CLASSIFICATION OF QUASI-FINITE ETALE SEPARATED SCHEMES

As we saw in lecture, Zariski’s Main Theorem provides a very visual picture of quasi-finite étale separated
schemes X over a henselian local ring R. We would like to explain how this can be used to give a similar
result over any Dedekind base scheme S. Recall that a Dedekind scheme is a regular noetherian scheme
whose connected components are 1-dimensional; for purely technical reasons related to descent theory we
do not require S to be connected. We let K denote the ring of rational functions (i.e., the product of the
function fields at the finitely many generic points). We also let K., denote the product of separable closures
of each of the factor fields of K.

The basic principle is to infer results by descent from the henselization and strict henselization. Although
we apply these results for S = SpecZ, in some steps it will be technically convenient to allow ourselves
to replace S with an auxiliary étale (or ind-étale) cover. Hence, it is better to work throughout with an
arbitrary Dedekind base S rather than a specific one. Once we have obtained a classification for general X
with no extra structure, we will see what happens for commutative S-groups; it is easier to first focus on
what happens without the interference of group laws, just as we saw in our earlier study of Zariski’s Main
Theorem (where the picture was made clearer by initially ignoring group structures).

It should be noted at the outset that what we do in this handout is much more readily understood by
thinking in terms of the language of constructible étale sheaves of sets. Thus, the reader should interpret
everything that we do as simply a means of making concrete what is more naturally carried out in a more
abstract setting. The mathematical input is essentially the same from both points of view, and the main
ideas are not fundamentally different either, but it seems that in the language of étale sheaves of sets one
gains a certain degree of elegance that is sometimes missing when working throughout with geometric objects
as we do here.

1. SOME PRELIMINARIES

Let X be quasi-finite étale and separated over a Dedekind scheme S, so Xk is a finite étale K-scheme.
By the “smearing out” principle, there is a dense open U C S over which the restriction Xy is finite. Now
the finite étale map Xy — U has target U that is normal, so Xy is normal. It follows that Xy must be
the normalization of U in the finite étale cover Xk of Spec K. Moreover, if we fix a choice of Ky, then we
abuse notation and write X (Kgep) to denote [[ X (K ep) with K = [ K; a product of fields (and we like
write Gal(Kgep/K) to denote the product of the Gal(K; sep/K;)’s, with the ith factor only acting on the
geometric points of X,). This set is unramified at each place of K associated to a closed point u € U since
the finite étale Xy — U must become a split covering over a strict henselization of U at u (as the only finite
étale algebras over ﬁf}‘u are finite products of copies of ﬁf]hu)

Conversely, if Yx — Spec K is finite étale and Yx (Ksep) is unramified at all places of w, then the
normalization Y of U in Yk is a finite étale U-scheme with K-fiber Yx. Indeed, this normalization is
U-finite since forming integral closure of a normal noetherian ring in a finite étale extension of its total
ring of fractions always yields a finite ring extension, and it clearly has K-fiber Yx. Moreover, this U-finite
normalization is U-flat since U is Dedekind (flatness over a Dedekind domain is the same as torsion-freeness).
It follows that to check whether or not Y is U-étale it suffices to check that the fibers Y, over closed points
u € U are étale k(u)-schemes. But this is immediate from the hypothesis that Y (Kgep) = Y (Ksep) is
unramified at w.

We may summarize these conclusions as follows:

Lemma 1.1. Let S be a Dedekind scheme with ring of rational functions K, and fiz a choice of Ksep/K.
Let U C S be a dense open subscheme.

The functor Y ~» Y (Ksep) sets up an equivalence of categories between the category of finite étale U-
schemes and the category of finite discrete Gal(Kgep/K)-sets that are unramified at all closed points of U
(or, as we shall say, are unramified along U). The quasi-inverse functor is given by normalization of U in
the associated finite étale K -algebra.

This equivalence of categories respects formation of products, and so it carries group objects to group
objects and commutative group objects to commutative group objects.
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Remark 1.2. Since K = [[ K; is a finite product of fields, by a Gal(Ksep/K)-set we really mean a finite
disjoint union of discrete sets indexed by the i’s such that the ith set is given a continuous action by
Gal(K; sep/K5).

The purpose of this handout is to explain how to generalize the lemma to work over the entire base .S,
and not only over U.

We shall now fix U, and we want to describe those quasi-finite étale separated S-schemes X — S that
are finite over U. The idea is to view X as obtained from Xy with some auiliary data to specify fibers over
the finite set S — U, and since Xy is “the same” as the Galois set X (Kep) that is unramified over U, our
real goal is to give a purely Galois-theoretic description of X in terms of the Galois-set X (Kgep) and some
auxiliary data.

Let us now fix a quasi-finite étale separated map X — S such that Xy is U-finite. Also, for each s € S—U
we fix a choice of separable closure k(s)sep Of k(s) and let ﬁg{‘s denote the associated strict henselization of
the discrete valuation ring Og ;.

We also fix an embedding of ﬁ’g{‘s into Ksep, or what comes to the same thing, we choose a place 5 of Kyqp
over the place of s on K and we take ﬁg{ls to be the union of the local rings under s on finite subextensions
K' C Kgep over K such that these local rings are unramified over g s (in the sense of valuation theory).
Let us define the inertia group

I, = IE/s = Gal(Ksep/K:h)7
where KS" denotes the fraction field of ﬁ’g{‘s.

Lemma 1.3. Assume S is connected. For each s € S — U, there is a canonical injection X (k($)sep) —
X (Ksep)!s, and this is a bijection with #X (k(8)sep) = rank(Xx) if and only if X — S is finite over an open
neighborhood of s in S.

Proof. The property of finiteness over an open neighborhood of s is equivalent (by the “smearing out”
principle) to finiteness of X5, = — Spec Os . Such finiteness in turn may be checked after any fpgc base
change, and so since ﬁg{ls is faithfully flat over 05, and the desired conclusions only depend on the base
change of X over ﬁfs*},ls~ We may therefore assume that S is local and strictly henselian. Note that by passing
to this strictly henselian local case, K becomes a field and the inertia group I; becomes the Galois group for
Kepp, over K.

By the structure theorem for quasi-finite separated schemes over a henselian local base, we have
X =xc ] x,
with Xy finite over S and X,, having empty closed fiber. Since X is étale over S, we see that X is finite
étale over S. However, S is local and strictly henselian, so X; is a finite disjoint union of copies of S. Thus,
there is a natural bijection
Xi(K) — X¢(k) = X(k)
defined by reduction, and so its inverse defines an injection
(1) X (k) — X(K) = X(Ksep)l
that is bijective if and only if X (K) = X(K).

Hence, this injection is bijective with X (k) of size rank(X ) if and only if X¢(K) has size equal to the
K-rank of Xy . But this equality happens if and only if Xy is K-split and equal to the K-fiber of X;, which
is to say that Xk is K-split and X,, is empty. In other words, the injection (1) is bijective with X (k) of size
rank(X ) if and only if X = X, which is to say that X is S-finite.

The construction (1) is visibly functorial in X. [ |

Now observe (still assuming S to be connected) that the injection of sets
X (k(8)sep) — X (Keep)'®

is compatible with the natural action of Gal(k(s)sep/k(s)) on both sides. Indeed, this is an immediate
consequence of the construction.



We have seen in Lemma 1.1 that the category of finite étale U-schemes may be identified with the category
of finite discrete Gal(Kgep/K)-sets that are unramified along U. By Lemma 1.3, we thereby obtain a functor
from the category (S, U)¢ of quasi-finite étale separated S-schemes to the category Cs y whose objects are
tuples

(Ea {Fs}sest)
where X is a finite discrete Gal(Kgep/K)-set unramified along U and F; is a finite Gal(k(s)sep/k(s))-subset
of Zfs, with 3; the part of ¥ on which Gal(K; sep/K;) acts (with K = [[ K; the decomposition into a finite
product of fields); morphisms in Cg iy are defined in the evident manner. Strictly speaking, C's y depends on
the choices of Kgop and k(s)sep for all s € S — U, but these dependencies are unimportant for our purposes
(and could be avoided if we had developed the language of étale sheaves of sets on 5).
By construction, the functor

F:X ~ (X(Ksep), {X(k(s)sep)}SES—U)

from (S,U)e to Csp is obviously faithful and respects formation of fiber products (ultimately because the
formation of the “finite part” over a henselian local base is compatible with formation of fiber products).
The main purpose of this handout is to prove:

Theorem 1.4. The above functor F : (S,U)s — Cs,u is an equivalence of categories.

The equivalence in this theorem carries over to group objects, as well as commutative group objects, in
the two categories. One immediate consequence of this theorem and Lemma 1.3 is:

Corollary 1.5. Let Xy be a finite étale U-group. There exist quasi-finite étale separated S-groups X° and
Xt with U-fiber Xy such that every quasi-finite étale separated S-group X with U-fiber Xy contains X° as
an open S-subgroup and is contained in X* as an open S-subgroup. That is, there are mazimal and minimal
quasi-finite étale separated S-models for Xy .

The formation of X° and X' is functorial in X and compatible with fiber products and with ind-étale base
change on S. Moreover, if S is connected then X* is finite over S if and only if X (Ksep) is unramified at
alls € S.

To prove this corollary, we make the maximal and minimal models by choosing X’ (k(s)sep) and X#(k(s)sep)
to respectively be the trivial subgroup and entirety of the finite group X (Kgep)'s. The asserted functorial
properties follow immediately from this construction. Proposition 1.3 in Ch I of Mazur’s IHES paper is a
special case of Corollary 1.5.

2. PROOF OF THEOREM 1.4: FULL FAITHFULNESS

Let us first prove the faithfulness of the functor in Theorem 1.4. This is quite easy, since we claim more
generally that if f,g: X = X’ are S-maps between S-schemes with X’ separated over S and X flat over S,
then f =g if fx =gx. Themap h = f x g: X — X’ xg X’ that factors through the diagonal on K-fibers,
and we want it to factor through the diagonal over S. Since X’ is separated, the diagonal

AX//SZX/—>XI XSX/

is a closed immersion, and its pullback along A is therefore a closed subscheme ¢ : Z — X that we want to
coincide with X. By the hypothesis on K-fibers, Zx — X is an isomorphism. Hence, we are reduced to
checking that a quasi-coherent ideal sheaf on X that vanishes on the K-fiber must globally vanish. This is
a local problem, and so reduces to the claim that if A is a flat algebra over a domain R (with fraction field
K) and [ is an ideal with Ix = 0in Ax = K ®p A then I = 0. Since R-flatness of A implies that A — Ag
is injective, we get the desired result.

With faithfulness of Theorem 1.4 settled, we next wish to prove full faithfulness. To this end, let X and
X' be quasi-finite separated étale S-schemes that are finite over U, and let ¢ : FI(X) — F(X’) be a morphism
in Cgpy. We want f to be induced by a (necessarily unique) S-map f : X — X’. The underlying map of
Galois sets X (Kgep) — X'(Ksep) arising from ¢ already provides us with a map fy : Xy — X{; of finite
étale U-schemes, and the map we seek to construct must coincide with fy; over U. Hence, it is necessary
and sufficient to prove that fy extends to an S-map X — X'.



Let us temporarily assume such an f : X — X’ exists, and we will see how to create it from fy;. The task
will then be to prove that this creation process yields f without knowing f to exist a priori. We will use the
important “closure of a graph” technique; this goes as follows. Consider the graph

Ff:XHXXSX/

of the hypothetical morphism f. Being the graph of a map to a separated S-scheme, it is a closed immersion
whose composite with the projection X xg X’ — X is an isomorphism. Moreover, over U this closed
subscheme is exactly the graph of f;. Since Xy is dense open in X, we conclude that the closed subscheme
defined by the graph of the hypothetical f has no choice but to be the schematic closure in X xg X’ of the
closed subscheme

PfU : XU — XU Xg X[/J = (X Xg X/)U.

Now we turn the situation around and, starting with the given closed subscheme in (X x g X')y provided
by the graph T'j,, we form its schematic closure I" in X xg X’ (recall that schematic-image makes sense
for any quasi-compact and quasi-separated map). This meets the open set (X xg X')y in I'y,, and we can
consider the composite map

' - XxgX —X
over S. Over U this is an isomorphism, and the preceding considerations show that it is not only necessary
that this be an isomorphism, but also that if I' — X is an isomorphism then the composite of its inverse
with

- X xgX — X
defines an S-map f : X — X' that restricts to fy over U and hence solves the full-faithfulness problem.

To summarize, it is necessary and sufficient to show that the closure I' — X xg X’ of the graph of fy
projects isomorphically onto X. The advantage of this global construction of the desired graph is that it is
clearly compatible with flat base change on S (recall that the formation of scheme-theoretic image commutes
with flat base change). Hence, not only is it sufficient to check the isomorphism condition for I' — X by
working locally on S, but if we apply a flat base change S’ — S to this map then it is identified with the
map constructed from fy+ (where U’ = U x g S”). Since the situation is trivial over U (where we have fi),
the problem is local at each of the finitely many points s € S — U. Hence, we first may replace S with
Spec Os s (so S is local with closed point s, and U is the generic point), and then it suffices to check the
isomorphism property after applying the faithfully flat base change to the strict henselization at s. That is,
we are reduced to the case when S is local and strictly henselian.

In the case of a local and strictly henselian base, we have decompositions

X=xc[[ X X' =x¢]] X,

and the given map ¢ tells us that fx : Xx — X}, carries the subset X (k) = X¢(K) C X(K) into the subset
X'(k) = X}{(K) C X'(K). Since each of Xt and X7 is a disjoint union of copies of S, by considering K-points
of these copies of S we see that fx carries X¢/ into X{ .. But Xy and X are finite étale (even split) over
S, so such a map of their K-fibers uniquely extends to a map Xy — X{ over S.

We have now constructed an S-map Xy — X{ — X’ and fx provides an S-map X, C Xg — X, so
these trivially glue to give an S-map

fiX =X Xy — X

whose K-fiber is our original fx. This concludes the proof of full faithfulness in Theorem 1.4.

3. PROOF OF THEOREM 1.4: ESSENTIAL SURJECTIVITY

There remains the task of proving that every object in the category Cgs ¢ arises from some quasi-finite
étale separated S-scheme X. Put another way, by Lemma 1.1, what we have to prove is that if Xy is a
finite étale U-scheme and for each s € S — U we are given a subset X3 C XU(KSQP)IS that is stable under
the action of Gal(k(s)sep/k(s)), then there exists a quasi-finite étale separated S-scheme X restricting to Xy
over U such that for all s € S — U the natural injection

X (k(8)sep) — X(Ksep)ls = XU<Ksep)IS



is a bijection onto the subset .

Let us first show that the problem is local at each s € S. Certainly the problem is Zariski local, so it
suffices to replace S with the complement of all but one point of S — U and to solve it for this point. That is,
we may suppose S — U consists of a single point s. If we have a solution X (s) over Spec U ,, then it “smears
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out” to a quasi-finite étale and separated scheme X (s) over an open neighborhood V' of s in S such that its
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K-fiber is (Xu)k. Since X(s)y_¢, — V — {s} therefore becomes finite upon replacing V' with Spec O,
it becomes finite upon replacing V with some Zariski-open neighborhood of s. Thus, after shrinking V' we
may suppose that X(s) is finite étale over V; since its K-fiber is (Xy)x, we conclude by Lemma 1.1 that

there is an isomorphism X (s)|ynyv ~ Xv|unv respecting K-fiber identifications. Hence, gluing )?(5)|V and
Xy over U NV gives a global solution to our problem.

Having reduced to the case of a local base S, we see more generally that the problem over any semilocal
base is reduced to the local case. Let us first consider the problem over a strictly henselian local base. In
this case Xx (Ksep)’* = X (K), and upon specifying a subset 5 C X (K) we see that a disjoint union of
copies of S indexed by ¥, and the K-scheme complement in Xg of the K-point components corresponding
to Y gives a solution to our problem. Hence, the problem is solved over the strict henselization of our local
base S. Let X — S50 be the solution to our problem over the strict henselization; by expressing ﬁ;{‘s as a
direct limit of local-étale extensions of Og s we can find a local-étale cover S’ — S dominated by St and
a quasi-finite separated étale S’-scheme X’ whose S®"-fiber solves the problem over the strict henselization.
However, the problem to be solved is expressed in terms S = S’ Sh, and so we see that X’ is automatically
a solution to our problem posed over the local base S’.

The problem is now one of étale descent. Consider the two pullbacks p;(X') over S’ x5 S’. Since S — S§'is
local-étale, it is surjective and the base S’ x ¢S’ is Dedekind (but nearly always disconnected!). The formation
of the functor F': (S, U)¢ — Cs,v is compatible with ind-étale base change on S (given compatible extensions
on the separable closures of function fields and residue fields at closed points away from U), so pi(X’) and
p5(X') are respectively solutions to the essential surjectivity problems for the p;-pullbacks of the object in
Cs/ y that we obtain by pullback of the initially given object in Cg .

Since the composite maps

S x589 =8 -8

are equal, we conclude that pj(X’) and p5(X’) are both solutions to the same problem whose solution is
unique up to unique isomorphism. Hence, we obtain a (unique) isomorphism ¢ : pi(X’) =~ p5(X’) over
S" = 8" xg S’ that extends the evident identification (with U” xy Xy) over U” = U’ xy S’. Under pullback
to the triple overlap S” = 5’ x g5’ x g S5’, the isomorphisms pi,(p), pis(p) and pi5(¢) are compatible in the
evident manner due to the uniqueness of isomorphism among solutions to the essential surjectivity problem
(now over the Dedekind base S”’). Thus, we have descent data, and étale descent for quasi-finite separated
maps is always effective. That is, we obtain an S-scheme X equipped with an isomorphism X g ~ X'
over S’ that respects the descent data on both sides (relative to S’ — S). In particular, since X’ — S’ is
quasi-finite étale and separated, the same holds for X — S.

It remains to check that X — S is a solution to our problem. The only serious issue is to check that
the K-fiber of X is identified with (Xy)k, or more specifically that the U-fiber of X is identified with the
initially-given Xp;. However, this is clear because if we restrict the isomorphism X,g ~ X’ over U’ then
we get an isomorphism X ;v ~ (Xy),y+ that respects the evident descent data on both sides, and so this
descends uniquely to a U-isomorphism X ,; ~ Xy by descent theory for morphisms. This completes the
proof of essential surjectivity.

4. GROUP QUOTIENTS

We conclude by applying the preceding considerations to the case of commutative groups.

Let G be a commutative S-group that is quasi-finite étale and separated, and let H be a closed S-subgroup
that is also quasi-finite étale and separated. We would like to establish the existence of a quotient G/H
that is quasi-finite étale and separated. To be precise, we seek an S-group with such properties and an



S-group map G — G/H that is an étale surjection with scheme-theoretic kernel H. Let us first establish the
uniqueness of such an object, and then we will address its existence.

Lemma 4.1. If G’ and G" are quasi-finite étale separated S-groups and G — G' and G — G" are two étale
surjective S-group maps with scheme-theoretic kernel H, then there exists a unique S-group isomorphism
G' ~ G" that is compatible with the maps from G to each side.

Proof. There is a dense open U C S over which all of G, G', G”, and H are finite, and in such cases the
quotient Gy /Hy exists as a finite étale U-group equipped with an étale surjection from Gy having scheme-
theoretic kernel Hyy. Moreover, the theory of quotients for finite flat commutative group schemes ensures that
this latter property uniquely characterizes the quotient up to unique isomorphism, and so we see that the
desired unique isomorphism between G’ and G” exists over U. The problem is therefore one of extending this
Gy-compatible U-group isomorphism G}, ~ G{; over U to a G-compatible S-group isomorphism G’ ~ G”.

By using the same “closure of a graph” technique that we employed in §2 (keeping in mind that all schemes
in question are flat and separated over the base), it suffices to solve the problem over strict henselizations of
the local rings on S at the finitely many points of S — U. This reduces us to the case of a local and strictly
henselian base S.

Consider the finite-part decompositions

G=G:[[Gy H=H]]H,

as S-schemes; recall that the finite parts are (open) S-subgroups. Since G and H are S-étale, we see that G
and Hy are S-étale. Functoriality of “finite part” ensures that Hy is contained in the open S-subgroup H NGy
of H. In fact, we have Hy = H N Gy (scheme-theoretic intersection) because H N Gy is a closed subscheme of
Gr (and hence is S-finite, so as a subscheme of H it lies in Hy). It follows that inside of G(K) = G(Kep)’
we have
H(k)=G(k)NH(K)=G(k) N H(Kp)'.
Hence, we obtain a natural injection
G(k)/H(k) — G(K)/H(K) — (G /Hx)(K) = (G /Hi) (Ksep)'-

Now let G/H be the unique quasi-finite étale separated S-group whose K-fiber is Gk /Hgk and whose
k-fiber corresponds to the subgroup G(k)/H (k) inside of (G /Hk)(K). By functoriality of the equivalence
in Theorem 1.4, there is a unique S-group map G — G/H inducing Gx — Gk /Hg on K-fibers and inducing
G(k) — G(k)/H (k) on k-fibers. In particular, the map G — G/H between étale S-groups is étale (as is any
map between étale S-schemes) and is surjective (as we can see on K-fibers and k-fibers respectively).

It remains to show that the scheme-theoretic kernel of G — G/H is H. Since the map G — G/H is
étale and G/ H is S-separated, the scheme-theoretic kernel H' is an S-étale closed S-subgroup of G and we
want H = H' inside of G. Any S-flat closed subscheme of G is the schematic closure of its K-fiber in Gk,
so it suffices to show Hx = H} inside of Gk, or equivalently that Hg is the kernel of the natural map
Gk — Gi/Hpg. This follows immediately from the theory of finite flat group quotients (over a field). W

Now that uniqueness for G/H has been proved, we turn to existence. If we let U C S be a dense open over
which Gy and Hy are finite, the existence of Gyy/Hy (with the desired properties) follows from the theory
of quotients by finite étale equivalence relations. In view of the uniqueness up to unique isomorphism for
the solution to our problem, and in particular its automatic compatibility with respect to étale base change,
it suffices to solve the problem étale-locally on S.

If we can solve the problem over a local base ring, then a variation on the “smearing out” argument in
83 allows us to glue the local solutions at each s € S — U to the solution over U to make a global solution
to our quotient problem. Thus, we may assume that the base S is local. If we can solve the problem
over a strictly henselian local base then we can chase direct limits to descend this to a solution over some
local-étale extension of S, and such a solution then descends to S via descent theory (just as in our earlier
considerations with descent theory). Thus, it suffices to treat the case when S is a strictly henselian local
base. The existence in this case was settled in the proof of Lemma 4.1.



If we combine the above conclusions with Raynaud’s method of scheme-theoretic closure over Dedekind
bases, we get an important consequence that recovers §1(c) in Ch. I of Mazur’s IHES paper as a special
case:

Theorem 4.2. Let S be Dedekind and let G be a quasi-finite separated and flat commutative S-group. Let
U C S be a dense open such that Gy is U-finite. Assume that G is étale over S — U.

The functor H ~ H(Ksep) is a bijection between S-flat closed subgroups of G and Gal(Kgep /K )-submodules
of G(Ksep), and this functor carries G/H to G(Ksep)/H (Ksep)-

Note that the only subtlety in this theorem is the consideration of quotients around points of S — U, but
by hypothesis there is an open V' around this locus such that Gy is étale (and so the V-flat closed subscheme
Hy is necessarily étale too). It follows that the meaning of G/H over S is unambiguous, as we may work
separately over V' and over U.



