Math 52H: 2010 Final Exam

Solutions

1. Consider a differential form o on R3 such that o A dov = dxy A dzg A dzs, and which outside the

unit ball By(0) C R? is equal to dzi + zodws.
a) Show that there exists a unique vector field v on R3 which satisfies two conditions

vida=0 and a(v)=1.

b) Compute divv and Fluxp v, where D = {z; = 0; 2% + 22 < 1}. We assume here that D is

co-oriented by the vector field %.
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a) Note that the form o nowhere vanishes, i.e. for every x € R? the linear function o, : R® — R
is not equal to 0. Denote by ¢ the plane field £, = {h € R2;a,(h) = 0}, = € R3. We also
note that for every x € R3 the exterior 2-form da, on R? has rank 2. Indeed, the rank of a
skew-symmetric matrix is always even. On the other hand, it is not 0 according to the condition
a A da = dri A drs A drg. Moreover, the same condition implies that the restriction of the form
day to &, is non-degenerate. Hence, the homogeneous linear system of equations h 1da, = 0 on
R3 has a 1-dimensional space I, C R3 of solutions, and the line [, is transversal to the plane &,.
The condition v Jda = 0 is equivalent to v(z) € I, for all x € R3, and the condition a(v) = 1

determines a unique vector v(zx) € I, for each z € R3. Outside B;(0) we have v = 8%1



b) Denote 2 := dx; A dxa A dxs. Then
divv = xd(v1Q) = *d(a(v)da — a A (vIda)) = xd(da) = 0.

Hence, the divergence theorem (or Stokes’ theorem) implies that Fluxp v = Fluxg v for any surface
S with 0S5 = 0D oriented in such a way that the induced orientation of 0S coincides with the

orientation of dD. Choose as S the hemisphere {z% + 23 +2% = 1; 1 > 0}. Then v|s = 8%1' Thus

Fluxp(v) = Fluxg(v) = Fluxg (;) = Fluxp (;’) =, (1)

x1 x1

because 8%1 is also divergence free.

2. Consider a vector field

vV = i xﬁ + 2 + z2
o3\ ox yay 0z’
where r = y/22 + y2 + 2z2. Compute Fluxg v, where S is the upper-half ellipsoid
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S = {(x,y,Z) € R%

co-oriented by an outward normal vector field to the boundary of the solid ellipsoid

2?2
— <1;.
e ey

The vector field v is divergence free in the complement of 0. In particular, similar to the

previous problem we have Fluxg v = Fluxy, v, where
S ={(zy,2) eR? 2?4+ y%+ 22 =14, z>0}.

Hence Fluxg v = 1Area(X) = 2.

3. Consider a vector field v in R? with coordinate functions (P, Q, R). Assuming that divv = 0,

find an explicit expression for a vector field w such that v = curlw.



Denote o« = v 1, where Q := dx A dy A dz. Equivalently, « = *D(v). Then divv = 0 is
equivalent to doe = 0. On R? this implies that the differential 2-form « is exact. Let us consider
a homotopy F : [0,1] x R® — R3, defined by the formula F(t,u) = tu. Then F(1,u) = u and
F(0,u) = 0for all u = (z,y, 2) € R3. Consider the homotopy operator K : Q2([0, 1] xR3) — Q(R3).
It is defined by the formula K (w) = fl 2 Jwdt. As it was proven in the class, a = d(K(F*a)). If v
has coordinate functions (P, @, R) tl?en a = Pdy ANdz+ Qdz N\ dx + Rdx A\ dy. We have

(‘?t JF* o = P(tu)(ydz — zdy) + Q(tu)(zdx — xdz) + R(tu)(xdy — ydx).

Denote

1
B:=KF'a= /P(tu)dt(ydz —zdy) + [ Q(tu)dt(zdxr — xzdz) + / R(tu)dt(zdy — ydx) =
0

1

/(zQ(tu) — yR(tu))dt | de +
0
1

/ (yP(tu) — 2Q(tu))dt | dz )

0

and define w = D~13. Then

(xR(tu) — zP(tw))dt | dy+

O\H O\H

curlw =D 1+ dD(w) =D ' «dDD 13 =D ' +xdB =D ' xa=v.

Thus w has coordinate functions

1 1 1
/ 2Q(tu) — yR(tu)) dt,/ (zR(tu) — zP(tu)) dt,/ yP(tu) — zQ(tw))dt
0 0 0

4. Given vectors vy,...,v; € R™, let us denote by « the exterior k-form D(v1) A--- AD(vg). Prove
that
Vol P(vy, ... vp)| =|| a |[= v*(a A xa).

Let us choose an orthonormal basis eq,...,€eg,..., e, in such a way that Span(vy,...,v;) =

Span(ey,...,ex), and let 1, ..., x, be the corresponding Cartesian coordinates. Then Vol (vy, ..., vk)
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is the determinant of the square matrix formed by the first k£ coordinates of vectors vy,...,vg. On
the other hand, & := D(v1) A--- AD(vy) = Cxy A+ -+ Axg, where C' = a(ey,...,ex) = det A, where
A = (asj), aij = D(vi)(ej) = (vi,ej). Thus A is the matrix whose rows are coordinates of vectors
v; in the basis ey, ..., e;. Hence, C' = Voli(v1,...,vg). On the other hand, xa = Cxpiq A+ A xp,

and hence *(a A xa) = C?, and thus

Vol P(v1, ..., o) =] a ||= V/*(a A xa).

5. Let us define the n-torus T"(r1,...,7,) C R*" by the equations
T"(r1y...yrn) = {(x1,91, -+ -, Ty Yn) C RQ";x% +y% = T%,...,xi —i—yi = T‘?L}
Compute Vol,,(T™).
Let us parameterize the torus by the map

®(0y,...,0,) = (ricosby,rysinby, ..., r,cosb,,r,sinb,),

61,...,0, €[0,27]. Then

0P . 0 .
aie‘j(u) = —Tj Slnejaimj + Tj COSQja—yj, ] = 17 .
Note that all these vectors are pairwise orthogonal and
0d
Jaa;e] =
Hence the Gram matrix (D®)?D® of the vectors é%(u) is diagonal and has r?,...,7r2 on the
diagonal. Thus, det((D®)" D®) = []r3.
1
Hence,
2m 2m n
Vol (T7) = / \det(D®)TD®)db) ... d0,j = 27" [ r;.
0 0 !



