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§1. Introduction

An abelian variety A defined over a finite field F, admits sufficiently many complex multipli-
cations, as Tate showed in [27]. For some details about complex multiplication, see §1.1. Is
A the reduction of an abelian variety with sufficiently many complex multiplications in char-
acteristic zero? We formulate several versions of this “CM-lifting problem” in §1.2. Honda
proved that for some finite extension Fy of F, there is an isogeny A ® Fy ~ B over Fy to
an abelian variety B which admits a CM-lifting in the sense of the lifting problem (CML) in
§1.2. By [23], in many cases such an isogeny is necessary: there are abelian varieties over F,
which do not admit a CM-lifting.

In this paper we consider some obstructions which can be used to study various aspects of
CM-lifting problems, especially what we will call the residual reflex condition (see §1.3-§1.5).
In §2 we show that CM-lifting up to isogeny is possible over F, if the residual reflex obstruction
is avoided in the strongest sense. In §3 we give counterexamples to the existence of CM-lifts
up to isogeny over a normal local domain as in the lifting problem (NI) in §1.2. The main
result of this paper (stated in §1.6) is that the residual reflex condition is the only obstruction
to the lifting problem (NI).

(1.1) Complex multiplication

Let B be an abelian variety of dimension g > 0 over a field K. Its endomorphism algebra
End’(B) = Q ®z End(B) is a finite-dimensional semisimple Q-algebra in which every com-
mutative semisimple subalgebra has degree at most 2¢g over QQ. If there is such a subalgebra
P C End’(B) with [P : Q] = 2¢g then we say that B has sufficiently many complex multipli-
cations (over K). The decomposition P =[] L; into a product of fields induces a K-isogeny
B ~ ][ Bj where P acts (in the isogeny category over K) on each Bj; through the quotient
Lj, with [L; : Q] = 2 - dim(Bj). We therefore focus on the case when P = L is a field. Let i
denote the embedding L — End®(B); we call the pair (B,i) a CM abelian variety and we call
i a CM-structure on B (over K); we also say that L is the field of complex multiplication of the
pair (B,i). In general, the subring i ~!(End(B)) C L is an order in the ring of integers O, of
L. For any CM abelian variety (B, i) over K, B is isotypic over K (i.e., there is a K-isogeny
B ~ B§ where By is a K-simple abelian variety) and the unique K-simple factor By of B also
admits a structure of CM abelian variety over K.

The case of most interest is when L is a CM field because if B is K-simple and admits a



CM structure over K then End’(B) contains a CM maximal commutative subfield (necessarily
of degree 2g over Q) [31, 2.2]. For a K-simple B endowed with a CM-structure over K, if
char(K) = 0 then the endomorphism algebra End®(B) is commutative, so it is a CM field.
However, in positive characteristic it can happen (e.g., for absolutely simple 3-folds) that
End’(B) is a non-commutative division algebra and there exists a maximal commutative
subfield P ¢ End®(B) which is not a CM field. Tate’s work on endomorphism algebras of
abelian varieties over finite fields ([27], [29]) implies that if K is finite then every (nonzero)
isotypic abelian variety over K admits a CM-structure (over K). It is therefore natural
to consider a CM abelian variety (B,i) over a finite field such that the field of complex
multiplication L of (B,i) is a CM field, and to ask if (B,i) can be lifted to a CM abelian
variety in characteristic 0. (The analogous, and perhaps more natural, question can be posed
when L is instead a product P = [[L; of CM fields, but this question is no more general if
taken up to isogeny because the idempotents of such a P decompose any lifting compatibly
with the associated isogeny decomposition [[ B; of B.)

It can happen that B is defined over a field K O F, and B @ K cannot be defined over
any finite subfield of K yet B admits sufficiently many complex multiplications over K. Such
a CM abelian variety over K does not admit a CM lifting to characteristic zero in the sense
of the lifting problem (CML) in §1.2. However, by a theorem of Grothendieck (see [22]) the
isogeny class of B ®x K admits a member that can be defined over a finite subfield of K.

(1.2) Lifting problems

Let Fy be a finite field of size ¢, and let B be an abelian variety of dimension g > 0 over
Fy. Assume that B is isotypic over F, (which we have noted is necessary and sufficient in
order that B admit a CM-structure over Fy). Let Bg denote the scalar extension of B over
an extension field K O F,. Consider the following five assertions concerning the existence of

a CM-lifting of B.

e (CML) CM lifting: there exists a local domain R with characteristic 0 and residue field
F,, an abelian scheme A over R with relative dimension g equipped with an action (in
the isogeny category over R) by a CM field L with [L : Q] = 2¢, and an isomorphism
¢: A®rF, ~ B as abelian varieties over F,.

e (R) CM lifting after finite residue field extension: there exists a local domain R with
characteristic 0 and residue field  of finite degree over F,, an abelian scheme A over R
with relative dimension g equipped with an action (in the isogeny category over R) by a
CM field L with [L : Q] = 2g, and an isomorphism ¢ : A @ k ~ B,; as abelian varieties
over K.

e (I) CM lifting up to isogeny: there exists a local domain R with characteristic 0 and
residue field Fy, an abelian scheme A over R with relative dimension g equipped with
an action (in the isogeny category over R) by a CM field L with [L : Q] = 2¢, and an
isogeny A ®gr F; ~ B of abelian varieties over FF,.

e (NI) CM lifting to normal domains up to isogeny: there exists a normal local domain R
with characteristic 0 and residue field F, such that (I) is satisfied for B using R.

e (NIR) CM lifting to normal domains up to isogeny after finite residue field extension:
there exists a normal local domain R with characteristic 0 and residue field  of finite
degree over F, such that (R) is satisfied for B using R except that ¢ is only required to
be an isogeny over x rather than an isomorphism.



By expressing R as a direct limit of local subrings, it follows that in the formulation of
(R) there is no loss of generality in replacing « with an algebraic closure of F, or with an
arbitrary unspecified extension of F,. In [23, Thm. B], for every prime p and every g > 2
we find examples of a g-dimensional abelian variety over F := Fp which does not satisfy the
evident variant of (CML) using the residue field F. Hence, (R) does not hold in general; that
is, an isogeny is necessary in general.

On the other hand, results of Honda and Tate imply that (NIR) holds with R a p-adic
integer ring and with L C End’(B) any CM subfield such that [L : Q] = 2g. (See the
beginning of §2 for a review of this implication.) By standard arguments that we omit, in the
formulation of (I) there is no loss of generality in requiring R to be a complete local noetherian
domain with residue field F,. For such R, every maximal ideal m of R[1/p] has residue field
R[1/p]/m of finite degree over the fraction field of W (IF,) (by [14, 7.1.9], for example), and so
by replacing R with its image in (the valuation ring of) R[1/p|/m we see that R can even be
taken to be an order with residue field F, in a p-adic integer ring. However, the finite residue
field of R may increase after normalization. For this reason, on the one hand, (NI) is a priori a
stronger property than (I). On the other hand, (NI) is a natural condition to consider because
abelian schemes over normal base schemes have the pleasant property that homomorphisms
between generic fibers extend (uniquely) over the entire base. We do not have a satisfactory
understanding of (I), but in §2 we use deformation theory to give a sufficient criterion for
it to hold. More interesting is that in §3 we use this criterion together with an arithmetic
obstruction (explained in §1.3-§1.5) to give absolutely simple examples in which (I) holds but
(NI) fails.

An interesting special case of (NI) is when the normal base ring R is a p-adic integer ring.
Let us briefly explain why this is also essentially the general case; we only sketch the idea since
it is not logically necessary in what follows. Recall that CM abelian varieties in characteristic
0 do not vary in positive-dimensional continuous families, in the sense that any CM abelian
variety over an algebraically closed field k& of characteristic zero descends to a number field
M C k. Since such a descent has potentially good reduction at all finite places of M, if D is
the universal deformation ring for a polarized CM abelian variety over a finite field F, (with
deformations required to admit a compatible action by a fixed CM order) then the Zariski
closure in Spec(D) of every irreducible component of Spec(D[1/p]) (with its reduced structure)
has the form Spec(I") for a domain I' that is finite flat over W (IF,). Suppose that (NI) holds for
some B over F; using a lifting B’ of an Fy-isogenous B’ over a characteristic-0 complete local
normal noetherian domain R with residue field ;. There is a polarization of the generic fiber
of B over R, and by the normality of R this extends to an isogeny A : B/ — B'* over R that
is necessarily a polarization. This defines a natural local W (F,)-algebra map D — R from a
deformation ring D as above that is attached to B’ equipped with its induced polarization and
CM-structure from B’. The image D; of D in R is finite flat over W(F,), and by normality
of R the normalization l~)1 of D1 is a local subring of R. Hence, l~)1 has residue field Iy, so
(NI) holds for B using D. In other words, if (NI) holds for B over [F, then up to applying an
[F,-isogeny to B the appropriate universal deformation ring has a characteristic-0 component
whose normalization is a p-adic integer ring with residue field F,.

(1.3) A residual obstruction

We will show in §2 via deformation theory that (I) is satisfied using any CM subfield
L C End’(B) such that [L : Q] = 2g and k, = F, for all p-adic places v of L (provided that
such a subfield L exists, which we exhibit in some interesting examples in §3.5). We do not



know a necessary and sufficient criterion for (I) to hold, or if perhaps (I) holds in all cases.
Our understanding of (NI) is much more satisfactory, as we now explain. The condition (NI)
is subtle because there is an arithmetic obstruction to it coming from classical CM-theory. To
explain this obstruction, fix an isotypic abelian variety B over F, with dimension g > 0. Let
R be a local normal domain with characteristic 0 and residue field F,, and let A be an abelian
scheme over R with relative dimension ¢ equipped with an action (in the isogeny category
over R) by a CM field L with [L : Q] = 2g. Also assume that A ®@g F, is isogenous to B
over F,. By direct limit arguments, we can arrange that R is essentially of finite type over Z,
so it is excellent. Thus, we can replace R with its completion without losing the normality
hypothesis (and this does not change the residue field). Since M = Frac(R) has characteristic
0, the action on A over R by an order in O, uniquely extends to an M-linear action by L on
the g-dimensional tangent space To(Ajs). By classical CM-theory, this action viewed over an
algebraic closure M decomposes into eigenlines on which L acts through a set ® of ¢ distinct
embeddings of L into M. This pair (L, ®) is a CM type; i.e., ® is a set of representatives for
Homying (L, M) modulo the action on the CM field L by its intrinsic complex conjugation. We
may of course view ® as a subset of Homring(L,@p), where @p is the algebraic closure of Q,
inside of M. (This is also called a p-adic CM type to emphasize that its target is @p, SO every
¢ € ® induces a p-adic place on L.)

Associated to the p-adic CM type ® for L there is the reflex field £ C @p of finite degree
over Q. This is the minimal subfield of M over which the linear action of L on the M-vector
space To(Aps) can be defined; it is the subfield of M generated by the traces of the action of all
¢ € L. Equivalently, if we let Q denote the algebraic closure of Q in @p then Gal(Q/E) is the
subgroup of elements of Gal(Q/Q) stabilizing the subset ® C Homying(L, Q). By normality of
R, the inclusion of fields £ C M implies the inclusion of rings O C R. But R is local with
residue characteristic p, so its maximal ideal contracts back to a prime ideal p of Op over
p. Note that the p-adic place on E is also induced by the inclusion of F into @p due to the
definition of E in terms of (L, ®).

By the construction of p in terms of R we see that O /p occurs as a subfield of the residue
field F, of R. Thus, if (NI) holds for B over F, using some CM field L C End’(B) then there is
a p-adic CM type ® on L whose associated reflex field £ C @p has residue field at the induced
place over p that is not “too large” in the sense that it can be embedded into ;. This is an
arithmetic restriction on the p-adic CM type .

(1.4) A slope obstruction
There is a further restriction on the p-adic CM type

d C Homring(L,@p) - Homring(L,M)

that does not require normality of the complete local noetherian domain R (and so is a
necessary condition on CM-types arising in (I) when R there is complete), as follows. Since L
is its own centralizer in End®(B), and End(B)N L is an order in Oy, there is a unique element
Frp, € O acting on B by the g-Frobenius endomorphism. Assume that there is an L-linear
[F,-isogeny between B and Ag = A @ F, for some A over R as in (I) with R noetherian and
complete. This L-linear isogeny is compatible with g-Frobenius endomorphisms, so Frga, , €
Or, is equal to Frp,. The Shimura—Taniyama formula for A relates the factorization of
Fra, ,Or = Frp 0 to the p-adic CM-type ® C Homring(L,@p) = Homying(L, M) arising



from the L-action on Ty(Ajy): for each p-adic place v on L,

ord,(Frp,) #{¢ € ® : ¢ induces v on L}
ord,(q) B [Ly : Qp ’

the choice of normalization of ord, cancels out on the left side, and the right side is independent
of the choice of @,. The ratios on the left side (as v varies) are called the slopes of B (over
F,). More generally, if C' is an abelian variety over F, with ¢ = p/ and if Fo € Z[T] is the
associated characteristic polynomial of Frc 4 then as A; varies through the roots of F¢ in an
algebraic closure Q,, of Q,, the numbers ord,(};)/f (usually counted with multiplicity) are
called the slopes of C over IFy; here, ord,, is normalized by the condition ord,(p) = 1. Obviously
the formation of the slopes is invariant under isogeny and finite extension of the base field.
In the case that R is a p-adic integer ring, the formula (1) was first proved by Shimura
and Taniyama using global arguments, and a local proof was given by Tate using p-divisible
groups [29, §5]. The role of a Dedekind base in these proofs is to make the CM-order become
maximal upon passing to an isogenous abelian scheme. That is, for Dedekind R, an abelian
scheme A with an action by L in the isogeny category over R admits an isogeny to an abelian
scheme A’ over R on which the induced L-action in the isogeny category arises from an action
of O, on the abelian scheme A’. Difficulties with R-flatness of scheme-theoretic closure in the
non-Dedekind case make it unclear if such an A’ can be found for general R. To handle all
cases with dim(R) = 1, let x be the residue field of the R-finite normalization R of R and
let e = [k : Fg] > 1. Clearly Frp, y. = Frg , in Of since x has size ¢°; hence the Shimura—

(1)

Taniyama formula for A ®p R (equivalently, B ) implies the same for A (equivalently, B).

The general case can be reduced to the case of a 1-dimensional base by using an argument
with universal deformation rings similar to what was done at the end §1.2, but here is a
more concrete argument via spreading out and specialization. Let M denote the fraction field
of R, O C Op, an order that acts on A over R, and I' C @p a p-adic integer ring that is
large enough to contain ¢(Op) for all ¢ € ®. By applying standard descent and spreading
arguments to the eigenline decomposition of To(A) ®r M over M via ®, there is a nonzero
r € R and a I'-subalgebra R’ C M that is finite étale over R[1/r] and contains I' such that
To(A) ®r R’ decomposes into a direct sum of free R’-modules of rank 1 on which O acts by
the maps ¢ : O — I' € R'. We can assume that p|r in R, so Spec(R[1/r]) is a dense open
subscheme of Spec(R[1/p]). Since Spec(R[1/p]) is Jacobson (e.g., due to [14, 7.1.9] and the
Jacobson property of affinoid algebras [4, 5.2.6/3]), we can therefore choose a maximal ideal
n € MaxSpec(R[1/p]) that does not contain 7. Let p be the corresponding prime ideal of R.

The local noetherian quotient domain Ry = R/p is clearly contained in the valuation ring
of the finite extension Ry[1/p] = R[1/r]|/n of Frac(W (Fy)), so it is an order in a p-adic integer
ring. The quotient R'/p is finite étale over Ry, so upon choosing a local factor ring of R'/p
we see that A mod p over Ry equipped with its action by O has CM-type that is naturally
identified with ® and has special fiber Ay over F, (compatibly with O-actions). Hence, the
Shimura—Taniyama formula for A over R follows from the settled case of the formula for
A mod p over the 1-dimensional Ry.

(1.5) Residual reflex condition

The considerations in §1.3-§1.4 show that if (NI) holds for an abelian variety B over F,
with dimension g > 0, then there is a CM subfield L C End’(B) with [L : Q] = 2¢ and a p-adic
CM type ® C Homying(L, Q) such that (L, ®) satisfies the following residual reflex condition:



(i) The slopes of B are given in terms of (L, ®) by the Shimura—Taniyama formula
(1) in §1.4.

(ii) Let E C Q, be the reflex field attached to (L,®), and let v be the induced
p-adic place of E. The residue field &, of O, can be realized as a subfield
of .

For example, if ¢ = 1 then p splits in L if and only if the elliptic curve B is ordinary; it
is straightforward to check that the residual reflex condition is satisfied for one choice (resp.
both choices) of ® when B is ordinary (resp. supersingular). That is, for elliptic curves over
finite fields the residual reflex condition can be satisfied for any imaginary quadratic subfield
of the endomorphism algebra.

We do not consider (i) in the residual reflex condition to be a serious constraint because the
proof that (NIR) holds (which we review at the beginning of §2) shows that any CM subfield
L C End’(B) with [L : Q] = 2¢ admits a p-adic CM type ® for which (i) holds. Condition
(ii) is more interesting because in §3.5 we use Honda—Tate theory to give absolutely simple
examples such that L = End’(B) is a CM field of degree 2¢g and every p-adic CM type ®
on L satisfying the Shimura—Taniyama formula violates (ii). Moreover, we show that these
examples satisfy (I). Thus, the (second part of the) residual reflex condition is a nontrivial
obstruction to the validity of (NI) for a given triple (B, L, ®) over F,, and this obstruction
is eliminated by passing to a finite extension F, O [, if and only if Fy is large enough to
contain the residue field &, as in (ii).

In these absolutely simple counterexamples to (NI) that satisfy (I), B is an ¢-dimensional
abelian variety over I, with two distinct slopes over F,,, where ¢ > 5 is an arbitrary prime
and p lies in a certain non-empty set of congruence classes depending on /.

It is natural to ask whether there are obstructions to (NI) other than the residual reflex
condition. We show in §5 that the combinatorial residual reflex condition is the only obstruc-
tion for (NI). This amounts to a refinement of Honda’s result that (NIR) holds in all cases,
and it is recorded in Proposition 5.4, the main result of this paper. In terms of the above
terminology, the result is this:

(1.6) Theorem Let B be an abelian variety of dimension g > 0 over F, and let L C End®(B)
be a CM field with [L : Q] = 2g. Let & C Homring(l),@p) be a p-adic CM type, and let E C @p
be the associated reflex field. Assume that (L, ®) satisfies the residual reflex condition in §1.5.

There exists a finite extension E'/E inside of @p, a g-dimensional abelian variety A
over E' with good reduction at the p-adic place v' on E’ induced by @p, and an inclusion
L — End"(A) with associated p-adic CM-type ® such that the reduction of A at v’ is L-linearly
isogenous to B over an isomorphism of finite fields k., ~ Fq. In particular, B satisfies (NI)
using a lifting of the L-action over a p-adic integer ring with residue field F,.

The main ingredient in the proof is a purely arithmetic result (see Theorem 4.11) that
gives a procedure to modify algebraic Hecke characters. Since the theory of complex multi-
plication tells us which algebraic Hecke characters comes from abelian varieties with complex
multiplication (see Theorem 5.2), the algebraic Hecke character produced by Theorem 4.11
gives us a CM abelian variety over a number field E’/E, and we show that this is a CM-lifting
of B (up to F,-isogeny) as required in Theorem 1.6. Note that the choice of isomorphism
Ky =~ Fy does not matter, since B is L-linearly F4-isogenous to B®) via the relative Frobenius
isogeny (and the natural isomorphism B @ ~ Bis L-linear). In the final section of the paper
we give an alternative proof of Theorem 1.6 that uses a local analogue of Theorem 4.11 (see



Lemma 6.1) but replaces the global theory of complex multiplication with local arguments
resting on p-divisible groups and p-adic Hodge theory. We prefer the global argument because
it is more explicit about the number field over which a given abelian variety over a finite field
can be lifted.

The preceding considerations, including the formulation of the residual reflex condition, can
be generalized to the case of abelian varieties with sufficiently many complex multiplications
by a CM-algebra (i.e., a product of finitely many CM fields). We leave it to the reader to give
a precise statement of this generalization because the proofs are immediately reduced to the
case when the CM-algebra is a CM field.
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We write A, to denote the adele ring of a number field L, Ay, r to denote the factor ring of
finite adeles, and A and Ay in the case L = Q. The Artin maps of local and global class field
theory are taken with the arithmetic normalization, which is to say that local uniformizers
are carried to arithmetic Frobenius elements. (We make this choice so that uniformizers
correspond to Frobenius endomorphisms in the Main Theorem of complex multiplication.)
The global reciprocity map for a number field L is denoted recy, : A} /L* — Gal(L**/L), and
its composition with the projection A} — A} /L* is denoted rp; for a local field F' we write
rr to denote the reciprocity map F* — Gal(F*P/F).

If v is a place of a number field L then L, denotes the completion of L with respect to v;
Or,» denotes the valuation ring Or, of L, in case v is non-archimedean, with residue field &,
whose size is denoted ¢,. For a place w of Q we let L., = Hv|w L, =Q, ®q L, and in case w
is the ¢-adic place for a prime ¢ we let O, = HW Orv = Zy ®70p, (with Or, the integer ring
of L).

If R — R is a map of rings and X is an R-scheme then Xp and X ®r R’ denote
X Xgpecr Spec R'; if 0 : K ~ K is an automorphism of a field K and X is an K-scheme then
X denotes X ®k,, K. The dual of an abelian scheme A is denoted A’. The cardinality of a
finite set ¥ is denoted #X..

§2. Existence of CM-Ilifting up to isogeny

Let B be an isotypic abelian variety of dimension g > 0 over a finite field F, with size ¢
that is a power of a prime p. We give a sufficient criterion for (I) to be satisfied by B. To
do this, let B; be an [F4-simple isogeny factor of B, so there is an Fy-isogeny B ~ B{ with
some e > 1. Let D; denote the division algebra End®(B;), so End’(B) is an e x e matrix
algebra over D;. Honda—Tate theory describes the structure of Dq, including the fact that
its maximal commutative subfields have degree 2 - dim(Bj) over Q. Hence, B; admits a CM-
structure over F,, so B does as well. In particular, we can find a CM subfield L C EndO(B)
with [L : Q] = 2¢. Fix such an L, so there is an element 7 € O, whose action on B is the
g-Frobenius endomorphism Frp ,. We claim that there exists a p-adic CM type ® on L that



satisfies the Shimura—Taniyama formula: for each p-adic place v of L,

ordy(m)  #{¢ € ®|¢ induces v on L}
ordy,(q) B [Ly : Qp '

This is proved in [29, §4] in the F,-simple case, and the proof works in the general CM case
over a finite field. We fix such a ®.

Since B is [F-isotypic, Tate’s work on isogenies among abelian varieties over finite fields
[27] gives two results for B: (i) the common characteristic polynomial over Q for the action
of 7 on the Tate modules of B is a power of an irreducible polynomial fr over Q (necessarily
the minimal polynomial of 7 over Q), and (ii) B is F4-isogenous to any g-dimensional isotypic
abelian variety over I, whose g-Frobenius is a zero of fr. Moreover, these properties persist
after replacing F, with any finite extension » (and replacing 7 with 7l%Fal).

We now prove (NIR) for B. By [29, §3, Thm. 2] (which is stated in the simple case but holds
in the isotypic case by the same proof), there exists a number field F' C @p, a g-dimensional
abelian variety A; over F' with good reduction at the induced p-adic place v, an embedding
of finite fields F; — k,, and an action of O, on A; with associated p-adic CM type ® such
that the reduction A; at v has g,-Frobenius in Oy, given by the action of m, = mleoFl e
(Here, q, = #ky.) Since A; admits a CM-structure over F,,, it is F,, -isotypic. Thus, since
dim(A;) = dim(B) and B, satisfies Frp, ,, = Frggfq:Fq] = my, it follows from the results in
[27] recalled above that A is k,-isogenous to By,. Such a k,-isogeny ¢1 : A7 — B, may
fail to be L-linear but it is certainly Q(m,)-linear since it is compatible with ¢,-Frobenius
endomorphisms. Since the g,-Frobenius generates the center of the endomorphism algebra
of any isotypic abelian variety over k,, the Skolem—Noether theorem ensures that any two
Q(m,)-embeddings of L into the finite-dimensional central simple Q(,)-algebra End®(B,,)
are related through conjugation by a unit. Hence, there is a self-isogeny u € End(By,) such
that u o ¢ is L-linear, and so by renaming this as ¢; we may assume that ¢; is L-linear.
Hence, (NIR) holds for B using the extension &, of F,, the base ring Op,, and the CM lifting
given by A; whose CM-type is (L, ®).

We want to refine this construction via deformation theory to prove that (I) holds for B
using the CM-type (L, ®) as chosen above, but unfortunately we only see how to do this subject
to a restriction on the behavior of p in L (given in Proposition 2.1 below). Let O = LNEnd(B)
be the associated CM-order in Oy,. Since Oy, is a finite O-algebra with the same fraction field
as O, it is easy to find an L-linear Fy-isogeny B ~ B’ where B’ has CM-order equal to Of..
Thus, upon replacing B with B’ it suffices to consider the case when O = Oy..

(2.1) Proposition With notation and hypotheses as above, assume in addition to O, being
the CM-order that Or/p = F), for every prime p of L over p. There exists an order R in a
p-adic integer ring and an abelian scheme A over R equipped with an action by Or having CM
type (L, ®) as above such that R has residue field Fy and A @r F, is Op-linearly isomorphic
to B over Fy. In particular, B satisfies (CML) and hence satisfies (I).

Some hypothesis on L at p is required in this proposition, since otherwise Remark 3.4 gives
counterexamples via a tangential obstruction (the Kottwitz invariant). Beware that this does
not mean that such examples cannot satisfy (I), since we may just need to pass to another
member of the L-linear Fy-isogeny class (perhaps with non-maximal CM-order) to get the
required lift over a possibly non-normal base.



PROOF. As above, choose a number field F' C @p with induced p-adic place w, a CM abelian
variety A; over F' with good reduction at w and CM-type (L, ®) and CM order Oy, and an
Op-linear isogeny ¢ : A — By,,- (In particular, k,, is endowed with a structure of extension
of F;.) The kernel ker ¢ is a finite Op-submodule scheme of the g-dimensional A;. We claim
that there is a (unique) nonzero ideal I C Oy such that ker ¢; = A;[I]. This is obvious on
(-primary parts for £ # p since Ty(4;) is an invertible module over Ore = Hq\e Or,q- The
case of p-primary parts requires more care because the (contravariant) Dieudonné module
D(A;[p>]) is a module over W (ky) ®z, Orp rather than over Of, .

First, the Dieudonné module is an invertible module over W (k) ®z, OL p. Indeed, since
[L : Q = 2¢g = dimA; and D(A;[p™>]) is Zy-flat, the invertibility may be checked after
inverting p, where it follows from the faithfulness of the Lj,-action on D(A;[p>])[1/p] (using
the injectivity aspect in the p-part of Tate’s isogeny theory over finite fields) and the fact that
the Frobenius endomorphism on the Dieudonné module is Oy, ,-linear but semilinear over the
action of the absolute Frobenius on W (k). To find the p-part of the required ideal I C Of,
such that ker ¢; = A;[I], first note that D(ker ¢1) is a quotient of D(A;[p>]) as modules over
the Dieudonné ring D, over W (ky), so by W (kw) ®z, O p-module freeness of D(A;[p>])
the kernel of the projection to this quotient is .J - D(A;[p*>°]) for a uniquely determined ideal
J € W(ky) ®z, OL,p that is invertible (since D(ker ¢1) has finite length over W (x,)). Since
each local factor Or, , of Op ;, has residue field Iy, the factor W (k) ®z, Or,p of W (k) ®z,OLp
is a local unramified extension of Oy . In particular, J uniquely descends to an invertible
ideal I, € Or, ;. This provides the p-part of the desired ideal I C Ofy..

Let A; denote the Néron model of A; over the complete local ring Of,, of Of at w, so
A; is an abelian scheme over Of,, and the Op-action on A; uniquely extends to an action
on A;. Since the algebraic localization Oy, (4 is a principal ideal domain for every rational
prime ¢, consideration of primary parts yields that the torsion subscheme A;[I] is a finite flat
OFw-subgroup scheme of A; (even if I is not globally principal). Thus, Ay = A;1/(A1[1]) is
an abelian scheme over Of, endowed with a natural action by Or. Moreover, the special
fiber Ay of As is Op-linearly isomorphic to A;/(A1[I]) = A;/(ker¢1) ~ B,,. Hence, by
replacing A; with Ay /(A1[I]) we can arrange that ¢; is even an isomorphism. That is, A; is
an Op-linear deformation of By,. A polarization A\; of A; over Of,, induces a polarization
on B, , but to get such a A\; whose reduction over x,, descends to B over F, it is convenient
(and also useful for later purposes in Theorem 2.3) to construct polarizations that interact
well with the Op-action in rather more general situations:

(2.2) Lemma Let X be an abelian variety of dimension g > 0 over an arbitrary field k, and
let L be a CM field of degree 2g over Q equipped with an action of its integer ring Op on X
over k. Let Ly C L be the maximal totally real subfield, and let O act on the dual abelian
variety Xt via composition of the dual action with complex conjugation on L.

The Or,,-module Homgzn(X, Xt of symmetric Op-linear homomorphisms over k is invert-
ible, and likewise the Or-module Homp, (X, X") of Or-homomorphisms over k is invertible
over Or, and there are O -linear k-polarizations X : X — X*.

We emphasize that both in this lemma and later, whenever we consider the dual X* of
a CM abelian variety X with field of complex multiplication equal to a CM field L it is
understood that the induced CM-structure by L on X is defined by composing the dual action
with complex conjugation on L. This convention is compatible with double duality.

PROOF. First consider the Or-module Homp, (X, X*) of Op-linear maps over k. The additive



self-map h +— K’ := h' o1x of Homp, (X, X*) (where tx : X ~ X' is the canonical isomor-
phism) is semi-linear over complex conjugation on O due to how the Op-action on X' is
defined, and its fixed set is the O, ,-module Homsgzn(X , X1). Moreover, h" = h for all h (since
Lxt is inverse to L'fX), so for the two invertibility claims it suffices to prove that Homp, (X, X*)
is an invertible O7-module. It is clear that Home, (X, X?) is a finite flat Or-module, and by
elementary rank considerations with ¢-adic Tate modules for ¢ # p we see that its rank is at
most 1. Thus, invertibility is reduced to being nonzero.

Consider k with characteristic 0. For an algebraic closure k of k, we can descend the
CM abelian variety X3 (with its CM-structure) to a number field, so there is a finite Galois
extension k’/k such that X with its CM-structure descends to a CM abelian variety (A4, o)
over a number field ' C k¥’. The complex-analytic theory provides an L-linear polarization
on a complex fiber of A (due to how we define the L-action on A?), and this descends to the
corresponding Q-fiber of A, and so also to a finite Galois extension F’/F. Thus, by increasing
k' to split F'/F we can find an L-linear polarization X' : Xy — X}, of X}. The sum of the
Gal(k'/k)-conjugates of the L-linear map A descends to the desired polarization over k, and
in particular this is a nonzero symmetric map.

For k with characteristic p > 0 we will proceed in reverse, first proving that Homp, (X, X*)
is nonzero and then afterwards using this to infer the existence of an L-linear k-polarization.
The center of End’(X) is identified with a subfield Z C L, and its image Z* C L under
complex conjugation is identified with the center of End®(X*) when using the action of L on
X! through duality and complex conjugation. Let h : X — X! be a k-polarization. The
associated Rosati involution on End”(X) restricts to an involution (perhaps trivial) 7 on the
center Z. By positivity properties of the Rosati involution, it follows that either Z is totally
real and 7 is the identity or Z is a CM field and 7 is its complex conjugation. Either way,
Z* = Z inside of L and the Rosati involution is complex conjugation on Z. This says that h is
Z-linear via the definition of the L-action on X*. It also follows that the center of End®(X*)
is the subfield Z of L C End®(X?). The finite-dimensional Q-algebras End®(X) and End’(X?)
are simple Q-algebras (by k-isotypicity of X) in which the center is Z C L, so the Z-linear h
induces a Z-algebra isomorphism 1 : End®(X) ~ End®(X*). This may not be L-linear, but
we can use the Skolem—Noether theorem to find a unit u € EndO(X )* such that composing
with conjugation by u is an L-algebra isomorphism. Thus, after replacing v with a nonzero
integral multiple so it lies in End(X), howu is an Op-linear k-isogeny X — X' (perhaps not a
polarization). In this argument, char(k) is arbitrary.

Now we construct L-linear k-polarizations in positive characteristic. We can assume that k
is finitely generated over F,,, so k is the function field of a normal variety U over the finite field
k that is the algebraic closure of ), in k. By shrinking U we can arrange that the CM abelian
variety X over k spreads out to a CM abelian scheme X over U. Normality of U implies that
every k-homomorphism X — X! uniquely extends to a U-homomorphism X — X, and so
for a choice of closed point u € U we get a specialization map

Homy (X, X*) — Homy,,(,) (Xu, X))

that is injective. This induces an injection between the invertible Op-modules of Op-linear
homomorphisms, so this latter injection is a finite-index inclusion. Hence, if the case of finite
fields is settled then for a choice of L-linear r(u)-polarization A, of X, over the finite field
k(u) we can replace A, with a positive integral multiple so that it arises from an L-linear map
A: X — X! over k= x(U). This is a polarization because its extension over U specializes to
a polarization on some fiber (namely, over u).
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It remains to construct an L-linear k-polarization of X when k is finite, and it suffices to
do this after replacing k with a finite extension &k’ (either due to the same finite-index inclusion
trick as above, or by using the more elementary Galois descent trick used in characteristic 0).
By Honda’s result that (NIR) holds, after making a finite extension on k& we can therefore
assume that there is an L-linear k-isogeny f : X — Y with Y the reduction of an abelian
variety Y with good reduction and CM by L over a p-adic field F' with residue field k& (but the
CM-order for Y is perhaps not Or,). We can choose an L-linear F-isogeny Yr — Y’ such that
H'F has CM-order Oy, and since O is Dedekind this extends to an L-linear isogeny Y — Y’
to an abelian scheme Y’ over Op with CM-order O. We may compose f with the reduction
of this latter isogeny to get to the case when Y has CM-order equal to Or. By functoriality
properties of polarizations we can rename Y as X, which is to say that we can assume that X
equipped with its Op-action is identified with the reduction of an abelian variety X equipped
with an Op-action over a p-adic field F' with residue field k. Any L-linear F-polarization of
Xr has reduction on X that is the desired L-linear k-polarization. [J

To apply Lemma 2.2 in the proof of Proposition 2.1, let A\; : A1 — A% be an Op-linear
F-polarization as in the setup preceding the statement of Lemma 2.2. Its F,,-fiber extends to
an Of-linear homomorphism A, : A; — A! over Op, that is a polarization. This reduces
to an Op-linear polarization \; on By,,- But the inclusion

Homo, (B, B') — Homop, (B, BL,)

between invertible Oy -modules must be a finite-index inclusion, so by replacing A1 with n - A\;
for some integer n > 0 we can assume that the polarization \; over s, descends to an e
polarization Ap of B. (This Ap is also Op-linear, but that will not be needed.)

Consider the deformation functor Def(B,ig, Ag) of the polarized abelian scheme (B, \p)
equipped with Op-action via the canonical inclusion ip : O — End(B). This functor is
the subfunctor of Def(B, Ag) defined by requiring that the Op-action on B lifts (necessarily
uniquely) to the deformation of B. It is a standard fact in the deformation theory of polarized
abelian schemes that the deformation functor Def(B,ip, Ag) considered on the category of
complete local noetherian W (IF,)-algebras (with residue field possibly larger than F,, such as
Kw) 1s represented by a complete local noetherian W (F,)-algebra D with residue field F,.

The polarized abelian scheme over OF,, provided by A; equipped with its Or-action and
polarization A1 ,, (and residual isomorphism ¢; giving the deformation structure with respect
to (B,ip, Ap) over F,) is classified by a local W (F,)-algebra homomorphism f : D — Op,,.
Let R = D/Ker(f), so R is an order with residue field F, in a p-integer ring contained in Op,,.
The pullback to Spec R of the universal deformation, equipped with its pullback Op-action
and residual isomorphism to B over Fg, is the desired CM-lifting of (B,ip) to characteristic
0 without increasing the residue field (and it has the same CM-type ® as does A;). This
completes the proof of Proposition 2.1. [0

We conclude this section by using Lemma 2.2 to prove a tangential necessary and sufficient
criterion for the algebraicity of a formal abelian scheme with complex multiplication. This
criterion is only used in our alternative local proof of Theorem 1.6 in §6.

(2.3) Theorem Let R be a Zy-flat 1-dimensional complete local noetherian ring with residue
characteristic p, and let 2 be a formal abelian scheme over R of relative dimension g > 0. As-
sume that the finite-dimensional Q-algebra Q @7 Endr () contains a commutative semisimple
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CM-subalgebra L with [L : Q] = 2g. Then 2 is algebraizable if and only if the R[1/p]-linear L-
action on To(A)[1/p] is given by a CM-type over each geometric point of Spec(R[1/p]). In such
cases, the algebraization admits an ample line bundle giving rise to an L-linear polarization.

By using the deformation theory of formal modules, the examples discussed below in Re-
mark 3.4 admit formal deformations 2 over p-adic integer rings R such that the tangential
hypothesis in Theorem 2.3 is not satisfied, and so these are not algebraizable. This is in-
teresting because the rigid-analytic generic fibers of such 20 are smooth, proper, connected
rigid-analytic groups X over p-adic fields such that X admits complex multiplication in the
evident sense but X is not algebraic (and does not become so after any finite extension on the
base field). The details are left to the interested reader.

PROOF. The necessity of the tangential condition is a consequence of the complex-analytic
theory of abelian varieties. Thus, we focus on sufficiency.

Step 1. Let us first reduce to the case when R is a domain. We can assume that R is
reduced because R,eq is Z,-flat and if AR g Ryeq admits a formally ample line bundle £ then by
positivity of the residue characteristic there is an m > 1 (depending on the order of nilpotence
of the nilradical of R) such that £%P™ lifts to a line bundle 9t on 2. This lift is necessarily
formally ample, and the associated formal polarization ¢ is L-linear if ¢¢ is. Assuming the
domain case is settled, we shall now induct on the number of irreducible components by a
standard gluing argument along closed subschemes.

Let {p1,...,pn} be the minimal primes of R, so Np; = (0). We may assume n > 1,
as otherwise we are in the domain case that we are assuming is settled. For J = p; and
J' = Nj>1p;, the natural map R — (R/J) Xg/(j41 (R/J') is an isomorphism. (Note that
R/J and R/J' are Z,-flat since R is Zy-flat.) We now check rather generally that if R is an
adic noetherian ring and X is any proper flat formal R-scheme with algebraizable pullbacks to
Spf(R/J) and Spf(R/J') for ideals J,J' C R such that R ~ (R/J) Xg/(j4p (R/J') then X
is algebraizable. Let X and X’ be the respective proper flat algebraizations of X mod J and
X mod J' over R/J and R/J’, so by formal GAGA there is a unique isomorphism between
their pullbacks over R/(.J + J') respecting the identification of the formal completions of such
pullbacks with X mod (J + J'). We can glue along this isomorphism to get a proper flat
R-scheme Y, and by R-flatness it follows that the associated formal scheme Y over Spf(R)
is the analogous gluing of X = Xmod J and X’ = X mod .J'. Since X is R-flat, this gluing
of formal schemes is identified with X. Hence, Y is an algebraization of X. It is clear that
this gluing argument behaves well with respect to polarizations in the case that X is a formal
abelian scheme. Thus, we may suppose that R is a domain.

Step 2. We next reduce to the case when the 1-dimensional Z,-flat complete local noethe-
rian domain R is a discrete valuation ring with algebraically closed residue field. By Lemma
2.2, applied to the isotypic factors of the special fiber A of 2 over the residue field k (all of
which are CM abelian varieties over k with CM-algebras given by the CM factor fields of L),
we can choose an L-linear k-polarization ¢y : A — A arising from an ample line bundle £
on A. Let I be an mp-primary ideal admitting topologically nilpotent divided powers, such
as pR if p > 2 or 4R if p = 2. Since R/I is 0-dimensional with residue characteristic p, if we
replace £ with a suitable p-power then we can assume that ¢, lifts to a homomorphism ¢g
over R/I. Let R, = R/I"! and A, = A®p R, for n > 0. We claim that ¢g over Ry lifts to
an R-homomorphism ¢, : A — A?, thereby providing the required formally ample line bundle
on A (namely, the (1, ¢ )-pullback of the formal Poincaré bundle).

Let I' = A[p™] and I" = A[p>], and for n > 0 let T, and I/, denote the reductions
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modulo I, Note that R, — Ry has kernel I/I™"! with canonical nilpotent divided powers.
By the Serre-Tate theorem [15, 1.2.1], to make the desired R-lift of ¢¢ it is equivalent to
construct an R-lifting of the L-linear k-isogeny I'g — I’ induced by ¢ on p-divisible groups.
By Grothendieck—Messing theory and the divided power hypothesis on I, the data of the
deformation I' of Ty is covariantly functorially encoded as a pair (D°, D) where D is a finite
projective R-module of rank 2¢g and DY is a finite projective R-submodule of rank ¢ that is a
direct summand. Explicitly, if we let D,, be the Lie algebra of the universal vector extension
E(T,,) of T, by a vector group over R,, then D, 1 @Ry Bn =~ Dy, for all n > 0 and D is the
inverse limit of the D,,’s. The functoriality of D in I'g is determined by that of each D,, via
the above specification of divided-power structure on I. Also, D° C D is the inverse limit of
the subbundles DY = wrx € D, given by the cotangent spaces along the identity to the dual
p-divisible groups I'*. There is a similar such pair (D'°, D’) for I" as a deformation of I}, and
the k-map ¢ induces an R-linear map [¢g] : D — D’. The existence of ¢ is equivalent to
the condition that [¢g] carries DY into D'°.

Since D° C D and D'° C D' are subbundles over Spec(R) and R is a Z,-flat domain, it is
equivalent to check the subbundle compatibility of [¢g] after extending scalars to an algebraic
closure Q of the field Q = Frac(R) of characteristic 0. In particular, it is harmless to replace ¢
with p"¢g for any » > 1. By functoriality, the Q-linear map [¢o]q : Dg — Db is also L-linear.
We claim that Dg and Db are invertible () ®gp L-modules and that the submodules D% and
D’ OQ are spanned over @) by the 1-dimensional eigenspaces for a common set of g embeddings
L — Q. This will force [¢g]g to carry DOQ into D’ OQ, as required.

The definitions of (D%, D) and (D'°, D) as well as the action on these pairs by CM-orders
for I' and IV = I'* in L are intrinsic to the system of universal vector extensions of I',, and
I, over Spec(R,,) for all n > 0. We have thereby eliminated the need to pay attention to
functoriality of these vector extensions with respect to the k-morphism ¢y that we do not yet
know to have a lifting, since we have reduced ourselves to some module-theoretic properties of
(DY, D) and (D'°, D) that have nothing to do with ¢y. By considering Q-ranks, invertibility of
Dg, is equivalent to its faithfulness as a () ®g L-module. Since R is a noetherian local domain
of dimension 1 we can choose a local injection R — O into a complete discrete valuation ring
O, so Q injects into Frac(O) = O[1/p|. The formation of the universal vector extension of a
p-divisible group (over a base on which p is locally nilpotent) commutes with any base change,
so it suffices to consider our linear algebra problems after the base change Spf(O) — Spf(R).
That is, we may assume that R is a discrete valuation ring, and we can also assume that the
residue field k of R is algebraically closed. (Observe that this reduction step preserves the
geometric tangential hypothesis whose sufficiency for algebraization we are trying to prove.)

Step 3. We now focus on proving that Dg is an invertible Q) ®g L-module (so we ignore
DY%). We will use comparison isomorphisms between Dieudonné theory and crystalline coho-
mology after inverting p (to avoid restrictions on the absolute ramification degree). By [18,
Ch. V, 2.1], there is a canonical R/(p"!)-linear isomorphism between the Lie algebras of the
universal vector extensions of I mod p"*! and 2 mod p"*! for all n > 0, and this is compatible
with change in n. But [17, Ch. I, 2.6.7, 3.2.3, 4.1.7, 4.2.1] gives a canonical R/(p""!)-linear
isomorphism

Lie(B(2 mod p" ™)) =~ Hig (A" mod p"*1)/(R/(p"*1)))

compatibly with change in n, so passage to the inverse limit gives D ~ H} (%'/R) due to the
theorem on formal functions for hypercohomology of bounded C-linear complexes of coherent
sheaves on a proper formal schemes over a complete local noetherian ring C'. (This version
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of the theorem on formal functions is easily deduced from the special case of cohomology of
coherent sheaves on proper formal schemes given in [9, 111, 3.4.4].) Hence, we have a canonical
Q-linear isomorphism

Dq ~ Hip(A/R)[1/p] ~ Q &w HL (A /W), (2)

where W = W (k) and the final isomorphism comes from [3, (2.4.2)].

By using canonicity with respect the action on 2 by an order in L we see that the composite
isomorphism (2) is Q ®g L-linear when using the L-action on ngis(f /W)[1/p] defined via
pullback of the dual of the L-action on A in the isogeny category over k. Thus, the invertibility
of Dg over Q®q L is equivalent to that of Héris(zt/W)[l/p] over Ko®gqL, where Ky = W[1/p].
The comparison of classical contravariant Dieudonné theory and crystalline cohomology for
abelian varieties [2, 2.5.5-2.5.7, 3.3.7, 4.2.14] naturally identifies the W-modules H! , (X/W)
and D(X[p>®])®) for any abelian variety X over k, so our problem reduces to proving that
D(X [p>])[1/p] is an invertible Ky ®g L-module for any such X of dimension g endowed with a
CM-structure by L. But Ko ®q L = Ko ®q, Lp and the Frobenius operator on D(X [p>])[1/p]
is an L,-linear automorphism that is semilinear over the absolute Frobenius automorphism of

Ky, so for Ky-rank reasons it suffices to prove faithfulness of the Ky-linear action by L,,. Since
Zp X7, Homk(Xl, XQ) — Homk(Xl [poo],XQ [pOOD

is injective for any abelian varieties X; and X5 over k and the Dieudonné functor on p-divisible
groups over k is faithful, we are done with the proof of invertibility of Dg and D’Q over Q®qL.

Step 4. It remains to determine the ) ®g L-module structures of D% and D’ %. More
precisely, when the invertible Q ®g L-modules D¢ and Db are viewed over ), each Q-algebra

map L — Q has a 1-dimensional eigenspace and the submodules D% and D’ % are each spanned

over @ by the half of these eigenlines. We have to show that the eigencharacters arising in
these submodules coincide. By its construction, D° is the formal cotangent space of I'* along
the identity, or equivalently of 2 along the identity. This latter cotangent space is naturally
identified with the R-linear dual of H' (2, Oy) compatibly with the L-actions after inverting p
(where L acts on H!(2(, Og)[1/p] via pullback of its given action on 2l in the isogeny category
over R). Likewise, via the double duality isomorphism (2*)! ~ 2 of formal abelian schemes
over R, D’% is identified with H° (2, Q%/R)[l/p] as a Q ®g L-module where L acts through the
complex conjugate of its given action on 2 in the isogeny category over R (due to how L acts
on 2A"). Thus, it suffices to show that when we view Hlp (%/R)[1/p] as an invertible Q ®q L-
module using the given L-action on 2 then complex conjugation on L swaps the eigencharacters
arising on the two graded pieces HO (2, Qél/R)[l/p] and H!(21, Oy)[1/p] of the Hodge filtration.
By invertibility over Q) ®g L and Q-rank considerations it is equivalent to check that there are
no conjugate pairs arising in one of the graded parts, such as in HO(2, Qé[ y r)[1/p]. Passing to
the Q-linear dual, we are reduced to checking that the eigencharacters arising for the L-action
on To(A)[1/plg constitute a (Q-valued) CM-type of L. But this is exactly the initial tangential
hypothesis. [

§3. CM-lifting to a normal domain up to isogeny: counterexamples

We give two classes of counterexamples to (NI), the second of which is more satisfying but
the first of which is easier to explain.
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(3.1) Supersingular counterezamples

Choose a prime number p such that p = 2,3 (mod 5), so p remains prime in Q(us).
Consider an algebraic integer in Q(us) of the form 7 = p(s, where (5 is a primitive fifth root
of unity in Q(us). This is a p?>-Weil number. By Honda-Tate theory there is (uniquely up
to isogeny) an I 2-simple abelian variety B over IF,2 such that the center of End’(B) may be
identified with F' := Q[r] = Q(us) via m +— Frp . Moreover, the central division algebra
D= EndO(B) over F' is split away from the unique p-adic place of F', so it is globally split
and hence is equal to its center F'. Thus,

2.-dim(B)=[F:Q]\/[D: F]=4,
so dim(B) = 2. Hence, the only CM-structure on B (up to choosing an isomorphism Q(us) ~
End’(B)) is the canonical one provided by the action of Q(yus).

(3.2) Lemma The reflex field of every CM-type on Q(us) is non-canonically isomorphic to
Q(us).

ProoF. If L is a CM field that is Galois over Q then any CM-type ® on L has reflex field
E C Q that is contained in the canonical image of L in Q. But the reflex field of a CM-type
is a CM field as well, so if in addition L has no proper CM subfield then F ~ L. An example
of such an L is Q(uy) for a Fermat prime ¢, such as £ = 5. [

(3.3) Corollary For p=2,3mod5 and B over Fj2 as above, no member of the [F,2-isogeny
class of B can be lifted to an abelian scheme X over a normal local domain R with charac-
teristic 0 and residue field F2 such that the generic fiber of X has sufficiently many complex
multiplications. In particular, B does not satisfy (NI).

We can show that B over [ satisfies (CML) provided that End(B) is the full ring of
integers in the CM field End®(B) ~ Q(us), and so in general any B as above satisfies (I). The
verification of this rests on a trick, so we omit it; note that Q(us) violates the hypotheses at
p in the sufficient criterion for (CML) in Proposition 2.1.

PROOF. Assume that such an X exists, and let F' be the fraction field of R. By faithfulness
of reduction to the special fiber, we get an injection

End’(X ®g F) = End®(X) — End’(B) = Q(us)

into a quartic number field. (The initial equality holds because R is normal.) Hence, since
dim(X ®g F) = dim(B) = 2, the only way that X @ F can have sufficiently many complex
multiplications is if it has a CM-structure given by a lifting of the Q(us5)-action on its special
fiber (upon fixing an F2-isogeny between B and the special fiber of X, the choice of which
does not matter since End’(B) = Q(us) is commutative). We therefore assume that there
exists such a lifted action of Q(us) on X ®p F' in the isogeny category over F' (or equivalently
on X in the isogeny category over R).

Choose an algebraic closure F of F and let ® be the resulting p-adic CM-type on Q(us).
The congruence conditions on p imply that there is a unique p-adic place on Q(u5) and it is
unramified over p. It follows that ® satisfies the Shimura-Taniyama formula for B over F ..
By Lemma 3.2, the reflex field of (Q(us5), ®) is isomorphic to Q(us). Hence, this reflex field
likewise admits a unique (and unramified) p-adic place, and so this place has residue field I
of degree 4 over F,,. By the necessity of the residual reflex condition (since R is normal), the
residue field of R contains Fs. But the residue field of R is Fj2, so we have a contradiction
and therefore no such X exists. [J
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(3.4) Remark If we replace Q(us) with Q(uy) for any Fermat prime ¢ > 5 (so there is no
proper CM subfield of Q(u) and [Q(1¢) : Q] > 2), then the preceding construction works over
IF2 for any prime p # £ with p # 1 mod ¢ (so p mod £ in (Z/{¢Z)* has order exceeding 2). In
such examples, B is F2-simple with dimension (£ —1)/2 and endomorphism algebra Q(u,) in
which Frp 2 = 7 := p(; for a primitive ¢th root of unity ¢, in Q(su). Thus, 7t = p’, so over
[F,2¢ there is an isogeny between B and a power of a supersingular elliptic curve. Hence, these
B’s are supersingular abelian varieties.

Consider the special case when p is a generator of (Z/¢Z)* and the CM order is Z[uy].
In this case the tangent space To(B) of dimension (£ — 1)/2 over F,. is 1-dimensional over
Z[j1e)/(p) = Fpe-1. Since complex conjugation on Z[u,] induces an IF2-automorphism of F¢—1,
the conclusion of Proposition 2.1 cannot hold for B over F,» with L = Q(f¢) since the p-action
on the tangent space in characteristic p forces the geometric tangential action in characteristic
0 to be given by a collection of eigencharacters that is stable under complex conjugation,
contradicting the requirement to be a CM type.

(3.5) Counterexamples with two slopes

The preceding supersingular counterexamples to (NI) are not absolutely simple. We now
give absolutely simple counterexamples. To make it easier to violate the necessary residual
reflex condition we will work over F,. Fix an odd prime ¢ > 5 and an integer r such that
1 < r < £/2. We shall construct counterexamples to (NI) over I, that satisfy (CML) (and
hence (I)) and are absolutely simple abelian varieties B of dimension ¢ over F,, with p satisfying
some congruence conditions to be determined shortly. In these examples B will have slopes
r/¢ and 1 — r /¢, each with multiplicity ¢.

Choose an imaginary quadratic field F' whose discriminant is prime to ¢ (so in particular,
F is linearly disjoint from Q(u¢) over Q). Choose a prime p 1 £ - disc(F’) such that p mod ¢ is
a generator of (Z/¢Z)*, which is to say that p is inert in Q(u¢). Assume that p splits in F
and that the two prime ideals o and % of O over p are principal ideals. For example, if we
consider F with class number 1 (i.e., F = Q(v/—D) with D = 1,2,3,7,11,19,43,67,163, so
at most one such F' is ruled out by the condition ¢ { disc(F’)), then the conditions on p say
that it lies in some non-empty set of congruence classes modulo /- disc(F'); in the special case
¢=>5and F = Q(v/—-1), the condition is p = 13,17 mod 20.

Write p = aOp. Let L = F(u) be an extension field of F such that uf = o” a*~" = pat~2".
The extension L/F is unambiguous because X* — o"a’~" € F[X] is irreducible (as it is even
p-adically irreducible). Likewise, F' = Q(u’), so L = Q(u). Observe that the algebraic integer
u is a p-Weil number, and L = Q(u) is a CM field containing the imaginary quadratic field F
in which p is split. Since (p/u)’ = p"a’~?", we see that L/F is totally ramified at both primes
p and p of OF over p (so Op, has residue field F, at all primes over p). By Honda—Tate theory
there is an Fj,-simple /-dimensional abelian variety B over F, endowed with an action by L
in the isogeny category over I, such that Frp, = u. This abelian variety has two distinct
slopes, namely /¢ and (¢ —r)/¢ (each with multiplicity ¢), and its endomorphism algebra is
Q) = L.

We check that B is even absolutely simple. Consider By, with e > 1. This is Fpe-isotypic
since B is [F,-simple, so the center of its endomorphism algebra is Q(u®) with u® = Fr Be o ¢
To prove absolute simplicity we may replace e with a multiple so that f|e: e = fe’ for some
¢’ € Z. Since u® = o"a""¢ in O generates the ideal "¢ H¢ )¢ that does not come from
Z (due to the unequal exponents), the inclusion Q(u®) C Q(u’) = F is an equality for degree
reasons. Hence, if X is the unique (up to isogeny) simple factor of By . then the endomorphism
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algebra of X is a central division algebra D over F. The local invariants of D at the p-adic
places v of I are the slopes of By, ., which are r/¢ and (¢ —r)/¢. These have denominator

¢, and D is split at all places of F' away from p, so \/[D : F| = {. Thus, Honda—Tate theory
gives 2-dim(X) = [F: Q|/[D : F'] = 2¢, so dim(X) = £ = dim(By,. ). This gives the required
absolute simplicity. (The reader can check that if £ e then Q(u®) = Q(u) = L and that this
is the endomorphism algebra of By ., as for e = 1.)

Let M be a Galois closure of L over F. This is generated over Q by L = Q(u) and Q(pu),
and it is Galois over Q because u and p/u are respective £th roots of the Q-conjugate elements
p'a@~?" and p"a’~?" in F that generate F' over Q. Since [L : Q] = 2¢, so F is the unique
quadratic subfield of L, it follows from the linear disjointness of F' and Q(u,) over Q that L
and Q(ug) are linearly disjoint over Q. Hence, [M : L] = ¢ — 1 and [M : Q] = 2{(¢ — 1).
Since p splits in F' and is inert in Q(uy), F(ue)/F is inert at both primes over p. But L/F
is totally ramified at both places, so by degree-counting we see that the composite field M of
degree (¢ — 1) over F has exactly two p-adic places, each with residual degree ¢ — 1 over F,.
In particular, complex conjugation on the CM field M switches the two p-adic places of M
and both such places are inert over L.

In addition to the preceding arithmetic properties of F' and L at p, we need to record
some group-theoretic properties before we can show that B does not satisfy (NI). Let I' :=
Gal(M/Q), G = Gal(M/F), H := Gal(M/L) = Gal(L(p¢)/L) ~ (Z/¢Z)*, and N =
Gal(M/F(u)) ~ Z/lZ, so #N = (¢, #H = ( — 1, and G = N x H ~ (Z/VZ) x (Z/{Z)*
with (Z/¢Z)* acting on the additive group Z/¢Z via its canonical multiplicative scaling ac-
tion. The group G has the following properties.

(i) Let ¢ be a prime divisor of /—1 and let P be the ¢-Sylow subgroup of H. The normalizer
subgroup Ng(P) of P in G is equal to H. (In particular, gHg~' = H for g € G if and
only if g € H.)

(ii) The only proper subgroups H' of G such that N-H’' = G are the conjugates of H.
(iii) Any two distinct conjugates of H intersect trivially.

(iv) For any conjugate H' of H, there are exactly two orbits for the left H'-action on G/H.
One orbit consists of a single coset and H’ operates freely on the other H’-orbit.

(v) Let ¥ be a subset of G/H with 1 < #¥ < £ —1 (i.e.,, ¥ and its complement X¢ are
subsets of G/H with more than one element). The subgroup Stabg(X) C G has image
in G/N = Gal(F(u)/F) = (Z/¢Z)* that is a proper subgroup of G/N.

The statement (i) is an easy calculation, the statements (ii) and (iii) follow from (i). (State-
ments (i)—(iii) are also easily seen in field-theoretic terms via the Galois correspondence.) The
statement (iv) follows from (iii) (or is a simple calculation for H' = H, and for a general
H' = gHg™! it follows from the fact that left multiplication by g~ on G/H carries H'-orbits
to H-orbits). Finally, (v) follows from (ii) and (iv) because if Stabg () maps onto G/N then
by (ii) either Stabg(X) = G or Stabg(X) is a conjugate of H; the first option contradicts that
Y. is a proper subset of G/H and (by (iv)) the second option contradicts the assumptions on
#3.

Let @ be a CM type of L that is a collection of embeddings of L into its Galois closure
M over Q. Such ®’s are in bijective correspondence with H-invariant M-valued CM-types on
M, which is to say subsets ®p; C I' satisfying @y - H = ®py and @y = W L o U€) where ¢
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denotes the complex conjugation on the CM field M, ¥ C G, and Y€ is the complement of ¥
in G. (Here we have used that I' = G x C, where C' is the subgroup generated by the central
involution given by complex conjugation on the CM field M.) The H-stability condition on
s says precisely that W - H = W. If the above B over F,, is to satisfy (NI) using a particular
CM lift (over a normal local domain R with characteristic 0 and residue field F,,, with R taken
to be complete without loss of generality) then the Shimura—Taniyama formula in the residual
reflex condition is exactly the requirement that the generic fiber of this lift has p-adic CM-type
® on L corresponding to such a ®y; with #(V/H) = r or #(V/H) = { — r (depending on
which of the two p-adic places of M is induced by the choice of embedding of M into @p SO
as to view M-valued CM-types on L or M as p-adic CM-types).

Hence, to prove that B does not satisfy (NI), it suffices to consider those M-valued ® such
that 1 < #(V/H) < £ —1 (such ® do exist) and to show that the second part of the residual
reflex condition is violated at all p-adic places of the reflex field E of (L, ®). Since ¥ and ¥¢
have distinct cardinalities (as r # £/2) and complex conjugation is central in ", an element of T’
stabilizes ®); CI" = Gal(M/Q) under the left action if and only if it stabilizes the non-empty
subset U C G = Gal(M/F). In particular, F' C E due to the definition of E. Hence, in terms
of Galois theory, the subfield E C M corresponds to the subgroup Gal(M/FE) = Stabg(V/H)
using the left G-action on G/H = Homying (L, M).

Since the reflex field E of (L, ®) is a CM field (as is the reflex field of any CM type),
complex conjugation acts nontrivially on this field. But complex conjugation on M switches
the two p-adic places of M, and restriction to the imaginary quadratic field F' in which p is
split sets up a bijection between the p-adic places of M and of F'. Thus, since F' C E, we see
that F admits exactly two p-adic places, these places are switched by complex conjugation
on F, and each has decomposition group in Gal(M/FE) equal to the full Galois group. Since
M/F(up) is totally ramified at both p-adic places whereas F(uy)/F is unramified with full
residual degree £ — 1 at both of its p-adic places (since p is inert in Q(uy) and split in F'), the
natural map from Gal(M/FE) to G/N = Gal(F(us)/F) has image equal to the Galois group
for the residue field extension for M/E at both p-adic places. Hence, the two p-adic places of
E have residue field strictly larger than F), if and only if Gal(M/E) has proper image in G/N.
But Gal(M/FE) = Stabg(¥/H), so property (v) above (applied to ¥ = W/H C G/H) implies
that the p-adic places of E do indeed have nontrivial residual degree over FF,,. Thus, we have
contradicted the second part of the residual reflex condition for the abelian variety B over [,
so it does not satisfy the property (NI).

To summarize, in these absolutely simple counterexamples to (NI) the endomorphism alge-
bra over the finite field F,, is a CM field L, but its CM-types that satisfy the requirement from
the Shimura—Taniyama formula for a possible CM-lifting (over a complete local noetherian
domain as in (I)) do not satisfy the second part of the residual reflex condition. Moreover,
since Op, has residue field IF,, at all p-adic places, by Proposition 2.1 these examples all satisfy
(CML) and hence (I) over F).

(8.6) Denote by NPnp (resp. NP, n1) the set of all symmetric Newton polygons 91 such
that every isotypic abelian variety B over a finite field F, (resp. over any finite field F, of
characteristic p) with Newton polygon N satisfies (NI). If dim(B) = g > 0 then this concave-
up polygon is a concatenation of 2g segments whose slopes are the slopes of B (in the sense
defined in §1.4, using suitably normalized p-adic ordinals of the roots of the characteristic
polynomial of the ¢-Frobenius of B); these slopes lie in QM [0, 1]. The “symmetry” condition
means that for every slope A that occurs in 91, the slopes A and 1— X occur in 9 with the same
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multiplicity, and the Newton polygons arising from abelian varieties are necessarily symmetric.
For any symmetric Newton polygons Iy, ...,91,. with no slopes in common and non-negative
integers my, ..., m,, we write Y m;M; to denote the symmetric Newton polygon obtained by
concatenation of the segments in m; copies of each 91; (with all segments arranged in order
of increasing slope).

For each n > 2, let (%, "T_l) denote the symmetric Newton polygon of length 2n with
slopes % and ”T_l each occurring with multiplicity n. Analogously, we let (%, %) denote the
symmetric Newton polygon with slope % occurring with multiplicity 2, and we let (0, 1) denote
the symmetric Newton polygon with slopes 0 and 1 each occurring with multiplicity 1. We
have seen examples of symmetric Newton polygons that are not in NPy, namely 2(%, %) and
(7 Z_TT) for any odd prime £ > 5 and 1 < r < ¢/2. (In each case, the counterexamples were
found in any characteristic p > 0 such that p satisfies a suitable non-vacuous congruence
condition.) In the affirmative direction, the following are examples of symmetric Newton

polygons 9T in NPyr.

(i) An ordinary symmetric Newton polygon 9 = ¢(0, 1), which is to say one whose only
slopes (each with multiplicity g > 0) are 0 and 1, is in NPy;. This is exactly the
case when the abelian variety B over a finite field k has p-divisible group with étale
part having the maximal possible height, namely g = dim(B), or in other words B is
an ordinary abelian variety. To establish (NI) for any such B, choose a CM subfield
L C End’(B) with [L : Q] = 2¢ and pass to a k-isogenous abelian variety if necessary so
that Or, C End(B). By the Serre-Tate deformation theorem [15, 1.2.1], to infinitesimally
deform B with its Or-action is equivalent to doing the same for B[p™] with its O-action.
Upon choosing an Op-linear polarization A of B over k (as we may do, by Lemma 2.2),
the functoriality and uniqueness of deformations of étale and multiplicative p-divisible
groups provide an Op-linear deformation I' of B[p™] over W (k) and an Op-linear W (k)-
isogeny I' — T lifting the one induced by X over k (where Op acts on B[p™]" through
the composition of Cartier duality and complex conjugation on Or). By the Serre-Tate
theorem this corresponds to a formal abelian scheme B over W (k) equipped with an
Or-action and isogeny B — B! that respectively lift the Op-action and polarization A
on B. Thus, by Grothendieck’s algebraization theorem, B satisfies (NI).

(ii) The Newton polygon ( %, %) corresponds to a supersingular elliptic curve E over a finite

field k, and these satisfy (NI). (The counterexample to (NI) in §3.1 has Newton polygon
2(%, %)) To prove this, choose an imaginary quadratic field L C End’(E) and pass to
a k-isogenous elliptic curve if necessary so that Oy, C End(F). Since Z, ®z Oy, acts on
the 1-dimensional E[p™], by supersingularity there is a unique prime p in Of, over p.
Also, the action by Op, on the tangent space to E defines an embedding of kK = O /p
into k. Using this embedding to make k into an Op, y-algebra, E[p™] corresponds to
a 1-dimensional formal Or, ,-module G over k, and it has Or, y-height 1 (since the Z,-
height is 2 and O, is finite free of rank 2 over Z). Clearly R = Op , Q) W (k) is
a p-adic integer ring unramified over Op , with residue field k. Since elliptic curves are
canonically projective, to lift E with its Op-action to R (having tangential action via
OLp — R), it is equivalent to lift G to a formal Of, ,-module over R. By Lubin-Tate
theory (or more generally the deformation theory of formal modules with finite height
over algebras over p-adic integer rings [12, 22.4.4]), for any p-adic integer ring C' and
complete local noetherian C-algebra A, a height-1 formal C-module with dimension 1
over the residue field over A admits (up to unique isomorphism) a unique deformation
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to a formal C-module over A. This provides the required lift of G over R as a formal
Op p-module.

(iii) Every Newton polygon of the form 9 = (2, 2=1) 'n > 2, is in NPy;. Indeed, let B be an
abelian variety over a finite field & (with size ¢) such that it has this Newton polygon; in
particular, dim(B) = n. Let L C End%(B) be a CM subfield with [L : Q] = 2n, and use
a k-isogeny if necessary so that O C End(B). The Frobenius element Frp , € Of, has
p-adic slopes ord,, (Frp 4)/ord,(q) given by only 1/n and (n—1)/n = 1—1/n. These are
positive, so G = B[p™] is a connected p-divisible group with connected dual. If w is a p-
adic place of L with associated slope A\, = ordy, (Frp 4)/ordy,(g) then A = 1 — Ay, # Ay,
so w # w. The faithful action of Or,, ~ Hw|p Or» decomposes G into a product [[ Gy,
where G, is a nonzero connected p-divisible group equipped with an action by Or, ,,. The
Dieudonné module D(G,) is a nonzero flat module over W (k) ®z, OL ., and the action
does not factor through a nontrivial factor ring because D(G,,) has an injective Op, ;-
semilinear endomorphism that is semilinear over the absolute Frobenius automorphism
of W(k). Hence, G, has height at least [L,, : Qp], so since G has height 2n = [L : Q] we
see that G, has height [L,, : Q).

Tate’s method of proof of the Shimura—Taniyama formula in [29, §5] via p-divisible
groups carries over to each G, over the finite field k to yield the formula

ordy (Frp 4) dim(Gy)  dim(Gy)

ordy(g)  height(Gy)  [Luw: Qpl

But the left side is either 1/n or 1 — 1/n, and hence has denominator n. This forces
n|[Ly : Qp) for all w, yet [L : Q] = 2n. Hence, there are exactly two p-adic places on
L, necessarily of the form v and v, say with respective slopes 1/n and 1 — 1/n > 1/n.
We also get dim(G,) = 1 and dim(Gy) = n — 1. The tangential action by Or,, on the
1-dimensional G, thereby defines an embedding x, — k, and so G,, may be identified
with a 1-dimensional formal Oy, ,-module with Oy, ,-height 1 over the Oy ,-algebra k.
Applying the same considerations to the dual abelian variety B! over k (with the usual
dual CM-structure), we see that via the canonical isomorphism Oy, ,, >~ Or, 5 induced by
complex conjugation, Gy is identified with the Cartier dual of a 1-dimensional formal
Or,-module G, with Oy, ,-height 1 over k.

Let R = Op 4 ®w(x,) W(k), a p-adic integer ring unramified over Oy, , with residue field
k. Using Lemma 2.2, choose an Oy -linear polarization \ : B — B*. The associated map
on p-divisible groups G, x (G})! — G’ x (G,)! decomposes as the product A, x p, of an
O -linear isogeny A, : G, — G, and the dual of another such isogeny p, : G, — G,.
To prove (NI) for B, it suffices to deform A, and p, over R; we handle \,, and then
iy will go in the same way. Arguing via deformation theory of 1-dimensional formal
C-modules of C-height 1 over complete local noetherian algebras over p-adic integer
rings C, exactly as in (ii) we may uniquely deform G, and G/, over R. There is at most
one lift of \,, and so if k/k is an algebraic closure then by Galois theory (adapted to
the completed maximal unramified extension W (k) — W (k)) it suffices to construct
such a lift when k is replaced with k. But G, and G/, become Oy, ,-linearly isomorphic
over k, so A\, becomes multiplication by some nonzero element of Opr. Uniqueness of
deformations in the height-1 case thereby settles the lifting problem for A,.

It is easy to adapt the arguments underlying the preceding examples (i)—(iii) to show that
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any symmetric Newton polygon that can be written as a finite sum in the form

1 —1
m:m1(0,1)+2mn(,n ), my > 0, my, € {0,1} for all n > 2,

n n
n>2

is in NPxN1. We do not know whether there is an element of NPyy that is not of the above
form.

(3.7) Remark (i) The method of using Galois extensions whose Galois group is the standard
semi-direct product G ~ (Z/nZ) x (Z/nZ)* fails dramatically when n = 15. In this case we
have N ~ Z/15Z and H = (Z/152)* ~ (Z/3Z)* x (Z/5Z)*. The left action of H on G/H
is identified with the standard action of (Z/3Z)* x (Z/5Z)* on (Z/37Z) x (Z/5Z), and this
has 4 orbits (namely, {0}, (Z/3Z)*, (Z/5Z)*, and the rest) with respective cardinalities 1, 2,
4, and 8. Therefore, for any integer r with 1 < r < 14 there exists a subset of G/H with r
elements that is stable under the left action by H, and so likewise for the left action on G/H
by any conjugate of H.

(ii) It would be interesting to determine which symmetric Newton polygons belong to
NPni1, and which ones belong to NP, N1 as the prime number p varies. For a given symmetric
Newton polygon 9, the question as to whether 9 belongs to NP, nt is easier when p does
not divide the denominator of any slope of 9. For instance it is not difficult to check that
({5 1‘??’) is in NP, N1 for r = 2,4,6,7 if p # 3,5. We do not know any plausible statistics
about NPn1 or NP, N1 among all symmetric Newton polygons.

§4. Algebraic Hecke characters

In this section we will first review the definition and basic properties of algebraic Hecke
characters before establishing Theorem 4.11, which gives a procedure to modify an algebraic
Hecke character. The reader is referred to [30], [25, §7], [24, Chap. 1], [7, §5], [20], and [19] for
more information about algebraic Hecke characters. We sometimes write L™ as shorthand for
the algebraic group Resy q(Gs,) over Q, where Resy, g denotes Weil restriction with respect
to a finite extension L/Q.

(4.1) Definition Let k£ be an infinite field. For a finite separable extension F'/k and an
extension K/k, a homomorphism x : F* — K* is algebraic (with respect to k) if one of the
following equivalent conditions holds:

(i) The map y is induced by a homomorphism

ReSF/k(Gm) Rk K g Gm

of algebraic groups over K. The relation between y and ¢ is that the map (F ®; K)* —
K* induced by ¢ on K-points restricts to x on the subgroup F'* C (F® K)* (inclusion
defined by t — t ® 1).

(ii) (K /k finite separable) The map x is induced by a k-homomorphism

Resp/(Gm) — Resg . (Gm).
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(iii) Let eg,...,e, be a k-basis of F. Then there exists a rational function f(Xi,...,X,) €

K(Xi,...,X,) such that every non-zero element of k™ is in the domain of definition of
f(X1,...,X,) and
n
X (Z :L‘Z-ei) = f(x1,...,2p)
i=1
for every non-zero element (x1,...,z,) € k™.

(iv) Let I = Homying(F, Ks) be the finite set of embeddings of F' into a (fixed) separable clo-
sure K of K. Then there exists a Gal(K /K )-invariant function m : I — Z, necessarily
unique, such that

x(@) = [T r(@)™@

Tel
for all z € F'*.

The equivalence of (i) and (ii) is due to functorial adjointness, and the equivalence of
(i) and (iv) is clear, as is the implication (iv) = (iii). Finally, to deduce (i) from (iii) one
uses that the set of k-points is Zariski-dense in any torus over k (such as Resp/(Gn)) and
that a rational map between algebraic groups over a field is a morphism if it is generically a
homomorphism (in an evident sense).

(4.2) Remark In practice the ground field k is understood from context (for us it will be
Q, except in §6 where we sometimes use k = Q). The Galois group Gal(K,/K) operates
naturally on I in condition (iv). The displayed equation in (iv) implies that m is constant
on each Gal(K/K)-orbit of I. Conversely, for any function m : I — Z which is constant
on every Gal(K,/K)-orbit of I there is a unique algebraic homomorphism y from F* to K*
giving rise to m as in (iv). If K C F (over k) then the special case with m identically equal
to 1 corresponds to x = Nmpg/g. If K/k splits F/k then Gal(K;/K) acts trivially on I, so
in such cases the maps F'* — K* induced by field embeddings are a Z-basis for the group of
algebraic homomorphisms (with respect to k).

(4.3) Definition Let F' be a number field. Let m be a nonzero ideal of the ring of integers
Op of F. Let I, be the group of fractional ideals of O that are relatively prime to m. Let
A% be the group of F-ideles. Let K be a field of characteristic 0.

(a) A homomorphism x : Iy, — K* is an algebraic Hecke character with conductor m if there
exists a homomorphism x,jg : F* — K* that is algebraic (with respect to Q) such that

X((I‘)) = Xalg(x)

for every x € F* satisfying two conditions: z =1 (mod m) and z has image in F lying
in the identity component (FX)° (i.e., z is positive at all real places). Here, (z) = 2Op
is the principal fractional ideal of O generated by =x.

(b) A continuous homomorphism € : Ay — K* is an algebraic Hecke character if there
exists an algebraic homomorphism €,, : F* — K* (with respect to Q) such that the
restriction €|px of € to the diagonally embedded subgroup F* C A% is equal to €yg.
Here, the target K> of € is given the discrete topology, so the kernel of € is an open
subgroup of Aj.
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The equivalence of the two definitions can be seen as follows. Suppose that € : Aj — K*
is an algebraic Hecke character as in (b) above. Choose a nonzero ideal m of Op such that
ker(e) contains the open subgroup

Un = (FX)" x [ (1 + mOr,) x [] OF.,
vjm vgS

of A%, where S = S(m) is the union of the archimedean places of F' and the set of places of
F dividing m. Denote by Afp the factor ring of Ap consisting of factors away from S (i.e.,

the restricted product H;¢ g Fy), so its unit group is the restricted product A%X = H;es Erx.
The restriction €[, s.x of € to A%X factors through the canonical surjection g : A‘;’X — Iy
F

and gives a homomorphism x : I, — K™ satisfying the conditions in (a). Both x and € are
said to have conductor < m.

Conversely, given a homomorphism x : Iy, — K* satisfying the conditions in (a), one
defines a continuous homomorphism € : Ay — K* as follows. Every element x € A% can be
written as a product z = u -y -2z with u € Uy, y € F*, and z € A}q,’x, where S is as in the
previous paragraph. Define € : A}, — K* by €(z) = xae(y)x(7s(2)) for z = uyz as above.
It is easy to see that e is well-defined and satisfies the conditions in (b). Note that if y and €
correspond to each other as above, then the algebraic homomorphisms X, and €, are equal;
this algebraic homomorphism is called the algebraic part of x or e. As an example, if F'/F
is a finite extension and m’ is a sufficiently divisible modulus on F”’ lying over m such that
m|Nm(m'), then e o Nmp,p is an algebraic Hecke character with algebraic part e,q 0 Nmpr /g
and associated homomorphism Iy — K™ given by x o Nmg/p.

Note that the concepts of algebraic character and algebraic Hecke character as discussed
above make sense when K = [[ K is a finite product of fields K; of characteristic 0, an
interesting example of which is L, := Qy ®g L for a number field L. In such cases, the
preceding assertions (and their proofs) concerning algebraic characters and algebraic Hecke
characters carry over essentially verbatim, and these properties hold if and only if they do
after composing with projection to each factor field K;.

(4.4) The concept of algebraic Hecke character can be expressed in terms of (possibly discon-
nected) linear algebraic Q-groups Sy, defined in Chapter II of [24]. This will be very useful
for our purposes, so we now recall the definition of Sy, and use it to formulate a bijective cor-
respondence between K *-valued algebraic Hecke characters of a number field F' and certain
continuous representations Gal(F?"/F) — K/ for any number field K (and a fixed rational
prime /).

The group Sy is an extension of the finite group Cy := AL /(F*-Un) by a certain Q-torus
Tw. By definition, Ty, is the quotient of F* := Resp;q(Gm) by the Zariski closure of the image
of the finitely generated Z-module F* NUy, in F*. The Q-torus Ty, stabilizes as a quotient of
F* when m is sufficiently divisible (since the closure of F*NU,, in F* has identity component
that is independent of m); we denote it by &%, following the notation in [19]. Note that the
notation for the Q-torus &% is S in [20] and is ©'S in [8]. By definition, the extension

1—-Th— Sm—Ch—1
which defines Sy, is the push-out of the short exact sequence

1= F*/(F*NUy) — AR /Un — Cnn — 1
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by the natural homomorphism F* /(F* NUy) — Tn(Q). In other words, we have a commu-
tative diagram of locally finite type Q-groups

1 —=F*/F* N Up—> A} Up —> Cqy — 1

N

with exact rows (and the top row consisting of constant groups). In particular, ipm, can
equivalently be viewed as a map of abstract groups Ay, /Un — Su(Q), and its image is Zariski-
dense in Sy,. These commutative diagrams form a projective system as m runs through all
nonzero ideals of Op.

Taking the inverse limit of the short exact sequences

1—>Thn— Sn—Ch—1
over nonzero ideals m of O, we get an exact sequence
1 - 6" = Sp — Gal(F®*/F) — 1

of proalgebraic groups over Q; this exact sequence is the pullback of the exact sequence
1 — Ty — Sm — Cm — 1 by the canonical surjection Gal(F2P/F) — Cy, for m sufficiently
divisible so that Ty, does not change (as a quotient of F*) when m is replaced with any nonzero
multiple. Here we have used class field theory to identify lim C, with Gal(F ab /') as profinite
groups. Note that we have a natural commutative diagram

1 FX A% A% /F*

| Ji Jres

1 — 67 (Q) — Sp(Q) — Gal(F**/F) —— 1

1

where recp : A% /F* — Gal(F®/F) is the Artin map with the classical (arithmetic) normal-
ization.

By definition of the proalgebraic group structure on Sg, any Q-rational homomorphism
from SF to a finite type algebraic group over QQ factors through the projection to some Si,.
The following lemma gives another description of algebraic Hecke characters of F'. The proof
is omitted. (See §2.6 in Chapter II of [24].)

(4.5) Lemma Let K be a number field.

(i) Let p: Sp — K* (resp. pm : Sm — K*) be a Q-rational homomorphism. The composi-
tion ‘
Ay > Sp(Q) > K*(Q) = K*

is an algebraic Hecke character (resp. the composition
A S(m),x x X iFm pm X _ X
Im = A" Tlogsm) Ok — Ap/Un —> 5n(Q) — K*(Q) = K
is an algebraic Hecke character with conductor < m).
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(ii) Conversely, every algebraic Hecke character € : A, — K> (resp. algebraic Hecke char-
acter x : Iy — K with conductor < m) comes from a unique Q-rational homomorphism
p:Sp — K (resp. pm: Sm— K*).

(4.6) Remark (i) In the situation of Lemma 4.5, the composition of the quotient map F* —
G&¥ with the restriction p|gr of p to & C SF is the algebraic part €alg Of the algebraic Hecke
character e.

(ii) For later reference, we record the following fact: any two algebraic Hecke characters
€1,€2 : Aj = K* with the same algebraic part coincide on an open subgroup of finite index
contammg F>*. This is easily seen from any of the equivalent definitions of the concept of
algebraic Hecke character.

(4.7) When the extension 1 — & — Sp — Gal(F??/F) — 1 of proalgebraic groups over Q
is viewed over the Q-algebra A, it admits a natural continuous splitting ¢ : Gal(F**/F) —
Sr(Ay) = @Sm(Af) over the subgroup of “constant points” in the constant proalgebraic
group scheme Gal(FP/F) over Spec(A ;). We review its construction below; in Chapter I1, §2.3
in [24] the associated continuous f-adic splittings ¢ : Gal(F2*/F) — Sg(Q,) = lim Sm(Qy)
over Qg are constructed (or rather, the composite of this with projection to each S’ m(Qp) is
constructed and is denoted e, with m fixed). The splitting ¢ does not extend to a splitting
as proalgebraic group schemes over Spec(Ay), since a map from an affine proalgebraic group
scheme to a finitely presented affine group scheme factors through an algebraic quotient of
the source whereas the splitting maps Gal(F*/F) — S,(Qy) that we shall construct will not
factor through any finite quotient Cyy of the source.

To construct ¢ it suffices to construct a compatible family of continuous homomorphisms
¢m : Gal(F**/F) — Su(Ay), where ¢n lifts the canonical quotient map Gal(Fa*/F) —
Cm (whose target is viewed as Q-points within the A j-points of the finite constant Q-group
associated to Cy). Let my : F* — Ty, be the canonical quotient map over Q. Define $m :
AY — Swn(Af) by

Om(z) = ipm(z mod Up) - mm(zy) .
Here, © = (2o, xf) with 2o € F and zy € A} ¢ denoting the archimedean and finite
components of x respectively. The point ipm(z) € Su(Q) is viewed as an element of Sy(Ay)
in the natural manner, and mm(z ) € Tm(Af) € Sm(Af), 50 ipm(z mod Up) - (2 ) ™! makes
sense as an element of Sy(Af). By construction, the map gm is continuous and its restriction
to F* is trivial. Thus, QSm factors continuously through the projection A — A% /F*. Since

the target group of d)m is totally disconnected, d)m factors through the topologlcal quotient
A% — mo(AF/F*) ~ Gal(F#/F) to define a continuous homomorphism ¢y, : Gal(F2P/F) —
Sm(Ay). The compatibility with respect to change in m is easy to check. For every prime
number ¢, define the continuous map

b =m0 ¢: Gal(F/F) — Sp(Qy),
where 7y : Sp(Af) — Sp(Qy) is the homomorphism induced by the projection Ay — Q. The
associated f-adic splitting Gal(F2?/F) — Su(Qy) is the f-adic component of ¢,

(4.8) Lemma Let € : Ay — K* be an algebraic Hecke character corresponding to a Q-
rational homomorphism p : Sp — K*, with K a number field. Let £ be a prime number.
Then

Yp = podp: Gal(F™/F) — K*(Q) =
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is a continuous homomorphism with the following properties.

(i) There ezists a finite set S of places of F', including all archimedian places and all places
above £, such that 1y is unramified outside S and 1¥y(W,) C K* for each placev ¢ S of F,
where W, is the Weil subgroup of the decomposition group of v in Gal(F?P/F). In fact,
Ye(Froby,) = e(m,), where m, is any local uniformizer at v € S and Frob, € Gal(F*/F)
is an arithmetic Frobenius element at v.

(ii) The representation vy is locally algebraic above €. In fact, the composition

X X X
Yporecpy : Fy ::HF/\ — K,
Mé

of Wy with the finite product of local Artin maps

recpy : F) = l_IF)\X — HGal(Fj‘b/FA) — Gal(F®/F)
Y NI

coincides with the algebraic homomorphism

s F = F*(Qo) = KX(Q) = K[

on an open subgroup of F,*.

Moreover, if p factors canonically through a homomorphism py : Sm — K then 1y =
Pm © (Gm)e, where (dm)e is the Qp-part of .

PROOF. The assertion in (i) is immediate from the definitions. Note that if € has conductor
< m, then the set S in (i) can be taken to be the union of the set of all archimedian places
of F' and the set of all places of F' dividing m. (See also Chapter II, §2.5 in [24].) Also, the
description of 1, in terms of py, if p factors through py, is clear from the definitions.

As for (i), first observe that for x € F* we have y(recp () = the(re((z)®))~1 where
(2)® € A% is the idele that is trivial at all v|¢ and is given by  at all v { £. But for any finite
place v £ on F, the image of inertia at v in Gal(F?P/F) has finite pro-¢ part, so since vy is
mapping continuously into K, we see that by taking z sufficiently near 1 at all v € S with
v 1€ we have ¢y (rp((2)©0)) = Y(rp((2)3))) where (2)%) e A%X is the idele that is trivial at
S and given by z at all places away from S. By (i), ¥(rr((x)®)) = e((2)®)). Taking = to
also satisfy £ = 1 mod m where m is the modulus of ¢, it follows from the algebraicity of € that
e((2)9)) = eag(x) for such z. Hence, yy(recr(x)) = eag(z) ™" for 2 € F* that is sufficiently
close to 1 at all v € S. Using these nearness conditions at v|¢ gives an open neighborhood
Vy of the identity in F; ZX on which the desired identity holds because it does so on the dense
subset F*NV,. [

The following converse lemma includes a uniqueness result for ¢y as in Lemma 4.8, and it
will be useful later when we need to check an equality of algebraic Hecke characters.

(4.9) Lemma Let F' and K be number fields. Let { be a prime number, and let S be a finite set
of places of F including all archimedian places and all places above €. Let 1), : Gal(F?P/F) —
K[ be a continuous homomorphism that is unramified outside S and for which 1,(W,) C K*
for all Weil subgroups W, in decomposition groups D, C Gal(F*/F) at v ¢ S. Assume
moreover that there exists a Q-homomorphism Xaig : F* — K* such that 1y o recgy coincides
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with Xag on an open subgroup Uy of FEX = F*(Qg). There exists a unique algebraic Hecke
character € : Ay, — K* whose algebraic part €, is X;é such that € induces Yy as in Lemma
4.8. In particular, if F'/F is a finite extension then eoNmp/ /o corresponds to W|Ga1(F,ab/F,).

PROOF. Let rg : A} — Gal(F?"/F) be the composition of Ay — A% /F* with the Artin map
recp : AR /F* — Gal(F#P/F). Define e : A} — K by

e(x) = Po(rr(e)) - Xog(@0), (3)

where z, € F; denotes the (-adic component of x € Aj. Choose an open subgroup W of
[pes, preoco Iy such that (¢ orp)(W) = {1}; such an open subgroup W exists because 1 is
continuous and takes values in a finite product of multiplicative groups of f-adic fields. It is
clear that e is trivial on the open subgroup

U:=(F2)"x U x W x ][ Of,
vgS

of Aj. Tt is also clear that e coincides with X;é on F*. Since A} is generated by U, F'*

and (A2)*, we have e(Ax) C K*. Thus, € is an algebraic Hecke character with X;é as its
algebraic part. Moreover, € is unramified away from S and y(Frob,) = €(m,) for all v & S, so
by continuity of 1, we see that this v, is the same as the one arising from e in Lemma 4.8.

As for the uniqueness of €, it has to be proved that if € is a K *-valued finite-order Hecke
character of F' with p. o ¢y = 1 (where p. : Sp — K corresponds to €) then e = 1. But
€(my) = 1 for all but finitely many v, so the result follows. The final part concerning eoNmg
follows from the uniqueness and the relationship in class field theory between Galois restriction
and norm maps. [

The next lemma will play a technical role in the proof of the main arithmetic result in this
section, Theorem 4.11.

(4.10) Lemma Let Ty be a normal subgroup of finite index in a group T'. Let v be an
element of I of infinite order, and let T'y := Ty - v% be the subgroup of T' generated by Ty and
7. Let n be the unique positive integer such that (v*) = To N ~%. Let pg : Tg — H be a
homomorphism of groups. Let h € H be an element of H such that h™ = po(y™). Assume
that po(yzy~1) = hpo(z) h=t for all x € Ty. Then there exists a unique extension of py to a
homomorphism

pr:1I'n— H

such that p1(y) = h.

PROOF. Let IV be the semidirect product I'g x Z defined by the group law

(z,a) - (y,0) = (x7y"yy™ ", a+b)

for 2,y € T'g and a,b € Z. Define amap p' : IV — H by p/'((x,a)) = po(x)h® for all (z,a) € T".
The assumption guarantees that p’ is a homomorphism of groups. It is clear that the kernel
of the natural surjection 7w : IV — T’y = I'g- 7% is the cyclic subgroup generated by the element
(v, —n) since on the normal subgroup I’y C I this surjection is the identity and modulo T'y
it is the natural projection Z — Z/nZ (so its kernel cannot contain (7p,7) for 79 € I' and
0 < i < n, and for ¢ = 0 necessarily 7o = 1). Since the restriction of p’ to ker(w) is trivial,
p' = p1 o for a unique homomorphism p; : I'y — H. [
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Let F and K be number fields. Let € : Ay — K* be an algebraic Hecke character, and
let €a1g : F* — K™ be the algebraic part of e. Let E be a subfield of F' such that e, factors
through the norm map Nmp/p : F * — E*; i.e., there exists a Q-rational homomorphism
Xalg : £ — K* such that e,y = Xalg © Nmp/p. (Beware that this is weaker than saying
€ = x o Nmp/p for an algebraic Hecke character x : A}, — K with algebraic part Xag
since an algebraic Hecke character is only determined by its algebraic part up to a finite order
character. Moreover, y,1; may not even be the algebraic part of an algebraic Hecke character.)

(4.11) Theorem Using notation and hypotheses as above, let v be a finite place of F such
that € is unmmiﬁed at U and let w be the place of E induced by v. Suppose that an element
g e K* satzsﬁes Blivie] = = €(my), where m, is a local uniformizer of Op,,. There ezists a finite
estension E of E, a place w ofE above w, and an algebraic Hecke character § : A — KX
with the following properties.

(i) [k : kw] = 1; i.e., the degree of the residue field extension for w over w is 1.
(i) The algebraic part of 6 is equal to Xalg © NmE/E.

(iii) The algebraic Hecke character § is unramified at w, and d(ng) = [, where mg is a
uniformizer of Of -

PROOF. Let F'/F be a finite extension that is Galois over E, and choose a place v' on F’
over v. The composition € of € with Nm g /r on ideles is an algebraic Hecke character that
is unramified at v and has algebraic part €, 0 Nmp JF = Xalg © Nmprp. If my € Opr s a
, 50 € (my) = BlRersel | Thus, by
replacing F, €, and v with F’, €', and v’ we may and do assume that F is Galois over E. Choose
an arithmetic Frobenius element o in a decomposition Dy, C Gal(F**/E); i.e., o induces

uniformizer then Nmp /g, (my) is an O —mult1p1e of W[” rio]

x — z% on the residue field of an extension ¥ of v to F2P, with ¢, = #kyw. Let £ be a prime
number which is prime to v, and let ¢ : Gal(F**/F) — K/ be the (-adic character attached
to the algebraic Hecke character € as in Lemma 4.8. As we saw in Lemma 4.8, v, is locally
algebraic above £ with e;lé as its algebraic part above £. Choose M > 1 such that of ?[W)M Jjeg
in the decomposition group Dy, C Gal(F#/F) at v, with f(v|w) := [k, : ky]. This agrees
modulo the inertia group I3, with the Mth power of an arithmetic Frobenius element in Dv|v,
so by unramifiedness of ¢, at v we compute tpy(o/“1IM) = 4, (FrobM) = ¢(mr, )M = p/(vlw)M

Since F/FE is Galois, 0 € Gal(F?P/E) acts on Gal(F®/F) by conjugation. Consider the
conjugate of ¢y by o; i.e., the continuous homomorphism %), : Gal(Fe*/F) — K ;. defined
by 7+ (0~ r0). Clearly %)y is unramified at all but finitely many places and is locally
algebraic above ¢, with algebraic part above ¢ given by composing the algebraic part of ¢y
above £ with the action by o|r on F;*. Because €, factors through Nmp/ g, it is invariant
under the action of o|p € Gal(F/FE). Hence, the algebraic part of %), above / is also equal to
alg Therefore, by Remark 4.6(ii), there exists a finite abelian extension field F; of F' which
is Galois over E such that ), coincides with 1, on Gal(F®?/F}). Replacing Fy by a finite
extension that is abelian over F' and Galois over F with sufficiently divisible degree over F}
(e.g., a sufficiently large ray class field of F'), we may assume (by the relationship between
finite-index subgroups of Z and open subgroups of Z) that there exists a positive integer N;
such that ¢ N Gal(F2P/Fy) = ¢/ (Vw)MMZ,

Let E C Fy be the subfield over E that is the fixed field of the cyclic group (o|p) C
Gal(Fy/E) with order f(v|w)MNjy. Since tpy(of/IIMN1y — gFw)MN by applying Lemma
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4.10 with Tg = Gal(F?*/F}), I’ = Gal(F**/E), v = 0, and n = f(v|w)MNi, we see that there
is a unique continuous homomorphism )y : Gal(F ab / E) — K, which coincides with 1, on
Gal(Fab/ F1) and such that Ye(o) = B. In particular, ¢ is unramified at all but finitely many
places of E since 1)y is unramified at all but finitely many places of F' and the finite extension
F1/FE is unramified at all but finitely many places. Let @ be the restriction to E of the place
von F* so 0 € Dy Since Gal(F1/E) C Gal(F|/E) is the subgroup generated by o|p,,
we have that k,, C kg but kg has trivial action by the automorphism x +— x%* induced by
o|r . Hence, ky = kg, so (i) holds. Thus, ¢z = qu, so the element o € D5 C Gal(Fab/E) is
an arithmetic Frobenius element in this decomposition group. Beware that even though o|p
generates Gal(F}/E), we do not see how to avoid the possibility that F}/E is ramified at the
restriction vy of v to Fy (especially if F//E is ramified at v). Thus, we will have to do some
work to check that the algebraic Hecke character § that we shall construct is unramified at w.

By construction, the continuous K, -valued character @ of Gal(Eab / E) induced by the
continuous homomorphism "ng : Gal(Fab/ E) — K is locally algebraic above ¢, with algebraic
part x, gONm B/E because we can compute the algebraic part by working near the identity (such
as on the open image of Gal(F#"/F})) and the relative norm map goes over to “restriction”
on Galois groups via class field theory. Since the continuous 1} is unramified at all but finitely
many places, the proof of Lemma 4.9 (especially the analysis of open kernels) therefore gives
that the continuous homomorphism ¢ : A% — K defined by the formula

5($) = ’(ZZ(’/‘E(‘%‘)) : Xalg(NmE/E(xﬂ))

for x € AX with ¢-adic component xy € EEX is an algebraic Hecke character of E with values

in the ﬁmte product of fields K, and that 6 has algebraic part xaig © Nmz, . In particular,

E/E
¢ has open kernel and hence is continuous with respect to the discrete topology on K.

Let U be the open subgroup EX . Nm (AX ) of finite index in A%, and let w5 be a

R/E
uniformizer of O - chosen such that the arltilmetlc Frobenius element % (7g) € Gal(E**/E)
at w is equal to the arithmetic Frobenius element o|z,,. Such a 7z can be found because the
profinite unit group Og surjects onto the inertia subgroup of Gal(E%b / E@) The idele group
A% is generated by U and mg because Gal(F1/FE) is generated by o|r . Thus, to show that §
takes its values in K* C K/ it suffices to compute that (75) € K* and that |y is valued

in K*. Since ¢ {w (as £1v), by the definitions of 4, Jg, and 75 we have

3(mg) = Uy(rg(na) = Vy(o]gu) = (o) = B € K.
Meanwhile, for any element x € U, written in the form x = Nm R #(y) -z with y € AIX% and
z € EX, since 7 (EX) = {1} we have

3(z) = dylrp(x))- Xalg(Nm g, s (0))
= Yu(rr(Nmp, p(y))) - Xag(Nmp/p(Nmp, /p(ye))) - Xalg(Nmg 5 (20))
= e(Nmpg, /p(y))- Xalg(NmE/E( z)) € K™,

where the final equality uses the construction of € from v, as in the proof of Lemma 4.9 (since
€alg = Xalg © Nmp/p). Thus, indeed (5(,&%) C K*.

We have shown that § is an algebraic Hecke character satisfying the required properties
(i)—(iii), except for verifying that § is unramified at w. The key to settling this remaining
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issue even if Fy/ E is ramified at @ is to exploit the cyclicity of Fy/ E, and more specifically
the Hasse Norm Theorem for cyclic extensions of number fields. For a local unit v € O% -

we have to prove 0(u) = 1 when u is viewed in A% in the natural manner. We can write
u=z- NmFl/E(y) . ﬂ'% for some i € Z, z € EX, and y € A;l. In particular, since the E-idele
uwgi has trivial local component at every place away from w, it follows that z € EX is a
local norm from F at every place away from w. By the triviality of rz on E*, 2 is a local
norm at w. Hence, by the Hasse Norm Theorem for cyclic extensions, z is a global norm:
z = NmFl/E(zl) for some z; € F{*. Thus, by replacing y with 21y we can assume z = 1.
There is a unique place vy of Fy over w because o € Dy C Gal(F?P/E) and Gal(F}/E) is
generated by o|r,. We therefore have u = Nm / 7 (y1)7y, where y; is the vj-component
, U1 w
of the Fi-idele y.

Let m,, € (9;1’“1 be a uniformizer, so there is a unique j € Z and u; € O;H,m such that

Y1 = Ty up. Since NmFMl/EZ (7y,) is an O% S-multiple of Wg(vllw), the condition ordg(u) =0

forces i = — f(vi|w)j = —f(n|w)j = —f(vl\yv)f(v]w)j. Hence,
6(u) = 6(Nmy, (11))8(mg)" = e(Nmp, yp(y1))8 /I T = (N, o (1)) e (o)~ 110

where y; is viewed as an Fi-idele supported at v1 (so Nmp /p(y1) = Nmp, , /F, (y1) as an
F-idele supported at v). Since € is unramified at v, ¢(Nmpg, , /5, (1)) = e(Nmp, , /5, (70,))’
Thus, we just have to show e(m,)f @1V} = e(Nmp, , /r,(m,)), and this follows from the un-
ramifiedness of € at v and the fact that the (normalized) v-adic ordinal of Nmp, , /p, (0, ) is

floiv). O

(4.12) Remark In the final part of the proof of Theorem 4.11, to prove the unramifiedness of
d at w, we had to do some extra work with the Hasse Norm Theorem to overcome the possibility
that Fy/E could be ramified at its unique place above w. Let us indicate an alternative
procedure to bypass this difficulty by using the Grunwald—Wang theorem [1, Ch. X, Thm. 5].
Let v1 be the unique place of F; above w, and let e(v1|w) be the ramification index. By the
Grunwald—Wang theorem, there exists an cyclic extension F»/F; which is unramified at v;
such that the residual degree f(vq, F»/F) is a multiple of e(vi|w). Let F3/F> be a Galois
closure of Fy over E, so F3/F; is abelian and unramified over v;. Let vy be a place of F,
above v1, and let v3 be a place of F3 above vo. Consider the short exact sequence 1 — Iy\@
D15 — Gal(ky, /kg) — 1 for the decomposition group D, 3. The short exact sequence
1 — Ly — Dy — Gal(kys/kg) — 1 for the decomposition group D,, g is the pullback
of the previous short exact sequence by the natural surjection Gal(ky,/Kkg) — Gal(ky, /Eg)
because e(vs|w) = e(vi|w). This pullback sequence splits (as a semi-direct product) because
Gal(kys/kg) is a cyclic group whose cardinality is a multiple of the cardinality of D, g; here
we use that Fy/Fy was chosen so that e(vi|w)|[ky, : k] Thus, there exists o3 € Dy,
that maps to the arithmetic Frobenius element in Gal(k,,/kg) and for which the subgroup
generated by o3 is a lifting of Gal(ky,/fg) in D, 5. Let E3 be the subfield of F3 fixed by o3, so
v3 is the only place on F3 over its restriction w3 in F3. The extension F3/F3 is unramified over
ws, by consideration of field degrees (residually and generically). The statement of Theorem
4.11 holds with (E, @) replaced by (Es,ws); that ¢ is unramified at ws is easy to see because
F3/FE3 is unramified.

—
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§5. Theory of complex multiplication

We now review part of the theory of complex multiplication due to Shimura and Taniyama,
and then we use it to translate Theorem 4.11 into a statement concerning CM-liftings of
abelian varieties up to isogeny. The references for this section are [26], [25], [24], [16], [19],
and [6].

(5.1) Theorem Let F C Q be a number field. Let A be an abelian variety over F. Let K be
a CM field such that [K : Q] = 2 -dim(A). Let a : K — End°(A) be a ring homomorphism;
i.e., A has CM by K over F. Let ® be the CM-type of A. The following properties hold.

(i) The reflex field E C Q of the CM-type ® is contained in F.

(ii) There exists a unique algebraic Hecke character € : Ay, — K* such that for every prime
number £, the continuous homomorphism 1, : Gal(F*/F) — K attached to € is equal
to the (-adic representation of Gal(F?P/F) attached to the f-power torsion points of A.

(iii) The algebraic part of the algebraic Hecke character € is the map No o Nmp/ g, where
No : Resg/q(Gm) — Resg/q(Gm) is the reflex norm.

(iv) Let v be a finite place of F'. The abelian variety A has good reduction at v if and only if
the algebraic Hecke character € is unramified at v.

(v) Ifv is a finite place of F where A has good reduction, say with reduction A over k,, then
€(my) = Frg g’ where m, is a uniformizer of Op, and q, = #ky.

Note that Theorem 5.1 is insensitive to K-linear isogenies in A over F', so there is no loss of
generality in assuming that the CM order is Q. Part (i) is immediate from the definition of
the reflex field, and (ii) and (iii) amount to a reformulation of the Main Theorem of complex
multiplication as stated in [26]. Part (iv) is proved in §7 of [25] as a consequence of this main
theorem. Finally, (v) follows from (ii) and (iv). See also [24], (I1I-25)—(II-28); [16], Chapter 4,
§1; and [6], §3.

(5.2) Theorem Let K be a CM field with [K : Q] = 2g. Let ® be a CM-type for K valued
in a fized algebraic closure Q and let E C Q be the reflex field of (K,®). Let F/E be a
finite extension. Let € : Af, — K* be an algebraic Hecke character whose algebraic part is the
composite map Ng o Nmp/p, where Ng is the reflex norm associated to (K, ).

There exists a g-dimensional abelian variety A over F' and a ring homomorphism o : K —
End®(A) such that ® is the CM-type of (A, a) and € is the algebraic Hecke character attached
to (A,a) as in Theorem 5.1(ii). Moreover (A, a) is unique up to K-linear F-isogeny.

(5.3) Remark This theorem is a converse of Theorem 5.1 and a known fact. For instance,
it is a consequence of the motivic theory of complex multiplication. More specifically, it is a
consequence of [8], Prop. E.1, pp. 273-275. Also, it is proved in Chapter 5, §5 of [16] using an
older style of algebraic geometry and the traditional analytic formulation of the Main Theorem
of complex multiplication (as stated in Theorem 6.1 of Chapter 3 of loc. cit.). For the reader
who prefers a purely algebraic proof of this algebraic result, using modern algebro-geometric
terminology, we have provided such an argument in the appendix.

We are now in position to prove Theorem 1.6. Let us first recall the statement.
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(5.4) Proposition Let K be a CM field with degree 2g over Q. Let ¢ = p", where p is a
prime number. Let B be an isotypic abelian variety of dimension g over a finite field F, with
size q, and let apg : K — EndO(B) be a Ting homomorphism. Suppose that there exists a p-adic
CM-type ® C Homying (K, @p) of K such that the residual reflex condition in §1.5 is satisfied
for (K,®). Let E C @p be the reflex field of (K, ®), and let w be the induced p-adic place on
E.

There exists a finite extension E'/E inside of @p, an abelian variety A over E‘, and a ring

homomorphism o : K — End®(A) such that the following statements hold.
(i) The residue field kg ofE at the place w induced from @p is tsomorphic to F,.
(ii) The p-adic CM-type of (A, ) is P.
(iii) The abelian variety A over E has good reduction at w.
)

Via a suitable isomorphism Fyq ~ kg, B is K -linearly isogenous to the reduction of A at

w.

(iv

Note that in (iv) the choice of isomorphism F, ~ kg does not matter, since B and B®)
are K-linearly isogenous over I, via the relative Frobenius map for B.

PROOF. This proposition is a consequence of Theorems 4.11, 5.1, and 5.2, as we explain in
the argument below.

The classical theory of complex multiplication in [26] provides an abelian variety X; of
dimension g over a finite extension L; of Q, within @p and a homomorphism &; : O —
End(X1) such that (X7,&;) has CM-type ®. In particular, the reflex field E C @p is a subfield
of L1 such that the canonical p-adic absolute value on L1 induces the p-adic place w on E. By
replacing L; with a finite extension if necessary, we can assume that X; has good reduction
over Or, and that the size ¢; of the residue field k1 of Ly is a power of ¢q. Let m; € Ok be the
element whose action on the reduction X; over «; is the ¢;-Frobenius endomorphism (so it is
a q1-Weil number). The Shimura—Taniyama formula gives

ord,(m1)  #{¢ € ®|¢ induces v on K}
ordy,(q1) B [Ky @p]

for all p-adic places v of K. But the first part of the residual reflex condition is the hypothesis
on the p-adic CM-type ® that the right side of this identity is equal to ord,(Frpq)/ord,(q)
for each v (where Frp , is identified with a nonzero element of Ok via the CM-structure on
B over ). Since q; is a power of g, we can choose an embedding F, — ~ to make sense of

. Hence,

. . . . Fqq:F
Frp, 4, and as an element of K this ¢;-Frobenius endomorphism is FI"[qul al

ord,(m1)  ordy(Frpg) ordy(Frp, ¢ )

ordy,(q1) ord,(q)  ordy(q1)

so the ¢1-Weil numbers m,Frp_, € Ok have the same order at each p-adic place of Of.
Their ratio is therefore a root of unity, so by replacing L1 with a suitable unramified extension
(so as to replace ¢; with a suitable power) we can arrange that m; = Frp_,, inside of Ok.

By Honda-Tate theory, the g-dimensional isotypic abelian varieties X and B, over k are
therefore isogenous. Although a choice of s-isogeny X; — B, may not be K-linear, it at least
carries m = Frg . to Frp, 4. In other words, the induced isomorphism

6 : End’(X) ~ End’(B,)
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of simple Q-algebras may not be K-linear but it is linear over the subfield Z C K generated
by the gi-Frobenius endomorphisms in each algebra. But Z is the center of these simple
Q-algebras in which K is a maximal commutative subfield, so the Z-linearity allows us to
use the Skolem-Noether theorem to find a unit « € End®(B,)* such that composing 6 with
conjugation by w is a K-algebra map. In other words, if we compose the initial x-isogeny with
a suitable self-isogeny of B,; (corresponding to a nonzero Z-multiple of u) we can arrange that
the k-isogeny X| — B, is K-linear. Finally, by replacing L; with a further finite extension
if necessary we can ensure that the pair (X1,&;1) descends to a number field F' C L;, and by
increasing F' we can ensure that Lq is identified with the completion F;, at the induced p-adic
place v on F'. In particular, £ C F' and v on F' restricts to w on FE.

To summarize, by using the first part of the residual reflex condition we have constructed a
finite extension F'/E inside of @p and a CM abelian variety (A1, aq) over F with good reduction
at the induced p-adic place v of F' such that the associated p-adic CM-type is (K, ®) and the
reduction A; at v is K-linearly isogenous to By, via a choice of embedding F, < k,. Such
an isogeny carries Frz g 1O Frp,, 4, as endomorphisms, and so the corresponding elements
of Ok (via the CM-structures) are equal, due to K-linearity of the isogeny.

Pick a finite extension F; of E that is linearly disjoint from F over E and which has a place
wy above w such that x,, is isomorphic to F,;. Choose an E-embedding E; — @p inducing
wy. By replacing F' with the composite field £y @ F' C @p, we may assume that F' contains
a subfield E’/E on which the induced place v’ from v satisfies k,y ~ F,. By Theorem 5.1, we
get an algebraic Hecke character ¢ : A, — K* attached to (A, ;) which has Ng o Nmp, as
its algebraic part and is unramified at v with e(m,) = Fr(p ap),., -

Apply Theorem 4.11 to (e, E, ) with Xag = Ng 0 Nmp/ /g and § equal to the element of
Oy corresponding to Frg , via ap (so flFvire] = glevlal = Fr(Bap)., = €(my)). This provides

Koy

a finite extension F /E’, a place w above w’, and an algebraic Hecke character ¢ : AL — K*
with the properties stated in Theorem 4.11. Hence, 313 = Xalg © NmE/E1 = Ng o NmE/E, )

is unramified at w, é(mz) = B = Frp,4, and (E,@) has property (i). Fix an E’-embedding

of E into Q, inducing @ on E. By Theorem 5.2 (and Theorem 5.1(iv),(v)), the algebraic
Hecke character § comes from a pair (A, @) over E with the required properties (ii)-(iv). Let
us briefly explain how to get (iv). Let A denote the reduction of A at w and let m € O
denote §(mg), so the respective CM-structures @ and ap on A and B satisfy a(r) = Frz,
and ap(m) = Frp,. Since A4 is rg-isotypic and B is Fy-isotypic (due to the existence of CM-
structures), it follows from Honda-Tate theory that there is an isogeny between A and B over
any isomorphism xgz ~ F,. We want to find such an isogeny that is K-linear. At least any
isogeny respects the ¢g-Frobenius endomorphisms, and so (via the CM-structures @ and ap) is
linear over the subfield Q(7) C K. But via @ and ap the subfield Q() is the center of each
of the endomorphism algebras of A and B, so we can use the Skolem—Noether theorem as we
did earlier in this proof to modify the isogeny by a suitable self-isogeny of B to get a K-linear
isogeny. [J

§6. Local methods

It is possible to prove Proposition 5.4 by replacing the global Theorem 5.2 with purely local
methods (but still using the classical theory of complex multiplication to construct an abelian
variety with good reduction over a local field admitting a specified CM type and Frobenius
endomorphism on the reduction). After using local methods to prove a local version of Propo-
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sition 5.4 (in which the number field Eis replaced with a p-adic field) we will formally deduce
the global version of the proposition (over number fields) from the local version. First we
establish a local analogue of Theorem 4.11, using the argument in Remark 4.12.

(6.1) Lemma Let E,, be a finite extension field of Qp, and let F, be a finite extension field
of Ey. Let K be a number field, and let ¢ be an element of K*. Let €, : F) — K* be
an unramified character. Assume that €,(n])) = ¢l for some fized n > 1, with ,
a uniformizer of F,. There exists a finite extension ﬁ;,/FU and an intermediate extension
E@ C ﬁg over E,, such that the following conditions hold.

(i) The extension Fy/Eg is unramified.
(ii) The residue field extension kg /Ky is trivial; i.e., E‘@/Ew is totally ramified.

(iii) Ev(Nmﬁg/Fv (m5)) = Plrorvl

(iv) Choose a uniformizer mg of E@. There is a unique character g : E’g — K* such that

€y O Nmﬁg/Fu = €50 Nmﬁg/Eﬁ and €z(mg) = ¢. Moreover, it is unramified.

PROOF. Let F} be the unramified extension field of F, of degree n, and let F, be the Galois
closure of I over E,,. Consider the short exact sequence of finite groups

l—1Igp/p, — Gal(Fy/Ey) — Gal(kp,/kw) — 1

where Ip, /g, is the inertia subgroup in Gal(Fy/FE,). This is not necessarily a split exten-
sion, but it would be split if we replace F» by the unramified extension field F3 of F5 of
degree e(Fy/FE,), or more generally by any finite unramified extension field F3 such that
[F5 : F] is a multiple of the ramification index e(F»/E,), because the short exact sequence
1 — Ipyp, — Gal(F3/E,) — Gal(kp/kyw) — 1 is the pullback of the exact sequence
1 — Ip,p, — Gal(F2/Ey) — Gal(kp,/kw) — 1 by the natural surjection Gal(kp,/kw) —
Gal(kr,/Kw)-

Take Fy = F3. Choose a splitting j : Gal(kg/ky) — Gal(F5/Ey) of the short exact
sequence

1 — Gal(Fy/Ey) — Gal(kg/kw) — 1,

- Iﬁv/ B
and let Eg be the subfield of Fy fixed by j(Gal(ky/ky)). The statements (i)—(iv) are all easy
to check (for (iv) we use that the local norm map is surjective on local unit groups in the
unramified case, and for (iii) we use that n|[k7 : £,] by construction of Fy). [

Our aim is to remove the global Theorem 5.2 from the proof of Proposition 5.4. The
construction of a CM abelian variety (A1, a1) with p-adic CM type (K, ®) over a finite exten-
sion F'/FE inside of @p goes as in the first two paragraphs of the proof of Proposition 5.4. In
particular, A has good reduction at the place v on F' over w induced by the inclusion F' C @p
and moreover the residual extension k,/k, has Fy as an intermediate extension such that the
reduction A; over &, is K-linearly isogenous to B ®F, Ky Let E{U, /Ey be the intermediate
unramified extension of E,, corresponding to Fy/k,, and let €, be the restriction to F,* of the
algebraic Hecke character e attached to the CM abelian variety (A1, o1) over F' with CM-order
Ok.

By Lemma 4.8, Lemma 4.9 (see (3)), and Theorem 5.1(iii), the character

Vp,o - Gal(Fj‘b/Fv) - le(,p
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attached to the p-divisible group (A1)r, [p™] equipped with its K,-action via oy is related to
the character €, via the formula

€o(7) = Ypo(rr(2)) - No(Nmp, /g, (2))
for all z € F}. Apply Theorem 5.1(iv) and Lemma 6.1 to (E!

w’

F,, ey, ¢,n), where ¢ =
ap(Frpy) € K* and n = 1. We obtain a finite extension F3/F, inside of Qp, an intermediate
extension Ew in F over E!,, and a K*-valued unramified character ez of E = satisfying the
properties (i)—(iv) in Lemma 6.1. In particular, Fv/Ew is unramified, kg = Ky = Fy, and
6[[,(7['{[,) = aB(FI"qu) e K*.

Denote by A; the abelian scheme over O P extending the base change (A1)r,, and endow
it with the unique K-action (in the isogeny category) extending that defined on its generic fiber
via ay. The p-divisible group G; = A1 [p*°] over O P is thereby endowed with a natural action
by K, in the isogeny category, and its generic fiber is given by the restriction to Gal(ﬁgb / ﬁ’g)
of the Galois character wp » of F}, as above.

Let ¢y, 5 Gal(Eab JEg) — OXP be the continuous abelian character such that

€w(2) = Ypalrg, (2)) -Ne(Nmp_ p (2)) (4)

for all z € Eg To see that this makes sense, we have to check that the continuous homomor-
phism

- (NpoNmg o )7h: EX — K

has image contained in O} Kp (and so it is of “Galois type”: it factors through the profinite
completion of its source). This is a problem of analyzing the image of a single uniformizer
T up to (’)X —multiple. Thus, it suffices to check that the product Frp - No ()~ [kakw] in

K, lies in (’) Kp for some uniformizer m, in E,. It suffices to check this after raising to the
[nv . Kglth-power. Since ki = Ky = Fy, the desired result follows from the fact that €,(m,)
is equal to Fr[ vFul and is an (’)IX< -multiple of Ng (s, [r0: Hw]) (due to the Galois character )y, ,

taking values in (’)Kp).
By using Lemma 6.1(iv), we get the identity

(d’p,v © 74Fu) © NII]F: F, = (wp,ﬁ') oOTg ) o NmF,,/E,,

Thus, the character 1), ; defines a descent G’ over E of the generic fiber G; of G over
F~ equipped with its natural O ,-action. The p—d1v131ble group G’ over E acquires “good
reduction” over the finite unramified extension F~ in the sense that G;l ~ (1 extends to the

p-divisible group G; over O .. The Galois descent data relative to ﬁg/ E@ on the generic

fiber over ﬁg uniquely extends to G; by Tate’s full faithfulness theorem [28], and since this
extension is unramified we can use the equivalence of Galois descent and finite étale descent
[5, 6.2B] at each torsion level over O to construct a unique p-divisible group G’ over (’)~
having generic fiber G’ compatibly Wlth the descent data. Again using Tate’s theorem, the
Ok p-action on G’ extends uniquely to one on G'.

(6.2) Lemma The g-Frobenius endomorphism of the reduction Gf, := g;% s given by the
action of egz(mgy) € Ok.

This lemma (and the more general result in Proposition 6.3 below that we use in its proof)
is a local version of Theorem 5.1(v) for p-divisible groups with complex multiplication.
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PROOF. By decomposing G, up to isogeny according to the factor fields of K, our task is
a special case of the following problem. Let I' be a p-divisible group of height d over a p-
adic integer ring Op with finite residue field k of size ¢ and fraction field F'. Let L/Q, be an
extension of degree d and assume that I' is equipped with an action of L in the isogeny category
over Op. Let D(T'y) denote the Dieudonné module of the special fiber T'g of T', so D(T'g)[1/p] is a
W (k)[1/p] ®q, L-module that is necessarily invertible because the Frobenius automorphism of
D(T9)[1/p] is semilinear over the absolute Frobenius automorphism of W (k)[1/p] (which in turn
transitively permutes the factor fields of W (k)[1/p]®q, L). Thus, the L-linear endomorphisms
of D(I'y)[1/p] as a module over the Dieudonné ring are exactly the elements of L; i.e., the
reduction I'g over k has L equal to its own centralizer in the endomorphism algebra of T'g
as a p-divisible group in the isogeny category over k. In particular, some nonzero element
A € L induces the g-Frobenius endomorphism of I'g. We wish to compute A in terms of the
continuous Galois character ¢ : Gal(Fa/F) — O associated to the generic fiber I'p.

We claim that there is a unique homomorphism x : F* — L* that is algebraic with
respect to Q, such that x and ¢ orp : F* — L* coincide on O}, and the resulting unramified
character (porp)-x~!: FX — L* carries uniformizers to A. This certainly gives the desired
result concerning G{, (due to (4), since €z is unramified), and it refines Serre’s theory of locally
algebraic representations since we are asserting algebraicity of ¢ o rr on the entire local unit
group. We wish to view this assertion as a special case of a general property of 1-dimensional
abelian crystalline representations of p-adic fields (with coefficients in another p-adic field).
To this end, we need to translate the hypotheses and desired conclusions into the context of
p-adic Hodge theory.

Let Fy := W(k)[1/p] be the maximal unramified subfield of F. The representation
is crystalline since it is Barsotti-Tate, so Deris(1) = (¢ Qq, Beyis 7)) S /) is an invertible
L ®q, Fo-module equipped with a structure of L-linear filtered ¢-module over F'. By [11, 6.6]
there is a natural Fp-linear ¢-compatible isomorphism

nr : Homp, (D(To)[1/p], Fo) = Deis(¢)), (5)

with ¢ acting Frobenius-semilinearly on the Fy-linear dual of D(I'g)[1/p] in the usual manner
(sending a functional f to oo fo qbi)(lro), where o is the absolute Frobenius automorphism
of Fp). Naturality forces nr to be L ®q, Fp-linear, so if a = [k : Fp] then ¢* = id and the
Fy-linear ¢* on D,is(1)) has to be multiplication by 1/\. Due to this inversion of A, it remains
to apply the general proposition below. [

(6.3) Proposition Let F and L be finite extensions of Qp, and let rp : F* — Gal(F2P/F)
be the local Artin map with arithmetic normalization. Let ¢ : Gal(F**/F) — Of C L* be a
continuous homomorphism. Let V be the Q,[Gal(FP/F)]-module underlying a 1-dimensional
L-vector space endowed with an L-linear action by Gal(F*/F) via 1.

(i) The representation space V is crystalline if and only if there exists a homomorphism of
Qp-groups
x: EF* = ResF/@p(Gm) — K* = ResK/Qp(Gm)
such that i o rp and x (on Qp-points) coincide on Of.

(ii) Assume that the condition in (i) is satisfied. Let a = [kp : Fp|. The filtered ¢p-module
Deis(V) over F covariantly attached to the crystalline representation V' is free of rank
1 over L ®q, Fy and its Fy-linear endomorphism ¢® is given by the action of the product
Y(re(nr))~t x(nr) € L*, where np € OF is any uniformizer.
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ProoOF. First assume that V is crystalline, so it is Hodge-Tate. The 1-dimensionality gives
that V is semi-simple as a Q,-representation space of Gal(F/F), so it is also semisimple
on the normal inertia subgroup. Hence, by [24, III, A.7] (and the initial hypotheses in [24,
III, A.3)), Y] GarF/py 18 locally algebraic for a finite extension F'/F in F that splits L/Q,.

That is, there is an algebraic map X' : F'* — L* such that X’ on Q,-points agrees with
Y orp o Nmpr p near the identity in F™™. But Nmp /g F'* — F* is a surjection of Q,-tori
with connected kernel, so we may work on Qp-points near the identity to infer that x’ kills
the torus ker(Nmp/p). Hence, x' = x o Nmp,p for a unique x : ' — L*, and so ¢ orp
and y agree near the identity in F*; in particular, v is locally algebraic. Obviously x| oy can

be extended to an O -valued Galois character 6, of F', and we claim that such a character is
crystalline. (The choice of extension , does not matter, since the crystalline property only
depends on the inertial restriction.) Assuming this property holds, then upon choosing 6,
we get that ¢ - 65 lis a crystalline representation of F' with finite image on inertia. All such
representations are unramified (e.g., due to the Dieudonné-Manin classification of isocrystals
in the case of algebraically closed residue field). This would give that ¢ o rp and x coincide
on OF, assuming 6, is crystalline.

We see that to prove (i) it remains to show that for any algebraic homomorphism y : F* —
L* over Qp, if its O j-restriction on Q,-points is extended to an O} -valued Galois character 6,
of F'then 0, is crystalline. This assertion is independent of the choice of 0, since the crystalline
property only depends on the inertial restriction. It is harmless to increase the scalar field
L so that it splits F'//Q,, so by the end of Remark 4.2 a basis of the Z-module of such x’s
consists of the maps [7] : * — L* induced on A-points by 7®1: (F ®q, A)* — (L ®q, A)*
for all Qp-algebras A, where 7 varies through the Q,-embeddings of F' into L. It is therefore
enough to treat the case y = [r]~! for some 7, in which case the Qp-representation space on
inertia is the scalar extension by 7 : F' — L of the inertial restriction of any Galois character
Y : Gal(Fa?/F) — OF such that (¢ o rF)|O; is inversion. By [24, III, A.4] and our choice of
the arithmetic normalization of local class field theory, examples of such Galois characters 1)
are the Tate modules of Lubin—Tate formal groups, which arise from p-divisible groups and
hence are crystalline. This proves (i).

As for (ii), we may increase L so that it splits F'/Q,, and the proof of (i) shows that in
such cases ¢ is a product of Oy-valued Lubin-Tate characters (viewed with values in O} via
Qp-embeddings 7 : F' — L). The tensor-compatibility of Deis (using the coefficient field L)
and the multiplicativity of the proposed formula thereby reduces us to checking the special
case when L = F and ¢ is the Lubin-Tate character Gal(F?"/F) — OF associated to a
choice of uniformizer wp. In this case ¥ (rp(mr)) = 1 and the associated algebraic character
X : F* — F* is inversion. Thus, by using the compatibility (5) of Dieudonné modules and
Dyis, the inversions cancel out and we are reduced to checking that if G, is the Lubin-Tate
p-divisible group associated to mp then its reduction over k has gp-Frobenius endomorphism
induced by 7p. This is the property that uniquely characterizes Gr.. [

Fix an isomorphism [F, ~ kg so as to view B as an abelian variety over k5. The p-divisible
groups B[p™] and G|, over k5 are endowed with actions by K, in the isogeny category. Since
ap(m) = Frp, and m = e5(mg), by Lemma 6.2 the element 7 € Ok acts as the g-Frobenius
endomorphism on each of these p-divisible groups. This is crucial in the proof of the following
lemma.

(6.4) Lemma There is an K,-linear isogeny B[p™] — G|, over kg.
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PROOF. Let k = kg. We will use contravariant Dieudonné theory, so let Dy = W(k)[F,V]
denote the usual Dieudonné ring over the finite field & (non-commutative if & # F,). The
category of Dy[l/p]-modules that have finite dimension over W (k)[1/p] and admit a Dy-
stable W (k)-lattice is anti-equivalent to the isogeny category of p-divisible groups over k.
Note that the center of Dy[1/p] = W (k)[1/p][F] is Q,[F,] where F, = FFF2l. The Dieudonné
modules D(B[p>]) and D(G})) are Di-modules that are finite free over W (k) with rank 2¢
that is equal to the Zp-rank of Ok ,, and each admits a Dj-linear action by Ok ;,. Thus, the
underlying W (k) ®z, Ok p-modules are invertible, due to the semilinearity of the F-action
over the absolute Frobenius automorphism of W (k) and the faithfulness of the O p-action
on each p-divisible group. (For B[p™] the faithfulness of the O ,-action is due to the easier
injectivity part of Tate’s isogeny theorem for abelian varieties over finite fields, and for G,
the faithfulness can be checked after the ground field extension xz/k, where it becomes the
p-divisible group of the reduction of the CM abelian variety (A1, a1) over Fj.)

Let Z = Q(w), soif f € Q[T] is the minimal polynomial of 7 then Q[T']/(f) ~ Z via T — .
Let Hv,|p fw be its monic irreducible factorization in Q,[T], corresponding to the decomposi-
tion Z, >~ [[,/, Zv. Here, Zy ~ Qp[T/(f) in which m € Z C Z,, is the image of T'. Since
Fq is central in Dy[1/p], it makes sense to form the Z,-algebra C\y = Dy[1/p]/Dy[1/p] fur (Fy)
in which the element m € Z,/ acts as F,. By the non-commutative algebra underlying the
proof of the p-part of Tate’s isogeny theorem for abelian varieties over finite fields (see [21]
or [10, Thm. 8.4]), C, is a central simple Z,-algebra. Thus, the isomorphism class of a
finitely generated left Cj-module is determined by its Z,-dimension. Both D(B[p>])[1/p]
and D(GY)[1/p] are invertible modules over W (k) ®z, K, and the key point is that their
Zy-factors are left C,y-modules because the g-Frobenius endomorphisms of B[p™] and G|, are
induced by the element 7 € Oz C Ok whose image in Z,, is a root of f,; € Q,[T]. When view-
ing these Dieudonné modules as left C,-modules, they have the same Z,/,-dimension, namely
that of the Z,-part of the Z,-algebra W (k) ®z, Kp. Hence, the Z,/-factors are isomorphic
as Cy-modules, and putting these together over all v gives an Z,-linear isomorphism of the
underlying Dy[1/p]-modules. This provides a Zy-linear isogeny B[p>] — Gj, over k, but it
may not be K-linear. Hence, the resulting isomorphism of endomorphism algebras

End®(B[p*™]) ~ End’(G})

is Zy,-linear but perhaps not K-linear.

These Zp-isomorphic endomorphism algebras are central simple Z,-algebras with the copy
of K, in each as a maximal commutative subalgebra because Tate’s isogeny theorem gives
Qp ®g End’(B) ~ End’(B[p™>]) with End’(B) a central simple Z-algebra having K as a
maximal commutative Z-subalgebra. Hence, the Skolem—Noether theorem ensures that if we
compose a choice of Zy-linear isogeny B[p>] — G{, with a suitable Z,-linear self-isogeny of G,
then we get a K-linear isogeny. [

Using Lemma 6.4, we may choose a Kjp-linear kg-isogeny B[p™] — Gj{. The kernel is
identified with a finite subgroup scheme of B over ki = Fg4, so if we replace B with its
quotient modulo this kernel then we gain the property that there is a K)-linear isomorphism
B[p™] ~ G, of p-divisible groups (not just an isogeny). To summarize, the p-divisible group G’
over O oA equipped with its K-action (in the isogeny category) is identified with a deformation
of the p-divisible group of the abelian variety B over kg equipped with its K-action (in
the isogeny category). Hence, by working with CM orders we deduce via the Serre-Tate
deformation theorem [15, 1.2.1] that there is a unique formal abelian scheme 2" over Spf(O Ea)
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equipped with an action of K (in the isogeny category) that compatibly deforms B and has
p-divisible group G’ (respecting the K-actions). But the tangent space of 2’ coincides with
that of G over OE@’ which in turn descends the tangent space To(G1) ~ To(A1) over O &
all respecting the actions by an order in Ok. After inverting p this recovers To(A7) 7 On
which the action of K is given by the p-adic CM-type ® of (A, a1)r,. Hence, by Theorem
2.3, A’ algebraizes to an abelian scheme A’ over O endowed with an action by K (in the
isogeny category) giving rise to the CM-type . This algebraization has reduction B and its
p-divisible group is the descent G’ of G; = A;[p°°] compatibly with K-actions and the residual
isomorphism B[p>] ~ Gj,.

Let (A’',a’) be the CM generic fiber of A’ over Eg with its K-action, so it has good
reduction that is K-linearly isomorphic to (B,«p) over the initial choice of isomorphism
ki ~ Fy and its p-adic CM type is ®. We have shown that (B, ap) satisfies (NI) using the
p-adic CM-type ® on K and lifting over the integer ring of the subfield Eg C @p. This is a

local version of Proposition 5.4, using Eg rather than a number field. To complete the proof
of Proposition 5.4, it remains to carry out one global step: descend (A4’, /) to a number field
within E@ (necessarily containing the reflex field £ C @p of the CM-type (K, ®)); we can then
increase such a number field within E@ so that its completion at the place induced by w is
E@; in particular, this place has residue field kg and the descent of A’ has good reduction at
this place. The required descent to a number field is given by the next lemma.

(6.5) Lemma Any CM abelian variety X with good reduction over a p-adic field L descends
to a CM abelian variety over a number field within L.

PrOOF. Fix a positive integer n > 3 not divisible by p, and let X over R = Of, be the Néron
model of X. The finite étale group scheme X[n]| over R is uniquely determined by its special
fiber. Let FF C L be a dense subfield that is a number field and let v be the induced p-adic
place of F, so F, = L. The special fiber of X[n] can be uniquely lifted to a finite étale
group scheme G over the henselization Olhw,(v) of the algebraic local ring of O at v, and by
uniqueness of finite étale liftings over henselian local rings this descends X'[n] via the canonical
local inclusion O%’(U) — R. The generic fiber of G lives over an algebraic extension of Q, so it
descends to a finite étale group G over a number field F’ C L.

We may choose an L-polarization of X, say with degree d2. Let ¢ = dim(X), and let O
denote the CM order on X over L. Consider the moduli scheme M of finite type over F”
classifying isomorphism classes of polarized abelian schemes of relative dimension g (over F’-
schemes) endowed with the following extra structure: a degree-d? polarization, an isomorphism
of the n-torsion with the pullback of the F’-group G, and a CM-structure by O. Every
geometric point of this moduli scheme M descends to Q, so M is 0-dimensional. Hence, the
map Spec(L) — M corresponding to X with its additional structure factors through some
point of M that is necessarily defined over a finite extension of F’. This is a number field
within L to which X with its CM-structure descends. [

§7. Open problems

In addition to the open problems raised in Remark 3.7(ii) and at the end of §3.6, here are two
additional open questions concerning the lifting problems in §1.2.
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(7.1) Lifting. Does (I) always hold? That is, is it true that any abelian variety over a finite
field can be CM-lifted after possibly after applying an isogeny but not increasing the finite
field?

(7.2) Counterezample to (R). In [23] it is shown that there exist examples of an abelian variety
over I, which does not admit a CM lifting. Hence there exist examples of an abelian variety
over a finite field for which (R) does not hold. Can we give an explicit example?

§A. Algebraic proof of Theorem 5.2

Due to lack of a suitable reference, in this appendix we provide a purely algebraic proof of
Theorem 5.2 in modern terms. The reader is referred to the main text for the statement of
this theorem (whose notation and hypotheses we shall use below without comment), as well
as for an alternative reference for a proof in a different style.

First we check the uniqueness of (A4, «) up to K-linear isogenies. If (A, a) and (A, ') are
two such pairs, then since they have the same CM-type (K, ®) there is a K-linear Q-isogeny
h between Ag and A?@. The invertible Ky-modules Vy(A4) and V,(A4’) have Gal(Q/F) acting

through the same K -valued character (namely the continuous v, that is uniquely attached
to €), so all Ky-linear maps Vy(A) — V,(A’) are automatically Gal(Q/F)-equivariant. Thus,
for all o € Gal(Q/F) we have V,(c*(h)) = pare(0) o Ve(h) o pas(c)~ = Vy(h), so a*(h) = h.
That is, h is defined over F' (and its F-descent is a K-linear isogeny). For existence, we will
use Galois descent.

Step 1. By the classical theory of complex multiplication, there is a finite extension F’/F
inside of Q@ and a CM abelian variety (A’,a’) over F’ with CM-type (K, ®). Its associated
algebraic Hecke character € : A}, — K* has algebraic part No o Nmp JE = €alg © Nmpr/p.
Thus, the algebraic Hecke characters ¢ and € o Nmp» /r have the same algebraic part. It
follows from Remark 4.6(ii) that they are related through multiplication by a finite-order
Hecke character of F’, so upon replacing F’ with a finite extension we can arrange that
¢ = eoNmp /r- We may and do also assume that F’ '/F is Galois. By means of a suitable
F'-isogeny we can arrange that O is the CM order (i.e., O acts on A’ as an abelian variety,
not only in the isogeny category). We shall construct an Ok-linear descent datum on (A’, o/ )@

with respect to Q/F, and the resulting F-descent (A4, «) of (A4, o/ )g will then be checked to
have associated algebraic Hecke character €; it necessarily has CM type (K, ®).

For any finite idele £ € AIXQ s let [€]x denote the associated fractional ideal of O. In
particular, if s € AE then the reflex norm Ng : Resg/g(Gm) — Resg/g(Gy) yields a
fractional ideal [N (s)]x. Recall also that if X is any Ox-module scheme over a base scheme
S and if M is any finite flat Ox-module then there is an associated Og-module scheme
M ®0, X over S that represents the functor S’ ~» M ®¢, X(S’) on the category of S-
schemes. In the special case that M is invertible and X is an abelian scheme with constant
relative dimension g then M ®o, X is another such abelian scheme; if X with its Og-action
is a CM abelian variety over a field of characteristic 0 then M ®o, X is another such (for
invertible M) and it has the same CM type. This tensoring operation arises in one of the
formulations of the Main Theorem of complex multiplication in its adelic form for CM abelian
varieties with maximal CM order (see Theorem 5.2 in [6]), as follows.

Choose o € Gal(Q/E) and s € AE’f satisfying rg(s) = o|gan, and let I denote the

fractional ideal [Ng(1/s)]k, so for all n > 1 the finite idele No(1/s) € A% ; gives a canonical
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generator of the O /(n)-module I/nl;. Then there is a unique K-linear Q-isomorphism of
abelian varieties
9075 : [Nq;(l/S)]K RO A?@ =1 R0k Ab ~ (A?@)U

such that for all n > 1 the natural isomorphism [o] : A?@[n] (Q) ~ (Af@)"[n] (Q) is given by the
composite

AL @ L ) @0 AGn)(@) — (I @0, AR)n](@) 2> (4%)° [7](@)
By uniqueness, for any ¢ € E* we have that 6, . is the composition of §, s and the natural
multiplication map by Ne(c) € K* carrying I.s = [No(1/(cs))]x isomorphically to Is =
[No(1/s)]k as fractional ideals of Ok . The intervention of Ng(1/s) rather than Ng(s) in the
definition of 6, s is due to the use of the arithmetic normalization of the Artin map (implicit
in the requirement rg(s) = o|gan). We are interested in applying this with o € Gal(Q/F) C
Gal(Q/E) and s = Nmp/p(€) for any £ € A ¢ such that rp(§) = o|pa (s0 TE(s) = 0|gw).

Step 2. The key point is that if £ € A;f then [Ng(Np/g(£))]k is the principal fractional
ideal generated by €(£) € K*. To prove this, first recall that Ng o Np/p = €55. Thus, it
suffices to prove more generally that if L is a number field and y : AY — L'™ is an algebraic
Hecke character valued in the multiplicative group of some number field L’ then x(s) is a
generator of the fractional ideal [(Xalg)a(s)]1/, where (Xag)a : A} — A7, is the map induced
by Xalg : Resr g(Gm) — Resp)g(Gm) on A-points. Note that y annihilates the infinitely
divisible identity component of the archimedean factor L%, and (Xalg)a - x~! may be viewed
as a continuous homomorphism A} /L* — A7,. In particular, it carries the compact norm-1
idele class group of L into the maximal compact subgroup of A},. But composing this map
with projection to AX,7 f kills the image of the identity component of the archimedean factor
L% and so carries AE f into the maximal compact subgroup vaoo (’)z,,v (since any finite idele
of L can be realized as the finite part of a norm-1 idele of L whose archimedean factor is in
the identity component). This says that [(Xalg)a(s)]r = x(s)Op as fractional ideals of Oy,
for any s € A7, as desired.

For o € Gal(Q/F) C Gal(Q/FE), choose &, € A;“,f such that o|pas = 7r(£,) in Gal(F2P/F)
and let s, = Nmp/ (&) € AEJ. Thus, [No(sq)]x = [(€alg)a(é0)]x = €(§5) Ok, so we have a
K-linear isomorphism

A2 NG (150 @0, A ET (AL
Q — ] )| K YOk Q — Q/ -

We shall prove that this is independent of the choice of &, and defines a Galois descent
datum on (A’, o)z with respect to Gal(Q/F) such that the resulting descent (A,«) over F
is the desired CM abelian variety. To prove the independence of the choice of &,, suppose
that & € A:ﬂ’f is another such choice, so ¢.6;1 € kerrp = FXF*. Thus, the element
get e Af =~ Ap/FZ is in the closure of F* in Af ., so for any open subset U C Af .
around the identity there exists A € F* such that &, € A, U. Since kere meets A; f in
an open subgroup and [Ng(sy)]x only depends on s, modulo the maximal compact open
subgroup in AE’ s» it suffices to check two things: (a) if & = A&, for some A € F'* then we get

the same composite isomorphism A?@ ~ (A?@)U in both cases, and (b) for any o € Gal(Q/E)
and s € A7, s such that rg(s) = o|gan, the isomorphism 6,5 is unaffected by replacing s with
us for u € A% N ker rg sufficiently near the identity (perhaps depending on s).
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In case (a), s, := Nmp/g(£),) is equal to Nmp/g()) - 55, so Ne(s;,) = €(\)Ng(s,). The
required equality of Q-isomorphisms Af@ ~ (Ag@)a in this case therefore reduces to the general
identity relating 6, and 6, s via the action of Ng(c) € K* for any ¢ € E* (such as ¢ =
Nmp/g())). Meanwhile, to study the general behavior of 6, s under multiplication of s against
any u € (kerrg) OAE’ f that is sufficiently near to the identity, we can restrict our attention to
vtoo Of - 1f 8" = us for such a u then [No(s')|k = [No(s)]k,
so 0, 106, is an automorphism of [Ng(1/5)]x ®0, Ab. Moreover, by taking w sufficiently

multiplication by u € (kerrg)NJ]

near to 1 we can ensure that 0, and 6, induce the same map on m-torsion for a fixed
m > 3, so 9;]; 0 0, ¢ is trivial on the m-torsion. If we choose a K-linear polarization ¢ of
Af@ then it follows from Lemma 5.1 in [6] and the subsequent construction of 6, s in loc. cit.

that 9;; 00,y commutes with a polarization ¢, = ¢y canonically associated to ¢ and the
fractional ideal [Ng(s)|x = [No(s')]x. But an automorphism of a polarized abelian variety
has finite order and hence is trivial when it is trivial on the m-torsion for some m > 3.

This completes the verification that the choice of &, as above does not matter, so we have
constructed a canonical K-linear Q-isomorphism

c(o) : Ab ~ (A?@)"

for all o € Gal(Q/F).
Step 3. Since the isomorphisms 0, are K-linear and we can use & as &7, it is easy

to check that the cocycle relation c(o7) Z o*(c(c)) o (1) for 0,7 € Gal(Q/F) reduces to the

general identity 0,- R (07+) o (1 ® 04,5) as isomorphisms
[No(1/st)]x @0, Ag ~ Na(1/t)]x @0, ([Ne(1/s)]x @0, Ag) = ((A5)71)7 = (A5)7"

for 0,7 € Gal(Q/FE) and s,t € AJ;  such that 7g(s) = o|ga» and 7p(t) = 7|ges. This identity
is immediately deduced from the unique characterization of 0, .

To carry out the descent, we require a continuity condition on o — ¢(o) as follows. By the
construction of 6,5 : [Ne(1/s)|x ®o, Ab o~ (A?@)" in §4-85 of [6], there is a finite extension

L/F’ inside of Q that is Galois over F such that 6,4 descends to a (necessarily K-linear)
L-isomorphism [Ng(1/8)]x @0, A} =~ (A})7l for all ¢ € Gal(Q/E) and s € AJ ; such that
rE(8) = 0| gan. (We do not expect that we can take L = F'.) Hence, for every o € Gal(Q/F)
the isomorphism ¢(c) descends to a K-linear L-isomorphism cy (o) : A} ~ (A})7lr. If we
increase L to split A'[m] for a fixed m > 3 then it follows that cr (o) is the identity on
m-torsion when ol is trivial. Moreover, upon choosing a K-linear F’-polarization ¢ of A’
with the help of the associated K-linear polarizations ¢, of [No(a)]x ®0, A’ constructed
for all a € Ag,f as in Lemma 5.1 of [6] we deduce that cy(o) carries ¢r, to (¢r)°1F for all
o € Gal(Q/F).

Hence, if o|f, is the identity then ¢z (o) is an automorphism of a polarized abelian variety
that is trivial on the m-torsion with some m > 3, so ¢, (o) is the identity for such o. It follows
(using the cocycle relation) that ¢z (o) only depends on 0|z, so we can view ¢y, as a function
on Gal(L/F) that defines a K-linear Galois descent datum on A’ with respect to L/F. In
other words, if we rename L as F’ (as we may), then we get to the case where

o — cpi(0) € Isom(A', A'7)
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is a Galois descent datum on (A’, ') with respect to F'/F. By descent theory, this uniquely
determines an abelian variety A over F' equipped with a ring homomorphism « : O — End(A)
and a K-linear F’-isomorphism Ap ~ A’ respecting the Galois descent data on both sides.

Step 4. Let €4 : Ay — K be the algebraic Hecke character associated to (A4, a). To
prove that e4 = ¢, it suffices (by Lemma 4.9) to show that for a fixed choice of rational
prime ¢ the continuous f-adic characters ¢, 1, : Gal(F®/F) = K that are respectively
uniquely associated to € and €4 coincide. By Theorem 5.1(ii), ¥}, computes the action of
Gal(F>/F) on V,(A). Also, by construction, 1¢(rp(§)) = €(£)Neo(Nmp/g(1/€)), for all £ €
A ;. Thus, if we choose o € Gal(Q/F) then we want o to act on Vy(A) as multiplication by
E(EU)Nfb(NmF/E(l/fU))Z for any &, € A;J such that rp(&5) = o pab.

Fix such a ¢ and &;, and let s, = Nmp/g(§,). It is evident that o acting on V,(A) is the
composition of two maps: the canonical o-pullback map [o] : Vi(Ag) =~ Vi((Ag)?7) and the
isomorphism on /-adic Tate spaces induced by the descent-data isomorphism (A@) ~ Ag. But
the definition of A by Gal(Q/F)-descent of Af@ with respect to the 1-cocycle o — ¢(o) provides
a canonical isomorphism A@ ~ A?@ with respect to which the first step, [o], is identified with
the composition of Vy(6,.s,) and the isomorphism

Vi(Ag) = [No(1/s:)|k ®o, Ve(Ag) = Ve([Na(1/s0)|k ®0, Ag)

induced by multiplication by the ¢-part Ng(1/s4)¢ of the finite idele Ng(1/s,) € AIXQ It Mean-
while, the descent data isomorphism Ag =~ (Ag)” is (by definition in terms of Af@) identified
with the composition of 6, s, and the multiplication map induced by the principal generator
€(1/&5) € K* of [Ng(1/ss)] i Passing to the inverse of this latter composition, on ¢-adic Tate
spaces we recover the descent data isomorphism Vi((Ag)”) = V(Ag) that is the second step
in the description of the o-action on Vy(A). Composing both steps, the two contributions
from the mysterious 0, s, cancel out and what remains is easily identified with the product
of multiplication by Ng(1/55)¢ = No(Nmp/p(1/&,))e € K, and by €(&,) € K* on V,(A),
exactly as desired.
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