Math 52H: Practice problems for the midterm

1 Consider the Euclidean space V = R?" with coordinates (z1,%1, ..., s, y,) and the stan-
dard dot-product. The space A(V*) of all exterior k-forms for all k£ = 0,...,2n is also an

Euclidean space with the scalar product of a k-form « and an [-form ( defined by the formula

s HanxB), ifk=1
((a,8)) =
0, if k1.

Consider a linear operator €2 : A(V*) — A(V*) defined by the formula Q(a) = a A w, where
w = iZBZ Ayi. Find the adjoint linear operator 2%, i.e. the operator Q* : A(V*) — A(V*)
such tlhat

{e), 8)) = (e, 2°(0)))

for any forms «, 5 € A(V*).

2. The cylindrical coordinates
r € [0,00), p €10,27), z € R,
are introduced in R?® by the formulas
T =TCcosp,y=rsiny,z,
where (x,y, z) are Cartesian coordinates. Consider a differential 1-form

rsinr
«a = cosrdz +

dp



a) Describe the plane field £ defined by the Pfaffian equation o = 0.
b) Suppose that a curve I' C R? be given by the parametric equations
T
rzZzzh(t), p=2t, te|0,n].

Find the function h such that a|r =0 and h(0) =1 .
c¢) Find all values of R for which the horizontal circles {z = const,r = R} are tangent to the

plane field &.

3. Consider a smooth function f : R? — R. Let S; be a surface in R* given by equations

2= (o, 22), wa= 2 (01, m0) (1)

81’1 81’2
Suppose that this system of equations can is solved with respect to the coordinates x5 and

x4, i.e. there exist smooth functions xy = g(z1,x3) and x4 = h(xq,x3) such that
0
T3 = a_:[l(l‘lag(xbm?)))a
0
e 2s) = 50 (e, (e, 25)) )
X2
Prove that the Jacobian of the map (h, g) : R? — R? is equal to —1, i.e. that

99 99
oz Oxs -1
oh D9 '
81’1 323

Hint: Examine the restriction of the form w = dz; A dvs + dvy A dzg to the surface Sy, and

then consider the pull-back of the form w by a map R* — S; C R?* given by the formulas
(21, 23) = (21, 9(21,23), 3, W71, 73)) .

4. Consider a differential 1-form o = dxz + xodz; on R3. Let f = (f1, f2, f3) : R® = R3 be a
map such that f*a = ha for some positive function h : R®* — R. Find a function g : R* — R
such that the map F : R* — R? given by the formula

F(xy, 29, w3, 24) = (f1(21, 02, 23), 221, T2, T3), f3(T1, T2, 73), Tag(21, T2, 73))
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satisfies the equation F*(z4a) = z40v.
5. Consider a smooth differential k-form

1< << <n
in R™ such that f;, ; (0) =0 (i.e. all coefficients of the form « are equal to 0 at the origin).
Let F': R™ — R™ denote the dilatation x — 2x. Suppose that F*a = a. Prove that a = 0.
6. Given a function f : R® — R, consider a map F : R® — R?"*! defined by the formula

of of

F(zy,...,x,) = <x1,...,xn,a—m(ml,...,xn),...,a—xn(xl,...,xn),f(xl,...,xn)> .

Compute F*(«r), where

n
o = den—i—l — E xi-{—ndxi .

=1

The actual midterm will consist of four problems.



