Math 52H: Solutions to Midterm Exam

February 2, 2011

1. Let k£ € R be any real number. Consider on R™\ 0 a differential (n — 1)-form
0, = Z(—l)i_I%dm A .%./\dxn (dx; is missing),
i=1
where r =, /> 7. For which values of the parameter & the form 6y, is closed? (Recall that
1

a form 6 is called closed if df = 0.)

We have .
Z l’j dl’j
1

rk+2

a(5) = i e,

rk

Hence

dby, = Z(—l)i_ld (?) dxy N\ % Ndx, =

n 1
n—k
= dxy N\ -+ Ndx,

Hence, 0 is closed if (and only if) k& = n.



2. In R?" with coordinates x1, xs, ..., To, consider an exterior 2-form
) b )
n
n= E Tok—1 N\ Tog.
k=1

2n
Given a 1-form a = ) a;z; find the 1-form
1

B=x|aAnAN---An
———

n—1
We have
n 2j—1 2§
"t =(n—1)! Zml A DT AT, (T95-1 A X9 is missing).
1
Then
Toj—1 N\ "t = (n—1)! Z T /\ /\aszn (x9; is missing)
and
Lo A 77” ’fL — 1 Z T /\ /\CCQn (513'2]‘,1 is missing).
Hence, * (z9;_1 An"7') = (n — 1)lzy; and * (w9, A" 1) = —(n — 1)lag; 1.
Therefore
B=x(any )= (ag 1 (@1 An"") +ag; x (@5 A" ™))

1
n

= (TL — 1)' Z(—agijj_l + agj_1$2j).
1

Note that these formulas also holds for n = 1. In this case, x(a1x1 + asxs) = asx; — a;2s.

3. Consider a differential 1-form # which in cylindrical coordinates (r, ¢, z) has the form

3= f(r)dz+ g(r)d¢, where ¢'(0) =0.



Find a condition when 3 A df3 is a volume form, i.e. it does not vanish anywhere. Interpret
this condition geometrically in terms of the properties of the curve given in R? with Cartesian

coordinates (u,v) by parametric equations

u= f(r),v=g(r) for r €[0,00).

We have
dg = f'(r)dr Ndz+ ¢'(r)dr A db,

and

BNdAB = (f'g—4g f)dr Ndz A d6.

Hence the required condition reads

f'(r)g(r) —g'(r)f(r) #0

for all » # 0.

Remark. Note that if r = 0 we cannot make computations in cylindrical coordinates.
The condition ¢'(0) = g(0) = 0 together with the condition f'(0) =0 allows us to extend the
form smoothly to r = 0. The condition that A df # 0 along z-axis then reads: f(0) # 0,

g9"(0) # 0.
The condition f'g — ¢gf" # 0 means that the velocity vector (f’, g’) of the curve

u= f(r),v=g(r) for r €[0,00)

is never collinear with the radius-vector (f, g) of the curve. If we re-express this condition
in polar coordinates (p, ¢) in the (u,v)-plane, it then reads that ¢’ # 0, i.e. when r — oo

the point (f(r), g(r)) keeps rotating around the origin in the same direction.
4. In R*" with coordinates z1,yi, ..., Ty, Y, consider a differential 2-form w = 3 dz; A dy;.
1
a) Let F': R*™ — R be a C'-function. Find the vector field X such that Xp Jjw = dF.

3



b) Prove that for any two C'-functions F, G : R** — R one has

Dx,G = —Dy,F.

G

¢)* Denote {F,G} = Dx_,F. ! Prove that for any two C*-functions F,G : R* — R the
following identity holds
(X, Xc] = —X(ray

Here the notation [X, Y] stands for the Lie bracket of two vector fields.

a) Let us write Xp = ai£ + bia%' Then the equation Xr Jw = dF takes the form
1 K K

. 0 0 " OF oF
( 1 af)xi+ 8%) Jw 1 ) X +28yi Y,

We have

0
oz, Jw Y 0 Jw x

Hence,
(g il b@> b= 32 b+
. Hence, we get

_or . _OF . .
az—ayi, v 1=1,...,n.
Thus,
" OF 0 OF 0
Xp = — .
" 2 0y; 0z,  Ox; Oy,
b) We have
. _N~OF 0 OF 0
- 0y; Oz, Ox; ayi7
" 0G 9 oG 0
= _— — . 1
¢ Z Oy; 0x;  Ox; Oy; (1)

HF, G} is called the Poisson bracket of functions F and G.
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OF 0G  0F 0G
Z

D Xr)
X G = dG F 0y; Oz; 3371'8%

and

0G 8F 0G OF

Dy F = dF(Xg) = Z — — Dy, G. (2)

c) As it was computed in one of the homeworks, the Lie bracket [X, Y] of two vector fields

X = Z a; =2 &c + b2 By; and Y = Z Cir— (% + d;5.- is the vector field

7 = Zfia%i + gia_w where
1
801- 8@1- 801- aai
= S A A Wt A Rty
f ZG] al’j K 8SUJ' * ]ayj ]3yj

" d; ob; ad; ob;

e — —Cj— + bi— —d;—. 3
9 jzlajc?xj CJ@IJ‘ + ]E)yj ]8% ( )
Let us compute [Xp, X¢|. Plugging in (3)
P - N < R -\ AN .
Z_ayi7 (2 axiy z_ayia (2 axz

we compute

u 801 6az~ 8@ 8@1-
;= e bi— — d.——
f ZCL] 81’]' K (%j * j@yj jayj

~OF O°G oG °F OF &G 0G 9F
=1 ayj 8xjyi ayj (%ﬁyz Qmj &yzﬁy] al‘j 8%8% ’

Z od,; 0b; b od,; d 0b;

P e T e ey Yy,

j=1
_Z": oF 0°G L oG PF L OF 0°G G PF @
8% Ox;0x; 8yj Ox;0x;  Ox; 0x;0y;  Oxj 0x;0y;’

Let us now compute X(pgy. From formula (2) in b) we have

oF oG OF 0G

{F G} DXGF Zaxiayi ayiaxi




Using formula (2) we compute
“O{F,G} 0 O{F,G} 0
X = —_ 7
e ; 0y, Oux; 0r; 0Oy
N~ 0 (§ROFOG 9FOG) 0 0 (NOFOG 009G 0
i1 ayl = 833] 0@/] ay] 833] 8277, &EZ = 8l’j 8y] 0@/] ax] 8yZ
e (a2F 9G | OF PG F 0G OF aQG) 9
i1 &cjayl 8y] 8:6] 8y](9y2 ayjayz 83:] 83/] 833]83/@ le
L (F 9G  OF @G O*F 9G 9F PG\ 9 -
c%j@a:i 8yj 8xj 8y]8xz 8%3% (%j 8yj E)x]@xz @yz '

Comparing with expressions for f; and g; from (4) we get that

]

u 0 0
X(ray = — Zfza—x — 92‘@ = —[Xp, Xq|.
1 T

Remark. There is another, more conceptual and less computational proof of the

formula [Xp, X¢| = —X{pey. If you are interested, please come and I'll explain it.



