Math 52H: Final Exam

March 15, 2010

1. Consider a differential form o on R? such that o Ada = dxy Adzy Adzs, and which outside

the unit ball B;(0) C R? is equal to dz; + wodzs.
a) Show that there exists a unique vector field v on R?® which satisfies two conditions

vida=0 and a(v)=1.

b) Compute divv and Fluxp v, where D = {z; = 0; 23 + 22 < 1}. We assume here that

D is co-oriented by the vector field 8%1.

2. Consider a vector field
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where r = /22 + y? + 22. Compute Fluxg v, where S is the upper-half ellipsoid
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S = {(af,y,Z) € R%;
co-oriented by an outward normal vector field to the boundary of the solid ellipsoid
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3. Consider a vector field v in R® with coordinate functions (P,Q, R). Assuming that

divv = 0, find an explicit expression for a vector field w such that v = curl w.

4. Given vectors vy, ..., v, € R™, let us denote by « the exterior k-form D(vy) A -+ A D(vg).
Prove that

[Volg P vy, .. vp)| =[] a [[= vx(a A xa).

5. Let us define the n-torus T"(ry,...,7,) C R?" by the equations
Tn(rlv"‘7rn) :{(x17y17"‘7xn7yn) CRQn;x%—'—y%:r%""7xi+y3:T?L}'
Compute Vol,(T").

Each subproblem is 10 points.



