such that for any point x € M we have

fP(x) = fofo---of(x) = x, but the points x, f(x)..., [P~ (x) are all disjoint. The set
—_—

{z, f(z)..., f]”_p1 (x)} € M is called the trajectory of the point x under the action of f. It is
clear that trajectory of two different points either coincide or disjoint. Then one can consider
the quotient space X/ f, whose points are trajectories of points of M under the action of f.
Similarly to how it was done in a) one can define on M/f a structure of an n-dimensional
manifold.

c) Here is a version of the construction in a) for the case when trajectory of points are
infinite. Let f : M — M be a diffeomorphism which satisfies the following property: for each
point x € M there exists a neighborhood U \ X > x such that all sets

c f_Q(Uz)v f_l(Uac)’ Um»f(Um)va(Um)7 te

are mutually disjoint. In this case the trajectory {..., f2(z), f 1 (x),z, f(z), f*(z),...} of
each point is infinite. As in the case b), the trajectories of two different points either coincide
or disjoint. The set M/f of all trajectories can again be endowed with a structure of a

manifold of the same dimension as M.
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4.7.3 Examples of manifolds

1. n-dimensional sphere S™. Consider the unit sphere S™ = {||z|| = nil x3 =1} C R
Let introduce on S™ the structure of an n-dimensional manifold. Let ]\} = (0,...,1) and
S =(0,...,—1) be the North and South poles of S™, respectively.
Denote U_ = S™\ S,U; == 8"\ N and consider the maps py : Uy — R given by the
formula
Py, .. Tpg1) = m(;ﬁ, Ty (4.32)

The maps p, : Uy — R, and p_ : U_. — R" are called stereographic projections from the
North and South poles, respectively. It is easy to see that stereographic projections are one-to
one maps. Note that Uy NU_ = 8™\ {S, N} and both images, p, (U, NU_) and p_ (U, NU_)
coincide with R™ \ 0. The map p_ op;' : R*\ 0 — R™\ 0 is given by the formula

T

p-opii(z) = eIk (4.33)

and therefore it is a diffeomorphism R"\ 0 — R™ \ 0.

Thus, the atlas which consists of two coordinate charts (U,,py) and (U_,p_) defines on
S™ a structure of an n-dimensional manifold. One can equivalently defines the manifold S™
as follows. Take two disjoint copies of R", let call them R} and Rj. Denote M = R} URY,
U=R}\0and U =Ry \ 0. Let f: U — U’ be a difeomorphism defined by the formula

flz) = I ;HQ, as in (4.33]). Then S™ can be equivalently described as the quotient manifold
M/f.

Note that the 1-dimensional sphere is the circle S*. It can be alternatively defined as
follows. Consider the map 7" : R — R given by the formula T'(z) = z + 1, z € R. It
satisfies the condition from and hence, one can define the manifold R/7". This manifold
is diffeomorphic to S!.

2. Real projective space. The real projective space RP" is the set of all lines in R**!

passing through the origin. One introduces on RP™ a structure of an n-dimensional manifold
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as follows. For each j = 1,...,n + 1 let us denote by U, the set of lines which are not
n+1

parallel to the affine subspace II; = {z; = 1}. Clearly, |J U; = RP". There is a natural
one-to one map 7; : U; — II; which associates with each lhlle i € Uj the unique intersection
point of o with II;. Furthermore, each II; can be identified with R", and hence pairs (U;, 7;),
7=1,...,n4 1 can be chosen as an atlas of coordinate charts. We leave it to the reader to

check that this atlas indeed define on RP™ a structure of a smooth manifold, i.e. that the

transition maps between different coordinate charts are smooth.

Exercise 4.7.2. Let us view S™ as the unit sphere in R**!. Consider a map p : S™ — RP"
which associates to a point of S™ the line passing through this point and the origin. Prove that
this two-to-one map is smooth, and moreover a local diffeomorphism, i.e. that the restriction
of p to a sufficiently small neighborhood of each point is a diffeomorphism. Use it to show

that RP™ is diffeomorphic to the quotient space S™/f, where f : S™ — S™ is the antipodal

map f(x) = —uz.

3. Products of manifolds and n-dimensional tori. Given two manifolds, M and N

of dimension m and n, respectively, one can naturally endow the direct product
M x N ={(x,y); x € M,y € N}

with a structure of a manifold of dimension m + n. Let {(Uy, @) }area and {(V,, V,,) }er be
atlases for M and N, so that @y : Uy — Uy CR™, ¥, : V,, — V| C R" are diffeomorphisms
on open subsets of R” and R™. Then the smooth structure on M x N can be defined by an

atlas

{(U)\ X VW? (PA X \II’Y)}AGA;VGIW

where we denote by @y x W, : Uy x V,, — Uy x VJ C R™ x R" = R™"" are diffeomorphisms
defined by the formula (z,y) — (®x(x)¥,(y)) for x € Uy and y € V.
One can similarly define the direct product of any finite number of smooth manifolds.

In particular the n-dimensional torus T™ is defined as the product of n circles: T" =
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St x .- x S Let us recall, that the circle S* is diffeomorphic to R/T, i.e. a point of S! is a
—

n
real number up to adding any integer. Hence, the points of the torus 7" can viewed as the

points of R” up to adding any vector with all integer coordinates.

4.7.4 Submanifolds of an n-dimensional vector space

Let V' be an n-dimensional vector space. A subset A C V is called a k-dimensional submani-
fold of V', or simply a k-submanifold of V', 0 < k < n, if for any points a € A there exists a
local coordinate chart (U,, u = (ug,...,u,) — R™) such that u(a) = 0 (i.e. the point a is the

origin in this coordinate system) and
ANU, ={u=(u1,...,uy) € Uy; tUpy1 =+ =1u, =0}. (4.34)

We will always assume the local coordinates at least as smooth as necessary for our purposes
(but at least C'-smooth), but more precisely, one can talk of C™- submanifolds if the implied

coordinate systems are at least C™-smooth.

Example 4.7.3. Suppose a subset A C U C V s given by equations Fy = --- = F,,_p =0
for some C™-smooth functions Fi,..., F,_r on U. Suppose that for any point a € A the
differentials d Fy, ..., d.F,— € V' are linearly independent. Then A C U is a C™-smooth
submanifold.

Indeed, for each a € A one can choose a linear functions [y, ..., € V* such that together
with d, Fy, ... ,d.F,— € V. they form a basis of V*. Consider functions Ly,..., Ly : V — R,
defined by L;(z) = [;(z —a) so that d,(L;) =1, j =1,..., k. Then the Jacobian det D, F" of
the map F': (Ly,...,Lg, F1,..., Fy_g) : U — R™ does not vanish at a, and hence the inverse
function theorem implies that this map is invertible in a smaller neighborhood U, C U of
the point a € A. Hence, the functions u; = Ly, ..., ux = Ly, up1 = Fi, ..., u, = F,_; can

be chosen as a local coordinate system in U,, and thus ANU, = {ug41 = --- = u, = 0}.

Note that the map u = (uy,...,u;) maps U4 = U, N A onto an open neighborhood
U = u(U,) N RF of the origin in R¥ ¢ R", and therefore v/ = (uy,...u;) defines a local
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coordinates, so that the pair (U2, ') is a coordinate chart. The restriction ¢ = ¢|i of the

parameterization map ¢ = u~!

maps U onto UA. Thus 5 a parameterization map for the
neighborhood U#. The atlas {(UA,u/)}a € A defines on a a structure of a k-dimensional
manifold. The complementary dimension n — k is called the codimension of the submanifold
A. We will denote dimension and codimension of A by dim A and codimA, respectively.

As we already mentioned above in Section 1-dimensional submanifolds are usually
called curves. We will also call 2-dimensional submanifolds surfaces and codimension 1 sub-
manifolds hypersurfaces. Sometimes k-dimensional submanifolds are called k-surfaces. Sub-
manifolds of codimension 0 are open domains in V.

An important class form graphical k-submanifolds. Let us recall that given a map f :

B — R"* where B is a subset B C R*, then graph is the set
Ly ={(z,y) eR*xR"™* =R" z € B,y = f(x)}.

A (C™)-submanifold A C V is called graphical with respect to a splitting ® : R¥ x R* % —
V, if there exist an open set U C R¥ and a (C™)-smooth map f : U — R such that

A=0(Ty).
In other words, A is graphical if there exists a coordinate system in V' such that
A= {iL': (xl,...,l'n);<l'1,....’ll'k) € U,.ﬁEj = fj(xl,...,l'k), ]: k+1,,n}

for some open set U C R¥ and smooth functions, fii1,..., fn: U — R.
For a graphical submanifold there is a global coordinate system given by the projection
of the submanifold to R*.

It turns out that that any submanifolds locally is graphical.

Proposition 4.7.4. Let A C V be a submanifold. Then for any point a € A there is a
neighborhood U, > a such that U, N A is graphical with respect to a splitting of V. (The
splitting may depend on the point a € A).
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We leave it to the reader to prove this proposition using the implicit function theorem.

One can generalize the discussion in this section and define submanifolds of any manifold
M, and not just the vector space V. In fact, the definition (4.34]) can be used without any
changes to define submanifolds of an arbitrary smooth manifold.

A map f: M — (@ is called an embedding of a manifold M into another manifold @ if
it is a diffeomorphism of M onto a submanifold A C Q. In other words, f is an embedding
if the image A = f(M) is a submanifold of () and the map f viewed as a map M — A is a
diffeomorphism. One can prove that any n-dimensional manifold can be embedded into RY
with a sufficiently large NV (in fact N = 2n + 1 is always sufficient).

Hence, one can think of manifold as submanifold of some R™ given up to a diffeomor-
phism, i.e. ignoring how this submanifold is embedded in the ambient space.

In the exposition below we mostly restrict our discussion to submanifolds of R™ rather

than general abstract manifolds.

4.7.5 Submanifolds with boundary

A slightly different notion is of a submanifold with boundary. A subset A C V is called a
k-dimensional submanifold with boundary, or simply a k-submanifold of V' with boundary,
0 < k < n, if for any points a € A there is a neighborhood U, 3 @ in V' and local (curvi-
linear) coordinates (uq, ..., u,) in U, with the origin at a if one of two conditions is satisfied:

condition (4.34)), or the following condition
AmUa = {U: (ula'-’7un) S Ua; (e OaukJrl == Up = 0} (435>

In the latter case the point a is called a boundary point of A, and the set of all boundary

points is called the boundary of A and is denoted by 0A.

Exercise 4.7.5. Prove that if A is k-submanifold with boundary then 0A is a (k — 1)-

dimensional submanifold (without boundary).
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Figure 2: The parameterization ¢ introducing local coordinates near an interior point a and

a boundary point b.

Remark 4.7.6. 1. A slightly awkward nuance in the above definition is that a submani-
fold with boundary is not a submanifold! It would be, probably, less confusing to write

this as a 1 word submanifold-with-boundary, but of course nobody does that.

2. As it was already pointed out when we discussed 1-dimensional submanifolds with
boundary, the boundary of a k-submanifold with boundary is not the same as its set-
theoretic boundary, though traditionally the same notation 0A is used. Usually this
should be clear from the context, what the notation 0A stands for in each concrete

case. We will explicitly point this difference out when it could be confusing.

A compact manifold (without boundary) is called closed. The boundary of any compact

manifold with boundary is closed, i.e. 9(0A) = @.
Example 4.7.7. An open ball B = Bj(0) = {3 27 < 1} C R" is a codimension 0
1

submanifold, A closed ball D} = D3(0) = {327 <1} C R" ia codimension 0 submanifold
1
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with boundary. Its boundary 9D is an (n — 1)-dimensional sphere Sp~' = {3 2% = 1} C
1
R”. It is a closed hypersurface. For k = 0,1...n — 1 let us denote by L* the subspace

Ly =A{xgs1 = -+ =x, =0} CR". Then the intersections
By =Brn LY Dy =DpnLF, and SE'=93"'NnLFCR”

are, respectively a k-dimensional submanifold, a k-dimensional submanifold with boundary
and a closed (k — 1)-dimensional submanifold of R”. Among all above examples there is only

one (which one?) for which the manifold boundary is the same as the set-theoretic boundary.

A neighborhood of a boundary point a € dA can be always locally parameterized by the
semi-open upper-half ball

By (0) ={x = (z1,...,2;) € RF; ; 20,230? < 1}.
1

We will finish this section by defining submanifolds with piece-wise smooth boundary. A
subset A C V is called a k-dimensional submanifold of V' with piecewise smooth boundary
or with boundary with corners, 0 < k < n, if for any points a € A there is a neighborhood
U, 2 a in V and local (curvi-linear) coordinates (u1, ..., u,) in U, with the origin at @ if one

of three condittions satisfied: conditions (4.34]), (4.35)) or the following condition
ANU, ={u= (u1,...,up) €Uy li(u) >0,...,lpn(u) > 0,up41 =+ =u, =0}, (4.36)

where m > 1 and [y,...,l, € (R¥)* are linear functions In the latter case the point a is
called a corner point of 0A.

Note that the system of linear inequalities I;(u) > 0,...,l,(u) > 0 defines a convex
cone in R*. Hence, near a corner point of its boundary the manifold is diffeomorphic to a
convex cone. Thus convex polyhedra and their diffeomorphic images are important examples

of submanifolds with boundary with corners.
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4.8 Tangent spaces and differential

Suppose we are given two local parameterizations ¢ : G — A and 5 G — A Suppose that
0 € GNG and ¢(0) = ¢(0) = a € A. Then there exists a neighborhood U 3 a in A such
that U C ¢(G) N (G).

Denote G; = gb*l(U),CN}'l = 5*1((7) Then one has two coordinate charts on U: u =
() = (Bl )" U — Gy, and @ = (30, .., i) = (Ez;|@l)1 UGy

Denote h :=u o (b\@l = G1 — G;. We have

¢=¢ouocp=goh,

and hence the differentials d¢y and dggo of parameterizations ¢ and 5 at the origin map R}
isomorphically onto the same k-dimensional linear subspace T' C V,,. Indeed, d05 = dypodyh.
Thus the space T' = do¢p(RE) C V, is independent of the choice of parameterization. It is
called the tangent space to the submanifold A at the point a € A and will be denoted by
T,A. If A is a submanifold with boundary and a € 0A then there are defined both the k-
dimensional tangent space T, A and its (k — 1)-dimensional subspace T,(0A) C T, A tangent
to the boundary.

Example 4.8.1. 1. Suppose a submanifold A C V is globally parameterized by an em-
bedding ¢ : G — A — V, G C R¥. Suppose the coordinates in R* are denoted by
(u1,...,ux). Then the tangent space T,A at a point a = ¢(b),b € G is equal to the

0p o)
Span (8_m(a)’ ce 8_1%(&)) .

span

2. In particular, suppose a submanifold A is graphical and given by equations

Trpr = g1(T1, o Tk)s s T = Gnow(w1, .. 21), (21,...,21) € G C R

Take points b = (by,...by) € G and a = (by,..., bk, g1(D), ..., gn—x(b)) € A. Then
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T.A = Span (11, ...Ty), where

n=(10 0% %9k

Y PARE) 7ax1

k )
)

dg OGn—r
T, =101,...,0,=(d),... b
1 ) L ’781’2()’ ) ()
k

dg1 OGn—k
7, =10,0,...,1, =(b),... b
1 9 9 9 7axk( )7 Y axk ()
k

3. Suppose a hypersurface ¥ C R" is given by an equation ¥ = {F = 0} for a smooth
function F' defined on an neighborhood of ¥ and such that d,F' # 0 for any a € X.
In other words, the function F' has no critical points on Y. Take a point a € 3. Then

1,3 C R? is given by a linear equation
—~ OF
—(a)h; =0, h=(hy,...,h,) € R
;axj(a) J ) ( 1, ) )E a

Note that sometimes one is interested to define 7,X as an affine subspace of R" = Ry

and not as a linear subspace of R!'. We get the required equation by shifting the origin:
n N OF
Tazz{x:(mla"'axn)CR ) ;a_xj(a)(x]_a]):o}

If for some parameterization ¢ : G — A with ¢(0) = a the composition f o ¢ is differen-

tiable at 0, and the linear map

do(f o ¢) o (dop) ™" : ToA — Wiya)

is called the differential of f at the point a and denoted, as usual, by d, f. Similarly one can
define C"-smooth maps A — W.

Exercise 4.8.2. Show that a map f : A — W is differentiable at a point a € A iff for some
neighborhood U of a in V' there exists a map F': U — W that is differentiable at a and such

107



that Flyna = fluna, and we have dF'|7,4 = d,f. As it follows from the above discussion the
map dF|r, 4 is independent of this extension. Similarly, any C™-smooth map of A locally

extends to a C™-smooth map of a neighborhood of A in V.

Suppose that the image f(A) of a smooth map f: A — W is contained in a submanifold
B C W. In this case the image d, f(T,A) is contained in Ty B. Hence, given a smooth map
f A — B between two submanifolds A C V and B C W its differential at a point a can be

viewed as a linear map dof : ToLA — Ty B.

Let us recall, that given two submanifolds A C V and B C W (with or without bound-
ary), a smooth map f: A — B is called a diffeomorphism if there exists a smooth inverse
map: B — A,ie. fog: B— Bandgof:A— A areboth identity map. The submanifolds

A and B are called in this case diffeomorphic.
Exercise 4.8.3. 1. Let A, B be two diffeomorphic submanifolds. Prove that

(a) if A is path-connected then so is B;
(b) if A is compact then so is B;

(c) if 0A = & then 0B = @;

(d) dim A = dim B; ff

2. Give an example of two diffeomorphic submanifolds, such that one is bounded and the

other is not.
3. Prove that any closed connected 1-dimensional submanifold is diffeomorphic to the

unit circle S = {z% + 23 = 1} C R%

4.9 Vector bundles and their homomorphisms

Let us put the above discussion in a bit more global and general setup.

8In fact, we will prove later that even homeomorphic manifolds should have the same dimension.
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A collection of all tangent spaces {T, A}4c to a submanifold A is called its tangent bundle
and denoted by T'A or T'(A). This is an example of a more general notion of a vector bundle of
rank r over a set A C V. One understands by this a family of r-dimensional vector subspaces
L, C V,, parameterized by points of A and continuously (or C™-smoothly) depending on
a. More precisely one requires that each point @ € A has a neighborhood U C A such
that there exist linear independent vector fields vi(a),...,v.(a) € L, which continuously
(smoothly, etc.) depend on a.

Besides the tangent bundle T'(A) over a k-submanifold A an important example of a
vector bundle over a submanifold A is its normal bundle NA = N(A), which is a vector
bundle of rank n — k formed by orthogonal complements N,A = T;-A C V, of the tangent
spaces T, A of A. We assume here that V' is Euclidean space.

A vector bundle L of rank k£ over A is called trivial if one can find k continuous linearly
independent vector fields vi(a),...,vi(a) € L, defined for all a € A. The set A is called the
base of the bundle L.

An important example of a trivial bundle is the bundle TV = {V, },cv .

Exercise 4.9.1. Prove that the tangent bundle to the unit circle S* C R? is trivial. Prove
that the tangent bundle to S? C R? is not trivial, but the tangent bundle to the unit sphere
S3 C R* is trivial. (The case of S* is easy, of S? is a bit more difficult, and of S? even more
difficult. It turns out that the tangent bundle T.S™~! to the unit sphere S"~! C R" is trivial
if and only if n = 2,4 and 8. The only if part is a very deep topological fact which was
proved by F. Adams in 1960.

Suppose we are given two vector bundles, L over A and L over A and a continuous (resp.
smooth) map ¢ : A — A. By a continuous (resp. smooth) homomorphism ® : L — L which
covers the map ¢ : A — A we understand a continuous (resp. smooth) family of linear
maps ¢, : L, — E¢(a). For instance, a C™-smooth map f : A — B defines a C™ !-smooth
homomorphism df : TA — T'B which covers f : A — B. Here df = {d,f}aca is the family
of linear maps d, f : T,A — Ty B, a € A.
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Figure 3: The orientation of the surface is induced by its co-orientation by the normal vector

n. The orientation of the boundary us induced by the orientation of the surface.

4.10 Orientation

By an orientation of a vector bundle L = {L,}sca over A we understand continuously
depending on a orientation of all vector spaces L,. An orientation of a submanifold k is the
same as an orientation of its tangent bundle T'(A). A co-orientation of a k- submanifold A
is an orientation of its normal bundle N(A) = T+ A in V. Note that not all bundles are
orientable, i.e. some bundles admit no orientation. But if L is orientable and the base A
is connected, then L admits exactly two orientations. Here is a simplest example of a non-
orientable rank 1 bundle of the circle S' C R2. Let us identify a point a € S* with a complex
number a = ¢, and consider a line [, € R? directed by the vector e . Hence, when the
point completes a turn around S* the line I, rotates by the angle 7. We leave it to the reader
to make a precise argument why this bundle is not orientable . In fact, rank 1 bundles are

orientable if and only if they are trivial.
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If the ambient space V' is oriented then co-orientation and orientation of a submanifold
A determine each other according to the following rule. For each point a, let us choose any
basis v, ..., v of T,(A) and any basis wy, ..., w,—x of Ny(A). Then wy, ..., wy_k,v1,..., 0
is a basis of V, = V. Suppose one of the bundles, say N(A), is oriented. Let us assume that
the basis wy, ..., w,_ defines this orientation. Then we orient T, A by the basis vy, ..., vy if
the basis wy, ..., w,_g, v1, ..., v defines the given orientation of V', and we pick the opposite

orientation of T, A otherwise.

Example 4.10.1. (Induced orientation of the boundary of a submanifold.) Suppose
A is an oriented manifold with boundary. Let us co-orient the boundary dA by orienting the
rank 1 normal bundle to T'(0A) in T(A) by the unit ourtward normal to T(0A) in T'(A)

vector field. Then the above rule determine an orientation of T'(0A), and hence of 0A.

4.11 Partition of unity and cut-off functions

Let us recall that the support of a function 6 is the closure of the set of points where it is
not equal to 0. We denote the support by Supp(f). We say that 6 is supported in an open
set U if Supp(d) C U.

Lemma 4.11.1. There exists a C* function p : R — [0, 00) with the following properties:

o p(z) =0, |z[ = 1;

e p(x) >0 for |z| < 1.

Proof. There are a lot of functions with this property. For instance, one can be constructed

as follows. Take the function

h(z) = (4.37)
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The function e~ 2% has the property that all its derivatives at 0 are equal to 0, and hence
the function h is C*°-smooth. Then the function p(x) := h(1 4 z)h(1 — x) has the required

properties. [

Lemma 4.11.2. EXISTENCE OF cUT-OFF FUNCTIONS Let C' C V' be compact set and U D C
its open neighborhood. Then there exists a C™-smooth function ooy @V — [0,00) with its

support in U which is equal to 1 on C

Proof. Let us fix a Euclidean structure in V and a Cartesian coordinate system. Thus we
can identify V' with R™ with the standard dot-product. Given a point a € V and 6 > 0 let
us denote by 1, 5 the bump function on V' defined by

|z — all”

Yas() = p (5—2) , (4.38)

where p : R7[0,00) is the function constructed in Lemma {4.11.1} Note that 1, s(x) is a

C>°-function with Supp (¥a5) = Ds := Bs(a) and such that v, s(z) > 0 for x € Bs(a).
Let us denote by U,(C') the e-neighborhood of C, i.e.

UC) = {r e ViTy e C,lly—all < e}

There exists ¢ > 0 such that U, (C) C U. Using compactness of C' we can find finitely

many points zi,...,zy € C such that the balls B.(z1),...,Bc(zny) C U cover Ug(C’), ie.
o N
Us(C) C LljBE(zj). Consider a function

V- R.

[S1Y

N
g1 = Z wzi,
1

The function 1, is positive on U;(C’) and has Supp(¢y) C U.
The complement ' = V \ U(C) is a closed but unbounded set. Take a large R > 0
such that Br(0) D U. Then Er = Dg(0) \ Us(C) is compact. Choose finitely many points

M M
T1,...,2p € Eg such that | Be(z;) D Eg. Notice that | B:(z;) N C' = &. Denote
1 1

)

M
09 1= Z wxi,
1
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Then the function oy is positive on Vi and vanishes on C. Note that the function o1 + o9
is positive on Br(0) and it coincides with oy on C. Finally, define the function o¢y by the

formula
01

UC,U =
01 -+ 092

on B(R)(0) and extend it to the whole space V' as equal to 0 outside the ball Bz(0). Then

ocuy =1 on C and Supp(ocy) C U, as required. [}
Let C C V be a compact set. Consider its finite covering by open sets Uy, ..., Uy, i.e.
N
Uuioc
1
We say that a finite sequence 61, . .., 0k of C'"*°-functions defined on some open neighborhood

U of C in V forms a partition of unity over C subordinated to the covering {U;};—

K
e > bi(z)=1forall z e,
1
e Each function 6;, j = 1,..., K is supported in one of the sets U;, i = 1,..., K.

Lemma 4.11.3. For any compact set C' and its open covering {U,};=1.. n there exists a

partition of unity over C' subordinated to this covering.

Proof. In view of compactness of there exists € > 0 and finitely many balls B.(z;) centered
at points z; € C, j =1,..., K, such that 6B€<Zj> D C and each of these balls is contained
in one of the open sets U;, j = 1,...,N. éonsider the functions 1., . defined in . We
have if:ij,e > () on some neighborhood U D C'. Let o¢y be the cut-off function constructed

in Lemma [4.11.2] For j =1,..., K we define

wzj-,e(x)o—C,U(x) lfx 6 U7

K Y

0, otherwise
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Each of the functions is supported in one of the open sets U;, j = 1,..., N, and we have for

every x € C'
K
K Stz ()
! ;¢Zj75(x)

4.12 Approximation of continuous functions by smooth ones

Theorem 4.12.1. Let C C V be a compact domain with smooth boundary. Then any con-
tinuous function f : C — R can be C°-approzimated by C°°- smooth functions, i.e. for any
€ > 0 there exists a C*-smooth function g : C — R such that |f(x) — g(z)| < € for any
x € C. Moreover, if the function f is already C*°-smooth in a neighborhood of a closed subset

B C Int C, then one can arrange that the function g coincides with f over A.
Lemma 4.12.2. There is a continuous extension of f to V.

Sketch of the proof. Let n be the outward normal vector field to the boundary 0C'. If the
boundary is C'*°-smooth then so is the vector field n. Consider a map v : 9C x [0,1] — V
given by the formula v(z,t) = v +tn,z € dC,t € [0,1]. The differential of v at the points
of OC x 0 has rank n. (FEzercise: prove this.) Hence by the inverse function theorem for a
sufficiently small € > 0 the map v is a diffeomorphism of dC' x [0, €) onto U \ Int C' for some
open neighborhood U O C'. Consider a function F' : 9C x [0,€) — R, defined by the formula

Fla,t) = (1 - ﬁ) (@)

€

if t € [0,5] and f(x,t) = 01if t € (5,¢). Now we can extend f to U by the formula f(y) =

Fv=i(y)if y € U\ C, and setting it to 0 outside U. ]
Consider the function
1
U, = ——=1q,
f wO,edV djo’
D.(0)
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where 1y, is a bump function defined above in (4.38)). It is supported in the disc D, (0),

/ v,dV = 1.

Do (0)

non-negative, and satisfies

. Given a continuous function f : V' — R we define a function f, : V' — R by the formula

~ [ fa— vy (139
Then
Lemma 4.12.3. 1. The function f, is C*°-smooth.

2. For any € > 0 there exists 6 > 0 such that for all v € C we have |f(z) — f,(z)] < €
provided that o < 0.

Proof. 1. By the change of variable formula we have, replacing the variable y by u = y — x:
:/f(m—y) / f(=u)Vo(z 4+ u)d u—/f Uo(x +u)d"u.
D(0) De(—z
But the expression under the latter integral depends on x C*°-smoothly as a parameter.
Hence, by the theorem about differentiating integral over a parameter, we conclude that the
function f. in C'*°-smooth.

2. Fix some oy > 0. The function f is uniformly continuous in U, (C). Hence there exists

d > 0 such that z,2’ € U,,(C) and ||z — 2'|| < § we have |f(zx) — f(2')| < e. Hence, for

o < min(og, d) and for = € C' we have

fole) — f(@)] = | / Fx — )W, (y)dy — / F(@) W, (y)dy| <

/ (@ —1) — F@)[To(y)dy < e / W, (y)dy = (4.40)
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Proof of Theorem Lemmal[4.12.3]implies that for a sufficiently small o the function
g = [, is the required C"*°-smooth e-approximation of the continuous function f. To prove
the second part of the theorem let us assume that f is already C'*°-smooth on a neighborhood
U,B C U C C. Let us choose a cut-off function o iy constructed in Lemma [.1T.2]and define
the required approximation g by the formula f, + (f — f,)opu- [

Theorem implies a similar theorem form continuous maps C' — R" by applying it

to all coordinate functions.

4.13 Integration of differential k-forms over k-dimensional sub-

manifolds

Let « be a differential k-form defined on an open set U C V.

Consider first a k-dimensional compact submanifold with boundary A C U defined para-
metrically by an embedding ¢ : G — A — U, where G C RF is possibly with boundary.
Suppose that A is oriented by this embedding. Then we define

A/a::G/gb*a.

Note that if we define A by a different embedding 5 G — A, then we have gg = ¢oh, where
h=¢ 1o 5 G- Gisa diffeomorphism. Hence, using Proposition we get

/¢a_/h* /m

and hence [ « is independent of a choice of parameterization, provided that the orientation
A
is preserved.
Let now A be any compact oriented submanifold with boundary. Let us choose a partition
K

of unity 1 = > 6; in a neighborhood of A such that each function is supported in some
1

K
coordinate neighborhood of A. Denote o; = 6. Then a = ) «;, where each form «;
1

is supported in one of coordinate neighborhoods. Hence there exist orientation preserving
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embeddings ¢; : G; — A of domains with boundary G; C R¥, such that ¢;(G;) D Supp(a;),

7 =1,..., K. Hence, we can define

K
/aj::/(b;ozj and /a::Z/aj.
A G, L

A

Lemma 4.13.1. The above definition of [« is independent of a choice of a partition of
A

unty.

K K
Proof. Consider two different partitions of unity 1 = > 6; and 1 = > 6, subordinated to
1 1

coverings Uy, ..., Uk and (71, cee U 7, respectively. Taking the product of two partitions we

K K
get another partition 1 = > " 6,;, where 6;; := 6,6;, which is subordinated to the covering

i=1j=1
by intersections U NU;, @ = 1 K, 7 =1,. K Denote o; := 0;a, a; := 0o and
K
= 6;;a. Then Z a;; = Qj, 2 a;; =a; and o = Za, = > ;. Then, using the linearity
; 1

of the integral we get

i=1 j=1
[ |

When k£ = 1 the above definition of the integral coincides with the definition of the
integral of a 1-form over an oriented curve which was given above in Section [4.1]

Let us extend the definition of integration of differential forms to an important case
of integration of O-form over oriented O-dimensional submanifolds. Let us recall a compact
oriented O-dimensional submanifold of V' is just a finite set of points aq,...,a, € V with
assigned signs to every point. So in view of the additivity of the integral it is sufficient to

define integration over 1 point with a sign. On the other hand, a O-form is just a function

f:V — R. So we define
[ r==ta)

+a
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A partition of unity is a convenient tool for studying integrals, but not so convenient
for practical computations. The following proposition provides a more practical method for

computations.

Proposition 4.13.2. Let A be a compact oriented submanifold of V' and o a differential
N

k-form given on a neighborhood of A. Suppose that A presented as a union A =|J A;, where
1

A; are codimension 0 submanifolds of A with boundary with corners. Suppose that A; and

A; for any i # j intersect only along pieces of their boundaries. Then

[-5 )

A J
In particular, if each A; is parameterized by an orientation preserving embedding ¢; : G; —

A, where G C R¥ is a domain with boundary with corners. Then

N
A/a:Z;G]/gb;a.

We leave the proof to the reader as an exercise.

Exercise 4.13.3. Compute the integral

/ 1/3(1’1(11‘2 VAN diL‘g + SEQd.’L’g N dﬂ?l + l'gdl'l VAN dl‘g),
S

where S is the sphere
{2t + a3 + a3 =1},

cooriented by its exterior normal vector.
Solution. Let us present the sphere as the union of northern and southern hemispheres:
S=S_US,, where S_ =Sn{zx3 <0}, Sy =5nN{x3>0}.
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Then [w= [ w+ [ w. Let us first compute [ w.
s S+ S S+

We can parametrize S, by the map (u,v) — (u,v,vVR? —u? —v?), (u,v) € {u? +v* <

R?} = Dg. One can check that this parametrization agrees with the prescribed coorientation

of S. Thus, we have

/w:1/3/<udv/\d R? —u? — 02 +vdVR? —u? —v?2 Adu+ RQ—UQ—UQCZU/\dU>.

S+ Dr

Passing to polar coordinates (r, ) in the plane (u,v) we get

/w: 1/3/7‘cosg0d(rsingp)/\d\/R2—r2+7“singpd\/R2—r2/\d(rcosg0)

St P

+V R? — r2d(r cos ) A d(rsin ),

where P ={0 <r < R,0 < ¢ < 27}. Computing this integral we get

3

1 3 cos? pdp Adr 13 sin® pdr A dp
w = - [ — + +VR?—1r%dr Nd
/ 3/p VRZ — 2 VRZ — 2 Y

1 r3
= - — 4+ rVR2 =12 )drAd
sfza(wwzf ) ’

o (R rR? 2r R? B onrR3
— —_—dr = — VRZ —1r2 =
3 /0 VR 2 3 " /0 3

/ 2r R3
W= )
3

S_

Similarly, one can compute that

Computing this last integral, one should notice the fact that the parametrization
(u,v) — (u,v, —VR? — u? — v?)
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defines the wrong orientation of S_. Thus one should use instead the parametrization

(u,v) — (v,u, =V R?* — u? — v?),

/ _47ng
w = 7

S

and we get the answer

This is just the volume of the ball bounded by the sphere. The reason for such an answer

will be clear below from Stokes’ theorem.

5 Stokes’ theorem

5.1 Statement of Stokes’ theorem

Theorem 5.1.1. Let A C V' be a compact oriented submanifold with boundary (and possibly
with corners). Let w be a C*-smooth differential form defined on a neighborhood U D A.

Then
/w:/dw.

0A A

Here dw is the exterior differential of the form w and 0A is the oriented boundary of A.

We will discuss below what exactly Stokes’ theorem means for the case £k < 3 and
n=dimV <3.

Let us begin with the case k = 1, n = 2. Thus V = R2. Let 21, 25 be coordinates in R?
and U a domain in R? bounded by a smooth curve I' = 9U. Let us co-orient I' with the
outward normal v to the boundary of U. This defines a counter-clockwise orientation of I'.

Let w = Pi(x1,x9)dxy + Py(x1,x9)dxs be a differential 1-form. Then the above Stokes’

formula asserts

/dw:/w,
U r

120



or

P, 0P
/ 2—@ dl’l/\dIQZ/Pldl'l—f-Pgdl'Q.
8:1:1 81'2 r

This is called Green’s formula. In particular, when dw = dx; A dxs, e.g. w = xdy or

W= %(xdy — ydx), the integral [ w computes the area of the domain U.
r
Consider now the case n = 3, k = 2. Thus
V = R?), w = PleEQ VAN dl’g -+ Pgdl'g VAN de’l + Pgdl’l VAN dl’g.

Let U C R? be a domain bounded by a smooth surface S. We co-orient S with the exterior

normal v. Then

(0P, 0P, 0P
dw = (8x1 + 0952 + 81’3

for o

S U

) dl’l VAN dLIZ'Q VAN dIg.

Thus, Stokes’ formula

gives in this case

0P, n 0P, n OPs
81’1 8.1'2 81'3

/PldQTg/\d$3+P2d$3/\dl'1+P3dl'1/\dl’2:/(
S

) dl’l A dZL‘Q A deg

This is called the divergence theorem or Gauss-Ostrogradski’s formula. Consider the case

k =0,n=1. Thus w is just a function f on an interval I = [a, b]. The boundary OI consists
of 2 points: I = {a,b}. One should orient the point a with the sign — and the point b with
the sign +.

Thus, Stokes’ formula in this case gives

Ja= [+

[a,b] {—a,+b}
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or

b
/ f(@)de = F(b) - f(a).

This is Newton-Leibnitz’ formula. More generally, for a 1-dimensional oriented connected

curve I' C R? with boundary 9I' = BU (—A) and any smooth function f we get the formula
/ = [ r=sm)- s
BU(—A)
which we already proved earlier, see Theorem .
Consider now the case n = 3, k = 1.
Thus V = R? and w = Pidz, + Pydxs + Psdrs. Let S C R3 be an oriented surface with

boundary I'. We orient I' in the same way, as in Green’s theorem. Then Stokes’ formula

S/dw:r/w

gives in this case

oP; 0P, or, 0P or, 0P
/ (axQ — ax3> diL‘Q/\dl’g + (81:3 - axl) d%g/\dl'l + (8%1 — axZ) d.’L’l /\dl’g

= /Pldxl + PQdZEQ + P3dZE3.
r
This is the original Stokes’ theorem.

Stokes’ theorem allows one to clarify the geometric meaning of the exterior differential.

Lemma 5.1.2. Let (8 be a differential k-form in a domain U C V. Take any point a € U and
vectors X1,..., Xpy1 € V. Given € > 0 let us consider the parallelepiped P(eX, ..., eXki1)
k+1
as a subset of V' with vertices at points a;,. 4, ., = a+€ > i;X;, where each index i; takes
1

values 0,1. Then
1
T A
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Proof. First, it follows from the definition of integral of a differential form that

1
dﬁa(Xl,...,Xk+1) 111’11 0 ekt / dﬂ (51)

P(eX1,....,eXky1)

Then we can continue using Stokes’ formula

dBu(X1, .., Xy1) = llmek% / dﬁ:limL / G. (5.2)

P(eX1,....,eXkt1) OP(eX1,....eXk+t1)

5.2 Proof of Stokes’ theorem

We prove in this section Theorem We will consider only the case when A is a manifold
with boundary without corners and leave the corner case as an exercise to the reader.

Let us cover A by coordinate neighborhoods such that in each neighborhood A is given
either by or . First we observe that it is sufficient to prove the theorem for the case
of a form supported in one of these coordinate neighborhoods. Indeed, let us choose finitely

N
many such neighborhoods covering A. Let 1 =) 6, be a partition of unity subordinated to
1

N
this covering. We set w; = 6w, so that w = > w;, and each of w; is supported in one of
1

coordinate neighborhoods. Hence, if formula holds for each w; it also holds for w.

Let us now assume that w is supported in one of coordinate neighborhoods. Consider
the corresponding parameterization ¢ : G — U C V, G C R", introducing coordinates
Up, ..., U,. Then ANU = ¢(G N L), where L is equal to the subspace R¥ = {uzy; =

u, = 0} in the case and the upper-half space R* N {u; > 0}. By definition, we
have fw = f do= [ ¢*dw= [ dop*w) ﬂ Though the form @ = ¢*w|gnz is defined only on

GNL GNL

GnN L it is supported in this neighborhood, and hence we can extend it to a smooth form

on the whole L by setting it equal to 0 outside the neighborhood. With this extension we

9We assume here that the coordinates w1, ..., us define the given orientation of A.
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have [ dw = f dw. The (k — 1)-form @ can be written in coordinates uy, ..., u as
Gne

w—Zf] Ydug AT A duy.

k
~ of;
/dwz/(?a—u;)dul/\---/\duk.
L

GnL
Let us choose a sufficiently R > 0 so that the cube I = {|u;| < R,i = 1,...,k} contains

Then

Supp(w). Thus in the case (4.34) we have

r B R

[m - z/ [

GNL
B

0f
—R

because

oFf

/_81]? duj = fi(ur, ... uimr, Rywg, oo up) — fi(ug, oo uimy, —Rywg, .o uy)) = 0.
J

“R

On the other hand, in this case f w = 0, because the support of w does not intersect the

A
boundary of A. Hence, Stokes’ formula holds in this case. In case (4.35)) we similarly get

[ [ Par-

GNL {u1>0}
., R /R 5 R /R R 5
Z/ / . / jdun codus | duyp = / / / idu1 dug,—q | du, =
1 an
0 R -R -R \-R 0
R R
—/.../fl(O,ug,...,un)du2...dun. (5.4)
-R  -R
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because all terms in the sum with j > 1 are equal to 0 by the same argument as in (/5.3)).

On the other hand, in this case

/“": / ¢*w:/ / F100,ug, - wn)dug A - A duy, =

0A {u1=0} {u1=0}
R R
—/.../fl(O,uQ,...,un)dug...dun. (5.5)
“R -R

The sign minus appears in the last equality in front of the integral because the induced
orientation on the space {u; = 0} as the boundary of the upper-half space {u; > 0} is
opposite to the orientation defined by the volume form dus A --- A du,. Comparing the

expressions (p.4) and (5.5) we conclude that [dw = [ w, as required. [ |
A DA

5.3 Integration of functions over submanifolds

In order to integrate functions over a submanifold we need a notion of volume for subsets of
the submanifold.

Let A C V be an oriented k-dimensional submanifold, 0 < k < n. By definition, the
volume form o = o4 of A (or the area form if k = 2, or the length form if k = 1) is a
differential k-form on A whose value on any k tangent vectors vq,...,v, € T, A equals the
oriented volume of the parallelepiped generated by these vectors.

Given a function f: A — R we define its integral over A by the formula

/de:/faA, (5.6)
A A
VolA:/aA.

A
Notice that the integral [ fdV is independent of the orientation of A. Indeed, changing the
A

and, in particular,

orientation we also change the sign of the form o4, and hence the integral remains unchanged.
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This allows us to define the integral [ fdV even for a non-orientable A. Indeed, we can cover

A by coordinate charts, find a sub?)rdinated partition of unity and split correspondingly

the function f = fj f; in such a way that each function f; is supported in a coordinate

neighborhood. By olrienting in arbitrary ways each of the coordinate neighborhoods we can

compute each of the integrals [ f;dV, j = 1,...,N. It is straightforward to see that the
A

integral [ fdV =" [ f;dV is independent of the choice of the partition of unity.
A j A

Let us study in some examples how the form o4 can be effectively computed.

Example 5.3.1. Volume form of a hypersurface. Let us fix a Cartesian coordiantes in V.

Let A C V is given by the equation
A={F =0}

for some function F' : V' — R which has no critical points on A. The vector field VF is

orthogonal to A, and
VF

IVE

is the unit normal vector field to A. Assuming A to be co-oriented by n we can write down
the volume form of A as the contraction of n with the volume form Q = dz; A --- A dz,, of

R™, i.e.

1 n L OF i
oa=nl10Q = (=)' —dx; A Y. Adz,, .
IVE 21: O

In particular, if n = 3 we get the following formula for the area form of an implicitely

given 2-dimensional surface A = {F = 0} C R3:

1 F F F
oq = (@ dxry A drs + a—dl’g Adry + (9_de A dx2> )

N O R

(5.7)

Example 5.3.2. Length form of a curve.
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Let I' C R™ be an oriented curve given parametrically by a map 7 : [a,b] — R™. Let 0 = or
be the length form. Let us compute the form v*or. Denoting the coordinate in [a, b] by t and

the unit vector field on [a, b] by e we have
7*0-F = f<t>dta

where
f(t) =~"or(e) = or (V(1)) = [V (D]

In particular the length of I' is equal to
b b
[or= [ 1= [
N a a

V(@) = (21 (t), - w(t)) -

Similarly, given any function f : ' — R we have

where

/fdsz/f(v(t))H’/(t)Hdt.

Example 5.3.3. Area form of a surface given parametrically.
Suppose a surface S C R" is given parametrically by a map ® : U — R" where U in the
plane R? with coordinates (u,v).

Let us compute the pull-back form ®*cg. In other words, we want to express og in
coordinates u,v. We have

O*og = f(u,v)du A dv.
To determine f(u,v) take a point z = (u,v) € R? and the standard basis e, e; € RZ. Then
(P og).(e1,e2) = f(u,v)du A dv(eq,es) . (5.8)
On the other hand, by the definition of the pull-back form we have
(P 0s).(e1,e2) = (05)a() (d-P(e1), d.P(e2)) . (5.9)
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But d.®(e;) = 22(2) = ®,(z) and d.®(es) = 22(2) = ®,(z). Hence from (5.8) and (5.9) we
get

f(u> U) = US(CDU; (I)v) . (510)

The value of the form og on the vectors ®,, P, is equal to the area of the parallelogram
generated by these vectors, because the surface is assumed to be oriented by these vectors,
and hence og(®,, ®,) > 0. Denoting the angle between ®,, and ®, by o we geﬂ 05(Py, P,) =

||®yl] ||Py]| sin . Hence
05 (P, ©y)° = [|@u]|* || Dy]|* sin® o = [|@4][* || @y ][*(1 — cos® a) = [|@4][*[|@u]]* — (o - @0)*,

and therefore,

Flu,0) = 05(Ru, @) = VI[@ulP |2 — (@0 - ©,)2.

It is traditional to introduce the notation
E = ’|(I)u”2a F=92, 9, G = H‘I%Hz,

so that we get

d*0g = VEG — F?du N dv,

and hence we get for any function f: S — R
/de = /fas = /f(q)(u,v))\/EG — F2du N dv = //f(@(u,v))\/EG — F2dudv .
S S U U
(5.11)

Consider a special case when the surface S defined as a graph of a function ¢ over a

domain D C R2. Namely, suppose
S={z=0¢(z,y), (v,y) €D CR*}.
The surface S as parametrized by the map

(, ) (2, y, 6(2, 1))

10See a computation in a more general case below in Example
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Then

and hence
EG—F*=(1+¢2)(1+¢2) — 6202 = 1+ ¢% + 6.

Therefore, the formula (5.11)) takes the form

/dez//f(@(x,y))mdx/\dy:

/ / £ (1, 6(2,9)) /1 + 62 + 62 dudy (5.12)

Note that the formula (5.12)) can be also deduced from (/5.7)). Indeed, the surface
S={z=d¢(,y), (x,y)€DC RQ}a
can also be defined implicitly by the equation

F(z,y,2) =2z —¢(z,y) =0, (v,y) € D.

We have
09 O(b
F=(——,——
and, therefore,
f T,Y, 2 oOF OF
as = dy Ndz + —dz Ndx + —dx N d
/fS ||VF|| <0 /\z-l—a z A\ x—l—a x A dy

( gfd Adqﬁ—%d(b/\da:erx/\dy)

_ //\/ ﬂﬂycfwf:y)))2
e () 3
o s
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Example 5.3.4. Integration over a parametrically given k-dimensional submanfold.

Consider now a more general case of a parametrically given k-submanifold A in an n-
dimensional Euclidean space V. We fix a Cartersian coordinate system in V' and thus identify
V with R™ with the standard dot-product.

Let U C R* be a compact domain with boundary and ¢ : U — R"™ be an embedding. We
assume that the submanifold with boundary A = ¢(U) is oriented by this parameterization.
Let 04 be the volume form of A. We will find an explicit expression for ¢*c4. Namely.
denoting coordinates in R* by (uy, ..., u) we have ¢*o4 = f(u)dui A-- - Aduy, and our goal
is to compute the function f.

By definition, we have

f(u) =" (0a)uler, ... ex) = (0a)u(dud(er), . ... dud(er)) =

(04)u (g—im), . g—i(u)) = Vol (P (g—i(u), . g—i(u)D (5.13)

In Section [1.17| we proved two formulas for the volume of a parallelepiped. Using formula

(1.12]) we get
0)0) ¢
Vol [ P | =—— e, — = 72 . 5.14
where
Odiq Odiq
Zopay=1 ... ... .. | (5.15)
0¢; 0d;
Wf(u) o W:(u)
Thus

faV = [ foa= [ f(o(u)) Yoo 22 duy A A duy.
[rm=frme]

1< << <n

Rewriting this formula for £ = 2 we get
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9¢;  99;

/ fdv = / COINED Sl I R (5.16)

A U 1<i<j<n dul Aus

Alternatively we can use formula (?7). Then we get

Do ¢ B 7
Voly, (P (Gul( ), . "’auk( ))) = \/det(D$)T Do, (5.17)
where
9¢1 91
ouq T Ouy
D¢ =
O¢n 9n
ouq e ouy

is the Jacobi matrix of gbﬂ Thus using this expression we get
/de /faA = /f u))y/det(D¢p)" Do dV. (5.18)

Exercise 5.3.5. In case n = 3, k = 2 show explicitely equivalence of formulas (5.11f), (5.16))

and (5.18).

Exercise 5.3.6. Integration over an implicitly defined k-dimensional submanfold. Suppose
that A = {F} = --- = F,_x = 0} and the differentials of defining functions are linearly
independent at points of A. Show that

s(AFy A+ AdF,_y)
| dFy A NdF,y ||

gpA =

Example 5.3.7. Let us compute the volume of the unit 3-sphere S* = {z?+23+z2+23 = 1}.

By definition, Vol(S?) = [ niQ, where Q = dzy A dzy Adzs Adzy, and n is the outward
S3
unit normal vector to the unit ball B,. Here S?® should be co-oriented by the vector field n.

1 The symmetric matrix (D¢)? D¢ is the Gram matrix of vectors %(u), e ;—i(u), and its entrees are

pairwise scalar products of these vectors, see Remark 77.
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Then using Stokes’ theorem we have

/ niQ = / ($1dl’2 A d(L’g A dl‘4 - ZEQdIl VAN dlE3 VAN d$4 + flfgdl’l A dl’g A dl’4 — ZE4dl‘1 N dl‘g VAN dxg) =

S3 S3
B4 B4

(5.19)

Introducing polar coordinates (r, ¢) and (p, ) in the coordinate planes (xy,z2) and (x3, z4)

and using Fubini’s theorem we get

2w 27w 1 1—r2

[e=]

2r? /(r —r¥dr = —. (5.20)

Hence, Vol(S?) = 272

Vol,, (B2)

Exercise 5.3.8. Find the ratio Vol 1 (53 T)-

5.4 Work and Flux

We introduce in this section two fundamental notions of vector analysis: a work of a vector
field along a curve, and a flux of a vector field through a surface. Let I' be an oriented
smooth curve in a Euclidean space V' and T the unit tangent vector field to I'. Let v be
another vector field, defined along I'. The function (v, T) equals the projection of the vector
field v to the tangent directions to the curve. If the vector field v is viewed as a force field,
then the integral [(v,T)ds has the meaning of a work Workr(v) performed by the field
v to transport a Il;article of mass 1 along the curve I' in the direction determined by the
orientation. If the curve I' is closed then this integral is sometimes called the circulation of

the vector field v along I' and denoted by §(v,T)ds. As we already indicated earlier, the
r

132



sign ¢ in this case has precisely the same meaning as [, and it is used only to stress the
point that we are integrating along a closed curve.

Consider now a co-oriented hypersurface ¥ C V' and denote by n the unit normal vector
field to X which determines the given co-orientation of . Given a vector field v along > we

will view it as the velocity vector field of a flow of a fluid in the space. Then we can interpret

/(V, n)dV

by

the integral

as the flur Fluxs(v) of v through 3, i.e. the volume of fluid passing through ¥ in the

direction of n in time 1.

Lemma 5.4.1. 1. For any co-oriented hypersurface ¥ and a vector field v given in its
neighborhood we have

(v, n)oy = (vi1Q)y,
where € is the volume form in V.
2. For any oriented curve I' and a vector field v near I" we have
(v, T)or = D(V)|r.
Proof. 1. For any n — 1 vectors T4, ...,T,,_1 € T, we have
viQTy, ..., Thq) =Qv,Th,..., T, 1) =VolP(v,T1,..., T, 1).

Using ((1.4) we get

VOIP(V, Tla c. ,Tnfl) = <V, n>Voln,1P(T1, c. ,Tnfl) =

(v, n)VolP(n,Ty,...,T,—1) = (v, n)ox(Ty,...,Th1). (5.21)

2. The tangent space T,I" is generated by the vector T, and hence we just need to check that
(v, T)or(T) = D(v)(T). But op(T) = Vol(n,T) = 1, and hence

D(v)(T) = (v, T) = (v, T)or(T).
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n
Note that if we are given a Cartesian coordinate system in V and v = )" ajﬁ, then
1 J

n—1 ] n
viQ = Z(—l)"’laidxl v, dx,, D(v)= Zaidxi.
1 1
Thus, we have

Corollary 5.4.2.

Fluxz(v):/(v, n)dvz/(vm):/i(—ni—laidxl.?.dxn;

Workp(v):/<V,T):/D(V):/21:aidxi.

In particular if n = 3 we have

Fluxs(v) = /aldxg A dxs + asdxs A dxy + asdxy N dxs.

%

Let us also recall that in a Euclidean space V' we have v1§) = *D(v). Hence, the equation

w = v 1§) is equivalent to the equation
v="D"(x"'w) = (=1)""'D " (xw).
In particular, when n = 3 we get v = D~ !(xw). Thus we get

Corollary 5.4.3. For any differential (n — 1)-form w and an oriented compact hypersurface

/w = Fluxy v,

3

Y we have

where v = (—=1)""1D7 (xw).

Integration of functions along curves and surfaces can be interpreted as the work and

the flux of appropriate vector fields. Indeed, suppose we need to compute an integral [ fds.
r
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Consider the tangent vector field v(z) = f(x)T(z), = € I', along I'. Then (v, T) = f and

hence the integral fr fds can be interpreted as the work Workp(v). Therefore, we have

/fds — Workp(v) = /D(v)

Note that we can also express v through w by the formula v = D! % w, see Section .

Similarly, to compute an integral | fdS let us co-orient the surface X with a unit normal

>
to 3 vector field n(z), z € ¥ and set v(z) = f(x)n(z). Then (v, n) = f, and hence

/dez/(V, n)dS:FIUXg(V):/w,

r r r

where w = v J{).

5.5 Integral formulas of vector analysis

We interpret in this section Stokes’ formula in terms of integrals of functions and operations
on vector fields. Let us consider again differential forms, which one can associate with a
vector field v in an Euclidean 3-space. Namely, this is a differential 1-form o = D(v) and a
differential 2-form w = v 1€2, where ) = dx A dy A dz is the volume form.

Using Corollary we can reformulate Stokes’ theorem for domains in a R? as follows.

Theorem 5.5.1. Let v be a smooth vector field in a domain U C R® with a smooth (or

piece-wise) smooth boundary X. Suppose that 3 is co-oriented by an outward normal vector

field. Then we have
Fluxy, v = ///div vdxdydz .
U

Indeed, divv = xdw. Hence we have

/divvdV:/(*dw)dx/\dy/\dz:/dw:/w:/VJQ:Flquv.
U U

U 2 )
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This theorem clarifies the meaning of div v:
Let B,(z) be the ball of radius r centered at a point = € R?, and S,.(z) = dB,(x) be its

boundary sphere co-oriented by the outward normal vector field. Then

. . Fluxg, ) v
— lim 5@ Vo
div v(z) r Vol(B,(x))

Theorem 5.5.2. Let ¥ be a piece-wise smooth compact oriented surface in R® with a piece-

wise smooth boundary I' = 0% oriented respectively. Let v be a smooth vector field defined

near . Then

Fluxy(curlv) = /(Curlv, n)dV = ]{ v - Tds = Workp v.
>

r
To prove the theorem we again use Stokes” theorem and the connection between integrals

of functions and differential forms. Set & = D(v). Then curlv = D! x da. We have

f v-Tds = /oz = /da = Fluxy (D! % (da)) = Fluxg(curlv).

r r b
Again, similar to the previous case, this theorem clarifies the meaning of curl. Indeed, let
us denote by D, (z, w) the 2-dimensional disc of radius r in R? centered at a point x € R?

and orthogonal to a unit vector w € R2. Set

Worksp, (z,w) V

c(r, w) = 71&1(1) 2

Then
| [ (curlv, w)
. F UXD, (z,w)(curl v . Dr(z,w)
c(x,wb) = lﬁl}) o = 7121(1) g = (curlv, w).
Hence, ||curl v(z)|| = max c¢(z, w) and direction of curl v(x) coincides with the direction of

the vector w for which the maximum value of ¢(z, w) is achieved.
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5.6 Expressing div and curl in curvilinear coordinates

Let us show how to compute div v and curl v of a vector field v in R? given in a curvilinear

coordinates ui, us, us, i.e. expressed through the coordinate vector fields 2~

s 9
Ouy’ Ous

and 8_ug

Let
Q= f(ul, Ug, U3)dU1 VAN dUQ A dU3

be the volume form dx; A dxo A dxs expressed in coordinates uy, uq, us.

Let us first compute x(duy A dug A dug). We have

1 1
*(dul VAN dUQ AN dU3) = % <?dl‘1 VAN dill'g A dl’g) = ?

Let
0 0

V=a1— + a2 —|—a38—.
us

0u1 8_UQ

Then we have

divv = *d(v1Q)

3
= xd ((Z az%) i fdu1 A dUQ A dU3>
1

= xd(fardug A dus + fasdus A duy + fazduy A dusg)
= % 8(fa1> + a(fa2) + a(fa3) dul VAN dUQ A du3
8u1 aUQ au3
_ 1 (o(fa) n d(faz) n d(fas)
f 8u1 8u2 8U3
. 8a1 8a2 8a3 1 E)f n 8f I 8f a
o 8u1 “ 8u2 42 8U3 3 .

8161 * 8u2 * 8%3 * f

In particular, we see that the divergence of a vector field is expressed by the same formulas as

in the cartesian case if and only if the volume form is proportional to the form duj A dus Adus
with a constant coefficient.

For instance, in the spherical coordinates the volume form can be written as

Q:TQSingodr/\dQ/\dcp

12Note that the spherical coordinates ordered as (7,6, ) determine the same orientation of R® as the

cartesian coordinates (z,y, z).
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and hence the divergence of a vector field

V_(lg—f-bg—f—ci
- o 00 Op

can be computed by the formula

di V_3a+8b+8c+2a+ccot
VY= 9r T o9 dp T v

The general formula for curlv in curvilinear coordinates looks pretty complicated. So
instead of deriving the formula we will explain here how it can be obtained in the general
case, and then illustrate this procedure for the spherical coordinates.

By the definition we have

curlv = D™ (x (d (D(v)))) .
Hence we first need to compute D(v). To do this we need to introduce a symmetric matrix

g1 Ggi12 Gi3
G=|gn 92 93]
931 932 933
where
o 0

ij — s o /o .7.:17273'
Jis <8uz 8uj> bJ

The matrix G is called the Gram matriz.

Notice, that if D(v) = A;du;+ Bdus+Cdug then for any vector h = hlaim#—hgaiw—i-hg% )

we have
hy
D(V)(h) = Ahy + Aoha + Ashy = (A Ay Ay) | by | = (v.h).
hs
But
hy
(v,h) = (al as G3>G o
hs
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Hence
(4 4 4) = (a1 @ )G,

or, equivalently, because the Gram matrix G is symmetric we can write

A1 aq
A2 =G as )
As as

and therefore,

After computing
w = d(D(V)) = Bldu2 A dU3 + BgdUg A\ du1 + Bgdul N dUQ

we compute curl v by the formula = curl v = D~ (xw). Let us recall (see Proposition [1.18.4
above) that for any vector field w the equality Dw = *w is equivalent to the equality

w 1€} = w, where ) = fdu; A dus A dug is the volume form. Hence, if

0
8U3

0
curl v = ¢ + ¢
1

ou

+Cg
2

ou
then we have

w1 = feydus A dus + feadus A duy + fesduy A dus,

and therefore,
1 By 0 n By 0 . Bs 0
curlv=——+ —— 4+ ——.
[ Ou [ Ouy [ Ous
Let us use the above procedure to compute curl v of the vector field
0 0 0

V:ag—f—b%ﬂ—C%

given in the spherical coordinates. The Gram matrix in this case is the diagonal matrix

1 0 0
G=10 rsinp 0
0 0 r
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Hence,

Dv = adr + brsin pdf + crdy

and

=d(Dv) = daANdr+dbrsing) Adf+ d(cr) Ade

— (r% —Mcosgp—rsing@?—i) df A dep

da Jc . . 0b  Oa
+ (% _TE —c) dp A dr + (bsmgp+r8m¢8— — %> dr N df .

Finally, we get the following expression for curl v:
gg—rbcosgp—rsingog—:;a ——r——ca bsmgp+rsm<,0——— 0

72 Ccos or r2cose 00 72 Ccos Ao’

curlv =

6 Applications of Stokes’ formula

6.1 Integration of closed and exact forms

Let us recall that a differential k-form w is called closed if dw = 0, and that it is called ezact
if there exists a (k — 1)-form «, called primitive of w, such that w = da.
Any exact form is closed, because d(da) = 0. Any n-form in a n-dimensional space is

closed.

Proposition 6.1.1. a) For a closed k-form w defined near a (k+1)-dimensional submani-

fold 3 with boundary 0% we have
/ w=20.

0%

b) If w is exact k-form defined near a closed k-dimensional submanifold S then

[e=0.

S
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The proof immediately follows from Stokes’ formula. Indeed, in case a) we have

/w—/dw—().
oy )

In case b) we have w = da and 95 = @. Thus

Jda=[a=0.

S 0

Proposition ) gives a necessary condition for a closed form to be exact.

Example 6.1.2. The differential 1-form a = ﬁ(xdy — ydz) defined on the punctured
plane R? \ 0 is closed but not exact.

Indeed, it is straightforward to check that « is exact (one can simplify computations by
passing to polar coordinates and computing that a = dg). To check that it is not exact we

compute the integral |, ¢ @, where S in the unit circle {2? + y* = 1}. We have

2
/a:/dgpz%r%().
S
0

More generally, an (n — 1)-form

6, = —1)"7 2 day AT Adx,  (dr; is missi
;( ) 71 Z, (dx; is missing)
is closed in R™\ 0. However, it is not exact. Indeed, let us show that f 0, # 0, where 571
n—1

is the unit sphere oriented as the boundary of the unit ball. Let us recall that the volume

form ogn—1 on the unit sphere is defined as

7

oot = 010 =3 (1) Tz AL Ada,
T
1=1

Notice that 6,|gn-1 = ogn-1, and hence

/en: / Tgn1 = / dV = Vol(S"1) > 0.
sn—1 sn— S

1 n—1
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6.2 Homotopy

Let A, B be any 2 subsets of vector spaces V' and W, respectively. Two continuous maps
fo, f1 : A — B are called homotopic if there exists a continuous map F': A x [0, 1] — B such
that F'(z,0) = fo(z) and F(z,1) = fi(z) for all ¢ € [0, 1]. Notice that the family f; : A — B,
t € [0,1], defined by the formula f;(x) = F(z,t) is a continuous deformation connecting fy
and f;. Conversely, any such continuous deformation { f }+cjo,1] provides a homotopy between
Jo and fi.

Given a subset C' C A, we say that a homotopy { f;}+cjo,1) is fixed over C'if f;(x) = fo(x)
for all z € C' and all ¢t € [0, 1].

A set A is called contractible if there exists a point a € A and a homotopy f; : A — A,
t € [0,1], such that f; = Id and fy is a constant map, i.e. fi(z) = x for all z € A and
fo(z) =a € Afor all x € A.

Example 6.2.1. Any star-shaped domain A in V is contractible. Indeed, assuming that it
is star-shaped with respect to the origin, the required homotopy f; : A — A, t € [0,1], can be
defined by the formula fi(z) =tx, v € A.

Remark 6.2.2. In what follows we will always assume all homotopies to be smooth. Ac-
cording to Theorem [4.12.1] this is not a serious constraint. Indeed, any continuous map
can be C-approximated by smooth ones, and any homotopy between smooth maps can be

CP-approximated by a smooth homotopy between the same maps.

Lemma 6.2.3. Let U C V be an open set, A a compact oriented manifold (possibly with
boundary) and o a smooth closed differential k-form on U. Let fy, f1 : A — U be two maps

which are homotopic relative to the boundary OA. Then

!ﬁa=!ﬁm

Proof. Let F' : A x [0,1] — U be the homotopy map between f; and f;. By assumption
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da = 0, and hence f F*da = 0. Then, using Stokes’ theorem we have
Ax[0,1]

0= / Frda = / dF*a = / Fra = / F*a+/F*a+/F*a
Ax[0,1] Ax[0,1] d(Ax[0,1]) 0AX[0,1] Ax1 AX0
where the boundary 9(A x [0,1]) = (A x 1) N (A x 0) N (0A x [0,1]) is oriented by an
outward normal vector field n. Note that n = % on Ax1and n = —% on A x 0,
where we denote by ¢ the coordinate corresponding to the factor [0, 1]. First, we notice that

F*alpaxp,1) = 0 because the map F' is independent of the coordinate ¢, when restricted to

0Ax[0,1]. Hence [ F*a = 0. Consider the inclusion maps A — A x [0, 1] defined by the
8Ax|0,1]
formulas jo(z) = (2,0) and j;(z) = (x,1). Note that jy, j; are diffeomorphisms A — A x 0

and A — A x 1, respectively. Note that the map j; preserves the orientation while j, reverses
it. We also have F o jo = fo, F oji1 = f1. Hence, [ F*a= [ fifaand [ Fr*a=— [ fio.

Ax1 A Ax0 A
Thus,

o= [ Fa= | F*a+/F*a+/F*a:A/fl*oz—A/f5‘a.

O(Ax[0,1]) 0AX[0,1] Ax1 Ax0
[ |

Lemma 6.2.4. Let A be an oriented m-dimensional manifold, possibly with boundary. Let
Q(A) denote the space of differential forms on A and QA x [0,1]) denote the space of
differential forms on the product A x [0,1]. Let jo, 71 : A — A x [0,1] be the inclusion maps
Jo(z) = (x,0) € A x [0,1] and ji(x) = (x,1) € A x [0,1]. Then there exists a linear map
K : QA x[0,1]) — Q(A) such that

o Ifaisak-form, k=1,...,m then K(a) is a (k — 1)-form;

e do K+ Kod = ji—jg, ie. for each differential k-form a € Q*(A x [0,1] one has
dK (o) + K(da) = jia — jja.

Remark 6.2.5. Note that the first d in the above formula denotes the exterior differential
QF(A) — QF(A), while the second one is the exterior differential Q*(A x [0,1]) — Q*(A x

0,1]).
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Proof. Let us write a point in A x [0,1] as (x,t), x € A,t € [0,1]. To construct K («) for
a given a € QF(A x [0, 1] we first contract a with the vector field % and then integrate the

resultant form with respect to the t-coordinate. More precisely, note that any k-form « on

A x [0, 1] can be written as o = 3(t) + dt Ay(t), t € [0, 1], where for each ¢ € [0, 1]
B(t) € Q" (A),~(t) € QH(A).

1
Then 2 Ja = 7(t) and we define K () = E{y(t)dt.

If we choose a local coordinate system (ug,...,u,,) on A then ~(t) can be written as
v(t) = > hiy i, ()dug, A - -+ A dug,, and hence
1<iy < <icm
1 1
K(a) = / Vtydt = > / hiy i (0)dt | dug, A - A du, .
0 1<iy <<icm \ )

Clearly, K is a linear operator QF(A x I) — QF1(A).
Note that if @ = 3(t) + dt Ay(t) € Q*(A x [0,1]) then

We further have

da = dyyro = dyB(t) + dt A B(t) — dt A dyy(t) = duB(t) + dt A (B(E) — dyy(t)),

where we denoted f§(t) := %gt) and I = [0, 1]. Here the notation dy; stands for exterior
differential on Q(U x I) and dy denotes the exterior differential on Q(U). In other words,
when we write dy3(t) we view (3(t) as a form on U depending on ¢ as a parameter. We do

not write any subscript for d when there could not be any misunderstanding.
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Hence,

Therefore,
(K (@) + K(d(e) = 51— 50) — [ dra + [ durt

= 6(1) = 5(0) = ji(a) = jo(@).

Theorem 6.2.6. (PoiNncarE’s LEMMA) Let U be a contractible domain in V. Then any closed
form in U is exact. More precisely, let F': U x [0,1] — U be the contraction homotopy to a
point a € U, i.e. F(z,1) =z, F(x,0) = a for all x € U. Then if w a closed k-form in U
then

w=dK(F'w),

where K : QYU x [0,1]) — QF(U) is an operator constructed in Lemma |6.2.4)

Proof. Consider a contraction homotopy F' : U x [0,1] — U. Then F o jo(z) = a € U and
Foji(z) = for all z € U. Consider an operator K : QU) — Q(U) constructed above. Thus

Kod+doK =j: —ji.

Let w be a closed k-form on U. Denote a := F*w. Thus « is a k-form on U x [0, 1]. Note
that do = dF*w = F*dw = 0, jja = (F o j1)*w = w and jja = (F o jy)*w = 0. Then, using
Lemma [6.2.4] we have

K(da) + dK (o) = dK (a) = jja — jia = w, (6.1)
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ie. w=dK(F*w). |

In particular, any closed form is locally exact.

Example 6.2.7. Let us work out explicitly the formula for a primitive of a closed 1-form in a

star-shaped domain U C R". We can assume that U is star-shaped with respect to the origin.

Let a = > fidx; be a closed 1-form. Then according to Theorem|6.2.6{we have a = dF', where
1

F = K(®*a), where ® : Ux|0, 1] — U is a contraction homotopy, i.e. ®(z,1) = z, ®(x,1) =0
for € U. ® can be defined by the formula ®(x,t) = tx, x € U,t € [0, 1]. Then

n

D' = Zn: filta)d(ta;) =) tfi(te)de; + Zn: x; fi(tx)dt.

Hence,

1 1
J . -
K(a) = /aﬂb a= / (Z:xlfl(t:v)> dt.
0 0
Note that this expression coincides with the expression in formula (4.7) in Section

Exercise 6.2.8. Work out an explicit expression for a primitive of a closed 2-form a =

Pdy A dz + Qdz A dx + Rdx A dy on a star-shaped domain U C R3.

Example 6.2.9. 1. R? = {z; > 0} C R" is not diffeomorphic to R". Indeed, suppose there
exists such a diffeomorphism f : R? — R,. Denote a := f(0). Without loss of generality
we can assume that a = 0. Then f = f [rn\o is a diffeomorphism R%} \ 0 — R™\ 0. But
R" \ 0 is star-shaped with respect to any point with positive coordinate z;, and hence it

is contractible. In particular any closed form on R’ \ 0 is exact. On the other hand, we

exhibited above in a closed (n — 1)-form on R™ \ 0 which is not exact.

2. Borsuk’s THEOREM: There is no continuous map D™ — 0D™ which is the identity on 0D".
We denote here by D™ the unit disc in R™ and by dD™ its boundary (n — 1)-sphere.

Proof. Suppose that there is such a map f : D™ — 9D". One can assume that f is smooth.
Indeed, according to Theorem [4.12.1| one can approximate f by a smooth map, keeping it

fixed on the boundary where it is the identity map, and hence smooth. Take the closed
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non-exact form 6, from Example on 9D". Then ©,, = f*6, is a closed (n — 1)-form on
D™ which coincides with 6, on 9D". D" is star-shaped, and therefore ©,, is exact, ©, = dw.

But then 6,, = d(w|spn) which is a contradiction. [

3. BROUWER’S FIXED POINT THEOREM: Any continuous map f : D™ — D" has at least 1 fixed
point.

Proof. Suppose f : D® — D" has no fixed points. Let us define a map F : D" — 0D"
as follows. For each x € D™ take a ray r, from the point f(x) which goes through x till it
intersects D™ at a point which we will denote F'(x). The map is well defined because for
any x the points x and f(z) are distinct. Note also that if z € 9D" then the ray r, intersects
OD™ at the point z, and hence F(x) = x in this case. But existence of such F' is ruled out

by Borsuk’ theorem. [

k-connected manifolds

A subset A C V is called k-connected, k = 0,1, ..., if for any m < k any two continuous
maps of discs foy, fi : D™ — A which coincide along D™ are homotopic relative to 9D™.
Thus, 0-connectedness is equivalent to path-connectedness. 1-connected submanifolds are

also called simply connected.

Exercise 6.2.10. Prove that k-connectedness can be equivalently defined as follows: A is

k-connected if any map f : S™ — A, m < k is homotopic to a constant map.

Example 6.2.11. 1. If A is contractible then it is k-connected for any k. For some classes
of subsets, e.g. submanifolds, the converse is also true (J.H.C Whitehead’s theorem)

but this is a quite deep and non-trivial fact.

2. The n-sphere S™ is (n — 1)-connected but not n-connected. Indeed, to prove that S"!
simply connected we will use the second definition. Consider a map f : S¥ — S™.
We first notice that according to Theorem we can assume that the map f is
smooth. Hence, according to Corollary Vol,, f(S*) = 0 provided that k < n. In
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particular, there exists a point p € S™\ f(S*). But the complement of a point p in
S™ is diffeomorphic to S™ vis the stereographic projection from the point p. But R"
is contractible, and hence f is homotopic to a constant map. On the other hand, the
identity map Id : S™ — S™ is not homotopic to a constant map. Indeed, we know that
there exists a closed n-form on S", say the form 6, from Example , such that
[ 6, # 0. Hence, f Id*#,, # 0. On the other hand if Id were homotopic to a constant

Sn
map this integral Would vanish.

Exercise 6.2.12. Prove that R"™\ 0 is (n — 1) — connected but not n-connected.

Proposition 6.2.13. Let U C V be a m-connected domain. Then for any k < m any closed

differential k-form o« in U s exact.

Proof. We will prove here only the case m = 1. Though the general case is not difficult, it
requires developing certain additional tools. Let a be a closed differential 1-form. Choose a
reference point b € U. By assumption, U is path-connected. Hence, any other point x can
be connected to b by a path v, : [0, 1] — U, i.e. 7.(0) = b, 7.(1) = x. Let us define the
function F : U — R by the formula F'(z) = [ . Note that due to the simply-connectedness

Yz
of the domain U, any § : [0,1] — U connecting b and x is homotopic to -, relative its

ends, and hence according to Lemma [6.2.3| we have f o = f a. Thus the above definition

of the function F' is independent of the choice of paths Ve - We claim that the function F' is
differentiable and dF' = «. Note that if the primitive of « exists than it has to be equal to F’
up to an additive constant. But we know that in a sufficiently small ball B.(a) centered at
any point a € U there exists a primitive G of . Hence, G(z) = F(z) + const, and the the
differentiability of GG implies differentiablity of F' and we have dF' = dG = a. |

Winding and linking numbers

Given a loop 7y : St — R?\ 0 we define its winding number around 0 as the integral
1

1 P 1 xdy — ydx
v =gr [P =0r | e
5 St
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Figure 4: w(I") = 2.

where we orient S' as the boundary of the unit disc in R2. For instance, if j : S' —
R? is the inclusion map then w(j) = 1. For the loop 7, parameterized by the map t

(cosnt,sinnt),t € [0,27] we have w(~y,) = n.
Proposition 6.2.14. 1. For any loop -y the number w(y) is an integer.
2. If loops 0,71 : ST — R\ 0 are homotopic in R?*\ 0 then w(vy) = w(m).

3. w(vy) = n then the loop v is homotopic (as a loop in R*\0) to the loop ¢, : [0,1] — R*\0

given by the formula (,(t) = (cos 2mnt, sin 2wnt).

Proof. 1. Let us define the loop v parametrically in polar coordinates:

r=r(s), ¢ =¢(s), s € [0,1],

where 7(0) = r(1) and ¢(1) = ¢(0) + 2nw. The form 65 in polar coordinates is equal to dg,
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and hence

o=t [si =00 _,

N
2. This is an immediate corollary of Proposition [6.2.3]

3. Let us write both loops v and ¢, in polar coordinates. Respectively,we have r = r(t), ¢ =
¢(s) for v and r = 1,¢ = 2mns for (,, s € [0,1]. The condition w(y) = n implies, in view
of part 1, that ¢(1) = ¢(0) 4+ 2nm. Then the required homotopy =, t € [0, 1], connecting the
loops 79 = v and v, = (, can be defined by the parametric equations r = (1 — t)r(s) + ¢,
¢ = ¢i(s) = (1 —t)p(s) + 2nmst. Note that for all ¢ € [0,1] we have ¢4(1) = ¢:(0) + 2nm.
Therefore, v, is a loop for all ¢ € [0, 1]. [

Given two disjoint loops 7,4 : ST — R? (i.e. y(s) # 4(¢) for any s,¢ € S') consider a map
F,5:T* — R*\ 0, where 7% = S x S! is the 2-torus, defined by the formula

Fa(s,t) = 7(s) — 6(0).

Then the number

2 2
1 . 1 . [ rdy Ndz+ydz Adx + zdx A dy
l(fy’é) = _/Fy,ég?) - _/ ~,8 < % )

47 J 47 J (22 + 42 + 22)

is called the linking number of loops 7, ¢ E
Exercise 6.2.15. Prove that

1. The number [(7, §) remains unchanged if one continuously deforms the loops v, d keep-

ing them disjoint,
2. The number [(7,d) is an integer for any disjoint loops 7, d;

3. 1(v,0) =1(3,7);

4. Let y(s) = (coss,sins,0),s € [0,2n] and 6(f) = (=1 + 3 cost,0,5sint), t € [0,27].
Then I(v,9) = 1.

13This definition of the linking number is due to Carl Friedrich Gauss.
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Figure 5: I(71,72) = 1.

6.3 Properties of k-forms on k-dimensional manifolds

A k-form a on k-dimensional submanifold is always closed. Indeed, da is a (k + 1)-form and

hence it is identically 0 on a k-dimensional manifold.

Remark 6.3.1. Given a k-dimensional submanifold A C V, and a k-form « on V, the

differential d,a does not need to vanish at a point x € A. However, doy|r,(a) does vanish.

The following theorem is the main result of this section.

Theorem 6.3.2. Let A C V be an orientable compact connected k-dimensional sub-

manifold, possibly with boundary, and o a differential k-form on A.

1. Suppose that 0A # &. Then « is exact, i.e. there exists a (k — 1)-form 3 on A such
that df3 = «.

2. Suppose that A is closed, i.e. 0A = @. Then « is exact if and only if [ a = 0.
A
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To prove Theorem we will need a few lemmas.
Lemma 6.3.3. Let I* be the k-dimensional cube {—1<x; <1, j=1,...,k}.
1. Let o be a differential k-form on I* such that
Supp(a) N (0 x I"1U10,1] x 6[’“’1) = .

Then there exists a (k — 1)-form [ such that df = « and such that Supp(S) N
(-1x I*u[-1,1] xor* 1) = @.
2. Let a be a differential k-form on I* such that Supp(«) C Int I* and [ = 0. Then there
Ik
exists a (k — 1)-form 3 such that d3 = o and Supp(3) C Int I*.
Proof. We have
a= f(xy,...,zx)dxy A\ Adxy,

In the first case of the lemma the function f vanishes on 0 x I*=1 U [—1,1] x 9I*71. We will
look for 3 in the form
B =g(x1,...,z5)dxg A -+ A dxy.

Then
9y
df = —(x1,...,x)dxy Ndxg A -+ N dxy,.
(9x1
and hence the equation d = « is equivalent to

0
a_i(xlv"‘vxk) :f(xl,-..,l'k).

Hence, if we define

g(T1, ..., k) ::/f(u,xg,...,zk)du,
21

then the form § = g(xy,...,zx)dxs A - -+ A dx) has the required properties.
The second part of the lemma we will prove here only for the case £ = 2. The general

case can be handled similarly by induction over k. We have in this case Supp(f) C Int I? and
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1
[ fdS = 0. Let us denote h(z2) := [ f(z1,z2)dz1. Note that h(u) = 0 if u is sufficiently close

I2 ]
1
to —1 or 1. According to Fubini’s theorem, [ h(xs)dzs = 0. We can assume that f(2q,22) =0
-1
for 1 > 1 —¢, and hence [ f(z1,...,24-1,t)dt = h(z1, ..., 25_1) for u € [1 — ¢, 1]. Consider
1
any non-negative C>-function 0 : [1 —¢,1] — R such that 6(u) = 1 for u € [1 — ¢, 1 — ]

and §(u) = 0 for u € [1 — £, 1]. Define a function g, : I? — R by the formula

f f(u,.sz)dU, T1 € [_17 1- 6]7
gr(x122) = ¢
h(x2>0($1), 1 € (1 — €, 1]
Denote 1 = g1(z1, xa)dzs. Then df = a on [—1,1—¢] x [0, 1] and df; = h(x2)0'(x1)dxy Adxy
on [1 —¢,1] x [0,1]. Note that Supp(3;) C Int I?.
Let us define

0, T € [—1,1—6],

92(5171,332) = T2
9’(:1:1)_f1 h(u)du, z1 € (1—¢,1]

and denote By = ga(x1, z2)dzy. Then dfs = 0 on [—1,1 — ¢] x [—1,1] and
dfs = —h(x2)0 (x1)dxy A dy

on [1 —¢,1] x [—1,1]. Note that go(x1,1) = —6'(x1) j h(u)du = 0. Taking into account
that h(u) = 0 when w is sufficiently close to —1 or 1 ;;e conclude that h(zy,xs) = 0 near
OI?, i.e. Supp(Bz2) C IntI% Finally, if we define 3 = (3, + (3, then we have df = «a and
Supp(B3) C Int I?. [ |

The following lemma is a special case of the, so-called, tubular neighborhood theorem.

Lemma 6.3.4. Let A C V be a compact k-dimensional submanifold with boundary. Let ¢ :
[—1,1] — A be an embedding such that ¢(1) € 0A, ¢'(1) L Ty1y(0A) and ¢([0,1)) C Int A.
Then the embedding ¢ can be extended to an embedding ® : [—1,1] x I*=1 — A such that

o O(t,0) = ¢(t), fort € [-1,1], 0 € I*;
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o O(1 x I*¥1) Cc oA, &([—1,1) x I*1) C Int A;
o 22(1,2) ¢ T(DA) for all z € I"1.

There are many ways to prove this lemma. We will explain below one of the arguments.
Proof. Step 1. We first construct k—1 ortonormal vector fields vy, . .., v, along I' = ¢([—1, 1])
which are tangent to A and normal to I'. To do that let us denote by N, the normal (k —1)-
dimensional space N, to T,I" in T,,A. Let us observe that in view of compactness of I" there
is an € > 0 with the following property: for any two points u = ¢(t),u’ = ¢(t') € T,

t,t" € [-1,1], such that |t — #| < € the orthogonal projection N, — N, is non-degenerate

1
2e

(i.e. is an isomorphism). Choose N < 5- and consider points u; = ¢(t;), where t; = —1 +
%,j = 1,... N. Choose any orthonormal basis v4(0), ..., (0) € N,,, parallel transport these
vectors to all points of the arc I'y = ¢([—1,%1]), project them orthogonally to the normal
spaces IV, in these points, and then orthonormalize the resulted bases via the Gram-Schmidt
process. Thus we constructed orthonormal vector fields v4(t), ... v,(t) € Ny, t € [—1,1].
Now we repeat this procedure beginning with the basis v1(t1),... vx(t1) € Nyu,) = Ny, and
extend the vector fields vy, . .., v, to I's = ¢([t1, t2]). Continuing this process we will construct
the orhonormal vector fields v, ..., 1 along the whole curve F.|E|

step 2. Consider a map W : [—1,1] x I*! — V given by the formula

k—1
U(t,ay,. . 2pm) = 0() + 0 Y xwy(t), toay, ... apn € [—1,1],
1

where a small positive number o will be chosen later. The map ¥ is an embedding if o is
chosen small enough ['] Unfortunately the image W([—1,1] x I*71) is not contained in A. We
will correct this in the next step.

Step 3. Take any point a € A and denote by 7, the orthogonal projection V' — T, A. Let us

make the following additional assumption (in the next step we will show how to get rid of

1SGtrictly speaking, the constructed vector fields only piece-wise smooth, because we did not make any
special precautions to ensure smoothness at the points u;,j = 1,..., N — 1. This could be corrected via a

standard smoothing procedure.
I5Exercise: prove it!
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it): there exists a neighborhood U 3 a = ¢(1) in JA such that m,(U) C N, C T,A. Given
€ > 0 let us denote by Bc(a) the (k — 1)-dimensional ball of radius € in the space N, C T,A.
In view of compactness of A one can choose an € > 0 such that for all points a € I' there

exists an embedding e, : B.(a) — A such that 7, o e, = Id. Then for a sufficiently small

0 < 7= the map U [=1,1] x I*"* — A defined by the formula

U(t,z) = epy 0 V(t,z), t € [-1,1],x € [
is an embedding with the required properties.
Step 4 It remains to show how to satisfy the additional condition at the boundary point
¢(1) € TNOA which were imposed above in Step 3. Take the point a = ¢(1) € 'MIA. Without
loss of generality we can assume that a = 0 € V. Choose an orthonormal basis vy, ..., v, of
V such that vq,...,v, € N, and vy, is tangent to I' and pointing inward I". Let (y1,...,yn)
be the corresponding cartesian coordinates in V. Then there exists a neighborhood U > a in

A which is graphical in these coordinates and can be given by

i =0;(y1,... uk), T=k+1,...on, >y > O0u(yr, .. ye—1)s |y <e€i=1,...,k—1,

where all the first partial derivatives of the functions 6y, ..., 0, vanish at the origin. Take a

C* cut-off function o : [0,00)] — R which is equal to 1 on [0, 1] and which is supported in

[0,1] (see Lemma |4.11.2)). Consider a map F' given by the formula

y
Flyi, - yn) = W1s - Uk-1, Uk — Oe(y1, - - - yk1)o (@) Ykt 1s s Yn)-

For a sufficiently small € > 0 this is a diffeomorphism supported in an e-ball in V' centered in
the origin. On the other hand, the manifold A=F (A) satisfies the extra condition of Step
3. [

Lemma 6.3.5. Let A C V' be a (path)-connected submanifold with a non-empty boundary.
Then for any point a € A there ezists an embedding ¢, : [—1,1] — A such that ¢,(0) = a,
¢a(1) € OA and ¢,(1) L Ty, 1)(0A).
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Sketch of the proof. Because A is path-connected with non-empty boundary, any interior
point can be connected by a path with a boundary point. However, this path need not
be an embedding. First, we perturb this path to make it an immersion ¢ : [-1,1] — A,
i.e. a map with non-vanising derivative. This can be done as follows. As in the proof of the
previous lemma we consider a sufficiently small partition of the path, so that two neighboring
subdivision points lie in a coordinate neighborhood. Then we can connect these points by
a straight segment in these coordinate neighborhoods. Finally we can smooth the corners
via the standard smoothing procedure. Unfortunately the constructed immersed path
may have self-intersection points. First, one can arrange that there are only finitely many
intersections, and then “cut-out the loops”, i.e. if ¥(t;) = ¥(t3) for t; < t5 we can consider a
new piece-wise smooth path which consists of ¢[[_1 4, and 9|, 1] The new path has less self-
intersection points, and thus continuing by induction we will end with a piece-wise smooth
embedding. It remains to smooth again the corners. |
Proof of Theorem 1. For every point a € A choose an embedding ¢, : [—1,1] — A,
as in Lemma , and using Lemmaextend ¢, to an embedding @, : [-1,1]x[F1 — A
such that

- Dy (t,0) = ¢(t), for t € [-1,1], 0 € I* Y

- D, (1 x IF1) Cc A, ®,([—-1,1) x I*Y) C Int 4;

- 352“(1,3:) ¢ T(0A) for all x € TF1,

Due to compactness of A we can choose finitely many such embeddings ®; = ®,,, j =

N
1,...,N, such that [ J®;((—1,1] x Int(/*~!) = A. Choose a partition of unity subordinated
1

K
to this covering and split the k-form a as a sum a = ) «a;, where each «; is supported in
1

®;((—1,1] x Int(I*71)) for some j =1,..., N. To simplify the notation we will assume that
N = K and each q; is supported in ®;((—1,1] x Int(7*71)), 5 = 1,..., N. Consider the
pull-back form &; = ®%a; on I* = [-1,1] x I*"'. According to Lemma ml there exists
a (k — 1)-form 3; such that Supp(3;) C (=1,1] x Int(I*!) and df; = @;. Let us transport
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the form 5] back to A. Namely, set (; equal to (@;1)*5] on ®;((—1,1] x Int(/*71)) C A and
N

N
extend it as 0 elsewhere on A. Then df; = «a;, and hence d(}_ 5;) = > a; = a.
1 1

2. Choose a point a € A and parameterize a coordinate neighborhood U C A by an em-
bedding ® : I* — A such that ®(0) = a. Take a small closed ball D.(0) C I* C R* and
denote D = ®(D,(0)). Then A = A\ Int D is a submanifold with non-empty boundary, and
A = dD. Let us use part 1 of the theorem to construct a form 5 on A such that dﬁ =al;.
Let us extent the form E in any way to a form, still denoted by E on the whole submanifold

A. Then df3 = o + n where Supp(n) C D C Int ®(I*). Note that
[ = [r= [ [0
d(IF) A A A

because [ a = 0 by our assumption, and [, dB3 = 0 by Stokes’ theorem. Thus, f@*n =0,
and hencz, we can apply Lemma .2 to the form ®*n on I* and construct a (k{ — 1)-form
A on I*7! such that d\ = ®*n and Supp(\) C Int I*. Now we push-forward the form A to
A, i.e. take the form A on A which is equal to (®~1)*A on ®(I};) and equal to 0 elsewhere.
Finally, we have d(g + X) = dB+1n=a, and hence 3 = 3+ A is the required primitive of a
on A. |

Corollary 6.3.6. Let A be an oriented compact connected k-dimensional submanifold with
non-empty boundary and « a differential k-form on A from Theorem [6.5.3. Then for any
smooth map f: A — A such that flga = Id we have

[ra=]a

A A

Proof. According to Theorem [6.3.2]1 there exists a form  such that a = d3. Then

/f*az/f*dﬁzA/df*ﬁ :alf*ﬁ :a{ﬁ:/a.

A A A
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Degree of a map

Consider two closed connected oriented submanifolds A C V', B C W of the same dimension
k. Let w be an n-form on B such that [w = 1. Given a smooth map f : A — B the integer
B

deg(f) := [ f*w is called the degree of the map f.
A

Proposition 6.3.7. 1. Given any two k-forms on B such [w = [& we have [ f*w =
B B A
[ [*@, for any smooth map f: A — B, and thus deg(f) is independent of the choice
A

of the form w on B with the property [w = 1.
A
2. If the maps f,g: A — B are homotopic then deg(f) = deg(g).

3. Let b € B be a reqular value of the map f. Let f~'(b) = {ay,...,aq}. Then

d
deg(f) = Z sign(det D f(a;)).
1
In particular, deg(f) is an integer number.

Proof. The second part follows from Lemma [6.2.3] To prove the first part, let us write

w = w + 1, where [n = 0. Using Theorem [6.3.212 we conclude that n = df for some
B
(k — 1)-form 5 on B. Then

A/f*u?=A/f*w+A/f*n=A/f*w+A/df*B=A/f*w-

Let us prove the last statement of the theorem. By the inverse function theorem there exists

a neighborhood U 3 b in B and neighborhoods U; > a4,...,U; 3 aq in A such that the

restrictions of the map f to the neighborhoods Uy, .. ., Uy are diffeomorphisms f|y, : U; — U,

j=1,...,d. Let us consider a form w on B such that Suppw C U and [w = [w = 1. Then
B U

d

deg(f)= [ ffw= Z ffw= Zsign(det Df(a;)),
[%]

1
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because according to Theorem we have

/f*w = sign(det D f(a;)) /w = sign(det D f(a;)).

U; U

foreach j=1,....,d. [ |

Remark 6.3.8. Any continuous map f : A — B can be approximated by a homotopic to f
smooth map A — B, and any two such smooth approximations of f are homotopic. Hence

this allows us to define the degree of any continuous map f: A — B.

Exercise 6.3.9. 1. Let us view R? as C. In particular, we view the unit sphere S' = S{(0)

as the set of complex numbers of modulus 1:
St ={z€C;|z| = 1}.

Consider a map h,, : S' — S given by the formula h,(z) = 2",z € S*. Then deg(h,,) = n.
2. Let f:S" ! — S"~! be a map of degree d. Let p; be the north and south poles of S™"*!,
ie. pyr = (0,...,0,£1). Given any point = = (z1,...,2n41) € S™\ {p+,p-} we denote by

m(x) the point
1

T(xl,...,xn
\ 25
1

and define a map X f : S — S™ by the formula

)e st

b+, if x = P+,

Sf(a) = ( ix]?f(ﬂx)),w)v if 2 # pe.

Prove that deg(3(f)) = [l

3. Prove that two maps f,g : S™ — S™ are homotopic if and only if they have the same
degree. In particular, any map of degree n is homotopic to the map h,. (Hint: For n=1
this follows from Proposition |6.2.14. For n > 1 first prove that any map is homotopic to a

suspension.)

16The map X f is called the suspension of the map f.
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4. Give an example of two non-homotopic orientation preserving diffeomorphisms 7% — T2
Note that the degree of both these maps is 1. Hence, for manifolds, other than spheres,
having the same degree is not sufficient for their homotopy.

5. Let 7,6 : S* — R3 be two disjoint loops in R?. Consider a map F, 5 : T — S? defined by

the formula
5oy s =)
Bl ) = H e =501

Prove that (v, d) = deg(ﬁw). Use this to solve Exercise [6.2.15[4 above.

s,te St
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