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INTRODUCTION

The aim of these notes is to develop the theory of reductive group schemes, incorporating
some simplifications into the methods of [SGA3]. We assume the reader is familiar with the
basic structure theory over an algebraically closed field k (as developed in [Bo91], [Hum87],
[Spr]), but a review is given in §l| in order to fix our terminology, set everything in the
framework of k-schemes (rather than classical varieties), and provide a convenient reference
for the subsequent scheme-theoretic developments.

We give complete proofs of the main results in the theory of reductive groups over any
non-empty scheme (conjugacy theorems, scheme of maximal tori, construction of root groups
and root datum, structure of open cell, parameterization of parabolics, schemes of Borel
and parabolic subgroups, Existence and Isomorphism theorems, existence of automorphism
scheme), apart from some calculations with low-rank root systems. We do not assume the
Existence and Isomorphism Theorems over a general algebraically closed field k because the
scheme-theoretic approach proves these over any non-empty base scheme granting only the
Existence Theorem over k& = C (which we prove in Appendix @ Although the structure
theory of connected reductive groups is developed over a general field in [Bo91] and [Spr], we
take on faith only the case of an algebraically closed ground field (as is done in [SGA3] via its
reliance on [BIBLE]). Some results are proved here in less generality than in [SGA3], since
our aim is to reach the structure theory of reductive group schemes as quickly as possible.

Background. We assume familiarity with smooth and étale morphisms (e.g., functorial
criteria for each; cf. [BLR] 2.1-2.2]), faithfully flat descent (developed in [BLR) 6.1-6.2]),
and the functorial approach to group schemes (e.g., scheme-theoretic kernels, intersections of
closed subgroup schemes, and quotient morphisms via sheaves for a Grothendieck topology).
We also use Cartier duality for finite flat commutative group schemes (of finite presentation).

In the arguments after we use results from the theory of multiplicative type group
schemes in [SGA3| IX, X]. This material is covered in Appendix [B] building on Oesterlé’s
lectures [Oes]. We use a more restricted notion of “multiplicative type” than in [SGA3| and
[Oes]. In these notes, by definition multiplicative type groups are required to be of finite type
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over the base, and are required to split fppf-locally on the base. That is, they are fppf-local
forms of diagonalizable groups of finite type. The fpqc topology is used instead of the fppf
topology in the definition in [SGA3, IX, 1.1] and [Oes| (allowing fpqc groups that are not
of finite type). Our restriction to the fppf topology is harmless, as we explain in Appendix
(due to the “finite type” requirement that we impose). We often use the fundamental
fact that multiplicative type groups are necessarily split étale-locally on the base. It is
inconvenient to include this in the definition of “multiplicative type”, so a proof of étale-
local splitting is given in Proposition m (as a mild variant of the proof of an analogous
result in [SGA3| IX, 4.5]). The equivalence with fpqc-local triviality (under a finite-type
hypothesis on the group) is proved in Corollary [B.4.2(1) but is never used.

We require the notion of Lie algebra for a group scheme, including non-smooth group
schemes. A reference that covers what we need (and beyond) is [CGP, A.7]. One of the
basic properties we use for the Lie functor is that it commutes with fiber products of groups
(and so is left exact), as one sees by consideration of points valued in the dual numbers over
the base.

For a reader who is unfamiliar with the theory of algebraic spaces, in a few places it will be
necessary to accept on faith that the theory of algebraic spaces provides a useful mechanism
to equip certain set-valued functors with enough “geometric structure” that it makes sense
to carry over concepts in the theory of schemes (e.g., properness, flatness, quasi-finiteness,
etc.) to such functors; an excellent reference for this is [Knut]. All algebraic spaces we use
will almost immediately be proved to be schemes, so our use of algebraic spaces will be
similar to the use of distributions to provide function solutions to elliptic partial differential
equations (i.e., they appear in the middle of a construction, the end result of which is an
object of a more familiar type that we prefer to use).

Theory over a field. Many arithmetic applications (as well as applications over R) require
a structure theory for connected reductive groups over general fields k£ without assuming the
existence of a split (geometrically) maximal k-torus. Such a structure theory is due to Borel
and Tits (see [BoTi| and [Bo91, §20-24]). In [SGA3, XXVI, 6.16-6.18, §7] it is partially
generalized to reductive groups over non-empty connected semi-local schemes (and see [PS]
for interesting recent work in this direction). We will not discuss this important topic.

However, there is a fundamental result at the foundation of the Borel-Tits structure theory
for which we do provide a proof (in Appendix [A)): Grothendieck’s theorem [SGA3, XIV, 1.1]
(later proved in more elementary terms by Borel and Springer) that any smooth affine group
G over a field k£ admits a k-torus 7" C G such that 7% is maximal in G. This existence
result implies that for every k-torus 7" in G not contained in a strictly larger k-torus and
for every extension field K/k, T}, is not contained in a strictly larger K-torus of G (see
Remark for a proof). In particular, the concept of “maximal k-torus” in a smooth
affine group over k is insensitive to ground field extension. (We never use this except in the
elementary case k = k.)

Since Grothendieck’s existence theorem for maximal tori over arbitrary fields is not needed
in the development of the theory of reductive groups over general schemes, we have relegated
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our discussion of his theorem to an appendix (which provides a scheme-theoretic version of
the Borel-Springer proof of Grothendieck’s theorem). What matters for our purposes is the
existence of a “geometrically maximal” torus defined over a finite separable extension of the
ground field. We present Grothendieck’s construction of such a torus, using the existence
and smoothness properties of a “scheme of maximal tori”. The proof of Grothendieck’s finer
result that such a torus exists over the ground field uses a detailed study of Lie algebras.
It can also be deduced from the deeper result that the scheme of maximal tori is a rational
variety [SGA3| XIV, 6.1] (coupled with special arguments for finite ground fields).

What’s new? We take advantage of three post-1963 developments to streamline or simplify
some of the original proofs:

(i) (Artin approximation). In the study of lifting problems, infinitesimal methods allow
one to build liftings over the completion of a local noetherian ring (when starting with an
algebro-geometric object over the residue field). The Artin approzimation theorem [BLRI,
3.6/16] provides a method to use such lifts over a “formal” neighborhood of a point to
construct lifts over an étale neighborhood of a point. This solves global problems over an
étale cover, a dramatic improvement on having solutions only in formal neighborhoods of
points. We will use this reasoning to study of liftings of tori in smooth affine groups.

(ii) (algebraic spaces). A representability result of Murre [Murl §3, Thm. 2, Cor. 2] is used
in [SGA3] to build certain quotients by flat equivalence relations (see [SGA3, XVI, §2]).
This underlies Grothendieck’s quotient constructions in [SGA3, XVI, 2.4]. Murre’s result is
a precursor to Artin’s criteria for a functor on schemes to be an algebraic space. The work of
Artin ([Ar69], [Ar74]) and Knutson [Knut] on algebraic spaces provides an ideal framework
for a geometric theory of quotients by flat equivalence relations in algebraic geometry (and
includes a sufficient criterion for an algebraic space to be a scheme), so we use algebraic
spaces in place of Murre’s result.

(iii) (dynamic method). There is a “dynamic” approach to describing parabolic subgroups
as well as their unipotent radicals and Levi factors in connected reductive groups over an
algebraically closed field. This method involves the limiting behavior along orbits under the
conjugation action of a 1-parameter subgroup; it is a standard tool in the classical setting
(see [Bo91l 13.8(1),(2)], [Spr, 8.4.5]) and also arises in Mumford’s GIT.

The relative version of the dynamic viewpoint for group schemes over an arbitrary ring
seems to have been missed in [SGA3], and was introduced in [CGP, 2.1] for the study of
pseudo-reductive groups over imperfect fields. It leads to simplifications in several places.
For instance, the arguments in [SGA3|, XX] to construct closed root groups in split reductive
group schemes, as well as to classify the split semisimple-rank 1 case over a general scheme,
rest on elaborate computations. The relative dynamic method, which requires only elemen-
tary arguments to set up, yields an approach to these matters that eliminates the need for
most of the computations in [SGA3, XX]. We will review what we need from the dynamic
method, giving references to [CGP} 2.1] for the proofs.
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1. REVIEW OF THE CLASSICAL THEORY

We fix an algebraically closed field k& and consider smooth affine group schemes over k (not
necessarily connected). Such groups are called linear algebraic groups over k because they
are precisely the smooth k-groups G of finite type for which there exists a k-homomorphism

j:G— GL(V) ~GL,

that is a closed immersion [Bo91) 1.10]. Although we will be working in the classical set-
ting, we take the viewpoint of schemes rather than classical varieties. For instance, we
do not use any “universal domain” as in [Bo91], and a linear algebraic group over k is a
scheme rather than a set of k-points equipped with extra structure. Likewise, the kernel
of a k-homomorphism always means the scheme-theoretic kernel (e.g., ker(SL, — PGL,)
is identified with the k-group scheme pu,, = ker(t" : Gy, — Gy,) even if char(k)|n), and an
intersection of closed linear algebraic k-subgroups of a linear algebraic k-group always means
scheme-theoretic intersection (which may be non-smooth when char(k) > 0; e.g., the central
G, in GL,, meets SL,, in precisely p,, even if char(k)|n).

We do not require linear algebraic groups to be connected because there are interesting
disconnected examples (such as orthogonal groups) and group-theoretic operations (central-
izers, intersection of subgroups, kernels, etc.) can lead to disconnected (possibly non-smooth)
groups. The identity component G of any linear algebraic k-group is irreducible (as for any
smooth connected non-empty k-scheme).

The basic structure theory of linear algebraic groups is developed in Borel’s book [Bo91]
and Springer’s book [Spr|, as well as Chevalley’s [BIBLE]. In this section we summarize
some of the highlights of this theory, as a review of classical notions and results that are
needed in the development of the theory over a general base scheme in [SGA3|]. We also
discuss some aspects of the representation theory. It is assumed that the reader has prior
experience with the classical theory.

Before we get started, it will be helpful to check the consistency between the notions
of G/H in the classical and scheme-theoretic theories, with H a linear algebraic subgroup
of a linear algebraic group G. This goes as follows. Classically, a smooth quasi-projective
quotient G/ H is built so that ¢ : G — G/ H identifies (G/H)(k) with G(k)/H (k) and the map
Tan.(q) is the natural surjection g — g/b [Bo91l, 6.7, 6.8]. In the scheme-theoretic approach
the “quotient” morphism G — @ by the right H-action on G is uniquely characterized (if it
exists!) by the condition that it that represents the fppf-sheafification of the functor S ~~
G(S)/H(S) on the category of k-schemes. We claim that the classical quotient construction
satisfies this property, so it is the desired quotient in the sense of [SGA3].

To compare these concepts, first observe (via G(k)-translations) that ¢ is surjective on
tangent spaces at all ¢ € G(k), so ¢ is a smooth morphism (“submersion theorem”). The
agreement with the scheme-theoretic notion of quotient amounts to saying that ¢ is the
quotient of G modulo the flat equivalence relation R := G x H — G x G defined by
(g9,h) — (g,gh). The map q is fppf, so by descent theory ¢ is the quotient of G modulo the
flat equivalence relation R' = G xg/g G — G x G. The relation R’ is a closed subscheme
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that is smooth (since ¢ is smooth), and the same clearly holds for R. Hence, we just have
to show that R = R’ as subschemes of G x (G, so by smoothness it is equivalent to show
R(k) = R'(k) inside G(k) x G(k). Since G(k)/H(k) — (G/H)(k) is a bijection, the desired
equality is clear.

1.1. Solvable groups and reductive groups. By the closed orbit lemma [Bo91l 1.8], if
f: G" = G is a k-homomorphism between linear algebraic k-groups then the image f(G’) is a
smooth closed k-subgroup of G. In particular, since G’ — f(G') is a surjective map between
smooth k-schemes, by homogeneity using translation by k-points over k = k it follows that
generic flatness propagates everywhere, so G' — f(G’) is faithfully flat. Thus, descent
theory gives that G'/(ker f) ~ f(G"); i.e., f(G') represents the quotient sheaf G’/ (ker f) for
the fppf topology, where ker f is the scheme-theoretic kernel. If P is a property of scheme
morphisms that is fppf local on the base (e.g., being finite, smooth, or an isomorphism)
then the fppf map G — G'/(ker f) satisfies P if and only if ker f — Speck does, since
G' X /ger ) G = ker f x G via (g}, ¢5) = (9,g'5", gb). In particular, since ker f is finite as
a k-scheme if and only if (ker f)(k) is finite (as k = k), we get:

Proposition 1.1.1. If (ker f)(k) is finite then f is finite flat onto its smooth closed image,
and if ker f =1 then f is a closed immersion. If [ is surjective and ker f =1 then f is an
isomorphism.

Example 1.1.2. The natural k-homomorphism 7 : SL, — PGL, between finite type k-
schemes is surjective on k-points, hence surjective as a scheme map, and the scheme-theoretic
kernel ker m = u,, is a finite k-scheme of degree n, so 7 is finite flat of degree n. If n = p =
char(k) > 0 then ker 7 is infinitesimal, 7 is purely inseparable, and 7 is bijective on k-points
but is not an isomorphism.

It follows from Proposition that if a linear algebraic group G’ is a k-subgroup of
another such group G in the sense that there is given a monic homomorphism G' — G
then G’ is a closed k-subgroup of GG. In particular, if a linear representation G — GL(V')
is faithful in the sense that it has trivial (scheme-theoretic) kernel then it is necessarily a
closed immersion.

Example 1.1.3. The action of SL, on the vector space V' = Mat, of n x n matrices
via conjugation defines a linear representation p : SL, — GL(V) whose kernel is p,. In
particular, if n = char(k) = p > 0 then this representation is injective on k-points but it is
not faithful in the scheme-theoretic sense (i.e., ker p # 1).

The closed immersion property for monic homomorphisms between linear algebraic k-
groups is a wonderful feature of the theory over fields; it is not true for smooth affine groups
over rings (see Example and criteria to ensure it over rings can lie quite deep (see
Theorem .

We now recall notions related to Jordan decomposition for a linear algebraic group G
(see [Bo91l 4.4] for proofs). Fix a faithful linear representation j : G — GL(V'). For any
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g € G(k), we say that g is semisimple if the linear endomorphism j(g) of V' is semisimple in
the sense of linear algebra; i.e., j(g) is diagonalizable. Likewise, we say that ¢ is unipotent
if j(g) is unipotent as a linear endomorphism of V. These properties are independent of
the choice of j and are preserved under any k-homomorphism f : G — H to another linear
algebraic k-group; that is, if ¢ € G(k) is semisimple (resp. unipotent) then so is f(g) € H(k).

In general for any g € G(k) there are unique commuting elements gg, g, € G(k) such that
Jss 1S semisimple, g, is unipotent, and ¢ = gxsgu = Gugss- We call these the semisimple part
and unipotent part of g respectively, and refer to these product expressions for g as its Jordan
decomposition. The existence of this Jordan decomposition demonstrates an advantage of
linear algebraic groups over Lie algebras: the former is defined and studied in a characteristic-
free way (over algebraically closed fields), whereas the development of the latter is entirely
different in characteristic 0 and in positive characteristic (see [Sel, V.7.2] and [Hum98]).

The formation of the Jordan decomposition is functorial in the sense that if f : G — H is
a k-homomorphism to another linear algebraic k-group then

f(9ss) = [(9)ss, fgu) = F(g)u-

In particular, if H = GL(WW) for a finite-dimensional vector space W then f(g) and f(gss)
have the same characteristic polynomial. This is a very useful fact.

Definition 1.1.4. A linear algebraic group G is solvable if G(k) is solvable, and is unipotent
if g =g, for all g € G(k).

Remark 1.1.5. A more elegant definition of unipotence, avoiding the crutch of GL,-
embeddings, is given in [SGA3, XVII, 1.3]; its equivalence with the above definition is given
in [SGA3 XVII, 2.1].

By the Lie-Kochin theorem [Bo91) 10.5], if G is solvable and connected then every linear
representation G — GLy can be conjugated to have image inside the upper triangular
subgroup By. Also, without a connectedness hypothesis, GG is unipotent precisely when it
occurs as a closed subgroup of the strictly upper-triangular subgroup U,, C GL,, for some n
[Bo91l, 4.8]. In particular, every unipotent linear algebraic group is solvable.

Example 1.1.6. The group G, is unipotent, due to the faithful representation = — (§%).

The strictly upper triangular subgroup U,, of GL,, admits a composition series whose suc-
cessive quotients are G,, so every unipotent linear algebraic group U admits a composition
series whose successive quotients are G, or a finite étale subgroup of G,. When U is con-
nected, we may arrange the composition series so that the successive quotients are all equal
to G, [Bo91l, 10.6(2), 10.9].

Functoriality of Jordan decomposition implies that every image or smooth closed subgroup
of a unipotent linear algebraic group is again unipotent, and likewise that if a linear algebraic
group G contains a unipotent normal linear algebraic subgroup U such that G/U is also
unipotent then G is unipotent. Since G, has no nontrivial finite subgroups when char(k) =0
and its finite étale subgroups are p-groups when char(k) = p > 0, it follows from the
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unipotence of the finite étale component group U/U° of a unipotent linear algebraic group U
that unipotent linear algebraic k-groups are connected when char(k) = 0 and have component
group that is a p-group when char(k) = p > 0.

A key result at the start of the theory of linear algebraic groups is [Bo91), 11.1, 11.2]:

Theorem 1.1.7. Let G be a linear algebraic group over k. The mazimal connected solvable
linear algebraic k-subgroups of G are all G(k)-conjugate to each other, and these are precisely
the connected solvable linear algebraic subgroups B such that the quasi-projective quotient
scheme G /B is projective.

A Borel subgroup of G is a maximal connected solvable linear algebraic subgroup of G.
A parabolic subgroup of G is a linear algebraic subgroup P C G such that G/P is projec-
tive. All Borel subgroups are parabolic, by Theorem [1.1.7] so any linear algebraic subgroup
containing a Borel subgroup is also parabolic. In fact, the parabolic subgroups are precisely
the subgroups that contain Borel subgroups [Bo91, 11.2, Cor.]. Note that the definition of
parabolicity does not require connectedness. The following result is fundamental (see [Bo91),
11.16] for a proof):

Theorem 1.1.8 (Chevalley). The parabolic subgroups P of any connected linear algebraic
group G are connected, and Ny (P) = P(k).

In Corollary this will be improved to a scheme-theoretic equality Ng(P) = P when
G is connected reductive.

Example 1.1.9. For G = SL,, the subgroup B of upper triangular matrices is clearly
solvable, and under the natural transitive G-action on the complete variety F' of full flags
in k™ the smooth group B is the stabilizer scheme of the standard flag Fy. Thus, the orbit
map G — F through Fj is faithfully flat (even smooth) and induces a scheme isomorphism
G/B ~ F, so B is also parabolic, hence a Borel subgroup.

Some obvious parabolic subgroups of GG containing B are labelled by ordered partitions

a = (ai,...,a,) of n into non-empty parts (i.e., all a; > 0, > a; = n): we associate to d the
subgroup Py consisting of points of SL,, that preserve each of the subspaces V; spanned by the
first b; := a;+- - -4a; standard basis vectors. (Note that @ — {b1,...,b,_1} is a bijection from

the set of such @ onto the set of subsets of {1,...,n — 1}.) These 2"~! parabolic subgroups
are the only parabolic subgroups containing B, so they represent (without repetition; see
Corollary [1.4.8)) the conjugacy classes of parabolic subgroups of GG. (In Example this

example is addressed more fully.)

Let G be a linear algebraic group over k. If U, U’ C G are connected normal unipotent
linear algebraic subgroups of G then the normal closed subgroup U - U’ that they generate
is unipotent (as it is a quotient of U x U’). Hence, by dimension considerations there exists
a unique maximal connected unipotent normal linear algebraic subgroup Z,(G) C G, called
the unipotent radical of G. In a similar manner, there is a maximal connected solvable normal
linear algebraic subgroup Z(G), called the radical of G.



10 BRIAN CONRAD

If H is a normal linear algebraic subgroup of G then %Z,(H) = (H(%.(G))"%,, and
similarly for radicals. (Note that the formation of the underlying reduced scheme is a local
operation for the Zariski topology, so the formation of identity component and underlying
reduced scheme of a finite type k-group scheme commute. In particular, there is no ambiguity
in notation such as 42, for such a group scheme ¢.) These notions also behave well with
respect to quotients: if 7 : G — G’ is a surjective homomorphism between linear algebraic
groups then Z,(G") = 7(%.(G)) and likewise for radicals. However, the proof of this result
for quotient maps is nontrivial when char(k) > 0 (if ker 7 is not smooth); see [Bo91l, 14.11]

for an argument that works regardless of the smoothness properties of 7.

Definition 1.1.10. A reductive k-group is a linear algebraic k-group G such that Z,(G) = 1
(i.e., G contains no nontrivial unipotent normal connected linear algebraic k-subgroup). A
semisimple k-group is a linear algebraic k-group G such that Z(G) = 1.

It is immediate from the good behavior of radicals and unipotent radicals with respect to
normal subgroups and quotients that semisimplicity and reductivity are inherited by normal
linear algebraic subgroups and images of homomorphisms.

Example 1.1.11. A basic example of a connected reductive group is the open unit group
GL(V) in the affine space of linear endomorphisms of V. (This recovers G,, when dim V' = 1.)
Examples of connected semisimple groups are: the smooth irreducible hypersurface SL(V') in
GL(V') (which recovers SLy when dim V' = 2), its quotient PGL(V'), and symplectic groups
Sp(V, v) for non-degenerate alternating forms 1) on a nonzero finite-dimensional vector space
V. (The connectedness of symplectic groups can be proved via induction on dimV via a
fibration argument, and the smoothness can be proved by the infinitesimal criterion.)

Special orthogonal groups SO(V, q) associated to non-degenerate quadratic spaces (V q)
of dimension > 3 are also connected semisimple, but special care is needed to give a
characteristic-free development of such groups that works well in characteristic 2 without
parity restrictions on dim V; see Exercise [1.6.9 Smoothness and connectedness of special
orthogonal groups are proved in Appendix [C]

For proofs of reductivity of these groups, see Exercises |1.6.10{(i) and [1.6.15]

Remark 1.1.12. There is no universal convention as to whether or not reductive groups
should be required to be connected. If G is connected and reductive then the centralizer in
G of any torus is connected and reductive (see Theorem [1.1.18(3)), so for arguments with
torus centralizers there is no harm in requiring connectedness. A more subtle case is the
centralizer Z;(g) for connected reductive G and semisimple g € G(k). (The k-group Zg(g) is
smooth even when defined as a fiber product, to represent a “centralizer functor”; see [Bo91l,
9.2, Cor.] and Exercise [L.6.§](iii)). Such centralizers appear in orbital integrals in the trace
formula for automorphic forms. In general Zg(g)° is reductive (see Theorem (3)) but
Zg(g) may be disconnected (e.g., G = PGLy and g = ( % }) with char(k) # 2; for SL, the
analogous centralizer is connected). Whether or not to prefer saying that Zg(g) is reductive
or that Zg(g)° is reductive (for semisimple g € G(k)) is a matter of taste.
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In [Bo91] and [Spr], as well as in these notes, reductive groups over a field are not assumed
to be connected. This is a contrast with [SGA3| XIX, 2.7], and it may seem to present a
slightly inconsistency with the general definition over schemes, but no real confusion should
arise. For reductive groups over schemes, the usefulness of a fibral connectedness condition
is more compelling than in the theory over a field (see Example .

Remark 1.1.13. For linear algebraic groups over an algebraically closed field of characteris-
tic 0, the property of reductivity for the identity component is equivalent to the semisimplic-
ity of all linear representations, but this fails in positive characteristic; see Exercise [1.6.10}

In the context of connected solvable linear algebraic groups, the opposite extreme from
the unipotent groups is the following class of groups:

Definition 1.1.14. A torus over the algebraically closed field k is a k-group T that is
isomorphic to a power (Gy,)" for some r > 0.

In view of the general structure of connected solvable linear algebraic groups (as T x U
for a torus 7" and unipotent radical U [Bo91, 10.6(4)]), we see that the solvable connected
reductive groups are precisely the tori.

Example 1.1.15. Let G be connected reductive. The solvable connected Z(G) is a torus (as
it must be reductive). Since the automorphism scheme Autr, of a k-torus 7" is a constant
group (see the proof of Theorem [I.1.18)), a normal torus 7" in any connected linear algebraic
group G’ must be central (as the k-homomorphism G’ — Auty . giving the conjugation
action has to be trivial). Hence, Z := Z(G) is a central torus such that G/Z is semisimple. In
other words, every connected reductive group is a central extension of a connected semisimple
group by a torus. For example, if G = GL(V) then G/Z = PGL(V).

Deeper structure theory of reductive groups [Bo91l, 14.2] ensures that the derived group
2(G) is semisimple and that the commutative reductive quotient G/Z(G) (which must be
a torus) is an isogenous quotient of Z. In other words, G is also canonically an extension of
a torus by a connected semisimple group. For G = GL(V) this is the exact sequence

1 - SL(V) = GL(V) & G, — 1,
and the isogeny of tori Z — G/Z(G) in this case is identified with the endomorphism ¢ — ¢"
of G, for n =dimV.

The natural homomorphism Z x Z(G) — G is an isogeny for any connected reductive
k-group G. Because of this, for many (but not all!) problems in the classical theory of
reductive groups one can reduce to a separate treatment of tori and semisimple groups. Note
also that the semisimple Z(G) must in fact be equal to its own derived group. Indeed, the
quotient 2(G)/2*(G) is connected, semisimple (inherited from 2(G)), and commutative,
hence trivial.

A fundamental result (whose proof requires some input from the theory of Borel subgroups)
is the fact that a connected linear algebraic group G over k = k is a torus when all k-points



12 BRIAN CONRAD

are semisimple [Bo91l, 11.5(1)]. If instead G contains no nontrivial tori then it must be
unipotent [Bo91l, 11.5(2)]. This is very useful: it implies that a general connected linear
algebraic k-group G either admits a strictly upper triangular faithful representation or it
contains a nontrivial k-torus. (This dichotomy is also true without assuming k = k, but
requires Grothendieck’s deep result on the existence of geometrically maximal k-tori, proved
in Appendix ) Thus, if dim G > 1 then G contains either G, or G, as a proper k-subgroup
(since k = k).

A very effective way to work with tori is by means of some associated lattices. To be precise,
since End(Gy,) = Z via the endomorphisms ¢ +— t", for any torus 7" the commutative groups

X(T) = Homy-gp, (T, Gyn), Xi(T') = Homygp (G, 1)

are finite free Z-modules of rank dim 7T that are respectively contravariant and covariant in
T. (Elements of X, (7') are called cocharacters of T.) Beware that it is a standard convention
to use additive notation when discussing elements of the character and cocharacter lattices
of T. For example, if a,b: T = Gy, are two characters then a + b denotes ¢t — a(t)b(t) and
—a denotes t — 1/a(t) (and 0 denotes the trivial character). For this reason, a(t) is often
denoted as t*.

Evaluation defines a perfect duality of lattices

(") : X(T) x X, (T) = End(Gy,) = Z

via (A\,a) = ao A. (Here, by “perfect” we mean that the Z-bilinear form identifies each
lattice with the Z-dual of the other. In terms of matrices relative to a Z-basis, it means that
the matrix of the bilinear form has determinant in Z* = {£1}.) In terms of the cocharacter
group X, (7") we have

X (T) @z k* ~T(k)

via A ® ¢ — A(c). In fact the algebraic group T' (and not just its group of k-points) can be
reconstructed from its cocharacter group, by considering the functor X, (7)) ®z G,,. More
specifically, the contravariant functors

T~ X(T), M ~ Homygp(My, Gn)

(where Mj, is the constant k-group associated to M) are inverse anti-equivalences between
the categories of tori and finite free Z-modules.

A fundamental fact about tori is that their linear representations are completely reducible
in any characteristic. This can be expressed in the following canonical form.

Proposition 1.1.16. Let T be a torus, M = X(T) its character group, and V a finite-
dimensional linear representation of T over k. For each a € M, let V, be the subspace of
v €V such that t.v = a(t)v for allt € T(k). The natural T-equivariant map @, cp; Vo =V
18 an isomorphism.

In this way, the category of linear representations of T is equivalent to the category of
M -graded k-vector spaces.
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We call V,, the a-weight space for T" acting on V. Note that these vanish for all but
finitely many a; the weights for the T-action on V are the a such that V, # 0. For the dual
representation space V*, we have (V*), = (V_,)* for all @ € M. Hence, if V is a self-dual
representation of T then its set of weights is stable under negation.

Example 1.1.17. For T = G, we have X(T) = End(G,,) = Z, so a k-homomorphism
G, — GL(V) is the “same” as a k-linear Z-grading V = @, ., V(n), with t € G,, =T
acting on V(n) via t"-scaling. (There is an analogous result for linear G’ -actions using
Z"-gradings, as well as for linear u,-actions using Z/nZ-gradings. A common generalization
for linear representations of any diagonalizable k-group Dy(M) is expressed in terms of
M-gradings, but we will not need it here. See [CGPl A.8.1-A.8.9].)

Choose v € V, and write v = Y, v, with v, € V(n), so t.v =) t"v,. Viewing V
as an affine space over k, clearly the orbit map G,, — V defined by t +— t.v extends to a
k-scheme morphism A' — V' if and only if v € Vg := @,,5, V(n). For any such v, we define
lim; o t.v to be the image of 0 € A'(k) = k under the extension A' — V of the orbit map.
This limiting value is vy, so the space of v € V for which lim;_,o¢.v exists and vanishes is

V>0 = ®n>0 V(?’L)

By dimension considerations, any torus in a linear algebraic k-group is contained in a
maximal such torus. Here are some important properties of tori in linear algebraic groups:

Theorem 1.1.18. Let G be a linear algebraic group over k.

(1) For any torus T" in G, the Zariski-closed centralizer Zg(T") has finite index in the
Zariski-closed normalizer Ng(T"), and if G is connected then Zg(T") is connected.

(2) All mazimal tori T in G are G(k)-conjugate.

(3) Assume G is connected reductive. The centralizer Zg(T") is connected reductive for
any torus T' in G, and if T is a mazimal torus in G then Zg(T) =T. If g € G(k)
is semisimple then Zg(g)°® is reductive.

In this theorem we take Ng(7") and Zg(7") to have the classical meaning, as smooth closed
subgroup schemes corresponding to Ne)(1") and Zgx)(T") respectively. (This coincides
with the functorial viewpoint on normalizers and centralizers that is addressed in Proposition

2.1.2| Definition [2.2.1] Lemma [2.2.4] and Exercise [2.4.4])

Proof. Since the endomorphism functor R ~» Endg_g,(Gy,) on k-algebras is represented by
the constant k-group Z [Oes, I, §5.2], the endomorphism functor of G, is represented by the
constant k-group Mat,.(Z). Thus, the automorphism functor of 77 ~ G, is represented by the
locally finite type constant k-group GL,(Z). In particular, all quasi-compact k-subschemes
of this automorphism scheme are finite and closed. Since Ng(7") is finite type, its image in
the automorphism scheme must therefore be finite. But the kernel of the action of Ng(7”)
on 7" has underlying space Zg(7") (in fact this kernel is smooth, but we do not need it
here), so the finite-index claim in (1) is proved. The connectedness in (1) is [Bo91, 11.12].
The conjugacy of maximal tori is [Bo91l 11.3(1)]. The assertions in (3) concerning torus
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centralizers are part of [Bo91, 13.17, Cor. 2], and the reductivity of Zg(g)" for semisimple
g € G(k) is [Bo91, 13.19] O]

Remark 1.1.19. For G = GL,, every element can be conjugated into an upper triangular
form and every semisimple element can be diagonalized. In other words, G(k) is covered by
the subgroups B(k) as B varies through the Borel subgroups, and the subset of semisimple
elements in G(k) is covered by the subgroups T'(k) as T varies through the maximal tori.
These properties are valid for every connected linear algebraic group G. Indeed, for solvable
G the result can be deduced from the structure of connected solvable groups (see [Bo91,
10.6(5)]), and so by the general conjugacy of Borel subgroups and maximal tori it suffices to
show that all elements of G(k) lie in a Borel subgroup. See [Bo91, 11.10] for this result.

In our later work with reductive groups over schemes we will define scheme-theoretic
notions of centralizer and normalizer by closed subgroup schemes of a linear algebraic group,
and in the case of a torus 7" in a linear algebraic group G over k we will show that the scheme-
theoretic notions of Zg(T') and Ng(T") are smooth (and so coincide with their classical
counterparts); see Proposition and Lemma [2.2.4 The quotient Ng(T")/Zg(T") will
then be a finite étale k-group, denoted as Wg(T"), and it is the constant group associated
to its group of k-points, which is Ny (T")/Zapy(1"). This latter group is the Weyl group
associated to (G,T") in the classical theory, and it agrees with the group of k-points of
the étale quotient construction that will be used in the scheme-theoretic theory. The Weyl
group We(T") is especially important when 7" is a maximal torus 7" in a connected reductive
k-group G, in which case it is Ng(T")/T.

For a linear algebraic group G, the centralizers Zg(7T) of the maximal tori are called
the Cartan subgroups. These are visibly all G(k)-conjugate to each other; their common
dimension is called the nilpotent rank of G, and the common dimension of the maximal tori
is called the reductive rank of GG. In the special case of connected reductive GG the Cartan
subgroups are precisely the maximal tori, and their common dimension is then simply called

the rank of G.

1.2. Roots and coroots. Let G be a connected reductive k-group, 7" a maximal torus in
G, and g and t the respective Lie algebras. In contrast with characteristic zero, the adjoint
action of G on g can sometimes fail to be semisimple when char(k) > 0. For instance, if
char(k) = p > 0 and G = SL, then g = sl, = g[J"=" (the kernel of the trace map) and this
contains the diagonal scalar subspace of gl, on which the adjoint action of G is trivial. This
line admits no G-equivariant complement (see Exercise .

However, the T-action on g is completely reducible, as for any linear representation of a
torus. When g is equipped with this extra structure then it becomes a useful invariant of G
in any characteristic. To see this, consider the weight space decomposition

(1.2.1) g = g0 ® (Pacea)

for a finite subset & = ®(G,T) C X(T) — {0}. The following properties hold: the subspace
go = ¢! coincides with t, for each a € ® the weight space g, is 1-dimensional, and ® is
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stable under negation in X(7") [Bo91, 13.18(1),(4a),(4b)]. Beware that even though the set
of T-weights on g is stable under negation, just like self-dual representations of G, when
char(k) > 0 the G-representation space g can fail to be self-dual; see Exercise [1.6.4]

Letting » = dim T denote the rank of GG, the 1-dimensionality of the weight spaces g, for
the nontrivial T-weights on g implies that the characteristic polynomial of the T-action on
gis

det(xI — Adg(t)|g) = (z — 1)" [ [ (z — a(t))
acd

for t € T(k). For this reason, the elements of ® are called the roots of (G,T), and the
corresponding 1-dimensional weight spaces g, are called the root spaces in g.

Example 1.2.1. Take G = GL(V) = GL, with n > 0 and let T" = G} be the torus
consisting of diagonal matrices

t = diag(cy, ..., cp).
It is easy to check that T'(k) = Zgu)(T), so T is a maximal torus. We have

X(T) = @@ Zes, X(T) =P Ze}

where e;(diag(cy,...,c,)) = ¢ and e)(c) = diag(1,...,¢,...,1) (with ¢ as the ith diagonal
entry, all others being 1). The normalizer Ng)(1) is the group of invertible monomial
matrices (i.e., one nonzero entry in each row and in each column) and N (T)/T' (k) = S,
is represented by the group of n x n permutation matrices (relative to the standard basis).

The Lie algebra g is End(V) = Mat,(k), and the Lie subalgebra t is the subspace of
diagonal matrices. The roots are the characters

aij(diag(cl, ceey Cn)) = Ci/Cj
for 1 <i # j < n; in other words, a;; = e; —e;. The corresponding root space Ga;; C Mat,, (k)

consists of matrices with vanishing entries away from the ij-entry.

Example 1.2.2. For G = SL,, the diagonal torus 7' = {diag(c,1/c)} is maximal and
is usually identified with G,, via A : ¢ — diag(c,1/¢). The Lie algebra g is the space
sly = g[;ﬁ:O of traceless 2 x 2 matrices over k, in which a basis is given by

10 0 1 0 0
o= h) = (a) 7= (00)
The line kH coincides with t, and the lines kE and kF' are the root spaces. Explicitly,
Adg(A())(E) = Mc)EXe) ™ = E, Adg(A\(c))(F) = Mc)FA(c)™ = ¢ *F,

so the roots in X(T') = X(Gy,) = Z are £2 with corresponding root spaces g, = kE and
g2 = kF. Note that H is central in sl when char(k) = 2 (and the central ps in SLs has
Lie algebra Lie(us) = t = kH when char(k) = 2).

For each a € ®, there exists a unique subgroup U, ~ G, normalized by T such that
Lie(U,) = g, [Bo91l, 13.18(4d)]. This is the root group associated to a.
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Example 1.2.3. For G = SL; and T' = D the diagonal torus, the root groups are the strictly
upper and lower triangular unipotent subgroups U *. The same holds for G = PGL, and the
diigonal torus T = D, using the strictly upper and lower triangular unipotent subgroups
U,

The following lemma will turn out to be a generalization of the fact that SLy is generated
by the root groups U=.

Lemma 1.2.4. Let T, = (kera)’, be the unique codimension-1 torus in T killed by a € ®.
The root groups U, and U_, generate G, := D(Za(Ty,)), a closed subgroup isogenous to
PGL,.

Proof. Fix an isomorphism u+, : G, =~ Uiy, S0 tuse(2)t™' = usy(a(t)™ ) for t € T, by
consideration of the Lie algebra and Exercise m(lv) Hence, T, must centralize U,,, so
these root groups lie in Zg(T,). The group Z(T,) is a connected reductive subgroup of G
in which the maximal torus T' contains the central subtorus 7, of codimension 1. The Lie
algebra Lie(Zg(T,)) is equal to g’= [Bo91l, 9.4], and this in turn is equal to t ® g, ® g,
[Bo91l, 13.18(4a)]. In particular, T is noncentral in Zg(T,), so T, is the maximal central
torus in Zg(T,) (and hence it coincides with Z(Z5(T,))). We conclude that the quotient
Za(T,)/T, is semisimple with a 1-dimensional maximal torus. Equivalently, the isogenous G,
is semisimple with a 1-dimensional maximal torus 7, = (T'( G,)°,; (an isogeny-complement
to T, in T'); since T is maximal in Zg(7,), the maximality of 7, in G, is a special case of
Exercise [L6.11]

Since the only nontrivial T-weights on Lie(Zg(T,)) are +a, the semisimple G, must have
Lie algebra t, © g, B g_q, with ¥, := Lie(7},). Thus, G, is 3-dimensional. By [Bo91l, 13.13(5)],
there exists an isogeny GG, — PGLs, and by conjugacy of maximal tori it can be arranged
to carry T onto the diagonal torus D. Thus, this isogeny carries Ui, onto the root groups

U for D. But the pair of subgroups U visibly generates PGL, (since the subgroups U+
generate SLy), so we conclude that indeed UL, generate G,,. [

We wish to introduce coroots: to each root a € ® we will attach a canonical nontrivial
cocharacter a : Gy, — T that generalizes the cocharacter ¢ — diag(c,1/c) in SLs attached
to the root diag(c,1/c) + ¢ for D. The definition of coroots rests on the classification
of semisimple k-groups of rank 1. This classification is the assertion that any such group
G is isomorphic to either SLy or PGL,. In other words, there exists an isogeny SL, — G
whose kernel is contained in the central 5. When combined with Lemma [1.2.4] this provides
interesting homomorphisms from SLy into nontrivial connected semisimple groups. Here is
the statement in the form that we will need.

Theorem 1.2.5. For each a € ®(G,T), there exists a homomorphism ¢, : SLy — G
such that @, carries the diagonal torus D into T and carries the strictly upper triangular
and strictly lower triangular unipotent subgroups U* isomorphically onto the respective root
groups ULi,.
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Such a homomorphism ¢, is an isogeny onto G, with ker p, T o, it s unique up to
T (k)-conjugation on G, and it carries the standard Weyl element w = (% }) to an element
Ng € Ng(k)(T) — T(/{)

Proof. The first step is to justify replacing (G,T) with (G,,T!), where T! = (T (Ga)%y is
the maximal torus of G, that is an isogeny complement to T, in T. Assume there exists a
homomorphism ¢, with the desired properties on D and U*. We shall prove that ¢, must
land in G, and that ¢,(T) C T!. By Lemma we know Ui, C G, so the classical fact
that U* (k) generate SLy(k) implies that o, must land inside G,. Likewise, o,(D) must be
contained in (T'(G,)%, = T.. Thus, we can replace (G, T) with (G,,T).

Now G is semisimple with a 1-dimensional maximal torus 7' and ®(G,T) = {£a}. In
particular, g = t ® g, @ g_, is 3-dimensional, so dim G = 3. The key point is to show that
G is isomorphic to either SLy or PGLy. This is not proved in [Bo91] (and correspondingly,
coroots are not discussed in [Bo91]), so we provide a proof below.

Step 1. We first show that G admits an isogeny onto PGL, with scheme-theoretic kernel
Z that is isomorphic to 1 or py and is scheme-theoretically central in G (i.e., Z(R) is central
in G(R) for every k-algebra R). Note that the case char(k) = 2 is “non-classical” since s is
non-reduced for such £, but our arguments will be characteristic-free.

By dimension considerations, B := T x U, is a Borel subgroup of G containing 7', and
another is B’ =T x U_,. The multiplication map

(1.2.2) pw:U_xB=U_xTxU, =G

is étale at the identity, and hence (by left U_,(k)-translation and right B(k)-translation) is
étale everywhere. Since the closed k-subgroup scheme U_, () B is étale (due to transversality:
u_, (b =0) and normalized by T, yet the k-group U_, ~ G, clearly contains no nontrivial
finite étale subgroups normalized by T, it follows that the étale map p is injective on k-
points. Thus, p is an isomorphism onto its open image €2; i.e., i is an open immersion. We
conclude that B() B’ = T scheme-theoretically.

Since G is semisimple of rank 1, G/B ~ P! [Bo91], 13.13(4)]. The left translation action
of G on G/B then defines a k-homomorphism to the automorphism scheme

f : G — Autpi/k == PGL2

(see Exercise [1.6.3|iv),(v)) whose scheme-theoretic kernel K is a normal subgroup scheme
that is contained in B. We shall now prove that K = kera and that this is a finite central
subgroup scheme of G (so f is an isogeny with central kernel). By normality K is contained
in the G(k)-conjugate B’ of B, so K C B(\B' = T as closed subschemes of G. The left
translation action by T on GG preserves the open subscheme 2 = U_, x T x U, via the formula

t(u_t'uy) = (tu_t™ 1) (tt")uy,

so the left T-action on G/B preserves the open subscheme /B = U_, ~ G, on which it
acts via scaling through —a : T' — G,,. Hence, K must be contained in ker a. But the group
scheme ker a visibly centralizes the dense open subscheme €2 in the smooth group G, so it
centralizes G. Since kera C T' C B, we obtain the reverse inclusion kera C K.
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To summarize, we have built a short exact sequence of group schemes

(1.2.3) 1- 27— G5 PGL, — 1

in which Z = ker a is a finite subgroup scheme of 7' = G, that is central in . In particular,
Z ~ p, for some n > 1. The Weyl group W¢(T') has order 2 [Bo91], 13.13(2)], so conjugation
by a representative n € Ngx)(T') of the nontrivial element in W (T) acts on T' = Gy, by its
only nontrivial automorphism, namely inversion. But such conjugation must be trivial on
the central subgroup scheme Z in G, so inversion on p, is trivial. This forces n|2. If n =1
then f is an isomorphism, and if n = 2 then the conjugation action by 7' = G, on Uy, = G,
must be scaling by the only two characters of G,, with kernel py, namely ¢ — t*2.

Step 2. Now we relate GG to SLs in case Z = us, and in general we adjust f so that it
relates T and UL, to D and U". The isogeny f must carry T onto a maximal torus of PGLo,
so by composing f with a suitable conjugation we can arrange that f(7T') is the diagonal
torus D. It then follows that T'= f~1(D) scheme-theoretically since Z C T.

Since the k-subgroup Z = kera has trivial scheme-theoretic intersection with the root
groups Uy, (as even Uy, ()T = 1), these root groups are carried isomorphically by f onto
their images in PGLy. By the unique characterization of root groups [Bo91, 13.18(4d)], it

follows that (as unordered pairs) {f(U,), f(U_,)} is the set of root groups {U+, U } for D, so
by composing f with a standard Weyl element if necessary we can arrange that f(U,) = U’

and f(U_,) =U .
In the case Z = uo, there exists a unique isomorphism 7' ~ G, carrying the degree-
2 quotient map T — Gy, over to the map t* : G,, — G,. Combining this with the

isomorphisms Ui, ~ U = G, and the isomorphisms UT ~ T we identify the open
subscheme QQ = U_, x T' x U, in G with the standard open subscheme
(1.2.4) G, X G xG,~U xDxUT CSLs,

where the isomorphism ((1.2.4) is defined by

wene (o) (5 1ge) (6 1)

Let V' C Q x Q be the dense open locus of points (w,w’) such that ww’ € Q inside G. We
claim that the open immersion 7 : Q ~ U~ x D x Ut < SL, is a “birational homomorphism”
in the sense that j(ww') = j(w)j(w') for (w,w’) € V. Since the composition of j with the
canonical isogeny ¢ : SLy — PGLy is a homomorphism (namely, f), the map V' — SL,
defined by j(ww')j(w' ) 'j(w)™! factors through kerq = py and so is identically 1. Hence,
indeed j is a birational homomorphism between linear algebraic k-groups, so it extends
uniquely to an isomorphism of k-groups (Exercise [1.6.5))!

The map f : G — PGL, is either an isomorphism carrying 7 onto D and carrying U,
onto U or else it factors through ¢ : SLy — PGLy via an isomorphism G ~ SL, carrying
T onto D and carrying Uy, onto U*. Either way, there exists a unique homomorphism
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¢ : SLy — G factoring ¢ through f, and ¢ satisfies all of the desired properties to be ¢,
except possibly uniqueness up to T'(k)-conjugation (e.g., (D) = T since T = f~'(D)).

Step 3. Finally, we prove the uniqueness of ¢, up to T'(k)-conjugation. By using compo-
sition with f, this reduces to the assertion that the only homomorphisms 7 : SLy — PGLs
carrying D into D and U?* isomorphically onto i respectively are D(k)-conjugates of q.
Since the roots for PGLy have trivial kernel whereas the roots for SLy have kernel equal to
the central D[2] = pso, it follows from the isomorphism condition on root groups that any
such 7 must kill D[2] and so factors through ¢. In other words, to prove the uniqueness
of 7 up to D(k)-conjugation it suffices to treat the analogous assertion for endomorphisms
7 : PGLy — PGL, that satisfy 7(D) = D and 7 : U ~U.

Since Aut(G,) = k* and 7 carries U = G, isomorphically onto U+, by composing with
a D(k)-conjugation (which makes diag(t,1) € D(k) act on U™ = G, via t.x = tz) we
may arrange that 7 is the identity map on a8 By hypothesis 7 carries D into D, so the
faithfulness of the D-action on U@ = G, implies that 7 restricts to the identity on D. We
will prove that 7 restricts to the identity map on the dense open Q := U x D x U+, thereby
forcing 7 to be the identity map.

The restriction of 7 to the dense open direct product subscheme Q C PGL, is visibly an
automorphism of , so ker7 is étale. But an étale closed normal subgroup of a connected
linear algebraic group is central, yet PGLs; has no nontrivial central finite étale subgroup
(as D is its own centralizer on k-points and acts faithfully under conjugation on U+), SO
ker7 = 1. Thus, 7 is an isomorphism. In particular, 771(Q) = Q.

Let Ts : G, ~ U be the standard parameterizations x — (§%) and x — (19), so by

z 1
calculation the product u, (2)u_(y) liesin Q = U x D x U if and only if 1 + 2y € G,
The restriction 7 : U ~ U corresponds to an automorphism of G,, which is to say
T(u_(y)) = u_(cy) for some ¢ € k*. Thus, T(uy(x)u_(y)) = us(z)u_(cy), so the equality
7 1(Q) = Q implies that 1 + zy € Gy, if and only if 1 + 2 - cy € Gy,. It follows that ¢ = 1,

so 7 is the identity on U and we are done. 0

Using any ¢, as in Theorem the cocharacter
a' Gy, —D—=T
defined by a"(c) = ¢, (diag(c, 1/c)) is unaffected by T'(k)-conjugation on G, so it is intrinsic.

Definition 1.2.6. The coroot associated to (G,T,a) is the nontrivial cocharacter a¥ €
X, (T'). The finite set of coroots in X.(7) — {0} is denoted ®".

Concretely, a” is a parameterization (with kernel 1 or pus) of the 1-dimensional torus

(TN 2(Zc(T,)))°, that is an isogeny complement to T, in T. The composition of any ¢,
with transpose-inverse on SL, satisfies the requirements to be ¢_,. Since transpose-inverse

acts by inversion of the diagonal torus of SLy, we conclude that (—a)” = —a".
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Example 1.2.7. Suppose G = SLy and T is the diagonal torus D. The roots for (G, T)
are diag(c, 1/c) — ¢*2. Let a be the root diag(c,1/c) — ¢, so g, is the subspace of upper
triangular nilpotent matrices in sly and g_, is the subspace of lower triangular nilpotent
matrices in sly. By Example , the corresponding root groups are U, = U' and U_, =
U™, so ¢, can be taken to be the identity map. In particular, a"(c) = diag(c,1/c). Note
that (a,a") =2 in End(G,,) = Z (i.e., a(a"(c)) = ¢?): this follows from the calculation

606 D6 =67

which implies that the adjoint action of a(c) on g, = Lie(U,) is scaling by ¢*. Observe also
that in t we have

Lie(a")(td,) = <é _01) = H, = [E,, F]

(where ¢ is the standard coordinate on G, ~ D via the isomorphism ¢+ diag(c, 1/c)).

For G = PGL, and T' = D, we have an isomorphism G, ~ T via ¢ — diag(c, 1) mod G,.
The inverse isomorphism @ : T ~ G, is a root whose root space consists of the upper
triangular nilpotent matrices in pgl, = gl,/gl;, and similarly for the root —a using lower
triangular nilpotent matrices. Thus, ¢z : SLy — G can be taken to be the canonical
projection. In particular, @” : G,, — T is ¢ — diag(c,1/c) mod G, = diag(c?, 1) mod G,
so (a,a”) = 2.

Remark 1.2.8. It follows from Example [1.2.7] (for both SL, and PGL,) that in general
(a,a") =2 for any connected reductive k-group G and maximal torus 7' C G.

Example 1.2.9. Let G = GL(V) = GL,, and take T to be the diagonal torus D,,. For the
root a = e; —e; (1 < i # j < n), the associated codimension-1 subtorus 7, is defined by
the equality {¢; = ¢;} between ith and jth diagonal entries. The centralizer Z¢(T,) consists
of elements of GL,, whose off-diagonal entries vanish away from the 5 and ji positions, and
the subgroup G, := Z(Z¢(T,)) is SL(ke; © ke;) = SLy. In particular, ¥ = e/ — ef. This
makes explicit that (a,a") =2 for all a € ®(GL,, D,).

1.3. Root datum, root system, and classification theorem. Let G be a connected
reductive k-group, and let T C G be a maximal torus. In the dual lattices X = X(T") and
XY = X,(T') we have defined finite subsets ® = &(G,T) C X — {0} and &Y = &(G,T)" C
XY — {0} and a bijection a + a” between ® and ®" such that (i) (a,a") = 2 for all a, (ii)
for each a € &, () Qa = {£a} inside Xq.

There are additional properties satisfied by this combinatorial data. To formulate them,
we introduce some reflections. For each a € ® define the linear endomorphisms s, : X — X
and s,v : XV — XV by

(1.3.1) sa(x) =2 — (2,0")a, sv(\) =X—(a,\)a".

Since {a,a") = 2, it is easy to check that s = 1, s2, = 1, s,(a) = —a, and s,v(a") = —a",
so on Xq and Xé the involutions s, and s,v are reflections in the lines spanned by a and a"
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respectively. It is also easy to check that s,v is dual to s,. (Some introductory accounts of the
theory of root systems impose a Euclidean structure at the outset, such as in [Hum?72| III],
but this is not necessary. To that end, note that we have not imposed any positive-definite
quadratic form on Xq or Xg.)

Example 1.3.1. Let G = GL, and let T be the diagonal torus. For 1 < ¢ # 57 < n and
1 < h < n, we have sei,ej(eh) = e, when h # 4,7 and the reflection Se;—e; SWaps e; and e;.
In particular, s,(®) = @ for all a € ®.

The most basic instance of these formulas for the s,-actions is seen for GLs, where it
amounts to the fact that the standard Weyl element w = ( % {) acts on the diagonal torus

of SL, via inversion.
The importance of the reflections s, and s,v in general is:
Proposition 1.3.2. For alla € @, s,(P) = @ and s,v () = dY.

Proof. Use the isogeny T, x T, — T to identify X(T')q with X(7")q ® X(T4)q, so X(T,)q is
identified with the hyperplane spanned over Q by the characters that kill 7! = a"(Gy,) and
X(T7)q is identified with the line spanned over QQ by the characters that kill T, (i.e., it is
the Q-span of a).

Let n, € G, = 2(Zs(T,)) be a representative in Ng,x)(7},) for the nontrivial element in
the group We, (1)) of order 2. The conjugation action by n, on the almost direct product
T = T, -T, is trivial on T, and inversion on 7! = a'(Gy,), so n, acts on X(T) as an
involution whose effect on X(7')q negates the line spanned by a and fixes pointwise the
hyperplane X(7,)q.

We conclude that n, acts on X(7') as a reflection r,. This reflection visibly preserves ®
(as does any element of Ngay(T)), and we claim that r, = s, (so s,(®) = ®). Both of
these reflections negate the same line Qa, so it suffices to show that they restrict to the
identity on a common hyperplane, namely X(7},)q. But this hyperplane is the annihilator
of Qa¥ C X,(T)q, so the definition of s, makes it clear that s, is the identity on X(7})q.

The equality r, = s, implies that the dual reflection s} = s,v on X, (7') is also induced by
ng-conjugation on 7. Thus, s,v preserves ®V. U

We have shown that (X(T),®(G,T),X.(T),®(G,T)") satisfies the requirements in the
following definition that was introduced by Demazure in [SGA3| XXI].

Definition 1.3.3. A root datum is a 4-tuple (X, ®, XV, ®V) consisting of a pair of finite free
Z-modules X and XV equipped with
e a perfect duality (-,-) : X x XV — Z,
e finite subsets ® C X — {0} and ®¥ C XV — {0} stable under negation
for which there exists a bijection a — @ from ® to ®" such that (a,a") = 2 and the resulting
reflections s, : X ~ X and s,v : XV ~ XV as in ([1.3.1) satisfy s,(®) = ® and s,v () = dV.
If moreover Qa (X = {%a} inside Xq for all a € ® then the root datum is reduced.
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Remark 1.3.4. The bijection a — a" in the definition of a root datum is uniquely deter-
mined. For a proof, see [CGP, Lemma 3.2.4].

Remark 1.3.5. It is immediate from the axioms that if (X, ®, XV ®Y) is a root datum then
so is (XY, ®Y X, ®@). This is called the dual root datum.

In the study of connected semisimple k-groups “up to central isogeny” (see Exercise[1.6.12),
it is convenient to work with a coarser notion than a root datum, in which we relax the Z-
structure to a Q-structure and remove the explicit mention of the coroots. This leads to
the notion of a root system (which historically arose much earlier than the notion of a root
datum, in the classification of semisimple Lie algebras over C, and is extensively studied in
[Bou2, Ch. VI}): this is a pair (V, ®) consisting of a finite-dimensional Q-vector space V' and
a finite spanning set ® C V' — {0} such that for each a € ® there exists a (necessarily unique)
reflection s, : v — v — A(v)a with A € V* such that s,(®) = @, A(a) = 2 (so s.(a) = —a),
and \(®) C Z.

Example 1.3.6. If (X, ®, XV, ®) is a root datum then the Q-span V of ® in Xq equipped
with the subset ® is a root system.

The difference between root systems and root data is analogous to the difference between
connected semisimple k-groups considered up to central isogeny and connected reductive
k-groups considered up to isomorphism: the possible failure of ® to span Xq is analogous
to the possibility that a connected reductive group may have a nontrivial central torus (i.e.,
fail to be semisimple), and the use of Q-structures rather than Z-structures amounts to
considering groups up to central isogeny.

More explicitly, if (G, T') is a connected reductive k-group equipped with a maximal torus
T, then the saturation in X(7") of the Z-span Z® of ® is X(7'/Z) where Z is the maximal
central torus of G (since a torus 7" in G is central if and only if a(7”) = 1 for all a € ® [Bo91l,
14.2(1)]). Thus, ® spans X(T')q if and only if G has no nontrivial central torus, which is to
say that G is semisimple.

Remark 1.3.7. If a root datum is not reduced then the only possibilities for Qa [ X aside
from {£a} are {£a, £2a} (the multipliable case) or {ta,+a/2} (the divisible case). Indeed,
this is a property of the underlying root system, so it holds by [Bou2, VI, §1.3, Prop. 8(i)].
The study of connected reductive groups over fields k # k, gives rise to non-reduced root
data; e.g., this occurs for £k = R in the study of non-compact semisimple Lie groups, as
well as in the study of special unitary groups over general k admitting a separable quadratic
extension.

In general, the quotient X(7")/Z® is the Cartier dual Hom(Z¢g, Gy, ) of the scheme-theoretic
center Zg of G (Corollary 3.3.6(1)). A special case is that Z® has finite index in X(T) if
and only if Z is finite, which is to say that there is no nontrivial torus, or in other words
that G is semisimple. Here are some illustrations of the relations between the root datum
and the (scheme-theoretic) center.
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Example 1.3.8. The set ® spans X(7') over Z if and only if the scheme-theoretic center
is trivial (the “adjoint semisimple” case). For example, (PGLy, D) has roots +a that are
isomorphisms D ~ G, so these each span X(D) = Z, whereas (SLy, D) has roots a : D —
G, with kernel D[2] = pug, so these each span the unique index-2 subgroup of X(D) = Z.
This encodes the fact that SLy has scheme-theoretic center us whereas PGLy has trivial

scheme-theoretic center.

Example 1.3.9. The set ®(G,T) is empty if and only if G is a torus (i.e., G = T), or
equivalently G is commutative. This is immediate from the weight space decomposition

[2.1) since go — .

Example 1.3.10. Suppose G is semisimple. In this case we have the containment of lattices
(1.3.2) Q=720 CcX(T) C (Z®") =: P,

where the dual lattice (Z®")* in X(7T')q is Z-dual to the lattice Z&¥ C X(T')¥ = X(T')*.
Thus, the two “extreme” cases are X(T) = Z® and X(T) = (Z®")* (i.e., Z®¥ = X, (T)). In
the language of root systems, these cases respectively correspond to the properties that (i)
the base for a positive system of roots ®(G, T') (see Definition[1.4.1)) is a basis of the character
group of 7', and (ii) the base for a positive system of coroots is a basis of the cocharacter
group of T'. The first of these two extremes is the case of adjoint G (such as PGL,) and the
second is the case of simply connected G (such as SL,); see Exercise [1.6.12(ii) and Corollary
3.3.6(1).

The preceding examples (and the theory over C; see Proposition |D.4.1)) inspire the follow-
ing terminology:

Definition 1.3.11. A reduced root datum (X, ®, XV, ®V) is semisimple if & spans Xq over
Q. In the semisimple case, it is adjoint if Z® = X and is simply connected if Z®V = XV.

If (Q®Y)* denotes the annihilator in Xq of the subspace Q®Y C X(\i then the natural
map (Q®) ® (QP")t — Xq is an isomorphism [Spr, Exer.7.4.2] (mirroring the isogeny
decomposition of a connected reductive group into the almost direct product of a torus and
a connected semisimple group as in Example [I.1.15)). Thus, the subgroup

W(R) = (s, ]a € &) C Aut(X)

is trivial on (Q®Y)* and acts on Q® through permutations of a finite spanning set. It
follows that W (R) is finite; it is called the Weyl group of the root datum, and is naturally
isomorphic to the Weyl group of the associated root system:

Example 1.3.12. If (G, T) is a connected reductive k-group equipped with a maximal torus
T then the equality Zga, (T') = T'(k) implies that the action of N (1) on 7' identifies the
finite group Wg(T') with a subgroup of Aut(X(7")). This subgroup is exactly the Weyl group
of the root datum associated to (G,T) [Bo91l, 14.8]. Here is the idea of the proof. In the
proof of Proposition we showed that each reflection s, in the Weyl group of the root
datum R(G,T) lies in Wg(T), so W(R(G,T)) C Wg(T). The reverse containment is proved
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by relating Borel subgroups to positive systems of roots in the associated root system (see
Definition and Proposition and using that the Weyl group of any root system
acts simply transitively on the set of positive systems of roots ([Bou2l VI, §1.5, Thm. 2(i);
§1.6, Thm. 3]).

Definition 1.3.13. A root system (V, ®) is non-empty if ® # () (equivalently, V' # 0). The
direct product of root systems (Vi, ®;) and (Va, ®g) is (Vi, P1) x (Vo, Do) = (Vi BV, &1 [ D2).
A root system (V, ®) is irreducible if it is non-empty and not a direct product of two non-
empty root systems.

Remark 1.3.14. Every non-empty root system is uniquely a direct product of irreducible
root systems [Bou2, VI, §1.2, Prop. 6] and there is a classification of irreducible root systems
([Bou2, VI, §4.2, Prop.1, Thm.3] in the reduced case, and [Bou2, VI, §1.4, Prop. 13] and
[Bou2l, VI, §4.14] in the non-reduced case). This is very useful in the study of root data.

Every irreducible root system ® admits a positive-definite Q-valued quadratic form () that
is invariant under the action of the Weyl group [Bou2, VI, §1.1, Prop.3|. This quadratic
form is unique up to scaling whether we take V' to be finite-dimensional over Q (as we have
done above) or over R (as in much of the literature) [Bou2l VI, §1.2, Prop. 7]. In particular,
it is intrinsic to compare ratios Q(a)/Q(b) for a,b € ®. After extending scalars to R, this
equips irreducible root systems with a canonical inner product (up to scaling), and thereby
puts the study of root systems into the framework of Euclidean geometry.

For example, suppose R = (X, ®, X", ®V) is a root datum such that ® spans V' := Xq
and (V, ®) is an irreducible root system. Choose a W (R)-invariant inner product (-|-) on Vg.
We use this inner product to identify Xg with its linear dual Xg. In this way the coroot a
is identified with the element 2a/(ala) € Xgr [Bou2, VI, §1.1, Lemma 2]. This is the most
convenient way for drawing pictures of low-rank irreducible root data. Also, it is intrinsic to
compare ratios of root lengths, and in cases with distinct root lengths there are exactly two,
with (ala)/(b]b) € {2,3} when (ala) > (b|b) [Bou2l, VI, §1.4, Prop. 12].

There is an evident notion of isomorphism between root data (required to respect the
given perfect duality between X and XV). If f : (G,T) ~ (G',T") is an isomorphism,
then it is clear that the induced isomorphisms X(7") ~ X(7') and X.(7T) ~ X,(7") respect
the dualities and the subsets of roots and coroots, so we get an isomorphism of root data
R(G",T") ~ R(G,T). If we change f via composition with a 7"(k)-conjugation or T'(k)-
conjugation then the isomorphism between the root data is unchanged. Now we can finally
state a fundamental result in the classical theory over k = k:

Theorem 1.3.15 (Existence and Isomorphism Theorems). The reduced root datum R(G,T)
associated to a connected reductive k-group G and mazimal torus T C G determines (G, T)
uniquely up to isomorphism.

More precisely, for any two pairs (G, T) and (G',T'), every isomorphism R(G',T") ~
R(G,T) arises from an isomorphism (G,T) ~ (G',T") that is unique up to the conjugation
actions of T'(k) and T(k), and every reduced root datum is isomorphic to R(G,T) for some
pair (G, T) over k.
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A remarkable aspect of this theorem is that the root datum has nothing to do with k or
char(k). There is a finer version of the theorem that also classifies isogenies in terms of a
notion of “isogeny” between root data that can encode characteristic-dependent concepts
(such as the Frobenius isogeny in characteristic p > 0), but we postpone the statement and
proof of this Isogeny Theorem until we discuss the Existence and Isomorphism Theorems
over a general non-empty base scheme in The proof of these theorems over a general base
scheme will not require the classical version over a general algebraically closed field. It only
requires the Existence Theorem for connected semisimple groups over a single algebraically
closed of characteristic 0; see Appendix

Example 1.3.16. For any (G, T), consider the root datum R’ dual to R(G,T) in the sense
of Remark [1.3.5] By the Existence Theorem, there exists another pair (G',T") over k unique
up to isomorphism for which R(G',T") ~ R’. Since the isomorphism in (G’,7”) is only
ambiguous up to a T"(k)-conjugation, it is reasonable to consider the representation theory
of (G',T") as a structure that is intrinsically associated to (G,T). This is a version of
Langlands duality.

A basic example is G = GL,, in which case G’ = GL,,. Slightly more interesting is the
case G = SL,, for which G’ = PGL,,. In general, Langlands duality in the semisimple case
swaps adjoint and simply connected groups (see Example .

Remark 1.3.17. Operations with root systems have analogues for connected semisimple
groups. For example, the decomposition of a non-empty root system into its irreducible
components corresponds to the fact that every nontrivial connected semisimple k-group G
has only finitely many minimal (necessarily semisimple) nontrivial normal smooth connected
subgroups G;, each G; is simple (in the sense of having no nontrivial proper connected normal
linear algebraic subgroup), and these pairwise commute and define a central isogeny [[ G; —
G via multiplication. See [Bo91l, 14.10] for proofs based on the structure of automorphisms
of semisimple groups, and see Proposition [5.1.17ff. for a simple proof based on the structure

of the “open cell” (using (1.4.1))).

1.4. Positive systems of roots and parabolic subgroups. Let G be a connected reduc-
tive k-group and 71" a maximal torus. There are only finitely many parabolic subgroups P of
G containing 7', and in particular only finitely many Borel subgroups B of G containing 7.
These can be described in terms of the following combinatorial notion applied to the root
system ®(G, T):

Definition 1.4.1. Let (V,®) be a non-empty root system. A positive system of roots is a
subset ®* C ® such that & = &, := {a € ®|A(a) > 0} for some A € V* that is non-
vanishing on ®; i.e., @ is the part of ® lying in an open half-space of Vg whose boundary
hyperplane is disjoint from .

For any positive system of roots ®* in ®, the subset A C ®* of elements of ®* that
cannot be expressed as a sum of two elements of ®* turns out to be a basis of V' and every
element of ® has the form Eae A Mga with integers m, that are either all > 0 or all < 0
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[Bou2l, VI, §1.6, Thm. 3]. The elements of A are called the simple positive roots relative to
®*, and any such A is called a base for the root system ®.

Note that if we fix an enumeration {a;} of such a A and equip V = @ Qa; with the
lexicographical ordering then ®* consists of the elements of ® that are positive relative to
this ordering. Conversely, for any ordered vector space structure on V' the set of positive
elements of ® turns out to be a positive system of roots [Bou2, VI, §1.7, Cor. 2] (a useful
fact in the theory of “highest weight vectors” in representation theory; see .

Example 1.4.2. For G = GL,, (n > 2) and T' = G}, the diagonal torus, identify X(T)q =
X(Gm)g with Q" via the canonical identification X(Gpn) = Z. In other words, to each
X : G — Gy, associate the n-tuple (cy,...,¢,) € Z" for which x(t1,...,t,) = [[¢. In this
way, ®(G,T) is a root system in the hyperplane V = {¢ € Q" | >_¢; = 0}. Equip Q" with
the lexicographical ordering, and V with the induced ordering. The root system ®(G,T)
consists of the vectors e; — e; for 1 < ¢ # j < n, and the positive ones for this ordering are
the differences e; — e; for i < j. The corresponding base A consists of the roots e; — e;4 for
1<1<n—1.

This positive system of roots is exactly the set of roots that occur as nontrivial T-weights
on the Lie algebra of the Borel subgroup B of upper triangular matrices in G. See Proposition
for the general result of which this is a special case.

Every element of ® is a simple positive root for some choice of ®* (equivalently, for any
A the W (®)-orbits of the elements of A cover @) [Bou2, VI, §1.5, Prop. 15], and if we fix a
choice of ®* and let A be the corresponding base then W (®) is generated by the reflections
s, for a € A. In fact, W(®P) has a presentation as a reflection group generated by the
reflections in the simple positive roots [Bou2, VI, §1.5, Thm. 2(vii), Rem. 3, (11)]:

W(CI)> = <{3a}a€A | (Sasb)mab =1 for a, be A>

where m,, = 1 for all a € A, my, = 2 (equivalently, s,8, = spS,) when a and b are in distinct
irreducible components of ® or are orthogonal in the same component, and otherwise mg, = 3
for non-orthogonal a,b € A with the same length and m,, = 2(a,b")(b,a") € {4,6} for non-
orthogonal a,b € A with distinct lengths.

Remark 1.4.3. An important invariant of a reduced root system (V, ®) is its Dynkin diagram
Dyn(®), a graph with extra structure on certain edges. This intervenes in the classification
of root systems, which is an ingredient in the proof of the Existence and Isomorphism
Theorems (at least in low rank), and it can be defined in terms of Euclidean geometry or
combinatorics with a root system (see [Bou2, VI, §4.2]). We will give both definitions. In all
cases, the vertices of the graph are the elements of a base A for a positive system of roots
(and the simply transitive action of W (®) on the set of all A’s identifies vertices with certain
W (®)-orbits in @, eliminating the dependence on the choice of A).

For the Euclidean definition we shall define Dyn(®) = []Dyn(®;) for the irreducible
components (V;, ®;) of (V,®), so suppose ® is irreducible. Recall from Remark that
there exists a W (®)-invariant inner product (-|-) on Vg (even a Q-valued W (®)-invariant
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positive-definite quadratic form on V'), it is unique up to scaling, and as we vary through
a,b € ¢ with (aja) > (b]b), the ratio (ala)/(b|b) is Z-valued and takes on at most two possible
values. The diagram Dyn(®) has as its vertices the elements of A, and there exists an edge
linking vertices a and b precisely when (a|b) # 0. If (ala) > (b|b), this edge is assigned
multiplicity (a|a)/(b]b) and a direction pointing from a to b. The graph is always connected
(for irreducible ®).

In the combinatorial definition we do not need to pass to the irreducible components:
Dyn(®) is a graph whose vertices are the elements of A and an edge joins a and b precisely
when a+b € ®. (Note that a —b & ® since a,b € A.) For such a and b, the multiplicity and
direction of the edge joining a and b are defined in terms of the sets

Ly={j€Zla+jbe®}, I,={j€Z|b+ jac d}
as follows. Since a,b € A, we have I,, = Z([0,...,—{(a,b")] and I, = Z[0, ..., —(b,a")]
[Bou2l, VI, §1.3, Prop.9]. An inspection of cases [Bou2, VI, §1.3, Rem.] shows that either
both sets coincide with {0, 1}, in which case a and b are joined by a single undirected edge,
or one of them is {0, 1} and the other is either {0, 1,2} or {0,1,2,3}. In these latter cases

if we arrange the labels so that I,; contains 2 or 3 then a and b are joined by an edge with
multiplicity —(a, b") pointing from a to b.

Returning to the setting of a connected reductive k-group G and a maximal torus 7', if
B a Borel subgroup containing 7" then the subalgebra b = Lie(B) C g contains t and so has
a weight space decomposition b = t (D ,ca(p.1) %) for a subset ©(B,T) C (G, T). Such
subsets are positive systems of roots in ®(G,T) [Bo91, 14.1]. If U = Z,(B) then for any
enumeration {a;} of ®(B,T) the multiplication map

(1.4.1) [[v.—U

is an isomorphism of schemes (see [Bo91l, 14.4] or [CGP), 3.3.6, 3.3.7, 3.3.11]); we say that U
is “directly spanned in any order” by the root groups contained in U.

Since Wg(T) acts simply transitively on the set of all B D T [Bo91, 13.10(2)], and W (®)
acts simply transitively on the set of positive systems of roots in ® [Bou2, VI, §1.5, Thm. 2(i)],
the inclusion W (®) C Wg(T) is forced to be an equality and we obtain:

Proposition 1.4.4. The map B — ®(B,T) is a bijection from the set of B O T onto the
set of positive systems of roots in ®(G,T).

The generalization of Proposition to the case of parabolic subgroups containing T’
requires another class of distinguished subsets of a root system:

Definition 1.4.5. Let (V, ®) be a root system. A parabolic subset of ® is a subset ¥ C ¢
of the form U = &,y := {a € ®| A(a) > 0} for some A € V*; i.e., U is the part of ¢ lying
in a closed half-space of V' (or VR).

The reason for this terminology is that it will turn out that for any parabolic subgroup
P C G containing T, the set ®(P,T) of nontrivial T-weights occurring in p = Lie(P) is a
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parabolic subset of ®(G,T'). Before we can state the precise bijective correspondence in this
direction, it will be convenient to discuss some alternative formulations of the definition of
parabolicity for a subset of a root system (V, ®).

It is clear from the definition that any parabolic subset ¥ of ® satisfies the following two
properties: (i) ® = W |J -V, and (ii) ¥ is a closed set in ® (i.e., if a,b € ¥ and a+b € P then
a+b € V). Conversely, any subset of ¥ satisfying (i) and (ii) is parabolic. The equivalence is
proved in [CGP 2.2.8] (where parabolicity is defined using (i) and (ii), as in [Bou2, Ch.IV]),
and a more explicit description of parabolic sets is provided there: they are precisely the
subsets ®* [ J[], where ®* is a positive system of roots, I is a subset of the corresponding
base A, and [I] denotes the set of roots that are Z-linear combinations of elements of I. In
particular, every parabolic set contains a positive system of roots.

A given parabolic set ¥ C ® can contain more than one positive system of roots, just as a
parabolic subgroup P can contain more than one Borel subgroup containing a fixed maximal
torus T' in P. Nonetheless, for any positive system of roots ®* (with corresponding base
A) that is contained in ¥ we have ¥ = &+ | J[I] for a unique subset I C A [Bou2, VI, §1.7,
Lemma 3].

Proposition 1.4.6. The map P — ®(P,T) is a bijective correspondence between the set of
parabolic subgroups of G containing T and the set of parabolic subsets of ® = ®(G,T), and
the following are equivalent: P C P', ®(P,T) C ®(P',T), and p C p’ inside g.

Proof. Since p is spanned by Lie(T") and the weight spaces g. = Lie(U,.) for ¢ € ®(P,T), to
prove the equivalence of containment assertions it suffices to prove that if ¢ € ®(P,T") then
U. C P (as then P is generated by T" and such U,, by Lie algebra considerations since P is
connected). The key to proving this is to reduce to the rank-1 case, as follows.

Any P contains a Borel subgroup B of G that contains T' (due to the conjugacy of maximal
tori in P). For any subtorus S C T, the intersection P () Zs(S) = Zp(S) is smooth and
connected, and it contains the subgroup B() Zg(S) = Zp(S) that is a Borel subgroup of
Za(S) [Bo9ll, 11.15], so P Za(S) is a parabolic subgroup of Z;(S) containing 7. The
bijective correspondence between parabolic subgroups of a connected reductive group H and
of its derived group Z(H) is defined by P’ — P'(\Z(H), so P(\Z(Zs(S)) is a parabolic
subgroup of Z(Z¢(S)) containing the maximal torus T'( Z(Z(S5)).

Taking S to be the codimension-1 subtorus 7T, := (kerc)?, C T, it follows that P, :=
PN 2(Zs(T,)) is a parabolic subgroup of the 3-dimensional connected semisimple group
P(Zg(T.)) = (U, U_.) containing the maximal torus T'(\Z2(Z¢(T.)) = ¢'(Gum). Since
the root groups of Z(Zg(T.)) relative to ¢'(Gy) are Uy., we can replace (G, T, P) with
(2(Za(T)), ¢’ (Gm), P.) to reduce to the case when G is semisimple of rank 1. We can then
choose an isomorphism from G onto either SLy or PGL, such that T is carried to the diagonal
torus and U, is carried to the upper triangular unipotent subgroup. There are only three
parabolic subgroups containing the diagonal torus, namely the entire group and the upper
and lower triangular Borel subgroups. The condition ¢ € ®(P,T') rules out the possibility of
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the lower triangular Borel subgroup, and inspection of the two remaining possibilities shows
that U, C P.

It remains to show that every parabolic subset ¥ of ® arises as ®(P,T') for some parabolic
subgroup P containing 7. Since W(G,T') acts transitively on the set of positive systems
of roots in ®, we may restrict attention to ¥ that contain ®* := ®(B,T) for a fixed Borel
subgroup B of G containing 7. Thus, ¥ = ®* U [/] for a unique subset I of the base A of
®*. Since A is a basis of the character group of the adjoint torus 7'/Zg, for the subtorus
Tr = (Naer kera)® ; we see that Zg(Tr) contains as its T-root groups exactly U, for ¢ € ®
killed by I. Let U; be the smooth connected subgroup of %, (B) directly spanned in any
order by the root groups U, for b in the closed subset [I[]N®T C .

The group Zg(T7) normalizes U;. Indeed, Uy C Zr,(%.(B)), yet this containment between
smooth connected groups is an equality on Lie algebras and hence is an equality of groups,
so the positive root groups in Zg(T7) certainly normalize U;. Clearly T' normalizes Uy,
and if ¢ € —®* not in [I] then U. even centralizes U since ¢ + b cannot be a root for
any b € [I] N ®*. Thus, the semi-direct product P; = Zg(T;) x U; makes sense inside G,
and this smooth subgroup clearly contains B (so it is a parabolic subgroup containing 7T')
and satisfies ®(P;,T) = ®* U [I] = V. (This recovers the parameterization of “standard”
parabolic subgroups of G in [Bo91) 14.18] via a different proof. Note that %, (P;) = U;.) O

Example 1.4.7. Let G = SL,, and use the upper triangular B and diagonal T" with character
group Z"/diag(Z). Then A = {e;11 —€iticicn-1 = {1,...,n—1},and for I C{1,...,n—1}
the parabolic P; corresponds via Example to the ordered partition @ = (ay, ...,a,) of n
into non-empty parts for which the associated subset {b; = a1+ - -+a; h1<jer in {1,...,n—1}
is the complement of I; e.g., Py = B.

Corollary 1.4.8. The number of G(k)-conjugacy classes of parabolic subgroups of G is 2",
where 1y = rank(Z(G)) is the dimension of the mazimal tori of 2(G). (Equivalently,
res = #A, where A is a base of a positive system of roots in ® = ®(G,T) for any mazimal

torus T of G.)

A description of conjugacy class representatives in terms of explicit cocharacters will be
given in Exercise [4.4.8

Proof. We just have to show that for a fixed Borel subgroup B C G and a maximal torus
T C B, parabolic subgroups P; and P; associated to subsets I and J of the base A of
Ot = ®(B,T) are G(k)-conjugate if and only if I = J. More conceptually, if P and P’
are parabolic subgroups of G containing B and P’ = gPg~! for some g € G(k) then we
claim that P’ = P. The Borel subgroups B and gBg~' in P’ are P'(k)-conjugate, so by
replacing g with a suitable left P’(k)-translate we can arrange that gBg~' = B. But then
g € Nouy(B) = B(k) € P(k), so P' = P. O

Remark 1.4.9. Note the remarkable consequence of Proposition that in arbitrary
characteristic, a parabolic subgroup P is uniquely determined by its Lie algebra p as a
subalgebra of g given that P is a parabolic subgroup containing a specific maximal torus 7.
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In fact, P is determined by p without reference to 7": under the adjoint representation of G
on g, P(k) is the stabilizer in G(k) of the subspace p. This goes beyond the classical result
P(k) = Ne@)(P) in Theorem [I.1.8} see Exercise for further discussion (and Corollary
for a version with Borel subgroups in the classical theory).

We call ®(B,T) the positive system of roots associated to B (and T). For each B, the
unique Borel subgroup B’ D T for which ®(B’,T) = —®(B,T) is the opposite Borel subgroup
(relative to T'), and its unipotent radical U’ is directly spanned in any order by the negative
root groups U_, for a in the positive system of roots ®(B,T). (Explicitly, B’ = U’ x T.)
For example, if G = GL,, T is the diagonal torus, and B is the Borel subgroup of upper
triangular matrices then B’ is the Borel subgroup of lower triangular matrices.

Proposition 1.4.10. The natural multiplication map
(1.4.2) UxTxU=UxB—G
1S an open 1MmImersion.

Proof. This map is visibly étale at the origin, corresponding to the decomposition g =
g<0 D t ® g-o relative to an ordering on Q® that makes ®(B,T) positive. Thus, it is
everywhere étale, due to U’(k)-translation on the left and B(k)-translation on the right.
Now we can argue exactly as in the analysis of (1.2.2)). O

The image Q of (1.4.2) is the open cell for (G, T, B), though this terminology is also often
used for the “inverse” U x T' x U’ C G involving multiplication in the opposite order. It is
also commonly called the big cell. Here is a useful application of the open cell:

Corollary 1.4.11. Let G be a connected reductive k-group and T a mazimal torus. Then T
is its own scheme-theoretic centralizer (i.e., for any k-algebra R, if g € G(R) centralizes Tg
then g € T(R)). In particular, every central closed subgroup scheme of G lies in T

Proof. By direct limit considerations we can assume R is finite type over k, and then (by
the Krull Intersection Theorem) that R is a finite local k-algebra. Since T'(k) = Zgu(T), a
point g € G(R) that centralizes Ty is physically supported on T and thus ¢ factors through
the open cell 2. Hence, we can write g = u'tu for v’ € U'(R), t € T(R), and u € U(R). We
aim to prove that v’ = u = 1.

Since Tx centralizes g and normalizes U and Uy, it follows that u’ and u are each central-
ized by Tg. Using the direct spanning of U and U’ by the root groups (which are normalized
by T'), it suffices to check that if a € ®(G,T) and u € U,(R) is centralized by the Tg-action
on (U,)g then uw = 1. The character a : T — Gy, is an fppf covering, so via a choice of
isomorphism U, ~ G, we are reduced to proving that a point u € G,(R) invariant under the
Gp-action on G, (over the category of R-algebras) must vanish. Since R has an algebraically
closed residue field, it contains a unit ¢ such that ¢ — 1 € R*, so the equality cu = u forces
u = 0. U

The open cell also naturally arises in the description of double cosets for B in G. To make
this precise, first note that by the orbit lemma (applied to B x B acting on G through the
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commuting operations of left and right multiplication by B), each double coset BgB in G
(for g € G(k)) is locally closed. If wy € W(®) is the unique longest element relative to the
reflections in the simple positive roots for & = ®(B, T) (i.e., wo(PT) = —PT) then for any
representative ng € N (1) of wy we have U’ = ngUng, so BngB = ng$). This is the only
open double coset, due to dimension considerations applied to the explicit description of the
double cosets in:

Theorem 1.4.12 (Bruhat decomposition). Let G be a connected reductive group, T a max-
imal torus, and B a Borel subgroup. For each w € W := Wg(T), let n, € Ng(T)(k) be a
representative. Each locally closed double coset Bn,B C G only depends on w, and

G = ][ Bn.B.
weW
If @t := ®(B,T) then Bn,B = U, X n,B as k-schemes via multiplication, where U, is a
unipotent smooth connected subgroup directly spanned in any order by the positive root groups
U, for a in the set ®F of roots in & such that w™'(a) € —®T.

Proof. Since T' C B and n,, is well-defined modulo T'(k), it is clear that Bn,,B only depends
on w. The asserted decomposition of GG into locally closed sets amounts to an equality on
k-points: G(k) = [[,ew B(k)nwB(k). This equality is proved in [Bo91l §14.12] (and it is
a special case of a general decomposition for any abstract group equipped with a “BN-
pair” [Bou2l, IV, §2.1, Def. 1], which in turn was inspired by axiomatizing the argument for
reductive groups; see [Bo91l, 14.15]). To establish the desired description of each Bn,B as
a product scheme, since B = U x T and the k-group U is directly spanned in any order
by the U,’s for a € ®*, the equalities n,'Tn, = T and ny,'Usn, = U,-1(,) give that
Bn,B = U,n,B where the smooth closed subscheme U, is the direct product of the root
groups U, for a € ® using a fixed enumeration of O .

It remains to show that U, is a k-subgroup of U and that it is independent of the enumer-
ation of ®. The subset @ of &+ is closed (i.e., if a,b € @} and a+b € ® then a+b € ®}),
so the desired property of U, is a special case of a general result on the direct spanning
by root groups associated to any closed set of positive roots (see [Bo91l, 14.5, Prop. (2)] or
[CGP] 3.3.11, 3.3.13(1)]). O

Corollary 1.4.13. For a Borel subgroup B of a connected reductive k-group G, the stabilizer
of b under the adjoint action of G(k) on g is B(k).

Proof. Choose a maximal torus 7' in B and let ®* = ®(B,T) be the positive system of
roots associated to B. Choose g € G(k) whose adjoint action preserves b. By the Bruhat
decompostion, g = bnb" for some b,V € B(k) and n € Ngu(T). It is harmless to replace
g with b='gb'™", so g normalizes T. Then g represents some w € Wg(T), and the adjoint

action of g carries b = t® (Dyeca+ga) 10 t® (B ecw@)8ar). Hence, the preservation of b forces
w(®T) = &t so w =1 and hence g € T(k) C B(k). O

In translation arguments with split reductive group schemes over a general scheme S, the
following covering result on geometric fibers will be very useful.
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Corollary 1.4.14. For any (G, T, B), with associated open cell = U’ x B and Weyl group
W =Wa(T), G =U,ew mfd for any set of representatives {n, twew C Nawy(T) of W.

Proof. For each w € W, n'U,n,B C U x B = . Thus, Bn,B = Uyn,B C n,f. O

1.5. Based root datum, pinnings, and representation theory. In this section, we will
explore some consequences of the Existence and Isomorphism Theorems over k. Some of
the basic concepts introduced (such as a “based root datum” and a “pinning” of a triple
(G, T, B)) will be used in the proof of the Existence and Isomorphism Theorems.

One often works with triples (G, T, B) rather than with pairs (G,T) (for a connected
reductive k-group G), and likewise when working with root data R = (X, ®, XV ®VY) it is
convenient to choose a positive system of roots ®* C ®. By Proposition [1.4.4] the choice of
®* corresponds to a choice of B D T when R arises from a connected reductive k-group G
equipped with a maximal k-torus T. Another way to express the choice of ®7 is to specify
its base A. The set AY of coroots a" for a € A is a base for ®" (Exercise [1.6.16), and we
call the 6-tuple (X, ®, A, XV, &V, AY) (or the triple (R, A, AY), or simply (R,A)) a based
root datum.

There is an evident notion of isomorphism for based root data, as well as duality. If ©
denotes the automorphism group of a based root datum (R, A, AY) then

(1.5.1) Aut(R) = W(®) x 0

because the action of W(®) on X is simply transitive on the set of choices of (A, AY). If ®
spans Xq (or equivalently, A is a Q-basis of Xq) and the root system (Xq, ®) is reduced
then © is naturally identified with a subgroup of the automorphism group of the Dynkin
diagram Dyn(®) of ®. The interest in © is due to the fact (discussed below; see ((1.5.2)))
that it computes the outer automorphism group of a connected reductive k-group, so for the
connected semisimple case (corresponding to the condition that ® spans Xq) it is useful to
know sufficient criteria for © to exhaust the automorphism group of the Dynkin diagram:

Proposition 1.5.1. Assume ® spans Xq and that (Xq, ®) is reduced. The inclusion © C
Aut(Dyn(®)) is an equality when the root datum is either adjoint or simply connected, as
well as when (Xq, ®) is irreducible and the finite group (Z®")*/ZP is cyclic.

See Definition [1.3.11]| for “adjoint” and “simply connected” applied to root data.

Proof. In the adjoint cases of Example[I.3.10] the root datum is a direct product of root data
whose associated root system is irreducible and adjoint; similarly in the simply connected
case. Thus, we can assume (Xq,®) is irreducible. Hence, there exists a W (®)-invariant
inner product on Xg that is unique up to scaling, and it is uniquely determined by imposing
the condition that the shortest root length is 1. The resulting inner products among the
roots are encoded in the Dynkin diagram, as is the resulting identification of the coroots
with elements of Xg (see Remark and Remark [1.4.3)).

By identifying the vertices of the Dynkin diagram with the elements of A, we see that
any automorphism of the Dynkin diagram uniquely extends to an automorphism of Xg that
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preserves ® and ®Y. It remains to check this automorphism of Xy carries X onto itself,
or equivalently (by duality) carries XV onto itself. This is automatic in the adjoint and
simply connected cases. It is also automatic when II := (Z®Y)* /Z® is cyclic, as then every
automorphism of IT carries each subgroup of IT onto itself (and X is uniquely determined by
the corresponding subgroup in II). O

Here is a visualization of Proposition when R = R(G,T) for a connected semisimple
group GG. Whereas every automorphism of a connected semisimple group G lifts (uniquely)
to the simply connected central cover G’ an automorphism f of G descends to G if and only
if its restriction to Zz preserves the central subgroup p = ker(G — G). If f is inner or Z
is cyclic then preservation of p is automatic (because any automorphism of a finite Cychc

group preserves every subgroup). In general, © is the group of outer automorphisms of G
that arise from lifting automorphisms of G (see (1.5.2)) below).

Example 1.5.2. The only cases with irreducible  when non-cyclicity occurs in Proposition
is type Doy, (n > 2), with (Z®Y)*/(Z®) = (Z/2Z)?. Let G = Spin,, (type Da,). Choose
a maximal torus 7' C G and label Dyn(®(G,T')) as follows:

t
e}

/a2n7 1
tt’ 1 tt’ 1 tt’ 1

(6, ) € o X po > Zg o o o o o o

al a2 as aq a2n—3 a2n—
t/

o
a2n

We have T' = []; a;(Gm), and the center Zg is iy X pp embedded in T[2] by diagonally
mapping each pp into the 2-torsion of the indicated coroot groups.

There are three intermediate groups G strictly between G' and G/Z5 (one for each copy
poof pio in py X py C Zg), and Aut(Dyn(®)) has order 2 when n > 3 and is S3 = GLo(F)
when n = 2. Thus, if n = 2 then each pu ~ py C Z5 has Aut(Dyn(®))-stabilizer of order 2,
and if n > 3 then only one such u is preserved under the order-2 group Aut(Dyn(®)); we
claim that this is the non-adjoint quotient G = SOy,.

More generally, noting that SpinQn has center py for odd n > 3 (e.g., Sping = SLy), it
suffices to show that for all n > 2, the group SO,, has © of order 2, rather than of order 1.

(In contrast, SO, 41 for n > 1 has © = 1 since Aut(Dyn(B,,)) = 1 for n > 1; see Example
- C.6.2| for n = 1.) In view of (1.5.2] - below, this says exactly that the outer automorphism of
SOa, has order 2 (rather than order 1). Where does a non-inner automorphism come from?
Conjugation by Og,! Indeed, if g € Og,(k) — SOs,(k) and g-conjugation on SOy, is inner
then by replacing g with a suitable left SOy, (k)-translate we would get that g centralizes
SO,,,. But the diagonal torus 7" in SOy, has O,,-centralizer equal to T', so this is impossible.

The Isomorphism Theorem and (|1.5.1)) lead to the determination of the automorphism
group of a connected reductive k-group G, as follows. Inside Aut(G) there is the normal
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subgroup G(k)/Zg k) of inner automorphisms; for g € G(k) let ¢, denote the inner automor-
phism z — gzg~'. To describe the quotient group Out(G) of outer automorphisms, fix a
choice of (B, T) as usual and consider an automorphism ¢ of G. By composing ¢ with a suit-
able inner automorphism, we can arrange that ¢(B) = B and ¢(T) = T. The only g € G(k)
such that o ¢, preserves B and T are g € Ney(B) (| Now (T) = B(k) ( Naw)(T) = T(k),
and this is precisely the ambiguity that arises by passing from ¢ to the induced automor-
phism of the root datum R(G,T'). The automorphism ¢ induces an automorphism % of the
based root datum associated to (G, T, B), and by the element » € © determines the
outer automorphism class of . Moreover, every element of © arises in this way, due to the

Isomorphism Theorem. We thereby obtain a short exact sequence of abstract groups
(1.5.2) 1= G(k)/Zaw) — Aut(G) = © — 1.

Corollary 1.5.3. The natural map Aut(G,T) — Aut(R(G,T)) is surjective with kernel
T(k)/Zak)-

Proof. The subgroup Aut(G,T') of Aut(G) meets G(k)/Zaw) in Nawy(T)/Zaw, so the quo-
tient group Aut(G,T)/(T(k)/Zaw)) contains W (T') as a subgroup that is carried isomor-
phically onto the subgroup W(®) C Aut(R(G,T')). The quotient of Aut(G,T)/(T(k)/Zcw))
modulo its normal subgroup We(7') is clearly Out(G), and likewise Aut(R(G,T))/W(®) =
©. This is compatible with the isomorphism © ~ Out(G) defined via (1.5.2)). O

Remarkably, the short exact sequence ([1.5.2)) splits as a semi-direct product. To formulate
this, we need to introduce some more structure beyond the triple (G, T, B).

Definition 1.5.4. A pinning of (G, T, B) is the specification of an isomorphism p, : G, ~ U,
for each a € A; equivalently, it is the choice of a nonzero X, € g, for each a € A (via
Lie(pa)(0,) = X,, with = the standard coordinate on G,). The data (G, T, B, {X,}aea) is a
pinned connected reductive group.

(In [Bou3, IX, §4.10, Def. 3] the analogous notion for a connected compact Lie group is
called a framing. Kottwitz, Langlands, and Shelstad use the terminology splitting.) There is
an evident notion of isomorphism for pinned connected reductive groups. Pinnings remove
T'(k)-conjugation ambiguity in the Isomorphism Theorem:

Proposition 1.5.5. For any (G, T, B,{X,}aca) and (G',T", B, { X/, }wrea’), the natural map
Isom((G, T, B,{Xu}aen), (G, T, B, { X/, }arear))
Isom((R(G,T), A, AY), (R(G", T'), A", A™))

is bijective. In particular, if f is an automorphism of (G, T, B) that is the identity on T and
on the simple positive root groups then f is the identity on GG, and a choice of pinning on
(G, T, B) defines a homomorphic section to the quotient map Aut(G) — Out(G) ~ O.
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Proof. Since the elements of A are linearly independent in X(7'), the map T — G2 defined
by t +— (a(t))sea is surjective. Thus, the group of inner automorphisms by T'(k) acts
transitively on the set of possible pinnings. Hence, the Isomorphism Theorem guarantees
that if the based root data are isomorphic then there exists an isomorphism between the
pinned data. We may therefore pass to the case of automorphisms.

Since the T'(k)-action is trivial on the root datum, it follows from the Isomorphism The-
orem that any automorphism of the based root datum arises from an automorphism of
(G, T, B,{X.}sen); i.e., surjectivity is proved. It remains to prove injectivity, so it suffices
to show that if f is an automorphism of (G, T, B) that is the identity on 7" and on the simple
positive root groups then f is the identity on G.

Corollary implies that f must be conjugation against some t € T'(k), but the condi-
tion on the simple positive root groups implies that a(t) = 1 for all @ € A, so a(t) = 1 for all
a € ®. It follows that ¢ centralizes every root group, and hence an open cell, so t is central
in GG. That is, the conjugation action f by t is the identity map. OJ

We now discuss some representation theory. Fix a triple (G, T, B), with G a connected
reductive group over an algebraically closed field k£ of any characteristic. Let A be the base
of simple positive roots of ®* = &(B,T) in ® = ®(G,T), and W = Wg(T) = W(P). By
[Bou2l, VI, §1.5, Thm. 2(ii),(vi)], X(7') is covered by W-translates of the closed Weyl chamber

(1.5.3) C={NeX(T)|(\a")>0forall a € A}.

For an irreducible representation G — GL(V), consider the W-stable finite set Qy C X(T')
of T-weights on V.

Theorem 1.5.6 (Theorem of the highest weight: group version). There is a unique weight
Av € Qu (N C that is highest in the sense that all weights in Qy have the form

Ay — E NaQ
a€A

with integers n, > 0, and the A-weight space is 1-dimensional and B-stable. For each \ €
X(T) there exists a unique irreducible representation Vy of G with highest weight X.

Proof. See [Hum87, 31.2-31.4]. For the relationship between the constructions in character-
istic 0 and positive characteristic, see [Jan, II, 2.2, 2.4, 2.6]. O

Theorem is not used later, but to prove the Existence Theorem over C by analytic
methods we need a link between the notions of “simply connected” in the sense of topology
and in the sense of root data. This rests on a variant of Theorem for Lie algebras.
To state this result, let g be a semisimple Lie algebra over an algebraically closed field &
of characteristic 0, and let t be a Cartan subalgebra. Fix a positive system of roots ®*
in ®(g,t) C t* — {0}, and for each a € ® define an “infinitesimal coroot” h, € t using sly
similarly to how coroots are defined in reductive k-groups using SLs. (See [Ser01l, VI, 3.1(iii)]
for another formulation.) A linear form A € t* is integral if A(h,) € Z for all a € &, and
dominant integral if A(h,) € Z¢ for all a € &1 (equivalently, for all simple positive a).
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Theorem 1.5.7 (Theorem of the highest weight: Lie algebra version). For each dominant
integral N € t*, there exists an irreducible finite-dimensional g-representation whose highest
weight for t is A in the sense that its t-weights have the form X\ — )" _\ nqa with integers
ng = 0. It is unique up to isomorphism if char(k) = 0, and in general such a representation
exists with a 1-dimensional A-weight space.

Proof. See [Hum72, 20.2, 21.1-21.2] (and [Hum98]). O

The existence aspect of Theorem [1.5.7] is the key construction in the analytic proof of
the Existence Theorem for connected reductive groups over C. In characteristic 0, the
character of the highest-weight representation V) of G in Theorem [1.5.6|is determined by its
restriction to the regular semisimple locus of G(k), a dense open locus introduced in Exercise
[1.6.8 Since the character is conjugation-invariant, it is even determined by its restriction to
the dense open set of elements of T'(k) that are regular in G(k). This restriction is given by:

Theorem 1.5.8 (Weyl character formula). Let G be a nontrivial connected semisimple group
over an algebraically closed field k of characteristic 0, T a mazimal torus ,and B a Borel
subgroup containing T. Assume that G is simply connected. Let W = Wg(T), and let
e: W — {1,—1} be the natural quadratic character carrying each simple reflection to —1.

For each X in the Weyl chamber of X(T') corresponding to B (see (1.5.3))) and for each
reqular semisimple t € T(k), the character of t on V is given by

P wew ()t
Dwew E(w)tr
where t* := a(t) for a € X(T) and p := (1/2) Y co+ @ € X(T).

Tl“(t“/)\) =

Proof. Using the weight space decomposition Vy = €,cx(r) Va(1), the character x\(t) =
Te(¢|V)) is equal to > dim Vy(p)t". Hence, the assertion of the formula is the identity

Z dim VA(H)tu (Z €(w)tw9> = Z g(w)tw()\—l—p)

HeEX(T) wew wew

in the group ring Z[X(7)]. The T-weight spaces for a finite-dimensional G-representation V'
are the same as the t-weight spaces for V viewed as a g-module since G is connected and
char(k) = 0. Thus, by embedding X(7') = Hom(7, G,,) into t* in the natural way, it is
equivalent to prove the analogue of the Weyl character formula for V) viewed as a g-module
(by identifying (G, T') with ®(g,t)). For a proof of the Lie algebra version, see [Boud, VIII,
9.1, Thm. 1]. (The group version can be reduced to the case k = C, in which case it can be
proved using integration on a compact form of the group; see [FHL 26.2].) O

Remark 1.5.9. The regularity condition on t is needed in the Weyl character formula to
ensure that the denominator is nonzero; see Example [1.5.10] Also, the integrality of p can
be made explicit: it is the sum of the elements in X(7') dual to the Z-basis A" of X, (T)
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(a Z-basis due to the simply connected condition on G; see Exercise |1.6.12(ii)). This is the
“dual” of the situation in Exercise [£.4.8](iii) (which treats adjoint semisimple groups).

Example 1.5.10. Consider G = SL, over an algebraically closed field k£ of characteristic 0,
and let T' be the diagonal torus. Identify G,, with T via ¢ — diag(c,1/c), so X(T') = Z.
Take B to be the upper triangular Borel subgroup, so ®(B,T) = {2}. The Weyl chamber
CisZsoand p=2/2=1.

The irreducible representation of G with highest weight n > 0 is the symmetric power
V, = Sym"(k?). A regular semisimple element ¢t € T'(k) is any ¢t € k* such that t* # 1.
Clearly

Te(t|V,) =t" +t" 24+t " =

and the right side is exactly the Weyl character formula in this case (likewise illustrating the
need for the regularity condition on ¢ in order that the denominator be nonzero).

If char(k) = p > 0 then these symmetric powers can be non-semisimple; e.g., Sym”(k?)
is not semisimple (Exercise [1.6.10(iii)) but it has a unique irreducible quotient with highest
weight p. In general, the dimensions of highest weight representations are not known when
char(k) > 0, nor is there a formula for the character at regular semisimple points of T'(k).

Example 1.5.11. Consider G = Sp, over an algebraically closed field of characteristic 0.
The Dynkin diagram is o :g . The weight lattice X(T') is represented by dots in the

diagram below, and the arrows represent positive roots. Note that X(7T') contains Za + Zf3
as a subgroup of index 2 (so half the sum of the positive roots, p = (3/2)(a + ), lies in
X(T) as it should). The weights in the Weyl chamber are denoted by black dots and
labelled with the dimension of the corresponding irreducible representation.

o 14 o 35 e 35 e
o 16 o p 20 o

N D ® jta 10 o p+2a o
4 o

1.#00{

(] (@] (@]
We can describe some irreducible representations of small dimension in more familiar terms:
e The 4-dimensional representation Vj is the standard representation of G = Sp,.
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e The 5-dimensional representation Vs is A?V}/L, where L is the line in A%V} fixed by G
(i.e., the line spanned by the symplectic form). This can be regarded as the standard
representation of SO5 ~ Sp, /s (see Example .

e The 10-dimensional representation is Sym?*(V}).

e The 14-dimensional representation is Sym?*(Vs)/L/, where L' is the line Sym?*(V3)

e The 20-dimensional representation is Sym?(V}).

SOs
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1.6. Exercises. The first seven exercises below require no specific background in the clas-
sical theory beyond basic definitions that we assume are familiar to the reader. However,
some of those exercises are referenced in §l1| to clarify features of the classical theory.

Exercise 1.6.1. Let G C GLj3 be the non-reductive connected solvable subgroup

in which a maximal torus is given by T' = Gy, via t — diag(¢,1,1/t). Consider the weight
space decomposition for g under the adjoint action of 7.

Show that the nontrivial character x(t) = t occurs with multiplicity 2, and that its inverse
x(t)~' = 1/t occurs with multiplicity 0. (This contrasts with two important features of the
reductive case, namely that root spaces are 1-dimensional and that the set of roots is stable
under negation in the character lattice.)

Exercise 1.6.2. (i) Prove that the only automorphisms of G, over a field F' are the usual
F*-scalings, and conclude that over a reduced ring R the only automorphisms of G, over R
are the usual R*-scalings. (Reduce to the case of noetherian R.)

(ii) Prove Gy, represents the automorphism functor of G, on the category of Q-algebras.
(Reduce to the noetherian case, then induct on the nilpotence order of the nilradical.)

(iii) Let k be a field with char(k) = p > 0. Prove that G,, does not represent the
automorphism functor of G, on k-algebras by giving an example of an automorphism of G,
over the dual numbers k[e] that does not arise from the usual Gy,-action on G,.

(iv) Despite the problems in (iii), prove that an action by a torus 7" on G, over a field &
of any characteristic is given by t.x = x(t)x for a homomorphism of k-groups x : T' — Gy,.
(Hint: use (i) to get a homomorphism y : T'(ks) — kS and then work over the function field
K = k(T) of T to prove that x is “algebraic” over ky and defined over k. The algebraicity
is the main point.)

Exercise 1.6.3. Let Z[x;;](det) be the degree-0 part of Z[x;;][1/ det] (f/ det® with f homoge-
nous, deg f = edeg(det) = en). Define PGL,, = Spec(Z|[z;;](et)) = {det # 0} C Pyl

(i) Construct an injective map GL,(R)/R* — PGL,(R) natural in rings R.

(ii) Prove PGL, is the Zariski-sheafification of S ~» GL,(S)/GL;(S) on the category of
schemes, and that it has a unique Z-group structure making GL,, — PGL,, a homomorphism.

(iii) Prove GL,(R)/R* = PGL,(R) for local R, and construct a counterezample with
n = 2 for any Dedekind domain R with Pic(R)[2] # 1.

(iv) For local R show Pic(P%) = Z (generated by €/(1)) by using deformation from the
residue field and the theorem on formal functions (after reducing to the case of noetherian
R). Deduce that the evident action of PGL, on Pj ' via (ii) makes PGL, represent the
automorphism functor S ~ Autg(P% ') on the category of schemes. (For example, the
Z-group PGL, represents the automorphism functor of P.) By using intersection theory on
P! x P! over a field, adapt the deformation arguments to prove that (PGLy x PGLy) % (Z/2Z)



40 BRIAN CONRAD

represents the automorphism functor of P! x P! in the evident manner. (Hint: prove that
Picp1xp1)z is the constant Z-group associated to Z & Z.)

(v) Give a pre-Grothendieck proof (no functors, non-reduced schemes, or cohomology) that
if a linear algebraic group G over a field k acts on PZ‘I then the resulting homomorphism
G(ks) — Auty, (P7") = PGL,(k,) arises from a k-homomorphism G — PGL,,.

Exercise 1.6.4. Construct natural isomorphisms between pgl, := Lie(PGL,) and gl,/gl,,
as well as between sl,, := Lie(SL,,) with g[l"=" (kernel of the trace) as Lie algebras over Z.
Then do the following:

(i) Construct a GLj,-equivariant duality between sl,, and pgl,, over Z.

(ii) Over any field k of characteristic p > 0, prove that sl, and pgl, are not isomorphic as
representation spaces for the diagonal torus of SL,. In particular, neither is self-dual as an
SL,-representation space.

(ili) In the setup of (ii), prove that the central line Lie(p,) C sl, consisting of scalar
diagonal matrices does not admit an SL,-equivariant complement.

(iv) Note that the conclusion of (ii) holds with sl, and pgl, respectively replaced by sl
and pgl,c. Verify that for 0 < f < e, the central line in Lie(SLye/p,s) does have an SL.-
equivariant complement, namely the image of sl,.

Exercise 1.6.5. Let G and G’ be smooth connected groups over a field k. Let f: Q — G’
be a k-morphism defined on a dense open subset ) C G. Assume that f is a rational homo-
morphism in the sense that f(ww’)f(w')™' f(w)™' : V — G’ is identically 1 for a dense open
subset V' C  x Q such that ww' € Q for all (w,w’) € V. Use pre-Grothendieck arguments
(i.e., no descent theory or scheme-theoretic methods) to prove that f uniquely extends to a

k-homomorphism f : G — G’ and that if f is birational then f is an isomorphism.

Exercise 1.6.6. Let a smooth finite type k-group G act linearly on a finite-dimensional
k-vector space V. Let V denote the affine space over k whose A-points are V, ==V ®; A
for any k-algebra A. Define V(A) to be the set of v € V4 on which the A-group G4 acts
trivially.
(i) Prove V¢ is represented by the closed subscheme associated to a k-subspace of V'
(denoted V). Hint: use Galois descent to reduce to the the case k = k,; prove VE*) works.
(ii) For an extension field K/k, prove (V)% = (V) inside V.

Exercise 1.6.7. Let G be a connected reductive group over an algebraically closed field
k of characteristic p > 0, and let T' C G be a maximal k-torus. For any affine k-scheme
X of finite type, let X®") denote the scalar extension by the p"-power endomorphism of
k, and define Fx/, : X — X @) to be the natural k-morphism induced by the absolute
p"-Frobenius F§ : X — X over the p"-Frobenius F}' : Speck — Speck.

(i) Prove that Fx/;, is functorial in X, compatible with direct products in X (over k),
and compatible with extension of the ground field. Deduce that if X is a k-group and X ®")
is made into a k-group via scalar extension then Fx/, is a k-homomorphism.
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(ii) If X is smooth of pure dimension d > 0 then prove that F/ , is finite flat of degree
p®™. In particular, Fg 1., : G — G®") is an isogeny of degree p™ carrying T onto T®").

(iii) Compute Fg/k, for GL(V) and SO(q), and prove Lie(Fg ;) = 0 for any G. In general,
compute the effect on root data arising from Fg i, : (G, T) — (G®"), T®").

Exercise 1.6.8. Let GG be a connected linear algebraic group over an algebraically closed
field k. By Remark [1.1.19] the set of semisimple elements of G(k) is the union (J; T'(k) as
T varies through the maximal tori of G.

(i) Prove that for semisimple g € G(k), Zg(g)° contains some Cartan subgroup Zg(T) of
G (these are the maximal tori when G is reductive). Deduce that dim Zs(g) coincides with
the common dimension of the Cartan subgroups if and only if Z5(g)°? is a Cartan subgroup.

(ii) Prove that there exist semisimple g € G(k) such that Zg(g)°? is a Cartan subgroup.
(Hint: For a maximal torus 7', consider the finitely many nontrivial T-weights that occur
on g.) An element g € G(k) is reqular when Zg(gss)? is a Cartan subgroup. Using that
g € Za(gss)® [Ba91l 11.12], deduce that g is regular if and only if it belongs to a unique Cartan
subgroup. (For G = GL(V), these are precisely the g € G(k) whose characteristic polynomial
has non-zero discriminant, since g and gy have the same characteristic polynomial, so this
is a Zariski-dense open locus in GL(V').)

(iii) For semisimple g € G(k) prove that Lie(Zg(g)) = g9=', and by considering the
multiplicity of z — 1 as a factor of the characteristic polynomial for the adjoint action of G
on g prove that the regular locus of G(k) is a (non-empty) Zariski-open subset. (Hint: for
any g € G(k), Adg(g) and Adg(gss) have the same characteristic polynomial on g.)

(iv) Steinberg proved that all regular elements in G(k) are semisimple when G is reductive.
Without using this fact, prove that for reductive G the non-empty locus of regular semisimple
elements in G(k) is Zariski-open. (This is false if G is nontrivial and unipotent!) In other
words, within the dense Zariski-open locus of regular elements, prove that the non-empty
semisimple locus is open. (Hint: consider dim Zg(g) rather than dim Zg(gss), and apply
semicontinuity of fiber dimension to a “universal centralizer scheme” over G.)

Exercise 1.6.9. Let k be a field. To define special orthogonal groups over rings in a uniform
way, we need a characteristic-free definition of non-degeneracy for a quadratic formq: V — k
on a finite-dimensional k-vector space V' of dimension d > 2. We say ¢ is non-degenerate
when ¢ # 0 and (g = 0) is smooth in P(V*) := Proj(Sym(V*)) ~ P!

(i) Let B, : V xV — k be the corresponding symmetric bilinear form (v, v") — ¢q(v+v") —
q(v) — q(v'), and define V+ = {v € V| B,(v,-) = 0}; we call ¢, := dim V* the defect of q.
Prove that B, uniquely factors through a non-degenerate symmetric bilinear form on V/V+,
and that B, is non-degenerate precisely when the defect is 0. Also show that if char(k) = 2
then B, is alternating, and deduce that §, = dim V" mod 2 for such k (so 6, > 1 if dim V' is
odd).

(ii) Prove that if 6, = 0 then ¢z admits one of the following “standard forms”: >\ | ;24
if dimV =2n (n > 1), and 23 + Y ;| Zi%iyy if dimV = 2n+1 (n > 1). Do the same if
char(k) = 2 and ¢, = 1. (Distinguish whether or not ¢|y+ # 0.) How about the converse?
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(ili) If char(k) # 2, prove that ¢ is non-degenerate if and only if §, = 0. For char(k) = 2,
prove that ¢ is non-degenerate if and only if §, < 1 with ¢|y+ # 0 when ¢, = 1. (Hint: use
(ii) to simplify calculations.) This is the “classical” notion of non-degeneracy for g.

Exercise 1.6.10. Let G be a smooth affine group over a field k = k (allow G # G°).

(i) If all finite-dimensional linear representations of G are completely reducible, or if there is
even a single faithful semi-simple representation of G, then prove that G is reductive. (Hint:
use Lie-Kolchin, and behavior of semisimplicity under restriction to a normal subgroup.)
Deduce that GL(V') is reductive and SL(V') is semisimple.

(ii) Conversely, assume that G° is reductive and char(k) = 0. Prove that all finite-
dimensional linear representations of G are completely reducible. (Hint: prove Lie(Z2(G)) is
semisimple.)

(iii) Let V' be the standard 2-dimensional representation of SLy over k, and assume
char(k) = p > 0. In Sym”(V'), prove that the line of pth powers has no SLy-equivariant com-
plement (so Sym” (V) is not semisimple as a representation, and hence VP is not semisimple).

Exercise 1.6.11. Let G be a linear algebraic group over an algebraically closed field k£, N a
normal linear algebraic subgroup (e.g., N = Z(G)), and T' a maximal torus in G. Prove that
(TN N)2, is a maximal torus in N. (See Example and Exercise for smoothness
and connectedness properties of T N.)

Exercise 1.6.12. Let G be a connected semisimple group over an algebraically closed field
k. The central isogeny class of G is the equivalence class of G generated by the relation on
connected semisimple k-groups G’ and G” that there exists a central isogeny G’ — G” or
G" — G (i.e., an isogeny whose scheme-theoretic kernel is central). Composites of central
isogenies between connected reductive groups are central (due to Corollary applied
over k, where the proof simplifies); this is false for general smooth connected affine groups
(Exercise [3.4.3[(ii)).

(i) Prove that any central isogeny f : G' — G” can be arranged to satisfy f(7T") = T"”
and f(B') = B for choices of Borel subgroups and maximal tori that they contain, and
use the open cells to show that such an f must induce isomorphisms between root groups

(false for Frobenius isogenies!). Deduce via Corollary , the Isomorphism Theorem, and
- ) that if G' ~ G” abstractly then f must be an isomorphism and that if G’ % G” then
up to conjugacy f is the only central isogeny between G’ and G” (in either direction!). In
particular, a central isogeny class is partially ordered (when members are considered up to
abstract k-isomorphism).

(ii) Using the Existence and Isomorphism Theorems over k, prove the equivalence of the
following conditions on G: the only central isogenies G’ — G from connected semisimple
groups are isomorphisms, G dominates all other members of its central isogeny class, and the
simple positive coroots of (G, T) (relative to a choice of @) are a Z-basis of the cocharacter
group of T'. Under these conditions, we say G is simply connected (e.g., Sp,y,, and SL,,).

Likewise prove the equivalence of: Adg is a closed immersion, G' is dominated by all
members of its central isogeny class, and the simple positive roots of (G,T) (relative to a
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choice of ®T) are a Z-basis of the character group of T. Under these conditions we say that
G is adjoint (e.g., PGL,, and SOg,1).

(iii) Let T C G be a maximal torus. For each a € ®(G,T), let T, = (ker a)? ; be the unique
codimension-1 torus in 7T killed by a. By the structure theory underlying the definition of
coroots, Gy := P(Za(T,)) is either SLy or PGLy with maximal torus a¥(G,,) having root
groups U, and U_,.

If G is simply connected, prove that G, = SLs for all a € ®(G,T'). Show that the converse
is false by proving that G, = SL, for all a € ®(G,T) when G = PGL,, with n > 3.

Exercise 1.6.13. Let U be a nonzero finite-dimensional vector space over a field k£, and U*
its dual. Define W = U @ U*.

(1) Define ¢g : WxW — k by ¥o((v, f), (V', f')) = f'(v)—f(v'). Show that (W, 1)) is a non-
degenerate symplectic space. Let GL(U) acts on W by g.(v, f) = (g.v, f o g~ !). Show that
this defines a monic homomorphism (hence closed immersion) of k-groups GL(U) — GL(W)
and that the image lies in Sp(W, ).

(ii) Define a quadratic form gy on W by qo(v, f) = f(v). Show that gy is non-degenerate
and that the image of GL(U) — GL(W) also lies in SO(W, gy).

Exercise 1.6.14. Let U = k? for an algebraically closed field k and define W, vy, qo as in the
previous exercise. Thus, we have inclusions SLy C GLs C Sp(W, 1) and SLy C SO(W, qo).
In this exercise, you can take for granted that the groups SO(V, ¢) and Sp(V, ¢) are connected
reductive groups. For such groups, we shall interpret the maps ¢, from Theorem [1.2.5]

(i) Let (V, q) be a non-degenerate quadratic space of dimension 2n over k, n > 2. Construct
a maximal torus T of G = SO(V, q) and compute ®(G,T'). For each a € ®(G,T), show that
©q : SLy — G arises from the following construction: take an embedding i : (W, qo) — (V, q)
of quadratic spaces. This gives as an embedding SO(W, ¢o) < SO(V, ¢) in an obvious manner
and hence we get SLy — SO(W, o) — SO(V, q).

(ii) Let (V,q) be a non-degenerate quadratic space of dimension 2n + 1 over k, n > 1.
Construct a maximal torus T of G = SO(V, ¢) and compute ®(G,T'). For each a € ®(G,T),
show that ¢, : SLy — G arises from one of the following two constructions: (a) take an
embedding i : (W, qo) — (V, q) of quadratic spaces and form SLy — SO(W, qy) — SO(V, q)
as in (i); (b) take a 3-dimensional subspace V3 of V' such that (13, ¢) is non-degenerate. Then
we have SO(V3, ¢) ~ PGL, (Example B.2.2) and hence a homomorphism SLy; — SO(V3, ¢) —
SO(V, q). Case (a) is for the long roots, and (b) is for the short roots.

(iii) Let (V,1) be a non-degenerate symplectic space of dimension 2n over k. Construct
a maximal torus T" of G = Sp(V, ) and compute ®(G,T). For each a € ®(G,T), show that
©q : SLy — G arises from one of the following two constructions: (a) take an embedding i :
(W, 1bo) — (V, ) and form SLy < Sp(W, ¢g) < Sp(V,v); (b) take a 2-dimensional subspace
Vy of V' such that (V5,) is non-degenerate. Then we have SLy = Sp(Va,¢) — Sp(V, ).
(Determine which of (a) or (b) corresponds to the long roots, and which corresponds to the
short roots.)
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Exercise 1.6.15. (i) Let G be a connected linear algebraic group over an algebraically
closed field k, and let T" be a torus of G. Let g = @an(T) g. be the weight decomposition

of g = Lie G for the action of T. Let ® = {a € X(T') — {0} | g, # 0}. Assume:

e go = LieT (so T is maximal as a torus of G) and dimg, < 1 for all a € ®;

e & is stable under negation in X(7') and if a,b € ® are Z-linearly dependent then
b= *a;

e for all a € ® there exists a homomorphism ¢, : SLy — G with finite kernel such that
the image commutes with the codimension-1 torus T, = (kera)®,, C T.

Show that G is a reductive group. (Hint: prove Lie(Z,(Gy)) = 0. Also see Lemma [3.1.10})
(il) With the notation of Exercise [1.6.14] show that SO(V,q) and Sp(V, ) are reductive
(granting that each is connected and smooth).

Exercise 1.6.16. Let A be the base of a positive system of roots ®* in a reduced root
system (V,®). Consider the reduced dual root system (V* ®V) arising from the coroots
(where a" is the linear form that computes the unique reflection s, : V' =~ V preserving ®
and negating a; i.e., s,(v) = v — a¥(v)a).

(i) Assume (V, ®) is irreducible and fix a W (®)-invariant positive-definite quadratic form
Q@ :V — Qon V (unique up to scaling, by Remark . Prove that under the resulting
isomorphism V* ~ V' o is identified with 2a/Q(a).

(ii) Let AY be the set of coroots a¥ for a € A. Using (i), prove that A" is a basis of V*
and that every element of ®¥ is a linear combination of AY with all coefficients in Qs or in
Q<o. Use the equivalent characterizations of bases of root systems in [SGA3, XXI, 3.1.5] to
deduce that AV is the base of a positive system of roots in ®V.

(iii) Assume (V, ®) is irreducible and chose a nonzero A € V* such that &9 = ®* (so
(A, a) # 0 for all @ € @). For @ as in (i) and v € V satistying Bg(v,-) = A, prove that v is
not orthogonal to any coroot and that A is a base for the positive system of roots ®,-,.

(iv) Using (iii), prove that if (V, ®) is irreducible then the Dynkin diagrams for ® and ®V
coincide in the simply laced case (i.e., one root length) and otherwise are related by swapping
the direction of the unique multiple edge. (Hence, by the classification of irreducible reduced
root systems, the diagrams coincide except that B,, and C,, are swapped for n > 3.)
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2. NORMALIZERS, CENTRALIZERS, AND QUOTIENTS

Here is an example that motivates the need for a theory of reductive groups over rings.
Let G be a connected reductive group over a number field K with ring of integers R, and
choose a faithful representation G — GL,, over K. The schematic closure of G in the R-
group GL, is a flat closed R-subgroup ¢ of GL,,. By direct limit considerations, if a € R is
nonzero and sufficiently divisible (i.e., Spec R[1/a] is a sufficiently “small” neighborhood of
the generic point in Spec R) then g/, is smooth over Spec R[1/a] with connected fibers.
Is % reductive for all s € Spec R[1/a], at least at the cost of making a more divisible in R,
and if so then is the isomorphism type (of the associated root datum) “independent of s”7
In such cases we wish to say that g1/, is a reductive group scheme over R[1/a].

Also, although G may not have a Borel K-subgroup, Gk, has a Borel K,-subgroup for all
but finitely many v. This assertion only involves the theory of reductive groups over fields
(of characteristic 0), but its only known proof requires using the theory of reductive groups
over localized rings of integers.

A theory of reductive groups over discrete valuation rings should link the theories over F,,
and Q, as well as relate finite groups of Lie type to complex semisimple Lie groups. We also
seek a conceptual understanding of the smooth affine Z-groups constructed by Chevalley
in [Chev61] (with Q-split semisimple generic fiber). The Bruhat-Tits structure theory for
p-adic groups, the study of integral models of Shimura varieties, and Galois deformation
theory valued in reductive groups provide further motivation.

The main result that we are aiming for is this: over any non-empty scheme S, there will
be analogues of the Existence and Isomorphism Theorems for connected reductive groups
over algebraically closed fields. More specifically, we will show that the category of “split”
reductive S-groups (equipped with a suitable notion of isomorphism) is the same as the
category of root data, which in turn has nothing to do with S'!

In the classical theory, normalizers and centralizers of tori are ubiquitous tools for creating
interesting subquotients of a non-solvable smooth connected affine group. In the relative
theory these constructions remain essential, but we need to use torsion-levels in a torus
because those are finite flat over the base (unlike the torus). Such finiteness makes the
torsion-levels very useful in proving representability results for functorial normalizers and
centralizers of tori. The method of passing to torsion-levels in tori has a useful variant
when considering normalizers and centralizers of smooth closed subgroups with connected
fibers: passing to infinitesimal neighborhoods of the identity (which are often finite flat closed
subschemes, but generally not subgroups). The construction of quotients by normalizers of
subgroups will also use the consideration of “finite flat approximations”.

Our use of torsion levels in tori forces us to consider general (possibly non-smooth) groups
of multiplicative type. See Appendix [B| for the basics of the theory of group schemes of
multiplicative type, including definitions and notation (and precise references within [Oes]
for proofs of some fundamental results). The reader should learn the material in Appendix
before continuing on to the discussion that follows
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2.1. Transporter schemes and Hom schemes. For subschemes Y and Y’ of an S-group
scheme (G, the transporter functor on S-schemes is defined to be

Transp (Y, Y") : 8"~ {g € G(5) [ g(Yer)g™" C Y}

In the special case Y/ = Y with Y of finite presentation over S, this coincides with the
normalizer functor

Ng(Y): 8"~ {g€G(S)|gYsg™" = Ys}
because a monic endomorphism of Ys given by g-conjugation is an automorphism, as for
any finitely presented scheme over any base [EGAl TV, 17.9.6]. When these functors are
representable, we denote representing objects as Transp, (Y, Y”) and Ng(Y') respectively.

Definition 2.1.1. A finitely presented subgroup G’ in G is normal if No(G') = G, or
equivalently for all S-schemes S’ the conjugation on Gg by any g € G(S’) carries G’y into
(and hence isomorphically onto) itself.

Another formulation of this definition is that G’(S’) is a normal subgroup of G(S’) for
every S-scheme S’. Normality of G’ in G cannot be checked on geometric points even when
G’ is smooth and S = Speck for an algebraically closed field k; see Example [2.2.3]

Proposition 2.1.2. Let Y and Y’ be finitely presented closed subschemes of an affine S-
group G of finite presentation. Assume Y is either a multiplicative type subgroup or is finite
flat over S. The scheme Transp,(Y,Y') ezists as a finitely presented closed subscheme of G.
In particular, the normalizer Ng(Y') exists as a finitely presented closed subgroup of G.

If G is smooth and Y and Y’ are both multiplicative type subgroups of G then these sub-
schemes are smooth.

In [SGA3| XI, 2.4bis|, this proposition is proved without affineness hypotheses on G. We
restrict to the affine case because the proof is much simpler in that case and it is sufficient
for our needs. In Proposition we will adapt the method of proof to apply to smooth
closed subschemes YY" C G with connected fibers, but the smoothness of Transp(Y,Y”)
may then fail, even when G is smooth. The smoothness of Transp,(H, H') for any H and
H' of multiplicative type (when G is smooth) is remarkably useful.

Proof. By “standard” direct limit arguments, we may and do assume that S is noetherian.
Granting the representability by a closed subscheme, let’s address the S-smoothness when
G is smooth and Y and Y’ respectively coincide with multiplicative type subgroups H and
H' of G. We shall verify the functorial criterion for smoothness. The condition is that for an
affine scheme S’ over S (which we may and do take to be noetherian, or even artinian) and
a closed subscheme S|, defined by a square-zero quasi-coherent ideal on S’, any gy € G(S))
conjugating Hg, into H Z% admits a lift ¢ € G(5’) conjugating Hg into Hg,. As usual we
may rename S’ as S to save some notation, and by S-smoothness of G we can lift gy to some
g € G(S) but perhaps gHg™! is not contained in H’. Nonetheless, these two subgroups of
multiplicative type in G have the same reduction in G, so by renaming gH ¢~ ! as H we may
assume that Hy C H) and gy = 1.
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Since H' is multiplicative type, the multiplicative type Sp-subgroup Hy in H|, uniquely
lifts to a multiplicative type S-subgroup H of H' (as the uniqueness allows us to work étale-
locally on S, so it suffices to consider the easy case that H' is S-split and Hy is Sp-split). The
multiplicative type S-subgroups H and H in G have the same reduction in Gy, so by Corollary
and [Oesl, 111, 3.3] there exists ¢’ € G(S) satisfying g) = 1 and ¢ Hg™' = H C H'.
This completes the proof of smoothness of the transporter scheme (granting its existence).

It remains to prove that the transporter functor is represented by a closed subscheme of G
when Y is either finite flat or a subgroup of multiplicative type. We first reduce the second
case to the first, so suppose Y = H is a subgroup of multiplicative type. By the relative
schematic density of {H[n|},>1 in H (in the sense of [EGAl IV3, 11.10.8-11.10.10]) we have
the equality

Transp ,(H,Y") = ﬂ Transp ,(H([n],Y”)
n>0
as subfunctors of G, so it suffices to treat each of the pairs (H[n],Y”) separately. Hence, we
may and do assume that Y is finite and flat over S. We may also assume S is noetherian.

To build Transp (Y, Y”) for finite flat Y, we will use Hom-schemes. Hence, we now digress

to prove a lemma concerning the representability of Hom-functors in a special case.

Lemma 2.1.3. Let S be a scheme, X — S a finite flat and finitely presented map, and
Y — S an affine morphism of finite presentation. The functor on S-schemes defined by

S/ ~ HOHIS/ (XS/, YS’)

1s represented by an affine S-scheme of finite presentation.

Likewise, if G and G’ are finitely presented S-groups with G finite flat and G’ affine over
S then the functor S ~» Homg ., (Ggs, G ) classifying group scheme homomorphisms is
represented by an affine S-scheme of finite presentation.

The representing schemes are denoted Hom(X,Y') and Homg_, (G, G') respectively.

Proof. We may and do assume that S is affine, and then noetherian, say S = Spec(A), with
X = Spec(B) for B that is finite free as an A-module (admitting an A-basis containing 1)
and Y = Spec(C) for C' a finitely generated A-algebra. Once the case of the functor of
scheme morphisms is settled, the refinement for group schemes amounts to the formation of
several fiber products (see Exercise . Thus, we just focus on the assertion for scheme
morphisms with X and Y, avoiding any involvement of group schemes.

The basic idea of the construction of Hom(X,Y') is similar to the construction of Weil
restriction of scalars Rg/ /g for a finite flat map S* — S in the affine noetherian case (see
[BLR, 7.6]). The reason for the similarity is that Hom(X,Y) = Rx/s(X xgY), since for any
S-scheme S’ the set Homg(S’, Hom(X,Y")) is identified with

HomS(S’ Xg X, Y) = HomX(S’ Xg X,X Xg Y) = Homs(S/,Rx/s(X Xg Y))
Let {e1,...,e.} be an A-basis of B with e; = 1, and let
Alty, ..t/ (f1y ooy fn) = C
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be a presentation of C. For any A-algebra A’ and the associated scalar extensions B’ =
A'®4 B and C' = A ®4 C over A, we identify Hom 4,,(C’, B') with the set of ordered
n-tuples b’ = (by,...,b),) € B such that f;(') = 0 in B’ for all j. By expressing the
A-algebra structure on the A-module B = @ Ae,, in terms of “structure constants” in A,
the specification of ' amounts to the specification of an ordered nr-tuple in A’, and the
relations f;(b') = 0 amount to a “universal” system of polynomial conditions over A on this
ordered nr-tuple. These polynomial conditions define the desired representing object as a
closed subscheme of an affine space over A. [l

Remark 2.1.4. In [SGA3, XI, 4.1, 4.2], a fundamental result is proved: for any smooth
affine S-group G and multiplicative type group H, the functor Homg_, (H,G) classifying
S’-group homomorphisms Hg: — Gg over S-schemes S’ is represented by a smooth sepa-
rated S-scheme and the functor Mult ¢ classifying subgroups of G of multiplicative type
is likewise represented by a smooth separated S-scheme. (Beware that each of these repre-
senting schemes is generally just locally of finite presentation over S; they are typically not
quasi-compact over S.)

The construction of schemes representing Homg_, (H, G) and Mult ¢ rests on deep rep-
resentability criteria for functors in [SGA3| XI, §3] that are specially designed for such
applications. These moduli schemes in turn underlie Grothendieck’s construction of quasi-
affine quotients G/Ng(H) and G/Zg(H) for multiplicative type subgroups H in G. The
quasi-affineness property of these quotients [SGA3, XTI, 5.11] is crucial for applications with
descent theory (as it ensures effectivity of descent).

Later we will use a variant on Grothendieck’s method, requiring only the more elementary
case of Hom-schemes as in Lemma [2.1.3] and establishing the existence and quasi-affineness
of the quotient schemes G/Ng(H) and G/Zg(H) for smooth G via an alternative procedure.
The reason that we can succeed in this way is that we will appeal to general theorems from
the theory of algebraic spaces to understand representability and geometric properties of
quotient sheaves.

Returning to the proof of Proposition by Lemma the Hom-functors Hom(Y, G)
and Hom(Y,Y”) classifying scheme homomorphisms (over varying S-schemes) are repre-
sented by affine S-schemes of finite type. There is a natural G-action on Hom(Y, G) via
G-conjugation on G, so the S-point j € Hom(Y, G)(S) = Hom(Y, @) corresponding to the
given inclusion yields a G-orbit map

(2.1.1) G — Hom(Y, G)
over S defined by g — (y — ¢gj(y)g~'). Consider the pullback of the natural monomorphism

(2.1.2) Hom(Y,Y”) — Hom(Y, G)
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(defined by composition with the inclusion Y’ < G) under the map (2.1.1)). This pullback

recovers the subfunctor Transp G(Y, Y’); i.e., we have cartesian diagram of functors

Transp (Y, Y") — Homg(Y,Y”)

| |

G Hom (Y, G)

This establishes the representability of the transporter functor, and to prove that it is a
closed subscheme of G it suffices to prove that is a closed immersion. Exactly as
in the construction of these Hom-schemes in the proof of Lemma [2.1.3] the condition on
an S’-scheme morphism Yy — Gg (for an S-scheme S’) that it factors through the closed
subschemes Y, is represented by an additional system of universal Zariski-closed conditions
arising from generators of the ideal of Y’ in G (Zariski-locally over S). This establishes the
required closed immersion property. 0]

See Exercise for further discussion of constructions of transporters and normalizers.
As an application of Proposition [2.1.2) we have the following mild refinement on [SGA3| XI,
5.4bis:

Corollary 2.1.5. Let G be a smooth affine S-group, and H and H' a pair of subgroups of
multiplicative type. For any s € S, if there exists an extension field K/k(s) such that (Hs)
is Gs(K)-conjugate to (H.)k then there exists an étale neighborhood U — S of s such that
Hy is G(U)-conjugate to H;.

Proof. The hypothesis is that the smooth map Transp,(H, H') — S hits a K-point over s,
so its open image V' contains s. Any surjective smooth map of schemes admits sections étale-
locally on the base. Applying this to Transp,(H, H') — V provides an étale neighborhood
U of (S,s) such that Transp,(H, H')(U) is non-empty. This U does the job. (The second
assertion is immediate since any containment between multiplicative type groups that is an
equality on geometric fibers at one point is an equality over an open neighborhood, as we
see by passing to an fppf or étale covering that splits both groups.) 0

In our later study of parabolic subgroups P of reductive group schemes G, it will be
important to establish that P is self-normalizing, which is to say that P represents N(P)
(a scheme-theoretic improvement on the result N (P) = P(k) in the classical theory over
an algebraically closed field k). The proof of this property will rest on knowing a priori that
N (P) is represented by some finitely presented closed subscheme of G, so we need a variant
on Proposition that is applicable to smooth closed subschemes Y of G such that all
fibers Y; are geometrically connected (e.g., Y = P):

Proposition 2.1.6. Let G be a smooth affine S-group and Y,Y' C G finitely presented
closed subschemes such that'Y is smooth with non-empty and geometrically connected fibers
over S. The transporter functor TranspG(Y, Y') is represented by a finitely presented closed
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subscheme of G. In particular, the normalizer functor

No(Y): S8~ {g€G(S)|gYsg' =Yg}

1s represented by a finitely presented closed subgroup of G.

The main idea in the proof of this result is to reduce to the finite flat case treated in
Proposition [2.1.2] The role of relative schematic density of the torsion-level subgroups in the
proof of Proposition 2.1.2| will be replaced by the relative schematic density of the collection
of infinitesimal neighborhoods of a section y : S — Y (which exists étale-locally on the base).
This is easiest to understand in the classical setting, so let us first see how that case works:

Example 2.1.7. Let Y be a smooth, non-empty, and connected scheme over an algebraically
closed field k (so Y is irreducible and reduced). Pick y € Y'(k), and let Y,, denote the nth
infinitesimal neighborhood of y; i.e.; Y,, is the infinitesimal closed subscheme defined by the
vanishing of .#"*!, where ., is the ideal of y in €y. We claim that the collection {Y,} is
schematically dense in Y’ i.e., if Z is a closed subscheme of Y that contains Y,, for all n then
Z =Y.1If ¢ istheideal of Z in Y then the stalk ¢, in the local ring Oy, clearly vanishes
in the completion ﬁ{%y, so #, = 0. But Y is integral, so therefore # = 0 as desired.

Now we turn to the proof of Proposition [2.1.6]

Proof. The problem is étale-local on S, so we may assume that there exists y € Y (S). For
each n > 0, let Y,, denote the nth infinitesimal neighborhood of y in Y; this is the closed
subscheme defined by the (n + 1)th-power of the ideal of the closed immersion y : S — Y.
The proof of Proposition will be carried over by using these neighborhoods in the role
of the n-torsion subgroups in that earlier proof. That is, we claim that each Y, is finite flat
over S and that the collection {Y,,} is relatively schematically dense in Y (in the sense of
[EGA] TV3, 11.10.8-11.10.10]). Once these are established, the resulting equality

Transp (Y, Y") = ﬂ Transp (Y5, Y”)

n=0

as subfunctors of G and the known representability of Transp G(Yn,Y’ ) will complete the
proof.

Since the formation of Y,, commutes with any base change on S, by direct limit arguments
we may and do assume that S is noetherian. It suffices to solve the representability problem
on the category of noetherian S-schemes, since Y and Y’ are finitely presented over S. To
prove that Y, is flat over S, we can reduce to the case S = Spec A for an artin local ring A
(by the local flatness criterion). Now y has a single physical point yy, and by A-smoothness
of Y near y the completion of Oy, along y is identified with A[ty,...,t4] carrying the ideal
of y over to the ideal (¢y,...,t4). (This is seen by using an étale map f: (Y,y) — (A%,0).)
Thus, Y, ~ A[ty, ..., ta]/(t1, ..., ta)™, which is visibly S-flat. Since (Y},)red = Srea and Y, is
finite type over S, clearly Y, is S-finite.
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It remains to show that {Y,} is relatively schematically dense in Y. By the S-flatness
of the Y, it suffices to prove the schematic density on geometric fibers over S [EGAL IV3,
11.10.9]. The case of geometric fibers is Example [2.1.7] U

Example 2.1.8. In contrast with the smoothness of normalizers (and centralizers) of mul-
tiplicative type subgroups in smooth affine groups, the normalizers in Proposition [2.1.6] can
even fail to be flat when G is smooth and Y is a smooth subgroup with connected fibers. In
particular, normality on a fiber does not imply normality on nearby fibers, even when work-
ing with smooth groups. More specifically, a family of non-normal smooth closed subgroups
can degenerate to a normal subgroup.

We give an example over S = A! (with coordinate t) using the S-group G = G, X SLs.
Consider the closed S-subgroup G’ = G, defined by the closed immersion

J(ut) = (u, (%), 1)
over the t-line S. The fiber map over ¢ = 0 is the inclusion of G, into the first factor of
G, x SLg, but for ¢ # 0 the fiber map j; has non-normal image. Hence, the normalizer

N¢(G') has fiber Gy over t = 0 but its fiber over any ¢ # 0 has strictly smaller dimension.
It follows that Ng(G’) is not S-flat.

2.2. Centralizer schemes. In the classical theory of linear algebraic groups over an alge-
braically closed field &, the centralizer of a smooth closed subscheme Y of a smooth affine
group G is defined by brute force: it is the reduced (hence smooth) Zariski-closed subgroup
structure on ﬂer(k) Z(y). This definition makes it rather unclear what the Lie algebra is
when Y is a subgroup of G. The scheme-theoretic approach defines the centralizer in a more
functorial way that makes it easy to identify the Lie algebra, but shifts the burden of work
to proving that (in favorable circumstances) this subgroup is actually smooth.

Definition 2.2.1. Let G — S be a separated group scheme and Y a closed subscheme. The
functorial centralizer Z(Y') on S-schemes assigns to any S-scheme S’ the set of g € G(5")
such that g centralizes Yy inside Gg .

A closed subgroup of G representing Z,(Y'), if one exists, is denoted Z(Y') and is called
the centralizer of Y in G. In the special case Y = (G, such a subgroup scheme is called the
center of G (if it exists!) and is denoted Zg.

The general existence of centralizers seems to be quite delicate, but in some special cases
there are good results. One favorable situation is when S = Spec(k) for a field k, in which
case Zg(Y) exists for any Y; see Exercise [2.4.4 The case of centralizers of smooth closed
subgroups over an arbitrary base is [SGA3| XI, 6.11], but for later purposes over a general
base S we must allow any Y of multiplicative type (so Y may not be S-smooth) and show

that in such cases the centralizer of Y is smooth when G is smooth (even if Y is not smooth!).
This will be handled in Lemma 2.2.4] below.

Definition 2.2.2. A subgroup scheme G’ in G is central when G-conjugation on G is trivial
on G’ (equivalently, Z,(G") = G).
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Another way to express the centrality condition is that for every S-scheme S’ and ¢ €
G'(5), the ¢’-conjugation action on Gg is trivial.

Example 2.2.3. If G is a smooth finite type group over an algebraically closed field &, a
closed subgroup scheme G’ is central if G’ is centralized by all elements of G(k); see Exercise
2.4.4(iv). This is false when G is not assumed to be smooth, even when G’ is smooth. For
example, in characteristic p > 0 the usual semi-direct product G = Gy, X «;, and its smooth
closed subgroup G’ = G, have the same geometric points, but G’ is not even normal in G.

As another example of a central subgroup scheme, for any scheme S the diagonal p,, in the
S-group SL,, is central for any n > 1. See Example for a stronger centrality property
of u, in SL,,.

Lemma 2.2.4. Let G — S be a finitely presented affine S-group, and 'Y a finitely presented
closed subscheme. Assume thatY is a subgroup of multiplicative type or that Y — S is either
smooth with non-empty connected fibers or finite locally free. Then Zg(Y') exists, and it is
smooth when G is smooth and Y s a subgroup of multiplicative type.

For Y a subgroup of multiplicative type, this lemma is part of [SGA3| XI, 5.3].

Proof. We may assume S is noetherian, and for the representability assertions it suffices to
restrict to functors on the category of noetherian S-schemes. First we treat the existence
when Y is finite flat over S. In this case Lemma [2.1.3 provides an S-scheme Hom(Y, G) that
is affine of finite type over S. The given inclusion of Y into GG corresponds to an S-point j
of Hom(Y, G), and the orbit map for G through j (via the G-action on Hom(Y, G) through
conjugation) pulls back j : S — Hom(Y, G) to a closed subscheme of G representing Z,(Y).

When Y is a subgroup H of multiplicative type, since { H[n]} is relatively schematically
dense in H we have Zo(H) = (),,-0 Za(H[n]) as subfunctors of G. Each H|[n] is finite flat,
and (,-q Za(H[n]) represents Z,(H). Likewise, if Y is a smooth closed subscheme with
connected non-empty fibers then by working étale-locally on S we can assume that ¥ — S
admits a section y. Then we can argue exactly as in the multiplicative type case by using
the finite flat infinitesimal neighborhoods Y;, of y in the role of the torsion-levels H[n] (due
to the relative schematic density of {Y,,} in Y, established in the proof of Proposition .

Finally, for smooth G and general H of multiplicative type we prove that Zg(H) is smooth.
By the functorial smoothness criterion and the generality of the base scheme, it suffices to
show that if S is affine and Sy is a closed subscheme of S defined by a square-zero quasi-
coherent ideal then any gg € Go(Sp) centralizing Hy lifts to some g € G(S) that centralizes
H. By smoothness of G we can pick some g € G(S) lifting go, so gHg™' and H are
multiplicative type subgroups of G with the same reduction in Gy. By Corollary and
[Oesl, TIT, 3.3], there exists ¢’ € G(S) lifting 1 € Go(Sp) such that ¢’ conjugates gHg™! to
H, so ¢'g normalizes H. But over Sy this conjugation endomorphism of H, is conjugation
by (¢'9)o = go, which is the trivial action on Hy. Since H is multiplicative type and Sy
is defined by a nilpotent ideal on S, it follows (by “rigidity” for homomorphisms between
multiplicative type groups) that ¢’g must centralize H, so ¢'g € Zg(H)(S) and this lifts
9o € Za(H)(So). O
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Remark 2.2.5. An important special case of Lemma is Y = @, for which this lemma
asserts the existence of the scheme-theoretic center Zg of a smooth affine S-group G such
that all G5 are connected. (See [SGA3, XI, 6.11] for the removal of the fibral connectedness
condition, taking G = H there.) In general Z can fail to be flat (see the end of [SGA3]
XVI, §3] for an example), in which case it is not very useful.

See Exercise [2.4.6(ii) for explicit examples of Lemma with Z¢ of multiplicative type,
and Exercises [2.4.4] and [2.4.10] for generalizations of Lemma [2.2.4] over fields. In Theorem
m we will see that Zg is of multiplicative type (hence flat) for any reductive group scheme
G—S.

Example 2.2.6. Here are two examples of the smoothness aspect of Lemma in the
context of smooth affine groups over a field k. Let G be such a group, and T a torus
in G (not necessarily maximal). The lemma ensures that the centralizer Zg(T) is always
smooth (and it is connected when G is connected, by the classical theory over k). This is
the scheme-theoretic proof of a fact known from the classical theory [Bo91, 9.2, Cor.]: the
reduced structure on the closed subset of G corresponding to the centralizer of T in G (k)
descends to a smooth closed k-subgroup of G (namely Z;(T)). As a special case, if G is
connected reductive and T is a (geometrically) maximal torus then Zg(7T) = T because such
an equality between smooth closed subgroups can be checked on k-points, where it follows
from the classical theory.

For another application, if G’ is a smooth closed k-subgroup of G that is normalized
by T (e.g., a normal k-subgroup of GG) then the scheme-theoretic intersection Zg(T) ()G’
represents the functorial centralizer for the T-action on G’. Although T may not be a k-
subgroup of G’ inside G, so Lemma does not literally apply to T acting on G’, there
is a standard trick with semi-direct products that enables us to apply the lemma anyway to
prove Zg(T) (G’ is smooth: form the semi-direct product G’ x T" in which T" embeds along
the second factor. Lemma can be applied to this semi-direct product. Thus, Zg/.r(T')
is smooth, and also is connected when G’ is connected. But clearly

Zerr(T) = (Za(T)(G) x T

as k-schemes, and the left side is smooth (and connected when G’ is connected). Thus, the
direct factor scheme Z5(T) (G’ is smooth (and connected when G’ is). For example, if
N C @G is any smooth closed normal subgroup then N () Zg(7') is smooth (and connected
when N is connected).

Remark 2.2.7. Our construction of centralizers and normalizers relied on passage to the case
of Y that is finite flat over the base. There is an alternative approach to the construction of

centralizers and normalizers in the presence of enough “module-freeness” for some coordinate
rings (as algebras over a base ring); see [SGA3|, VIII, §6], [CGPl, A.8.10(1)], and Exercise
244

2.3. Some quotient constructions. As was noted in Remark [2.1.4] for the construction of
quotients in the relative setting we will bypass some of Grothendieck’s techniques in [SGA3]
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in favor of the theory of algebraic spaces. This is illustrated in the following results, the first
of which is a variant on [SGA3, XI, 5.3bis].

Theorem 2.3.1. Let G — S be a smooth affine group scheme, and H a subgroup of
multiplicative type. The quotients G/Z(H) and G/Ng(H) exist as smooth quasi-affine S-
schemes. Moreover, the quotient Wg(H) := Ng(H)/Zg(H) exists as a separated and étale
S-group of finite presentation.

In particular, if H is normal in G (i.e., No(H) = G) and the fibers G are connected then
H 1is central in G.

Before we prove this result, we briefly digress to make some remarks.

Remark 2.3.2. As in [EGA| II, 5.1.1], a map of schemes f : X — Y is quasi-affine if, over
the constituents of some affine open cover of Y, it factors as a quasi-compact open immersion
into an affine scheme (so f is quasi-compact and separated). In [EGA] II, 5.1.2, 5.1.6] there
are several equivalent versions of this definition. A more “practical” description is provided
in [EGAL IT, 5.1.9] when f : X — Y is finite type and Y is noetherian (or more generally, Y
is quasi-compact and quasi-separated): such an f is quasi-affine if and only if f factors as a
quasi-compact open immersion followed by an affine map Y’ — Y of finite type.

Since fppf descent is always effective for schemes that are quasi-affine over the base, the
quasi-affineness in Theorem useful; e.g., it will underlie our later construction of the
“scheme of maximal tori” in a reductive group scheme (even when there is no torus over the
given base scheme that is maximal on all geometric fibers).

Remark 2.3.3. We will build the quotients in Theorem via an orbit argument, as
is also done in the classical setting (i.e., the case S = Spec(k) for a field k). However,
unlike the classical case, in the relative setting we do not have a plentiful supply of linear
representations. In fact, we do not even know if every smooth affine group over the dual
numbers k[e] is a closed subgroup scheme of some GL,! (See [SGA3, VIg, 13.2, 13.5] and
[SGA3, XI, 4.3] for further discussion in this direction.) Thus, the construction of quotients
G /H modulo flat and finitely presented closed subgroups H is rather subtle when the base
is not a field.

Generally such quotients GG/H are algebraic spaces, and we do not wish to get into the
issue of whether they are always schemes. In some cases we will prove that G/H is a scheme
by using an orbit argument with a slightly different flavor from the scheme case: we will
not directly build the quotient scheme as a subscheme of a scheme X on which G acts (or
rather, we will identify the quotient sheaf G/H as a subfunctor of such an X and we do not
try to represent the subfunctor inclusion G/H < X by a subscheme of X') because instead
we will appeal to general criteria for an algebraic space to be a scheme. Our deviation from
the method of construction of G/H in the classical case is forced by the fact that there is no
general analogue in the relative setting of the result in the classical case that G-orbits are
always smooth and locally closed when G is smooth. In Remark we will prove that the
orbit maps arising in the cases of interest to us in Theorem [2.3.1] are open immersions, but
this is never used in what follows.
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Now we turn to the proof of Theorem [2.3.1]

Proof. We may and do assume that S is noetherian. The relative schematic density of
{H[n]} in H implies that Zg(H) = (,20 Zc(H[n]) and Ng(H) = (,-o Na(H|[n]) as closed
subschemes of G. But the noetherian condition on G implies that any descending chain
of closed subschemes of G stabilizes, so Zg(H) = Zg(H[n]) and Ng(H) = Ng(H|n]) for
sufficiently large n. Hence, it suffices to treat each H|[n| in place of H, so we may assume
that H is S-finite. In particular, Lemma provides the scheme Homg . (H,G) that is
S-affine of finite type.

Consider the natural G-action on this Hom-scheme via composition with the conjugation
action of GG on itself, and the S-point corresponding to the given inclusion j : H — G. The
orbit map G — Homg_,.(H,G) through j is right-invariant by the stabilizer scheme Zg(H)
of the S-point j, so the quotient sheaf G /Zg(H) for the fppf (or étale) topology is naturally a
subfunctor of the Hom-scheme. By a general theorem of Artin [Ar74, Cor.6.3], for any finite
type S-scheme X and equivalence relation R on X that is represented by a closed subscheme
in X xg X and for which both projections R = X are flat, the fppf quotient sheaf X/R is a
separated algebraic space of finite type over S. Thus, G/Zg(H) is such an algebraic space.
The monomorphism G/Zg(H) — Homg_,,(H, G) over S must be separated and finite type
with finite fibers, so G/Z¢(H) is separated and quasi-finite over a scheme.

By a result of Knutson [Knutl, IT, 6.15], an algebraic space that is quasi-finite and separated
over a noetherian scheme is a scheme. (See [LMBl, Thm. A.2] for a generalization without
noetherian hypotheses.) Hence, G/Zs(H) is a scheme that is moreover quasi-finite and
separated over the scheme Ho_ms_gp(H, ). By Zariski’s Main Theorem [EGA| TV3, 8.12.6],
any quasi-finite and separated map between noetherian schemes is quasi-affine, so G/Z5(H)
is quasi-affine over the S-affine Homg . ,(H,G) and hence it is quasi-affine over S. The
quotient G/Zg(H) is S-smooth, since G — G/Zg(H) is an fppf cover by the smooth G.
(In Remark we show that the orbit map G/Zq(H) — Homg . (H,G) is an open
immersion.)

By the same reasoning, the quotient sheaves G/Ng(H) and W (H) = Ng(H)/Zq(H) are
smooth and separated algebraic space of finite type over S. The map Wg(H) — G/Z¢(H)
is a closed immersion, via fppf descent of the closed immersion property for its pullback
Ng(H) — G along the smooth covering G — G/Zg(H), so Wg(H) is a scheme as well.
To prove it is S-étale we may pass to geometric fibers over S. With S = Spec(k) for an
algebraically closed field k, the automorphism functor of H is represented by a disjoint union
Aut g, of rational points (opposite to the automorphism functor of the constant dual of H)
and Ng(H)/Zg(H) is a finite type k-group equipped with a monic homomorphism to the
étale k-group Autyy,. This forces the smooth Ng(H)/Za(H) to be finite, hence étale.

Exhibiting G/N¢(H) as quasi-finite and separated over a quasi-affine S-scheme requires
a new idea, as follows. We shall exhibit it as a subfunctor of a scheme that is finite type
and quasi-affine over S. To do this, we replace the role of scheme Homg (H,G) that
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classifies homomorphisms of H into G with the scheme that classifies subschemes of G' that
are “twisted forms” of H:

Lemma 2.3.4. Let G — S be a smooth affine group scheme, and H C G a subgroup of
multiplicative type with finite fibers. There is a quasi-affine S-scheme Twisty,q of finite
presentation that represents the functor Twisty, assigning to any S-scheme S’ the set of
multiplicative type subgroups H' C G such that H., ~ Hy for all geometric points 3’ of S'.

This lemma is a special case of the deeper result [SGA3| XTI, 4.1] that the functor classifying
all multiplicative type subgroups of G is represented by a smooth and separated S-scheme
(without requiring that G contains any such nontrivial subgroups over S). Whereas Lemma
will be deduced from Proposition [2.1.3] which is a special case of [SGA3, XI, 4.2], in
[SGA3] the logic goes the other way: [SGA3| XI, 4.2] is deduced from [SGA3, XI, 4.1].

Proof. We may and do assume S is noetherian. Since étale descent is effective for schemes
that are quasi-affine over the base, to construct the quasi-affine Twisty, — S representing
Twisty;, we may work étale-locally on S so that H has constant Cartier dual M. Thus,
Autg . (H) = I's for the ordinary finite group I' = Aut(M*), where M* = Hom(M, Q/Z).
The natural right action of I's on the finite type S-affine scheme Homg . (H,G) via
v.f = foris free, so by [SGA3, V, Thm. 4.1(iv)] there exists a finite étale quotient map

Homg_, (H,G) — Q = Homg_, (H,G)/Ts.

This quotient is S-affine and constructed using [-invariants over open affines in S.

Inside Homg_,,(H, G), the monicity condition on S’-homomorphisms Hg — G is repre-
sented by an open subscheme V' (by Nakayama’s Lemma applied to the kernel of the universal
homomorphism: if a closed subscheme of a finite scheme has full-degree fiber at some point,
its defining ideal vanishes nearby). Clearly V' is stable under the I'g-action, and V/T'g is an
open subscheme of Q. It remains to show that V/I's represents Twist. There is visibly
a map V — Twisty  that is I's-invariant, and the induced map V/I's — Twisty, is a
monomorphism because if j, j' : Hg = Gg are S’-subgroup inclusions whose images agrees
as closed subschemes then j' = j o« for some v € Autg (Hg) = ['g(S").

It remains to prove that the map V' — Twist . between sheaves for the étale topology
is a surjection (thereby forcing the inclusion V/T's < Twisty ; to be an equality). Pick an
S-scheme S" and an S’-subgroup H' of G's» such that H., ~ Hy for all geometric points 5" of
S’. In particular, H' has finite fibers. It suffices to find an étale cover S” of S’ over which
the pullbacks of H" and H become isomorphic as group schemes. Passing to an étale cover
brings us to the trivial case that H' and H each have constant Cartier dual. U

To finish the proof of Theorem [2.3.1], note that the conjugation action of G on itself de-
fines a left action of G' on Twisty/q, and Ng(H) is the stabilizer of the S-point of Twisty/¢
corresponding to the given copy of H in G. Thus, the separated and finite type alge-
braic space G/Ng(H) over S is a subfunctor of Twisty/q, so applying Knutson’s schematic



REDUCTIVE GROUP SCHEMES (SGA3 SUMMER SCHOOL, 2011) 57

criterion proves that G/Ng(H) is a scheme that is separated and quasi-finite over the S-
scheme Twist /¢ that we know is quasi-affine over S. Applying Zariski’s Main Theorem, the
monomorphism G/Ng(H) — Twistyq must be quasi-affine (see Remark for a proof
that this monomorphism is an open immersion). Hence, G/Ng(H) is quasi-affine over S
since Twist /¢ is. O

Remark 2.3.5. A common geometric difficulty when working with algebraic spaces is the
intervention of monomorphisms j : X — Y between noetherian schemes j such that it
is not obvious if j is a (locally closed) immersion. In the proof of Theorem we en-
countered two such maps, namely the orbit maps j : G/Zg(H) — Homg . (H,G) and
J'+ G/Ng(H) — Twistyq for H a finite S-group of multiplicative type (with S a noe-
therian scheme). Ignorance of the immersion property for these maps is irrelevant for our
purposes. We shall now prove that these monomorphisms are open immersions.

Let f : X — Y be a map of finite type between noetherian schemes. It is an open
immersion if and only if it is an étale monomorphism [EGAL 1V,, 17.9.1], or equivalently a
smooth monomorphism. We apply this criterion for open immersions to the orbit maps

J: G/Zg(H> — Homs_gp(H, G), j/ : G/Ng(H) — TWiStH/G

with G and H as in Theorem and H finite over S (a noetherian scheme). These maps
are monomorphisms of finite type, and to verify the functorial criterion for étaleness we may
assume S = Spec R for an artin local ring (R, m) with algebraically closed residue field k. Let
Ry = R/J for an ideal J C R satisfying J? = 0. Consider an R-homomorphism f : H — G
(resp. an R-subgroup H' C G that is conjugate to H étale-locally over Spec R). For any
R-algebra A and g € G(A), let ¢, denote conjugation on G4 by g. Assuming that f, arises
from (G/Zg(H))(Ro) (resp. H' arises from (G/Ng(H))(Ry)) we seek to prove that f arises
from (G/Zg(H))(R) (resp. H' arises from (G/Ng(H))(R)).

Such an R-point is unique if it exists (as we are studying the étale property for a monomor-
phism), so to prove existence we may make a preliminary finite étale extension on R (as then
étale descent can be applied). The quotient maps G — G/Zg(H) and G — G/Ng(H) are
smooth since Z¢(H) and Ng(H ) are smooth. Any Ro-point lifts through a smooth surjection
since the residue field is algebraically closed, so (G/Zg(H))(Ro) = G(Ro)/Zc(H)(Ry) and
similarly for G/Ng(H).

Consider the case of G/Z¢(H), so f: H — G is an R-homomorphism that lifts ¢y, |p, for
some go € G(Ry). By R-smoothness of G, gy lifts to some g € G(R), so ¢4|g : H — G and
f are R-homomorphisms with the same reduction. By Corollary [B.3.5] we can change the
choice of g lifting gy if necessary so that f = c,|n.

The case of G/Ng(H) goes similarly. Indeed, by hypothesis Hy = cy (Hp) for some
g € G(Ry), and we choose ¢ € G(R) lifting g¢(, so c¢y(H) and H' are multiplicative type
subgroups of G that lift Hj. By the deformation theory of multiplicative type subgroups
of smooth affine groups (Corollary and [Oesl, II1, 3.3]) we can change the choice of ¢’
lifting g if necessary so that ¢y (H) = H'.
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Whereas Theorem concerns quasi-affine quotients, we know from the classical theory
that it is also necessary to consider quotients G/H that turn out to be projective. The
criterion we will use make such quotients as schemes, and not merely as algebraic spaces, is
a self-normalizer hypothesis (see Corollary for an important class of examples):

Theorem 2.3.6. Let G — S be a smooth affine group scheme with connected fibers, and H
a smooth closed subgroup with connected fibers such that H = Ng(H).

(1) The quotient sheaf G/H is represented by a smooth S-scheme that is quasi-projective
Zariski-locally over S, and it coincides with the functor Twisty . of closed subgroups
of G that are conjugate to H étale-locally on the base.

(2) Assume that the geometric fibers (G/H)s = Gs/Hs are projective. The morphism
G/H — S is proper and admits as a canonical S-ample line det(Lie(.7))* where
H — G x (G/H) is the universal étale-local conjugate of H in G. In particular,
G/H — S is projective Zariski-locally on the base.

The following preliminary remarks should clarify aspects of Theorem before we un-
dertake the proof. Recall from Proposition that under the given smoothness and
connectedness hypotheses on H, the normalizer Ng(H) does exist a priori. If we do not
assume that Ng(H) = H then typically Ng(H) may not be S-flat (so there would not be a
useful notion of quotient G/Ng(H)); see Example Also, the notion of “S-ample” that
we use in part (2) means “ample on fibers”; by [EGAL IV3, 9.6.4], for proper and finitely
presented S-schemes this implies the usual notion of ampleness over affine opens in S.

Part (2) of Theorem is [SGA3, XXII, 5.8.2], apart from the explicit S-ample line
bundle G/H (which is borrowed from the proof of [SGA3, XVI, 2.4]). The existence of
a canonical S-ample line bundle on G/H will be crucial in our later construction of the
“scheme of Borel subgroups” of a reductive group scheme . The reason is that in general
G does not admit a Borel subgroup over S, so it is necessary to pass to an étale cover
S’ — S in order that there exists a Borel subgroup B’ C Gg. We will then be faced with
a descent problem for Gg /B’ relative to S” — S. The canonical S’-ample line bundle on
Gg//B' (arising from the Lie algebra of the universal Borel subgroup in the Gg//B’-group
Gg X (Gg/B')) will ensure the effectivity of the descent. The fibral projectivity hypothesis
in part (2) is a familiar condition in the classical theory.

Remark 2.3.7. In the classical theory over an algebraically closed field k, it is well-known
that the quotient GG/P modulo a parabolic subgroup has a canonical ample line bundle:
the anti-canonical bundle det(Q%G /pyyx)" This is the line bundle in Theorem (2) when
S = Speck, up to a twist against the k-line det(Lie(G))*. To explain this link in the relative
setting, view f : X = G/H — S as the moduli scheme classifying closed subgroups of G
that are conjugate to H étale-locally on the base. We claim that the S-ample line bundle
det(Lie(2))* arising from the universal closed X-subgroup j : 7 < G xg X is canonically
isomorphic to (detX(Qk/S))* ® f*(detg Lie(G))*.
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Let .#; be the ideal defining j, so we obtain an exact sequence of vector bundles on J#"
0= I3/ I7 = 5" (Qaxgxyyx) = Qeyx — 0.
Pulling back along the identity section e : X — J¢ yields an exact sequence
0 — e*(F;/77) = f*(Lie(G)*) — Lie(H)* — 0

of vector bundles on X. But the left term is identified with Q7 /s due to the cartesian square

%—]'>G><SX

X— X xg X
Axys
in which a(g,z) := (g, x) and 7 satisfies 7 o e = idx. Thus, det Qﬁ(/s ® det(Lie(s2))* ~
f*(detg Lie(G))*, yielding the asserted description of det(Lie(.7))*.

Proof of Theorem[2.3.6 Since Ng(H) = H and H is smooth (so G — G/H admits sections
étale-locally on G/H), it follows by effective descent for closed subschemes that the quotient
sheaf G/H coincides with the functor of smooth closed subgroups of G that are conjugate to
H étale-locally on the base. To prove the representability of this functor and its properties
as asserted in (1) and (2), we may and do assume that S is noetherian.

For n > 0, let H,, denote the nth infinitesimal neighborhood of the identity in H (i.e.,
the closed subscheme defined by the (n + 1)th power of the ideal of the identity section).
The construction of Ng(H) in the proof of Proposition m gives a description of N (H) as
an infinite descending intersection, namely the intersection of the normalizers of the closed
subschemes H,, over all n (where we define the “normalizer” of H, in the evident manner;
this makes sense even though H,, is usually not a subgroup scheme of H, and it exists by
Proposition . The noetherian property of G implies that the intersection stabilizes for
large n. In other words, for sufficiently large n we have an equality

NG<H) = NG(Hn)

inside G. Fix such an n > 0. By hypothesis H = Ng(H), so N¢(H,) = H.

Since G and H are smooth, with H closed in GG, we can write the finite flat S-schemes G,,
and H, in the form G,, = Specg(A4,) and H,, = Specg(B,) for finite flat Os-algebras A, and
B, with B,, a quotient of A,,. The degrees of H,, and GG,, over S are given by some universal
formulas in terms of n and the relative dimensions of H and G; let N denote the degree of H,,
over S. Consider the Grassmannian Gry(G,,) that classifies quotient vector bundles of A,
with rank N. The conjugation action of GG on itself induces an action of G on GG,,, and hence
an action of G on Gry(G,). Under this action, the S-point & of Gry(G,,) corresponding to
H, C G, has functorial stabilizer Ng(H,) = Ng(H) = H. We conclude that the orbit map
G — Gry(G,) through ¢ identifies the quotient sheaf G/H for the étale (or equivalently,
fppf) topology with a subfunctor of the projective S-scheme Gry(G,). Now we can run
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through the same argument with algebraic spaces (and Zariski’s Main Theorem) as in the
proof of Theorem to conclude that G/H is a smooth S-scheme that is quasi-affine over
Gryn(G,,). This completes the proof of (1).

Finally, suppose that every geometric fiber Gz/ Hs = (G/H )5 is projective. The properness
of G/H — S in such cases is a consequence of the following general fact: if f: X — S is
a separated flat map of finite type (with S noetherian) and if the fibers X are proper
and geometrically connected then f is proper. To prove this fact (which is a special case
of [EGAL TV3, 15.7.10]), first use direct limit considerations to reduce to working over the
local rings on S; i.e., we can assume S is local. Then by fpqc descent for the properness
property of morphisms (which we only need in the quasi-projective case, for which it reduces
to the topological property of closedness for a locally closed immersion), we may assume
S = Spec(A) for a complete local noetherian ring A.

By a deep result of Grothendieck on algebraization for formal schemes (see [EGAl III;,
5.5.1]), properness of the special fiber X provides an open and closed subscheme Z C X with
Zy = Xo. (The existence of Z is a simple consequence of the theorem on formal functions if
we assume X is open in a proper A-scheme X, as is automatic when X is quasi-projective.
To see this, note that the open subscheme X, C X is closed by properness of X, so it is
the zero scheme of an idempotent ey on X. Idempotents uniquely lift through infinitesimal
thickenings, so by the theorem on formal functions we can lift ey uniquely to an idempotent
e on X. Then the open and closed subscheme Z of X defined by the vanishing of e meets X
in an open and closed subscheme Z that does the job. Such an A-proper X actually exists
even when X is not quasi-projective, due to the Nagata compactification theorem, but that
lies much deeper than Grothendieck’s construction of Z in general. Anyway, we only need
the case of quasi-projective X, namely G/H above.) Since f is an open and closed map (as
it is flat and proper), so f(Z) = S because the local scheme S is connected, we conclude
that Z is non-empty for all s € S. But each X, is connected by hypothesis, and Z; is open
and closed in X, so Z, = X, for all s. Hence, Z = X, so X is S-proper.

We conclude from the properness of G/H that the monomorphism i : G/H — Gry(G,,)
constructed above over S is proper, and hence i is a closed immersion (compare with Remark
2.3.5). Let O, denote the structure sheaf on G, viewed as a vector bundle on S. The
canonical S-ample line bundle .4 on the Grassmannian equips G/H with a line bundle
Z = (/) that is S-ample (since 7 is a closed immersion). Although £ depends on the
choice of Grassmannian Gry(G,,) (i.e., depends on the choice of n), so it is not canonically
attached to (G, H), nonetheless .Z serves a useful purpose: we will prove that it is a positive
power of det(Lie(7#))*, so this dual determinant bundle is also S-ample, as desired.

By construction of the Pliicker embedding of the Grassmannian, .4 is the determinant
of the universal rank-N quotient bundle 2 of O, over Gry(G,). The nth infinitesimal
neighborhood 77, of 7 along its identity section is finite locally free over G/H of rank N,
so the structure sheaf &, may be viewed as a rank-N vector bundle quotient of O¢q, «(a/m)
over G/H. By the definition of i, we have i*(2) = Op, as quotients of Og, «(a/m), SO
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There is an evident filtration of &y, by powers of the augmentation ideal of .7, and this
filtration has successive quotients Sym, s (Lie(22)*) for 0 < i < n. For any vector bundle
& of rank r, naturally det(Sym’(&)) ~ (det &)™) for an exponent m(i,r) > 0 depending
only on i and r. Hence, the line bundle .Z = det &, is a positive power of det(Lie(5¢))*,
as desired. (The power depends on n and the relative dimensions of H and G over S.) O
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2.4. Exercises.

Exercise 2.4.1. Let M be a finitely generated abelian group, and k a field. Prove that
every closed k-subgroup scheme H of Dy (M) has the form Dy (M /N) for a subgroup N C M.
(Hint: reduce to the case k = k, so Hy,eq is a smooth subgroup. By considering H%, and a
decomposition of M into a product of a finite free Z-module and a finite abelian group, first
treat the case when M is free and H is smooth and connected. Then pass to Dy(M)/H?,

in general to reduce to the case of finite H, for which Cartier duality can be used.)

Exercise 2.4.2. Let H — S be a group of multiplicative type, and j : K — H a quasi-finite
closed subgroup. This exercise proves K is finite over S (a special case of [SGA3| IX, 6.4]).

(i) Reduce to the case of noetherian S. Using that proper monomorphisms are closed
immersions reduce to S = Spec R for a discrete valuation ring R (hint: valuative criterion).
Further reduce to the case when H = Dg(M) for a finitely generated abelian group M.

(i) With S = Spec R as in (i), use Exercise to show that the schematic closure in H
of the generic fiber of K is Dr(M/M") for M' C M of finite index.

(iii) Pass to quotients by Dgr(M/M’) to reduce to the case M’ = 0, and conclude.

Exercise 2.4.3. Let f : H — G be a homomorphism from a multiplicative type group H to
an affine group G of finite presentation over a scheme S. Prove as follows that K := ker f is
multiplicative type (so f factors through the multiplicative type fppf quotient H/K that is
an S-subgroup of G); this is part of [SGA3| IX, 6.8].

(i) Reduce to noetherian S, split H = Dg(M), and S = Spec A for local noetherian A.

(ii) Prove that K is closed in H, so by Exercise [2.4.1] the special fiber K equals Dy, (M /M)
for a subgroup M’ C M (with k the residue field of A). Prove that the map Da(M/M') — G
vanishes (hint: use Corollary B.3.5]), so D4(M/M') C K.

(iii) Replace H with H/Da(M/M') = D 4(M’) so that K, = 1. By considering the special
fiber of each finite (perhaps non-flat?) S-group Kn| with n > 1, prove K, = 1 for all s € S.
Use Lemma to show that e : S — K is an isomorphism.

(iv) Relax the affineness hypothesis on G to separatedness.

Exercise 2.4.4. Let X, Y, and Z be schemes over a ring k, and o : X xY — 7 a k-
morphism. For a closed subscheme ¢ : Z' < Z, let Transp X(Y, Z") be the functor of points
x € X(R) such that «(z,-) carries Yy into Zj, for k-algebras R.

(i) If Y is affine and k[Y] is k-free, prove Transp (Y, Z’) is represented by a closed sub-
scheme Transpy (Y, Z’) of X. (Hint: Reduce to affine X. If {e;} is a k-basis of k[Y] and {f;}
generates the ideal in k[X x Y| = k[X] ®; k[Y] of the pullback of ¢, with f; = > h;; ® e,
consider the zero scheme of the h;; in X.) Remove the affineness hypothesis on Y if k is
artinian and Y is k-flat (and see [SGA3|, VIII, §6] for further generalizations).

(ii) Let Y be a closed subscheme of a k-group G. Using (i) with Ag/, as ¢, construct a
closed subscheme Z;(Y) C G if k is a field or if YV is affine and k[Y] is k-free. Discuss the
case Y = (. For a closed subscheme Y’ C G, construct Transp,(Y,Y’). How about Ng(Y')?

(iii) Use (ii) to compute equations for Ng(G') C G over k = Z][t] in Example [2.1.§
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(iv) Consider a finite type group G over a field k = ks and a closed subscheme Y C G. If Y
is smooth then prove Zg(Y') = () ey 1) Za(y), and if G is smooth then prove Y is normalized

(resp. centralized) by G if it is normalized (resp. centralized) by G(k).

Exercise 2.4.5. Let 7 : G — S a finite group scheme, with m,(0g) locally free over Os.
Let G’ be an affine S-group of finite presentation. Recall that the functor Hom(X,Y') is
represented by an affine S-scheme of finite presentation under the hypotheses of the first
part of Lemma . Use several fiber products to represent Homg . (G,G") by an affine
S-scheme of finite presentation, thereby proving the second part of Lemma [2.1.3

Exercise 2.4.6. (i) Let G be SL,, or PGL,, over a ring k and T the diagonal torus, or
let G = Sp,, and T the torus of points (% ) for diagonal ¢ € GL,. In all cases prove
Za(T) =T (so T is a maximal torus on all geometric fibers) by using the Lie algebra.

(ii) Using (i), prove Zsr, = ftn, ZpcL, = 1, and Zg,, = jip as schemes.

Exercise 2.4.7. Consider a field k and a k-group H acting on a separated k-scheme Y. For
a k-scheme S, let Y (S) be the set of y € Y(S) invariant by the Hg-action on Y.

(i) Adapt Exercise 2.4.4{ii) to prove that Y is represented by a closed subscheme of
H. In case H is smooth and k = k,, prove Y# = Mner) Y" where Y" := ;' (Ayyy) for
ap Y =Y x Y the map y — (y, h.y). Relate this to Exercise [1.6.6]

(ii) For Y of finite type over k and y € Y (k), prove Tan, (Y*) = Tan,(Y)? for a suitable
H-action on Tan,(Y).

(iii) Assume H is a closed subgroup of a k-group G of finite type. Let g := Lie(G) and
b := Lie(H). Prove Tan.(Zg(H)) = g (invariants under the adjoint action). Also prove
Tan.(Nc(H)) = Mpenp (Ada(h) — 1)7'(h) when k = k, and H is smooth.

Exercise 2.4.8. Let G be a smooth connected affine group over a field k. For a smooth
connected k-subgroup H C G, the proof of Theorem [2.3.6] constructs n > 0 so that the
nth-order infinitesimal neighborhood H,, of 1 in H satisfies Ng(H,) = Ng(H).

(i) If G is reductive and P C G is parabolic then the first-order neighborhood suffices:
prove Lie(Ng(Lie(P))) = Lie(P) (hint: consider weight spaces in Lie(G) for a maximal torus
T contained in P with k = k, and don’t confuse Lie(Ng/(Lie(P))) with Npie(q) (Lie(P))), and
deduce that P = Ng(Lie(P)) as schemes. (Recall that P is connected.)

(ii) Prove that all maximal tori in SLy over a field of characteristic 2 have the same Lie
algebra in sly. Find an explicit n so that Ngp,(D,) = Nsr,(D) for the diagonal torus D.

Exercise 2.4.9. Let I' = Gal(k,/k) for a field k. For a k-group T of multiplicative type,
the character group X(T') = Homy, (Tk,, Gu) is a discrete I'-module in an evident manner.

(i) If &' /K is a finite separable subextension of kg, prove that the Weil restriction Ry /5 (1")
is of multiplicative type over k when T is over k'. (For T" = G, this is “k’* viewed as
a k-group”.) By functorial considerations, prove X(Ry/x(7")) = Indf(X(T)) with I" =
Gal(k,/K'). For every k-torus T', construct a surjective k-homomorphism [[; Ri:/x(Grm) — T
for finite separable extensions k;/k. Conclude that k-tori are unirational over k.

(ii) For a local field and k-torus T, prove T is k-anisotropic if and only if T'(k) is compact.
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(iii) For a finite extension field &'/k, define a norm map Ny, : Re /i (Gm) = Gy, Prove
its kernel is a torus when £’/k is separable. What if £’'/k is not separable?

Exercise 2.4.10. Let X be a smooth separated scheme locally of finite type over a field £,
and T a k-group of multiplicative type with a left action on X. This exercise is devoted to
proving that X7 (as in Exercise is smooth, generalizing Lemma over fields.

(i) Reduce to the case k = k. Fix a finite local k-algebra R with residue field k, and an
ideal J in R with Jmp = 0. Choose 7 € XT(R/J), and for R-algebras A let E(A) be the
fiber of X(A) - X(A/JA) over Tajja. Let o = Tmod mp € XT(k) and Ay = A/mpA.
Prove E(A) # () and make it a torsor over the Ag-module F(A) := JA ®; Tan,,(X) =
JA ®4, (Ao @ Tan,, (X)) naturally in A (action v.x denoted as v + x).

(ii) Define an Ap-linear T'(Ap)-action on F'(A) (hence a Tg-action on F), and prove that
E(A) is T(A)-stable in X(A) with t.(v + x) = to.v + t.x for x € E(A), t € T(A), v € F(A),
and ty =t mod mpA.

(iii) Choose ¢ € E(R) and define a map of functors h : Tg — F by t.£ = h(t)+£ for points
t of Tg; check it is a 1-cocycle, and is a 1-coboundary if and only if ET&(R) # ). For V, =
J @y, Tan,, (X) use h to define a 1-cocycle hy : T'— V), and prove t.(v, c) := (t.v + cho(t), c)
is a k-linear representation of 7' on Vo @ k. Use a T-equivariant splitting (!) to prove hg
(and then h) is a 1-coboundary; deduce X7 is smooth.

Exercise 2.4.11. Let S be a scheme. For any fppf affine S-group ¢, let H! (S, ¥) be the set of
isomorphism classes of right ¢-torsors over S for the fppf topology. For any homomorphism
4 — 4' between such groups, define H'(S,%) — H'(S,%’) via pushout for torsors: F
E x? 4" (the quotient of E x ¢’ by the anti-diagonal ¢-action (e, ¢').g = (e.g,g7¢")).

(i) Prove that any right ¢-torsor E is necessarily affine (and fppf), and that the quotient
E x? @' exists as a scheme. Also use the affineness to prove that H(S,%) can be com-
puted (functorially in ¢!) by a non-commutative version of the usual Cech-type procedure
generalizing non-abelian degree-1 Galois cohomology.

(ii) For any fppf S-affine S-group G and fppf closed S-subgroup H such that the fppf
quotient sheaf G/ H is represented by a scheme (see Theorem for a sufficient criterion),
identify G(S)\(G/H)(S) with the kernel of the map H'(S, H) — H*(S, G).

Exercise 2.4.12. Forn > 1, let X,, = Spec A,, be the C-scheme obtained by gluing 2" affine
lines in a loop, with 0 on the ith line glued to 1 on the (i + 1)th line (i € Z/2"Z).

(i) Prove that m;(X,) = Z and the finite étale covers of X,, split Zariski-locally on X,,.

(ii) Define X,,.1 — X,, by collapsing odd-indexed lines to points and sending the 2jth line
in X, .1 to the jth line in X,,. Prove X := @ X, is reducible and its local rings are discrete
valuation rings or fields. (This is a slight variant of an example in the Stacks Project.)

(iii) Construct a nontrivial Z-torsor F; — X; that is split Zariski-locally on X3 but not
by any finite étale cover of X;. Prove E := F; Xx, Xoo = X iS @ non-split Z-torsor
that splits Zariski-locally on X, and construct a rank-2 torus 17" — X, that splits Zariski-
locally on X, but is not isotrivial. Thus, “irreducible” cannot be relaxed to “connected” in
Corollary . (The preceding construction was suggested by Gabber.)
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3. BASIC GENERALITIES ON REDUCTIVE GROUP SCHEMES

3.1. Reductivity and semisimplicity. In [SGA3, XIX, 2.7] a connectedness condition is
imposed at the start of the relative theory of reductive groups:

Definition 3.1.1. Let S be a scheme. A reductive S-group is a smooth affine group scheme
G — S such that the geometric fibers Gy are connected reductive groups. A semisimple
S-group is a reductive S-group whose geometric fibers are semisimple.

In the theory of linear algebraic groups G over an algebraically closed field k, reductive
groups are often permitted to be disconnected. One reason is that if g € G(k) is semisimple
then Zg(g) may be disconnected (as happens already for PGLy) but Zg(g) is always reduc-
tive. Also, the Galois cohomological classification of connected semisimple groups G over a
field k leads to the consideration of the automorphism scheme Autg/;, and this is a smooth
affine k-group whose identity component is semisimple but is usually disconnected when the
Dynkin diagram has nontrivial automorphisms (e.g., if n > 2 then Autgy,, i, = PGL, X Z/2Z
with component group generated by transpose-inverse). In we will discuss the existence
and structure of automorphism schemes of reductive group schemes.

In the relative theory over a scheme that is not a single point, the disconnectedness of
fibers presents new phenomena not seen in the classical case. For example, if G — S is a
smooth affine group scheme then the orders of the geometric fibral component groups 7y (Gs)
can vary with 5, so these component groups can fail to arise as the fibers of a finite étale
S-group (see Example [3.1.4).

Requiring connectedness of fibers is not unreasonable. A connected group scheme of finite
type over a field is always geometrically connected (as for any connected finite type scheme
X over a field & when X (k) is non-empty), so for a group scheme of finite type the property
of having connected fibers is preserved by any extension of the ground field. Also, identity
components vary well in smooth families of groups: for any smooth group scheme G — S of
finite presentation there exists a unique open subgroup scheme G° C G such that (G°), is the
identity component of G, for all s € S [EGA| V3, 15.6.5]. The formation of G° commutes
with any base change on S since each G? is geometrically connected, and by reduction to the
case of noetherian S we see that G is finitely presented over S. Imposing connectedness of
fibers amounts to passing to G in place of G. Beware that passage to G can exhibit some
peculiar behavior relative to the theory over a field:

Example 3.1.2. For smooth affine S-groups G, the open subgroup G° may not closed. An
interesting example is given in [SGA3|, XIX, §5] over Spec k[t] for any field k of characteristic
0. In that example GV is affine, but there are smooth S-affine G for which G° is not S-affine
(so it is not closed in G). See [Ral, VII, §3, (iii)] for such an example over S = A? with k
any field of characteristic 0.

It turns out that with a reductive hypothesis on fibral identity components, the problems
in Example do not arise. This is made precise by the following result that we will never
use and which rests on many later developments in the theory:
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Proposition 3.1.3. Let G — S be a smooth separated group scheme of finite presentation
such that G2 is reductive for all s € S. Then G° is a reductive S-group that is open and
closed in G, and G/G° exists as a separated étale S-group of finite presentation.

Proof. The open subgroup G° — S is smooth and finitely presented with connected reductive
fibers. Incredibly, in the definition of a reductive group scheme we can replace “affine” with
“finitely presented” [SGA3, XVI, 5.2(i)], so G is a reductive S-group (in particular, G° is
S-affine). Moreover, in Theorem we will show that any monic homomorphism from
a reductive group scheme to a finitely presented and separated group scheme is always a
closed immersion. Hence, for such G we see that G° is both open and closed in G, so the
quotient E := G /G that is initially a finitely presented and étale algebraic space over S is
also separated over S. Thus, after a reduction to the case of noetherian S, we may apply
Knutson’s criterion (as in the proof of Theorem to conclude that F is a scheme. [

Example 3.1.4. The conclusion in Proposition [3.1.3|is “best possible”, in the sense that
the relative component group G/G°, which is always quasi-finite, separated, and étale over
S, may not be finite over S. For example, let S be a connected Z[1/2]-scheme and O(q) the
orthogonal group of a nondegenerate quadratic space (V,q) over S, so O(q)? = SO(q) and
O(q)/SO(q) = (Z/2Z)s. Let U C S be a finitely presented non-empty open subscheme with
U # S, s0 U is not closed in S. The open subgroup E C (Z/2Z)s obtained by removing the
closed non-identity locus over S — U is not S-finite, so its open preimage G C O(q) satisfies
the hypotheses in Proposition but G/G° = E is not S-finite.

In the classical theory of connected reductive groups, it is a fundamental fact that torus
centralizers are again connected reductive [Bo91, 13.17, Cor.2]. In the relative case this
remains valid: if G is a reductive S-group scheme and 7' is an S-torus in G then the closed
subgroup Zg(T) is S-smooth (see Lemma and its geometric fibers are connected re-
ductive by the classical theory, so Zg(T') is reductive over S. This can be pushed a bit
further, as explained in the following Remark that we will never use.

Remark 3.1.5. Let H be any multiplicative type subgroup of a reductive S-group G. The
closed S-subgroup Zg(H) in G is smooth (by Lemmal[2.2.4) and its geometric fibers Zg(H)s
have reductive identity component by [CGP, Prop. A.8.12] (whose proof lies deeper than the
case of torus centralizers, resting on an affineness result for coset spaces modulo connected
reductive groups; see [Bo85| or [Ri]). However, the fibers of Z5(H) can be disconnected. By
Proposition , the open subgroup Zg(H) is reductive (in particular, affine) over S and
closed in Zg(H). The reader is referred to [CGP, Prop. A.8.10] for a wider class of H for
which these conclusions remain valid (e.g., finite étale H, possibly non-commutative, whose
order is a unit on the base).

To affirm that the notion of reductive group scheme is reasonable, we want to prove that
reductivity of a fiber is inherited by nearby fibers for any smooth affine group scheme with
connected fibers. This requires an improvement on the lifting of tori over adic noetherian
rings in Corollary [B.3.5] replacing completions with étale neighborhoods:
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Proposition 3.1.6. Let G — S be a smooth affine group scheme, and Hy a multiplicative
type subgroup of the fiber G5 over some s € S. There exists an étale neighborhood (S',s’)
of (S,s) with k(s') = k(s) and a multiplicative type subgroup H' C Gg such that H., = H
mside (GS’)S’ = GS.

Proof. We may assume S is noetherian and affine, and even finite type over Z (by expressing
a noetherian ring as a direct limit of its Z-subalgebras of finite type; see [EGAl 1V, 17.8.7]
for the descent of smoothness through such direct limits). Let A denote the completion &% .

By Corollary , there exists a multiplicative type A-subgroup Hin G a lifting Hy in the
special fiber Gj.
Let {A,} be the directed system of finite type Ogc-subalgebras of A, so A = liglAa.

For sufficiently large «, the closed A-subgroup HcaG 4 of multiplicative type descends
to a closed A,-subgroup H, C G, := G4,. By increasing @ we can arrange that H, is
multiplicative type. Indeed, there exists an fppf cover Spec A" — Spec A such that H A
D 4(M) for some finitely generated abelian group M, and by increasing o we can arrange
that Spec A — Spec A descends to an fppf cover Spec A], — Spec A,. Then the A/ -groups
H, ®a, Al, and Dy, (M) become isomorphic over A’. However, A’ is the direct limit of the
rings Ay = A, ®a, Ag over B > «, so by increasing a some more we can arrange that
Hy ®a, A, ~ Da (M). Since Spec A, is an fppf cover of Spec A,, it follows that H, is
multiplicative type. Fix such an a. Since Og is essentially of finite type over Z, and A, is
finite type over Og,, we can apply the powerful Artin approximation theorem:

Theorem 3.1.7 (Artin). Let R be a local ring that is essentially of finite type over Z, and
B a finite type R-algebra equipped with a map f: B — R over R. Pick N > 0.

The map f admits an Nth-order “étale” approximation over R in the sense that there
exists a residually trivial local-étale extension R — R’ and an R-algebra map ¢ : B — R’
such that the induced map to the completion

@:B—H{%\’:ﬁ

agrees with f modulo mg“.
Loosely speaking, this theorem says that any solution in R to a finite system of polynomial
equations over R is well-approximated by a solution in the henselization of R (equivalently,
a solution in some residually trivial local-étale extension of R). Theorem is a special
case of the Artin approximation theorem; see [BLRJ, 3.6/16] for the proof of that theorem.
We apply Theorem to R=0ss, B=A,, N =0, and the inclusion B — R to obtain
a residually trivial local-étale extension R — R’ and an R—aﬂgebra map A, — R’ that agrees
residually with the reduction of the given inclusion A, < R. Thus, the R'-group H, ®4, R’
of multiplicative type in G has special fiber Hy in G,! In other words, we have found a
multiplicative type subgroup lifting Hy over a local-étale neighborhood of (S, s). Spreading
this out over an étale neighborhood of (5, s) then does the job. U
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Corollary 3.1.8. Let G — S be an fppf affine group scheme with connected fibers, and
assume that G is a torus for some s € S. Then Gy s a torus for some open neighborhood

U ofsinbS.
This result is [SGA3, X, 4.9].

Proof. First we assume that GG is smooth, and then we reduce the general case to the smooth
case. Since the property of being a torus is étale-local on the base, we may work in an
étale neighborhood of (5, s). Hence, by the smoothness of G we can use Proposition m
to arrange that G contains a multiplicative type subgroup H such that H, = G,, and that
G has constant fiber dimension. Passing to a further étale neighborhood makes H split,
say H = Dg(M) for a finitely generated abelian group M. Since Hy is a torus, M is free.
Hence, H is a torus. But the inclusion H < G between smooth affine groups with connected
fibers is an equality on s-fibers, so by smoothness and constancy of fiber dimensions over S
it follows that Hy = G for all s € S’. That is, H — G induces an isomorphism on fibers,
so it is an isomorphism by the fibral isomorphism criterion (Lemma .

In general (with G only assumed to be fppf rather than smooth over S), we just need to
prove that G is automatically smooth over an open neighborhood of S. We may reduce to the
case when S is local noetherian, and the smoothness of the s-fiber and the fppf hypothesis
on G implies that G — S is smooth at all points of G4, and so on an open neighborhood of
G, in S. This open neighborhood has open image in S, so by shrinking we can arrange that
this open image is equal to S. In particular, each fiber group scheme Gy has a non-empty
smooth locus, so the fibers are smooth (due to homogeneity considerations on geometric
fibers). O

Proposition 3.1.9. Let G — S be a smooth affine group scheme and suppose G2 is reductive
for some s € S.

(1) There is an open U around s in S such that G2 is reductive for allu € U. The same
holds for semisimplicity.

(2) If T C G is a torus such that Ts is mazimal in GY for some s € S then there exists
an open V around s in S such that Zg(T)Y = Ty and Ty is a maximal torus in G2
forallveV.

This result is essentially [SGA3, XIX, 2.6] (where it is assumed that all fibers G are
connected). Note that in part (2) we are assuming the existence of T'. It is not evident that
T exists even étale-locally around s (though we will prove this to be the case for reductive
G in Corollary see [SGA3, XTIV, 3.20] for a generalization using the Zariski topology,

building on Theorem [A.1.1)).

Proof. First we prove (2). The centralizer Zg(T') in G is a smooth closed S-subgroup by
Lemma , and obviously T C Zg(T)°. By working Zariski-locally around s, we may
assume that the smooth S-groups 7' — S and Zg(T) — S have constant fiber dimension.
These fiber dimensions agree at s, so they agree on all fibers. For any £ € S, the closed
subgroup Zg, (T¢) = Za(T)¢ in G¢ is smooth and contains T;. But the dimensions agree,
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so Tz = (Zg(T)e)? = (Zg(T)")¢ for all £ € S. We conclude that the S-map T — Zg(T)°
between smooth S-schemes is an isomorphism on fibers over S, so it is an isomorphism
(Lemma [B.3.1)).

Although G° might not be affine, for any torus 7" C G it is clear that G N Zg(T")
represents Zqo(1"), so we denote it as Zgo(7"). In the classical theory it is shown that the
centralizer of any torus in a smooth connected affine group over an algebraically closed field
is connected, so Zgo(T) = Zg(T)? = T. Also, for any geometric point £ over ¢ € S we have
Te = Zeo(T)e = ZG%(TE)7 so T¢ must be maximal as a torus in G% This proves (2).

We next turn to (1), and we may assume G° # 1. Fix an algebraic geometric point

5 = Spec(k(s)) over s. Any maximal torus in GY descends to a split torus in GY% for some
finite extension K/k(s) contained in k(s), and it is harmless to work fppf-locally around s.
Thus, we can pass to an fppf neighborhood of (S, s) to increase k(s) to contain such a K.
Now G? contains a split torus T, such that 7% is maximal in GY. By Proposition , we
may make a further étale base change on S around s to get to the case that T lifts to a torus
T in G (hence in G°), and that T is even split. By (2), after some further Zariski-localization

around s we may assume Zgo(7) = T and that
T ~ Dg(M) := Homg_,,(Ms, Gp)

for a finite free Z-module M.

The T-action on the vector bundle g = Lie(G) = Lie(G°) over S decomposes it into a
direct sum of quasi-coherent weight spaces indexed by elements of M, and the formation
of these weight spaces commutes with base change on S. These weight spaces are vector
bundles (being direct summands of g), so the weight space decomposition on the s-fiber
encodes the weight spaces on the nearby fibers (by Nakayama’s Lemma at s). Thus, by
shrinking around s we can arrange that all weight spaces have constant rank, so the only
characters m € M for which the weight space g,, is nonzero are m = 0 and the elements of
the root system ® = ®(GY, Ty) for the connected reductive geometric fiber G2.

For each £ € S, the weight space gy for the trivial weight has &-fiber

Lie(Zgy(Tt)) = Lie(Zgo(T)e) = Lie(Ty) = Lie(T)e,

but the subbundle t := Lie(T') in g is clearly contained in gg, so the inclusion t C gy between
subbundles must be an equality over S for rank reasons. In other words, the weight space

decomposition over S is
1 =tP(Ds)

acd

where each g, is a line bundle on S.

For each a € @, let T, C T = Dg(M) be the unique relative codimension-1 subtorus
contained in ker «y; explicitly, T,, = Dgs(M/L) where L C M is the saturation of Za in M.
Since @ is a reduced root system (by the classical theory, applied to (G2, T%)), elements of
® apart from +a are linearly independent from « and so cannot vanish on any fiber of T,.
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By the following lemma, which is a variant of Exercise |1.6.15(ii), a geometric fiber Gg is
reductive provided that each fiber Zgo(T5,)s = ZG’% ((T¢)a) is reductive.

Lemma 3.1.10. Let G be a smooth connected affine group over an algebraically closed field
k, and T a mazimal torus in G such that Zg(T) = T. For each nonzero T-weight o on g,
let T,, be the codimension-1 subtorus (ker ) ;.

The group G is reductive if and only if the smooth connected subgroup Zg(Ty) is reductive
for each «.

Proof. The implication “=" is part of the classical theory of reductive groups. For the
converse, let U = %,(G). Thus, u := Lie(U) is a T-stable subspace of g, so it has a
weight space decomposition. Each intersection Zg(T,) (U is smooth and connected by
Example [2.2.6] yet is also visibly unipotent and normal in Zg(T,,) since U is unipotent and
normal in G. The reductivity of Zg(T,,) then forces Zg(T,) (U = 1. The formation of Lie
algebras of closed subgroup schemes is compatible with the formation of intersections (as
one sees by consideration of dual numbers), so we conclude that u has trivial intersection
with Lie(Zg(T,)). But the functorial definition of Z(7,,) implies (by consideration of dual
numbers) that Lie(Zg(T,)) = g’*, so this contains the entire weight space for a on g. In
particular, u has vanishing intersection with each such weight space.
We conclude that u supports no nontrivial T-weights, so u C g7 = Lie(Z¢(T)). Thus,

Lie(U () Za(T)) = u[ | Lie(Za(T)) = u.

But U () Zg(T) is smooth and connected (by Example [2.2.6)), yet we have just seen that the
containment U (] Zg(T) C U induces an equality on Lie algebras, so it must be an equality.
In other words, necessarily U C Zg(T). We assumed Z5(T) = T, so the smooth connected
unipotent U must be trivial. O

Returning to the relative setting, the smooth centralizer Zgo(T,) has Lie algebra g’ =
tP 9o P g_o- To verify that GY has reductive fibers at all points of S near s, it suffices to
treat each Zg(T,) separately in place of G (by Lemma [3.1.10), so we have reduced to the
case & = {a, —a}.

Clearly G°NNg(T) represents N o(T), so we denote this as Ngo(T'). Likewise, Wgo(T) :=
Ngo(T)/T is an open and finitely presented S-subgroup of the S-group We(T') = N(T)/T
that is separated, étale, and quasi-finite (Theorem, s0 Wgo(T') inherits these properties.
The fiber Wgo(T)s has order 2 and nontrivial element that acts by inversion on (7'/7,)s (and
so swaps a and —a). Etaleness of Wgo (T') and smoothness of 7" imply that by passing to
an étale neighborhood of (.5, s) we can arrange that Wgo(7T) — S admits a section w that is
the nontrivial point in the s-fiber. Thus, the w-action on the rank-1 torus 7'/T,, is inversion
over a neighborhood of s since it is inversion on the s-fiber.

By localizing more around s, we obtain that for all geometric points £ of S the fiber
Neo(T)g contains an element that does not centralize T¢. But in any smooth connected
solvable group over an algebraically closed field, the normalizer of a maximal torus is equal
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to its centralizer (as is immediately verified by considering the description of any such group
as a semi-direct product of a maximal torus against the unipotent radical). It follows that
all fibers Gg are non-solvable.

We have arranged that each fiber Gg contains the central torus (7,)z with codimension
3 and is not solvable. Thus, the quotient (G/ Ta)g is a non-solvable 3-dimensional smooth

connected affine group. This leaves no room for a nontrivial unipotent radical (as the quotient
by such a radical would be a smooth connected group of dimension at most 2, forcing
solvability). Hence, every Gg is reductive.

It remains to check that when G° — S has reductive geometric fibers, semisimplicity of a
geometric fiber G2 implies semisimplicity of geometric fibers at points near s. In the presence
of reductivity, semisimplicity of a connected linear algebraic group H over an algebraically
closed field can be read off from the root system W: it is equivalent to the condition that the
dim H = #V¥ + rank(V). The preceding arguments (using a weight space decomposition of
g fppf-locally near s) show that these invariants are inherited by geometric fibers at points
near s, so we are done. OJ

In later arguments involving reduction to the noetherian case, we need to ensure that
reductivity (and semisimplicity) hypotheses can be descended:

Corollary 3.1.11. Let {A;} be a directed system of rings with direct limit A, and G;, a
smooth affine A; -group for some ig. For all i > iy define G; = G, ®a,, A; and G =
Giy®a,, A. The fibers of G° — Spec A are reductive if and only if the fibers of GY — Spec A;
are reductive for all sufficiently large i > ig, and G is a reductive A-group if and only if G;
1s a reductive A;-group for all sufficiently large i > ig. The same holds for semisimplicity.

Proof. For i > ig, let U; C Spec A; be the locus of points at which the geometric fiber of
&? is reductive (resp. semisimple), and define U C Spec A similarly for G°. By Proposition
3.1.9(1), these loci are open subsets. Our first problem is to prove that U = Spec A if and
only if U; = Spec A; for all sufficiently large 1.

Under the transition maps Spec Ay — Spec A; (resp.the maps Spec A — Spec 4;), the
preimage of U; is Uy (resp.U), so the same holds for the respective closed complements Z;
of U; in Spec A; and Z of U in Spec A. We wish to show that Z is empty if and only if Z; is
empty for all sufficiently large i. Letting J; C A; and J C A be the respective radical ideals
of these closed sets, we have A/J = @Ai/Ji. Hence, A/J = 0 if and only if A;/J; = 0 for
all sufficiently large i (by considering the equation 1 = 0).

It remains to show that if GY = G then GY = G for all sufficiently large i. By [EGA] IV3,
9.7.7(ii)], the subset Y; C Spec A; of points at which G; has a geometrically connected fiber
is a constructible set, and if i > i then the preimage of Y; in Spec Ay is Y. The common
preimage of all Y; in Spec A is the entire space, so by [EGAl IV, 8.3.4] we have Y; = Spec A;
for large 7. U

In the proof of Proposition we showed that when each G2 is reductive and there is
a split torus 7' C G that is maximal on geometric fibers then for each sy € S and varying
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s € S near s the root systems ®(GY,T5) may be identified with ®(GY ,T5,). This has the
following interesting consequence:

Proposition 3.1.12. Let G — S be a smooth affine group such that each G° is reductive.
The locus of s € S such that G is connected is closed in S. In particular, if S irreducible
and the generic fiber is connected then all fibers are connected.

Proposition is immediate from the assertion in Proposition that G/G° is a
separated étale S-group of finite presentation (as then {s € S |#(G/G%)s > n} is open). The
proof of such separatedness rests on Theorem [5.3.5, which is proved much later, so we give
a proof that avoids Proposition |3.1.3]

Proof. We may assume S is affine, and then by Corollary we can assume S is noe-
therian. Since G is connected if and only if it is geometrically connected over k(s), the set
Y of points s € S such that G, is connected is a constructible [EGAL IV3, 9.7.7(ii)]. For any
map S’ — S, the preimage of Y in S’ is the locus of connected fibers for Gg — S, so by the
specialization criterion for closedness of a constructible set we may assume S = Spec R for a
discrete valuation ring R and that the generic fiber is connected. We seek to prove that the
special fiber is connected.

Without loss of generality, R is complete with an algebraically closed residue field &, so
GY contains a maximal torus Ty and by Proposition there is an R-torus T' C G lifting
To C Gy. The completeness of R ensures that 7' is split. Clearly T' C Zg(T), so T is closed
in Zg(T). Consider the special fibers Ty and Zg(T)r = Zg, (1y). The reductive identity
component Gy meets Zg, (To) in Zgo(Tp) = Ty (equality due to the maximality of Tp).

Let K be the fraction field of R. The closed subgroups T" and Zs(7T) in G are both R-
smooth, and we have shown that their special fibers have the same identity component, so
their relative dimensions agree. Hence, on K-fibers the inclusion Tx C Zg(T)k = Zay (Tk)
must be an equality, as Zg, (Tk) is smooth and connected. In other words, the complement
Za(T) — T is the union of the non-identity components of the special fiber, so it is closed
in Zg(T). Hence, T is also open in Zg(7T). But Zg(T') is R-flat with irreducible generic
fiber, so the total space of Zg(T') is connected (even irreducible). Thus, the open and closed
subset T in Zg(T') must be the entire space, so the closed immersion T — Zg(T) must be
an isomorphism due to R-smoothness.

By the observation immediately preceding the present proposition, the split reductive pairs
(Gk, Tx) and (GY, Ty) have isomorphic root systems. Let ® denote the common isomorphism
class of ®(Gk,Tk) and ®(GY, Ty). The normalizer Ng(T) is a smooth closed subgroup of
G, so the quotient

We(T) == Na(T)/Za(T) = Na(T)/T
is a separated étale R-group of finite type (Theorem [2.3.1). The generic fiber Wg(T)x =
We, (T ) is the finite constant group over K associated to the ordinary finite group W(®).

Likewise, Wg(T)r = We, (1)) is finite étale over k and contains as an open subgroup
Weo (Tx) ~ W(®). But the fiber degree for a separated étale map of finite type can only
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“drop” under specialization, so we conclude that Wg (1), = Wgo(Ty). In other words,
N¢g(T) € G°.

For any g € Gy, the conjugate ¢gT}.g~' is a maximal torus of GY. Hence, there exists
g € GY(k) such that ¢Thg" = ¢'Trg' ", 50 g '¢’ € Ng(T) C GY. This forces g € GY. O

See [PY06, Thm. 1.2] for a generalization of Proposition 3.1.12] and note that the locus of
connected fibers can fail to be open (Example [3.1.4)).

1

3.2. Maximal tori. There are several ways to define the notion of “maximal torus” in a
smooth affine group scheme. Different approaches do lead to the same concept for reductive
groups, at least Zariski-locally on the base. For our purposes, the following definition (taken
from [SGA3|, XII, 1.3]) is suitable for developing the general theory.

Definition 3.2.1. A mazimal torus in a smooth affine group scheme G — S is a torus
T C G such that for each geometric point s of S the fiber 7% is not contained in any strictly
larger torus in Gj.

There are two sources of ambiguity in this definition. One is rather minor, namely to check
that for any s € S' it suffices to consider a single geometric point over s. This is a special case
of the general principle that properties of finitely presented structures in algebraic geometry
are insensitive to scalar extension from one algebraically closed ground field to a bigger such
field; this principle pervades the classical approach to linear algebraic groups (“independence
of the universal domain”). In the case of interest, it comes out as follows.

Proposition 3.2.2. If K/k is an extension of algebraically closed fields and T C G is a
torus in a smooth affine k-group G then T is not contained in a strictly larger torus of G if
and only if Tk s not contained in a strictly larger torus of G .

An immediate consequence of this proposition is that if 7' C G is a torus in a smooth
affine group scheme over a scheme S and if S’ — S is surjective then T satisfies Definition
in G over S if and only if Ts» does in Gg over 5.

Proof. The implication “<” is obvious. To verify the converse, we shall use the general
technique of “spreading out and specialization”. Express K as the direct limit of its k-
subalgebras A; of finite type over k, so by limit considerations, any strict containment 7% C
T" between K-tori in G descends to a strict containment T4, C T, between A;-tori in G 4,
for some i. (This is the “spreading out” step, as Spec(A;) is a finite type k-scheme, unlike
Spec(K) in general. Note that an argument is required to verify that 7] is a torus for large
1; e.g., it follows from the limit argument used at the start of the proof of Proposition M)

Viewing G4, = G x Spec(A;) as a finite-type reduced k-scheme in which Ty, and T} are
reduced closed subschemes (due to smoothness over the reduced Spec(4;)), since k = k and
Ty, is a proper closed subset of 77 it follows from the Nullstellensatz that some k-point
of T! is not contained in T),. This point lies over some £ € Spec(4;)(k), so we specialize
there: passing to ¢-fibers yields a strict containment 7" C (77)e between k-tori in G, a
contradiction. OJ
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A more serious ambiguity in the terminology of Definition [3.2.1]is to determine its relation
with maximality relative to inclusions among tori in G over S. Any 7T that is maximal in the
sense of Definition is maximal among tori of G; i.e., any containment 7' C 7" among
tori of G must be an equality. Indeed, the equality on fibers is clear, so by Lemma
equality holds in G (and likewise Ty is maximal in Gy for all open subschemes U of S).

Consider the converse: if a torus 7' C G is not contained in a strictly larger torus over S
then is 7' maximal in the sense of Definition m (i.e., is T5 maximal in G5 for all geometric
points 5 of S)? There are Zariski-local obstructions: Ty may lie in a strictly larger Gy-torus
for some open U C S. This is due to the fact that the dimension of the maximal tori in
each geometric fiber Gz may not be locally constant in s. For instance, in the Example at
the end of [SGA3| XVI, §3] there is given an explicit smooth affine group over a discrete
valuation ring such that the generic fiber is G,, and the special fiber is G, (so T' = 1 is
maximal relative to containment over the entire base, but not over the open generic point).
Here is a more natural example.

Example 3.2.3. Let S = Spec(V) for a complete discrete valuation ring V' with K :=
Frac(V'), and consider a separable quadratic extension K'/K that is not unramified. Let
V' be the valuation ring of K’. The Weil restriction G = Ry/1/(Gy,) (which represents the
functor B ~» Gup(B ®y V') = (B ®y V')* on V-algebras) is a smooth affine V-group of
relative dimension 2; it is even an open subscheme of the V-scheme Ry /v (Aj,) = A} (see
[CGPL, Prop.A.5.2]). In particular, the fibers of G are connected (as is also a consequence
of general connectedness results for Weil restriction of smooth schemes [CGPl, Prop. A.5.9].)
The fibral connectedness for G can also be seen by inspection: Gx = Rg//x(Gn) is a torus
since K’/K is separable, and since K’/K is not unramified the geometric special fiber is
Rq/5(Gm) = G x G, (via (¢, 2) — ¢(1 + xe)).

Thus, the evident Gy, as an R-subgroup of GG is a torus not contained in any strictly larger
torus of G (due to consideration of the special fiber), but its geometric generic fiber is not
maximal in that of G.

For our purposes, “maximal torus” will always be taken in the sense of Definition [3.2.1]
See Remark for the equivalence with another possible definition. The case of most
interest to us is maximal tori in reductive group schemes. In such groups, the maximality
property is robust with respect to the Zariski topology:

Example 3.2.4. Proposition [3.1.9(2) implies that if 7" is a torus in a reductive group scheme
G — S and it is maximal on the 5-fiber for some s € S then it is maximal in the sense of
Definition [3.2.1] over a Zariski-open neighborhood of s.

To use “reduction to the noetherian case” in the study of maximal tori, we require:

Lemma 3.2.5. Let {A;} be a directed system of rings with direct limit A, and let G be a
smooth affine A-group equipped with an A-torus T C G. Pick iy so that G descends to a
smooth affine A;,-group G;, and T descends to an A;,-torus T;, in G;,. For i = iy, define
the pair (G;,T;) over A; by scalar extension of the pair (Gi,,T;,) over A;,.
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If T is maximal in G then T; is mazimal in G; for sufficiently large i.

The proof of this lemma uses “standard” direct limit arguments as well as constructions
that are specific to group schemes.

Proof. We will use centralizers for tori (as in Lemma [2.2.4) and elementary affineness results
for quotients by central tori (see [SGA3, IX, 2.3]). It is harmless to replace G;, with the
finitely presented affine centralizer Zg, (T3,) (and replace G; with Zg, (Tj,)a, = Zg,(T;) for
all @ > ip, and replace G with their common base change Zg(T') over A), so we may assume
that T;, is central in G, over A;, (and similarly over A; for i > iy, as well as over A). Then
by passing to the affine quotient G, /T;, over A, , and similarly over every A; and over A,
we reduce to the case that all T; and T are trivial.

Letting S = Spec(A) and S; = Spec(4;) for all i, we are brought to the case that the
smooth affine geometric fibers Gy all have no nontrivial tori (equivalently, G2 is unipotent for
all s € S). We seek to prove the same property holds for all geometric fibers of G; — S; when
1 is sufficiently large. We may and do assume that S is non-empty, and hence likewise all .S;
are non-empty. Since G,;, — S;, is finitely presented, the number of connected components
for its geometric fibers is bounded [EGAl IV3, 9.7.9]. The same bound is valid for the
geometric fibers of every G; — S; for i > ig, as well as for the geometric fibers of G — S.
Thus, if we choose a prime number p larger than such a bound then the unipotence of all
GY implies that for all s € S there are no nontrivial group homomorphisms x, — Gs. In
other words, for the affine and finitely presented S-scheme Y := Homg_,(41,, G) and the
canonical section o : .S — Y over S corresponding to the trivial S-map p, — G, the map o
is surjective.

Let Y; = Homg _, (14, Gi), s0 Y; = Y, ®4,, Ai compatibly with change in ¢ > 4o and the
limit of these affine schemes is Y. Since the canonical sections o; : S; — Y; defined by the
trivial S;-maps g, — G; yield the surjective map o in the limit, for sufficiently large i > i
the map o; is surjective [EGAL 1V3, 8.10.5(vi)]. Fix such a large 7, so the geometric fibers
of the smooth S;-group G; — S; do not contain f, as a subgroup scheme over S; (since
S; is non-empty). It follows that the identity components of these fibers cannot contain a
nontrivial torus. Hence, these identity components are unipotent, as desired. 0

The following fundamental result concerning the “scheme of maximal tori” is the engine
that makes the relative theory of reductive groups work (and it is proved in [SGA3, XII,
1.10] under weaker hypotheses than we impose):

Theorem 3.2.6. Let G — S be a smooth affine group scheme such that in the identity
component G2 of each geometric fiber the mazimal tori are their own centralizers. Then the
functor on S-schemes

Torgs : S ~ {mazimal tori in G}
is represented by a smooth quasi-affine S-scheme Torg,s, and Torg,s — S is surjective.

The main case of interest for which we can verify the hypothesis “Cartan subgroups of
(identity components of) geometric fibers are tori” is the case of reductive group schemes, but
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another interesting case that will arise later is parabolic subgroups of reductive group schemes
(to be defined and studied in §5.2). In [SGA3, XII, 5.4] it is shown that Torg/g is actually
S-affine in Theorem [3.2.6, The proof of this finer property uses a hard representability
theorem [SGA3|, XI, 4.1] that we are avoiding. We do not need such affineness, so we say
nothing further about it. See Exercise for a generalization of Theorem over fields.

Proof. By effectivity of fppf descent for schemes that are quasi-affine over the base, it suffices
to work fppf-locally on S (since the functor in question is clearly an fppf sheaf of sets). Choose
s € S. As in the proof of Proposition [3.1.9(1), we may work fppf-locally around s to arrange
that there exists a torus 7' C G such that T is maximal in G2. The inclusion T' C Zg(T)°
between smooth S-groups is an isomorphism on geometric fibers at 5, so by connectedness
and fiber dimension considerations it follows that the same holds on geometric fibers over
points near s. Hence, by passing to a Zariski-open neighborhood of s in .S we may arrange
that 7 = Zg(T)°, so T' is maximal in G (in the sense of Definition [3.2.1). Now we will just
use that G — S is a smooth affine group.

By Theorem [2.3.1] the quotient G/Ng(T') exists as a smooth quasi-affine S-scheme, and
clearly G /Ng(T') — S is surjective. There is an evident G-action on Torg g via conjugation,
and the point T' € Torg,4(5) has stabilizer subfunctor in G' represented by the transporter
scheme Transp(7,T) = Ng(T'). Thus, G/Ng(T) is a subfunctor of Torg g, and we claim
that it equals Tor /g It suffices to prove that the map G — Tor ¢ between fppf sheaves of
sets is surjective, which is to say that for any S-scheme 5" and 7" € Torg,(S") there exists
an fppf covering S” — S’ and a g € G(S”) such that ¢T%,g~' = Tsv. Put another way,
we are claiming that the maximal tori Tss and 7" in Gg are conjugate fppf-locally on S’.
Upon renaming S’ as S, our task is to prove that any two maximal tori 7" and 7" in G are
conjugate fppf-locally on S.

Direct limit arguments (along with Lemma allow us to arrange that S is noetherian
and affine, and even finite type over Z (which will be relevant when we apply Artin approxi-
mation later in the argument). Pick s € S, so T5 and T% are G(3)-conjugate for an algebraic
geometric point 5 over s. Express k(3) as a direct limit of subextensions of finite degree over
k(s), so there exists a finite extension K/k(s) such that T and T} are G(K)-conjugate and
split. Passing to an fppf neighborhood of (S, s) then brings us to the case that T and 77
are G(s)-conjugate and split. Let A denote the completion &7 .

By the same style of Artin approximation argument as used in the proof of Proposition
[3.1.6] (this is where we need that S is finite type over Z), if T4 is G(A)-conjugate to 7% then
we can build an étale neighborhood U of (S, s) such that Ty is G(U)-conjugate to T};, so we
would be done. Thus, we may and do replace S with Spec(A) to arrange that (i) S is the
spectrum of a complete local noetherian ring (A, m) with residue field denoted k, and (ii) the
special fibers Ty and T} are G(k)-conjugate and split. By lifting a conjugating element from
G(k) into G(A) (as we may do since the local noetherian A is complete and G is smooth
and affine), we can arrange that Ty = T} inside the special fiber Gy.
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It follows from the completeness of A that T and T" are split, hence abstractly isomorphic.
The splitting isomorphisms 7'~ G! and 7" ~ G’ can be chosen to coincide on the special
fibers (i.e., they induced the same splitting of the torus Ty = T} in Gy), so the inclusions of
T and 7" into G may be viewed as a pair of inclusions from a common A-torus G, into G
that agree residually. Thus, by Corollary , these inclusions are G(A)-conjugate. 0

In earlier arguments we have built maximal tori in reductive group schemes by working
fppf-locally on the base. Now we show that it always suffices to work étale-locally:

Corollary 3.2.7. Any reductive group scheme G — S admits a mazimal torus étale-locally
on S. In particular, any connected reductive group over a field k admits a geometrically
mazimal torus defined over a finite separable extension of k.

Proof. The structural morphism Torg/s — S from the scheme of maximal tori is a smooth
surjection, so it admits sections étale-locally on S. But to give a section over an S-scheme
U is to give an element of the set Torg,s(U), which is to say a maximal torus of Gy. O

The following result is a special case of part of [SGA3, XII, 5.4].

Proposition 3.2.8. Let T' be a mazimal torus in a reductive group scheme G — S. The
Weyl group We(T') = Na(T')/Za(T) is finite étale over S.

Recall from Theorem that a priori (without using reductivity) the quotient sheaf
We(T) is represented by an S-scheme that is separated, étale, and finitely presented.

Proof. By Proposition (and Corollary[3.1.11)) we use direct limit arguments to reduce to
the case that S is noetherian, so we can apply to W (T') — S a general finiteness criterion for
quasi-compact separated étale maps: it suffices that the number of points in the geometric
fibers is Zariski-locally constant on the base. This finiteness criterion follows from étale
localization on the base and the local structure theorem for such morphisms over a henselian
local base in [EGA] IV, 18.5.11(c)]. (See Exercise[3.4.1]for a generalization.) In other words,
we claim that the order of the fibral Weyl group Wq(T)s = W, (T5) is locally constant in s.

Since the Weyl group of a connected reductive group over an algebraically closed field
coincides with the Weyl group of the associated root system, it suffices to check that the
isomorphism class of the root system ®(G5, Ts) is locally constant in s. By passing to an
étale neighborhood of a chosen point of S we can arrange that

T = Ds(M) = HOIIIS_gp(Ms, Gm)

for a finite free Z-module M (thereby identifying the abelian sheaf Homg_, (7, Gy,) with
Ms). In the proof of Proposition [3.1.9(1) we saw that the vector bundle g with its T-action
decomposes into a direct sum of “root subbundles” and that this decomposition identifies
the root system ®(Gg, Tg) C X(1g) = M = X(T5) with ®(G5,Ts) for all £ near s. O
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3.3. Scheme-theoretic and reductive center. The final topic in this section is the func-
torial center of a reductive group scheme. This material is developed in [SGA3| XII, §4], and
we will navigate our way towards a single result for reductive group schemes (which in turn
is a special case of [SGA3, XII, 4.11]). We begin with two lemmas.

Lemma 3.3.1. Let G be a smooth affine S-group with connected fibers, and H a subgroup
of multiplicative type.

(1) If H is normal in G then it is central in G.
(2) Assume H is normal in G, and let G = G/H be the associated smooth S-affine

quotient [SGA3|, IX, 2.3]. For every central multiplicative type subgroup H in G, the
preimage H' of H' in G is a central multiplicative type subgroup of G.

Part (2) of this lemma serves a role in our treatment akin to the role of [SGA3|, XII, 4.7]
in the general development of [SGA3|, XII].

Proof. The normality of H in G implies that of each H[n| in G, and the relative schematic
density of {H[n]} in H implies that H is central in G if all H[n| are central in G. Hence, to
prove (1) we may and do replace H with H|n| for arbitrary n > 0, so we can assume that
H is S-finite. Then the automorphism functor of H is identified (up to inversion) with that
of its finite étale Cartier dual, so this functor is represented by a finite étale S-scheme (via
effective descent for finite étale schemes over the base, applied to the automorphism functor
of the constant Cartier dual over an étale cover of S).

The conjugation action of G on H is classified by an S-group map from G to the finite
étale automorphism scheme E of H. The identity section of £ — S is an open and closed
immersion (as for any section to a finite étale map), so the kernel of the action map G —
Autg , (H) = E is an S-subgroup scheme of G that is both open and closed. Thus, (1) is
reduced to the obvious fact that for any map of schemes X — S with connected fibers, the
only open and closed subscheme of X that maps onto S is X.

To prove (2), first note that H' is clearly finitely presented and flat (and affine) over S,

and it is normal in G since H is central in G. In particular, by (1) it suffices to prove
that H' is multiplicative type. First we check directly that H' is central in G (and hence is

commutative). Since H is central in G and the quotient H'/H = H'is central in G JH =G,
the G-action on H' is classified by a homomorphism from G to the Hom-functor

Homs_gp(ﬁ/, H).

(Loosely speaking, this amounts to considering the upper-right entry in an upper-triangular
2 x 2 matrix.) This classifying map vanishes if and only if H' is central in G, so by the
relative schematic density of {H [n]} in H it suffices (for the proof of centrality) to replace
H' with H'[n] (for an arbitrary n > 0) and to replace H' with the preimage H!, of H [n] in
H’. But then we have the equality of functors

— —
I_IO—mS—gp(H ) H) = I_IO—mS—gp(H ) H[n])u
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and via Cartier duality the right side is identified with a Hom-functor between finite étale
S-groups. In particular, this is represented by a finite étale S-group, so as in the proof of (1)
any S-homomorphism from G to this Hom-scheme must vanish. Thus, H’ is central in G.

It now follows that the fibers of H' are of multiplicative type. Indeed, we may check on
geometric fibers, and over a field any commutative extension of a multiplicative type group
by another is again of multiplicative type (Exercise [3.4.6[(ii)). Our goal is to prove that H’
is of multiplicative type.

To bootstrap from the fibers, we use deformation theory, as follows. The initial hypotheses
are compatible with standard limit arguments on the base, so we may and do reduce to the
case that S is noetherian at the outset, and then local, say S = Spec(A). Let S = Spec(A).
Suppose we can prove that H é is of multiplicative type. By Proposition W, this group is

split by an étale cover of S. Any such étale cover is refined by a local finite étale cover S S
(since A is henselian local). But the categories of finite étale covers of A and A are equivalent
(since A is henselian local), so S’ uniquely descends to a local finite étale cover S” — 5. We
may rename S’ as S to reduce to the case that there is an isomorphism f : Dg(M) ~ H é for
a finitely generated abelian group M. Since H' is commutative, we may argue exactly as in
the proof of Proposition to descend f to an isomorphism Dg(M) ~ H'.

We may now rename S as S to reduce to the case that A is complete. Thus, by the final
assertion in Theorem [B.3.2] there exists an open and closed S-subgroup scheme ' in H’
of multiplicative type such that the special fibers of H" and % coincide inside the special
fiber of G. We will prove that 7’ = H'.

The multiplicative type S-subgroups H and " in the commutative H’ satisfy the con-
tainment relation Hy C ¢ inside H{ for their special fibers. We claim that H C J#’. The
product map H x ¢’ — H’ makes sense as an S-homomorphism since H' is commutative,
and by Exercise this map factors through an fppf quotient onto a multiplicative type
S-subgroup K. By construction K contains 7', but its special fiber is an fppf quotient of
Hy x ] via addition in Hg, so since Hy C ¢ inside H|, we conclude that the containment
A C K of S-subgroups of H' induces an equality between special fibers. But K and 7’
are both of multiplicative type and A is complete local noetherian, so K and ¢ split over a
finite étale extension of S (due to Proposition and the cofinality of such covers among
all étale covers of S). Hence, it is clear that #’ = K, so H C K = " as desired.

Consider the map 7" — H =H /H between S-groups of multiplicative type. On
special fibers, this is the quotient map 4 = H; — ﬁg, so the induced map between
constant character groups is injective. Hence, the S-homomorphism 7’ — H is dual to
an injection between character groups, so it is faithfully flat. Thus, 7" — H is an fppf
quotient homomorphism whose kernel is H, yet " is an S-subgroup of H’ that is also an
extension of H' by H for the fppf topology (compatibly with the analogous such extension
structure on J¢”). A snake lemma argument with fppf group sheaves then implies that the
inclusion " C H' is an equality, so H' is of multiplicative type. O
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The following lemma identifies an interesting property for multiplicative type subgroups
that are central on geometric fibers.

Lemma 3.3.2. Let G be a smooth affine S-group with connected fibers, and H C G an
S-subgroup of multiplicative type. Assume that Hs is central in Gs and contains all central
multiplicative type subgroups of G for all geometric points s of S. Then for any S-scheme
S, every central multiplicative type subgroup of Gg is contained in Hgr.

By a “spreading out and specialization” argument (as in the proof of Proposition [3.2.2)),
the fibral hypothesis in Lemma |3.3.2]is open on the base.

Proof. By Lemma the functorial centralizer of H in G is represented by a finitely
presented closed S-subgroup Zg(H). Any central subgroup scheme of G lies in Zg(H), so
we may replace G with Zg(H) to reduce to the case that H is central in G. The fppf quotient
sheaf G/H then has a natural S-group structure, and by [SGA3|, IX, 2.3] it is represented
by an S-affine S-scheme of finite presentation.

By Exercise and Lemma [3.3.1)2) we may rename G/H as G so that each G5 contains
no nontrivial central closed subgroup of multiplicative type. This property persists after
any base change S’ — S, so upon renaming S’ as S it remains to show that a central
multiplicative type subgroup H' C G must be trivial. Every geometric fiber HZ is trivial, so
consideration of the character group of the multiplicative type H' forces H' to be the trivial
S-group. 0

In view of the preceding lemma, the following definition (taken from [SGA3| XTI, 4.1]) is
reasonable as well as checkable in practice.

Definition 3.3.3. Let G — S be a smooth affine group scheme with connected fibers. A
reductive center of G is a central multiplicative type subgroup H C G that satisfies the
conditions in Lemma [3.3.2]

It is clear that if a reductive center exists then it is unique, in which case we call it the
reductive center. Finally, we arrive at a special case of [SGA3|, XII, 4.11]:

Theorem 3.3.4. Let G — S be a reductive group scheme. Then G admits a reductive center
Z, and Z coincides with the scheme-theoretic center Zg of G. In particular, Zg is S-flat.
Moreover, Z represents the kernel of the action map

u: G — Autg(Torg)s).

Proof. Since the formation of the reductive center commutes with base change if it exists, by
effective fppf descent for schemes affine over the base we may work fppf-locally on S. Hence,
we may and do assume that G contains a split maximal torus 7. This identifies G/Ng(T')
with Torg s via g — gTg™", so the natural G-action on .7 := Torg,s via conjugation goes
over to the left translation action of G on G/Ng(T). We will first construct a reductive
center Z, and then prove that it is the center and represents the functorial kernel ker u.
We may and do assume S is affine and T' = Dg(M) ~ G for M ~ Z" with some r > 0.
Consider the M-graded decomposition €, ., 9m of g = Lie(G) into weight spaces under
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the action by 7. The formation of this decomposition commutes with base change on S, and
these weight spaces are direct summands of g (hence vector bundles over S). By working
Zariski-locally on S, we may arrange that the weight spaces g,,, that are nonzero have
constant rank (necessarily rank 1 for mg # 0, by the reductivity hypothesis). Let & C M be
the finite set of nontrivial weights that arise. Define

H= ﬂ ker(a: T — Gy).

acd

This intersection of finitely many multiplicative type S-subgroups of 7' is a multiplicative
type S-subgroup of T' (corresponding to the quotient of M by the Z-submodule spanned by
®), and by construction the H-action on G via conjugation induces the trivial action on g.

The centralizer Zg(H) is a smooth closed S-subgroup of G (Lemma and its Lie
algebra is g’ = g (due to the functorial characterization of Zg(H)). Thus, the map Zg(H) <
G is an isomorphism between s-fibers for all s € S, so it is an equality (as both Zg(H) and G
are fppf, even smooth, over S). This shows that H is a central multiplicative type S-subgroup
of G. But for any S-scheme S” and ¢’ € G(5’) that centralizes Gg/, clearly ¢’ € Zgs)(Ts) =
(Za(T))(S") =T(S") (Lemma and the adjoint action of Ts on gg = Lie(Gg/) makes
the point ¢’ € T'(S') act trivially, so ¢’ is an S’-point of (), 4 ker(agr) = Hg. This shows
that H is a reductive center of GG, and that it represents the functorial center of GG. The
centrality also forces H C kerwu, so it remains to prove (after making a base change by any
S" — S and renaming S’ as S) that any g € G(S) with trivial conjugation action on &
necessarily lies in H(.5).

By the usual limit arguments (including Corollary we may reduce to the case
when S is noetherian, and then artin local (by the Krull intersection theorem relative to the
equations that defined H in ), and finally artin local with algebraically closed residue field
(via faithfully flat base change). Writing S = Spec(A) for an artin local ring A, the set of
A-points of the A-smooth 7 is relatively schematically dense [EGAl V3, 11.10.9]; i.e., for
any A-algebra A’, an A’-morphism from 4 to a separated A’-scheme is uniquely determined
by its effect on the points of .7 (A) (viewed as A’-points of 7). In other words, keru is
represented by the intersection of the closed subschemes Ng(7,) where T, is the maximal
A-torus in G corresponding to the varying point o € 7 (A).

We have a containment H C kerwu as closed subschemes of G, and seek to prove this is
an equality. By Lemma [B.3.1] this reduces to the consideration of the special fiber (as the
artin local S has only one point). Now we are considering a connected reductive group G
over an algebraically closed field k. The above description of ker u becomes keru = (", 17,
so to prove keru = H it suffices to show that (), 7" is central in G.

Consider the smooth closed subgroup N of G generated by the maximal tori. This is
normal, so G/N is a reductive group that contains no nontrivial tori (since quotient maps
between linear algebraic k-groups carry maximal tori onto maximal tori). Hence, G/N is
unipotent and therefore trivial. In other words, G is generated by its maximal tori, so there
exists a finite set {77} of maximal tori of G such that the multiplication map of k-schemes
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q : [[T! — G is dominant. A dominant map between k-varieties is generically flat, so
there exists a dense open V C G and V' C ¢ (V) such that V' — V is faithfully flat.
Any (functorial) point of (), 1" = keru centralizes all 7] and hence centralizes V', so ker u
centralizes G (as V' is a dense open subscheme of G over k). O

Corollary 3.3.5. Let G be a reductive S-group scheme, and Z a multiplicative type subgroup
scheme of the center Zg. The reductive quotient G/Z has center Zg/Z; in particular, G/ Zq
has trivial center.

Moreover, T w— T/Z defines a bijective correspondence between the set of maximal tori
of G and the set of maximal tori of G/Z, with inverse given by scheme-theoretic preimage
under the quotient map G — G/Z.

Note that any such 7" automatically contains the central Z in G since T' = Z(T), so T'/Z
makes sense. This corollary is a special case of [SGA3, XII, 4.7(b),(c)].

Proof. By Lemma , the central subgroups of multiplicative type in G/Z correspond
bijectively (via the formation of preimages in G) to central subgroups of multiplicative type
in G that contain Z, which is to say the multiplicative type subgroups of Zs that contain
Z (as Zg is the reductive center of G). These in turn correspond to the multiplicative type
subgroups of G/Z that are contained in Zg/Z. Thus, Zg/Z is the reductive center of G/Z,
so it is also the center of G/Z.

To establish the bijective correspondence for maximal tori, we first note that the classical
theory ensures that 7'/Z is maximal in G/Z when T is maximal in G. Hence, the proposed
correspondence makes sense. It is also clear that T is the preimage of T'/Z under the quotient
map G — G/Z, so the only problem is to prove that every maximal torus 7 in G/Z has the
form T'/Z for some (necessarily unique) maximal torus 7" in G. Consider the preimage 7" of
T in G. We seek to prove that T is a maximal torus in G.

Since G is the quotient of G' modulo a central subgroup scheme, the conjugation action of
G on itself factors through a left action of G on G. As such, we get a left action of the torus
T on G, so the functorial centralizer G for this action is represented by a smooth closed
subgroup of G' with connected geometric fibers (by arguing as in Example : we form
the T-centralizer in the reductive semi-direct product G x T). Consideration of geometric
fibers shows that G7 is reductive over S. But Z C G, so we get a natural monomorphism

j:GT)Z = Zg(T) =T

between smooth affine S-groups. This map is an isomorphism. Indeed, we can pass to geo-
metric fibers (by the fibral isomorphism criterion as in Lemma , and then surjectivity
of j follows from the fact that surjections between smooth connected affine groups over a
field induce surjections between centralizers for any compatible torus action [Bo91, 11.14,
Cor.2]. Thus, j is faithfully flat onto its image (by smoothness of its source and target,
together with homogeneity and generic flatness), so it is a quotient map and therefore an
isomorphism (as ker j = 1, by monicity).
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The isomorphism GT/ Z = T implies that GT coincides with the preimage Tof T in G.
We can now apply Lemma M(Q) to the quotient map GT — GT/Z =T to conclude that
the reductive G7 is central in itself (i.e., commutative), and so GT is a torus. It suffices to
prove that it is a maximal torus in G (in the sense of Definition . We first may pass
to geometric fibers over S, so now S = Spec(k) for an algebraically closed field k. Consider

a torus T containing GT. The image T"/Z in? is a torus (as it is multiplicative type and
smooth), yet this image contains the torusiGT /Z = T that is maximal by hypothesis, so
T')Z = G'/Z and hence T" = GT. Thus, G7 is a maximal torus in G. O

Corollary 3.3.6. Let G — S be a reductive group scheme, and T an S-torus in G that is
mazximal (in the sense of Definition (3.2.1)).

(1) The center Zg is the kernel of the adjoint action T — GL(g).
(2) Assume S = Speck for an algebraically closed field k. The center Zg coincides with
the scheme-theoretic intersection of all maximal tori T in G.

This corollary is a special case of [SGA3| XII, 4.7(d), 4.10]. The description in (1) pro-
vides a way to compute Zg, since it is often easy to find a torus T such that Zg(T) = T
(equivalently g7 = t, due to smoothness and fibral connectedness of torus centralizers in G).

Proof. To prove (1) we may work étale-locally on S so that T is split. In that case the
equality in (1) was shown in the course of proving Theorem [3.3.4] For (2), since Zg(1") =T"
for all 7" (as subschemes of G), clearly every 7" contains Zg. It remains to show that the
intersection H of all 7" is in fact central in G (as a subgroup scheme). We saw in the proof
of Theorem that Z¢ is the intersection of the normalizers Ng(7”) as we vary through
all T, so indeed H C Zg. O

Example 3.3.7. Corollary [3.3.6(1) provides a simple method to compute the center of
connected reductive groups. We illustrate with G = SL,, over any scheme S. The diagonal
torus 7' is maximal, since the case of geometric fibers is well-known. The action of T" on the
Lie algebra sl,, over any base S is the given by the habitual formulas, from which we see that
the kernel of the action is y,, C T, so p, = Zsr,,-

Let G — S be a reductive group scheme. By Corollary and the existence of a
maximal torus étale-locally on the base (Corollary [3.2.7)), Zg is the kernel of the adjoint
representation Adg : G — GL(g). In particular, passing to the Lie algebra, we see that

Lie(Zg) = ker(Lie(Adg)) = ker(ady)

(see |[CGPL Prop. A.7.5] for the relation between Lie(Adg) and ady). We say G is adjoint
when Zg = 1; this property can be checked on geometric fibers since Zg is multiplicative
type, and is equivalent to the geometric fibers being semisimple of adjoint type (so G is
semisimple).

For semisimple G of adjoint type, the S-homomorphism Adg : G — GL(g) has trivial
kernel. In view of Remark it is not obvious if Adg is a closed immersion in the adjoint
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semisimple case over a general scheme. In fact, it is always a closed immersion for such G,
because any monomorphism from a reductive group scheme to a separated group of finite
presentation is a closed immersion (Theorem [5.3.5)). We will not use this fact.

Definition 3.3.8. A homomorphism f : G’ — G between smooth affine S-groups an isogeny
if it is a finite flat surjection, and a central isogeny if moreover ker f is central in G’.

Over any field of characteristic > 0, the Frobenius isogeny of a nontrivial connected
semisimple group is non-central. In the classical setting there exist examples of isogenies
between connected semisimple groups such that the kernel is commutative and non-central,
though these only exist in characteristic 2. See Remark and [PY00, Lemma 2.2].

It is natural to ask if the isogeny (or central isogeny) property can be checked on fibers
over the base. That is, if f : G’ — G is a homomorphism between smooth affine S-groups
and if f is an isogeny for all s € S then is f finite flat? Such an f is certainly surjective, and
also flat due to the fibral flatness criterion [EGAL IV3, 11.3.10]. Hence, ker f is a quasi-finite
flat closed normal S-subgroup of G', and G = G’/ ker f in the sense of fppf sheaves. By fppf
descent, f is finite if and only if ker f is S-finite (cf. Exercise [3.4.5{(iii)). But is ker f actually
S-finite? And if ker f, is central in G for all s € S then is ker f central in G'?7 We will give
affirmative answers in the reductive case. The case of central isogenies will be treated now;

the general case lies a bit deeper (see Proposition [6.1.10)).

Proposition 3.3.9. A surjective homomorphism f : G' — G between reductive groups over
a scheme S is a central isogeny if and only if fs has finite central kernel for all s € S.

Proof. The implication “=" is obvious. For the converse, the flatness of f follows from
the fibral flatness criterion [EGAL V3, 11.3.10], so it remains to show that K := ker f is
S-finite and central in G’. We may assume that S is noetherian, then local (by direct limit
considerations), and finally complete (by faithfully flat descent).

First we show that K is central. This asserts that the G’-action on K by conjugation is
trivial, an identity that is sufficient to check on artin local points over S. Thus, we may
assume that S = Spec A for an artin local ring A. Hence, the quasi-finite flat K is now
finite flat. The special fiber Ky C Zg; uniquely lifts to a finite multiplicative type subgroup

K C Zq since A is artin local and Zg is of multiplicative type, and the map K = G
induced by f is trivial on the special fiber, so it is trivial (by rigidity of homomorphisms
from groups of multiplicative type; see [SGA3| IX, 3.5]). This implies that K C ker f=K
inside G’. But this inclusion between finite flat A-groups induces an equality on special fibers
(by construction of K'), so it is an equality. Hence, K is central in G'.

Over a general S, K is closed in the multiplicative type Zg. By Exercise [2.4.2] all quasi-
finite closed subgroups of a multiplicative type group are finite. Thus, K is S-finite. 0
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3.4. Exercises.

Exercise 3.4.1. This exercise proves a very useful lemma of Deligne and Rapoport [DRJ,
I1, 1.19] that is a generalization of the finiteness criterion used in the proof of Proposition
3.2.8] Let f: X — Y be a quasi-finite flat and separated map between noetherian schemes,
and assume its fiber degree is constant. We seek to prove that f is finite.

(i) Using that a proper quasi-finite map is finite, reduce to the case Y = Spec R for a
discrete valuation ring R (hint: use the valuative criterion for properness).

(ii) By Zariski’s Main Theorem, the quasi-finite separated X over Y admits an open
immersion j : X < X into a finite Y-scheme X. With Y = Spec R as in (i), arrange that
X is also R-flat and has the same generic fiber as X.

(iii) Using constancy of fiber degree, deduce that j is an isomorphism and conclude.

(iv) In case f is étale, express the result in the language of specialization for constructible
étale sheaves.

(v) Remove the noetherian hypotheses without requiring f to be of finite presentation.

Exercise 3.4.2. This exercise proves the fibral isomorphism criterion (Lemma over a
noetherian base S. (The case of general S reduces to this case by standard limit arguments.)

(i) Reduce to the separated case by using that A, : Y — Y Xy Y satisfies the given
hypotheses and is separated.

(ii) Now taking h to be separated, use the result from Exercise to reduce to proving
h is flat, and then reduce to the case when S is artin local.

(iii) For artin local S = Spec A, prove h is a closed immersion, and use S-flatness of Y to
deduce that the ideal defining it in Y’ vanishes modulo my4, so Y =Y".

Exercise 3.4.3. (i) Prove that Corollary is valid when G is replaced with a parabolic
subgroup of a connected reductive group.

(ii) Over any field k, show that the Heisenberg group U C GLj (the standard upper
triangular unipotent subgroup) is a central extension of U” ~ G, x G, by U’ ~ G,, with
U’ the scheme-theoretic center of U. Assuming char(k) = p > 0, show that the Frobenius
kernel ker Fy;/;, (see Exercise is likewise a central extension of ker Fyw/, ~ ,, X a, by
ker Fyyr )y, ~ ap, and deduce that U — U := U/(ker Fyyrj,) and U — U/ (ker Fyyy,) = U®P) are
central isogenies between smooth connected affine k-groups such that the composite isogeny
is not a central isogeny.

(iii) Show that any nontrivial smooth connected unipotent group over a field is a coun-
terexample to both parts of Corollary [3.3.6)when “reductive” is relaxed to “smooth connected
affine”.

Exercise 3.4.4. Let A be a finite-dimensional associative algebra over a field k. Consider
the ring functor A : R ~» A ®; R and the group functor A* : R ~~ (A®y R)* on k-algebras.

(i) Prove that A is represented by an affine space over k. Using the k-scheme map N, :
A — Aj defined functorially by u ~— det(m,), where m, : A ®; R — A ®; R is left
multiplication by v € A(R), prove that A™ is represented by the open affine subscheme
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N;}k(Gm). (This is often called “A* viewed as a k-group”, a phrase that is, strictly speaking,

meaningless, since A* does not encode the k-algebra A.)
(ii) For A = Mat,, (k) show that A* = GL,, and for k = Q and A = Q(v/d) identify it
with an explicit Q-subgroup of GLy (depending on d). Prove A is connected reductive in

general.
(iii) For A = Mat,,(k), show that N4/, : A — Gy, is det”.

Exercise 3.4.5. A diagram 1 — G’ & G 5 G” — 1 of fppf groups over a ring k is ezact if
7 is faithfully flat and G’ = ker 7.

(i) For any such diagram, prove G” = G/G’ via m. Prove a diagram of k-groups of
multiplicative type 1 — H' — H — H"” — is exact if and only if the associated diagram of
G,-dual étale sheaves is exact.

(ii) Prove that G” is smooth when G is smooth, even if G’ is not smooth.

(iii) If G’ is finite then prove that m is finite flat with fibral degree locally constant on
Spec k, and that =, : SL,, — PGL, has degree n. Compute Lie(m,); when is it surjective?

(iv) Assume k is a field. Prove that the left exact sequence of Lie algebras arising from
a short exact sequence of finite type k-groups is short exact if G’ is smooth. Give a coun-
terexample to short exactness on Lie algebras with smooth G and non-smooth G'.

Exercise 3.4.6. Let k be aring, and let 1 — H' — E — H” — 1 be a short exact sequence
of fppf group sheaves with H” and H' group schemes of multiplicative type.

(i) Using descent theory and the affineness of H', prove that E is affine and fppf over k.

(ii) Assume F is commutative. Prove that if k is a field then E is of multiplicative type.
What if & is an arbitrary ring? (See Corollary [B.4.23).)

(iii) By considering the FE-conjugation action on H' and étaleness of the automorphism
functor of H', prove that if H” has connected fibers (e.g., a torus) then H’ is central in E
and in fact F is commutative (hint: once centrality is proved, show the commutator of E
factors through a bi-additive pairing H” x H"” — H’). What can we then conclude via (ii)?

Exercise 3.4.7. Let G be a smooth affine group over a field k. Using fppf descent and the
existence of a (geometrically!) maximal torus over some finite extension, generalize Theorem
[3.2.6]to apply to G without restriction on the Cartan subgroups of G. Deduce that G admits
such a torus over a finite separable extension k'/k.
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4. RoOTS, COROOTS, AND SEMISIMPLE-RANK 1

Let G — S be a reductive group scheme. By Corollary [3.2.7] at the cost of passing to an
étale cover on S we may arrange that G contains a maximal torus 7. By deeper work with
Cartan subalgebras of g one can even make a maximal torus Zariski-locally on the original
S [SGA3| XIV, 3.20]. We do not use this fact (but see Exercise [7.3.7]1)).

Suppose for a moment that 7" splits, so there is an isomorphism

T ~ Ds(M) = Homg_, (Ms, Gp,)

for a finite free Z-module M. In the evident manner, we get a map of groups M —
Homg-gp (T, Gry). The T-action on g = Lie(G) then corresponds to an M-grading @, ., 9m
of the vector bundle g, where t € T" acts on the subbundle g,, via multiplication by the unit
m(t) [CGP, Lemma A.8.8]. The formation of the subbundles g,, in g commutes with any
base change on S.

By passing to geometric fibers and using the classical theory of root spaces for connected
reductive groups, we see that the locally constant rank of each vector bundle g,, takes values
in {0,1} when m # 0 and that gy = Lie(7") (since Lie(7') C go as subbundles of g, with
equality on geometric fibers over S). We will use these observations to develop a general
theory of root spaces and root groups, leading (in to both a complete classification in the
split case when the geometric fibers have semisimple-rank 1 as well as a deeper understanding
of the Weyl group scheme W¢(T') in the split case.

4.1. Roots and the dynamic method. When T is split as above, any character " — G,
arises from an element of M Zariski-locally on S since (i) 7'~ G, for some r > 0, and (ii)
any endomorphism of Gy, over S is given, Zariski-locally on S, by ¢ — t" for some n € Z.
This leads to the construction of some subbundles of g:

Definition 4.1.1. Let S be a non-empty scheme. Assume that G admits a split maximal
torus 7" over S and fix an isomorphism 7" ~ Dg(M) for a finite free Z-module M. A root for
(G,T) is a nonzero element a € M such that g, is a line bundle.

We may and do also view roots as fiberwise nontrivial characters 7" — Gy, corresponding
to constant sections of the étale sheaf Ho_ms_gp(T ,Gm) = Mg that are fiberwise nonzero and
induce roots in the classical sense on geometric fibers. In Exercise it is shown that any
root for (G5, Ts) arises from a root for (Gy,Ty) in the above sense for some Zariski-open
neighborhood U of s in S.

We will later study root systems arising from reductive group schemes equipped with a split
maximal torus, but for now we study a single root a : T — G,,. Since a is fiberwise nontrivial,
its kernel ker a is readily seen to be an S-group of multiplicative type (in particular, it is
S-flat).

Example 4.1.2. In the relative theory, we encounter a new phenomenon that is never seen
in the theory over a field: the root spaces g, are line bundles on .S but they may be nontrivial
as such, even in the presence of a split maximal torus. The most concrete version is seen
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over a Dedekind domain A with nontrivial class group: if J is a non-principal integral ideal
of A then for the rank-2 vector bundle M = A @ J the A-group GL(M) has generic fiber

GL, and its points valued in any A-algebra R consist of matrices in (. 7 71%’*‘3) with unit
determinant. This is a form of GLy over A whose root spaces relative to the split diagonal
torus are J*! inside of the standard root spaces for gl, over the fraction field of A.

More generally, consider a nontrivial line bundle . over a scheme S (such as .£ = (1)
on S = P} for a field k). Let G = GL(&) for & = 0 P Z. This is a Zariski-twisted form of
GLy over S, and it contains the split maximal torus T' = G2 = Dg(Z?) acting as ordinary

unit scaling on both & and .Z. In this case the Lie algebra of G is
g=End(§) =686 =00 a2,

where 0%% = Lie(T) and the root spaces g, are the subbundles ZF! (with roots +a : T —
G,, corresponding to (cy,cz) = (c1/c2)™!). Since £ a nontrivial line bundle, the root spaces
that are nontrival line bundles.

As in the classical theory, we describe characters of T' using additive notation, so we
write —a rather than 1/a, and a + b rather than ab (and 0 denotes the trivial element of
Homg o, (T, Gin))-

Lemma 4.1.3. Let T = Dg(M) be a split mazimal torus of a reductive group scheme G
over a non-empty scheme S. A fiberwise nontrivial a : T — Gy, is a oot of (G,T) if and
only if —a is, in which case the common kernel ker a = ker(—a) contains a unique subtorus
T, =T_, of relative codimension 1 in T

In such cases, the reductive centralizer G, := Zg(T,) has geometric fibers with semisimple-
rank 1 and Lie algebra t@P g, P g_a inside g.

This is essentially [SGA3| XIX, 3.5].

Proof. By the classical theory on geometric fibers, an element a € M is a root if and only if
its negative —a € M is a root. Thus, the same holds over S. Suppose these are both roots
(over S). To prove the rest, consider the relative codimension-1 torus 7, in T" corresponding
to the maximal torsion-free quotient of M/(Za) is contained in kera. Its uniqueness as a
relative codimension-1 torus killed by a is clear on (geometric) fibers by the classical theory,
and so uniqueness holds over S by the duality between tori and étale sheaves of finite free
Z-modules on S.

The centralizer Zg(T,) has Lie algebra g’= that is a subbundle of g (as for the Lie algebra
of any smooth closed subgroup of G) and contains the subbundle t g, @ g_, of g, so to
prove that this containment is an equality we may pass to geometric fibers and use the
classical theory. The semisimple-rank 1 property of the geometric fibers of G, over § is
likewise classical (and is also evident from the description of the Lie algebra). U

Now that we have built root spaces g,, the next step is to build root groups. Let us first
recall how root groups are characterized and constructed in the classical theory, so we can
see why the classical viewpoint cannot be used when working over a base scheme S.
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Over an algebraically closed field k, if a € ®(G,T) and T, = (kera)®, is the unique
codimension-1 torus in 7T killed by a, then the centralizer scheme Zg(7T,) is a connected
reductive subgroup of G with Lie algebra g’ containing the nonzero a-weight space g,. Thus,
the codimension-1 torus T}, in T is the maximal central torus in Zg(T,), so Lie(Z¢(T,)) = g'=
has as its T-roots precisely the nonzero Q-multiples of a in ®(G,T) C X(7T')q since a is a
nontrivial character of T'/T, ~ Gy,. In particular, 2(Z(T,)) is a semisimple group having
as a maximal torus the 1-dimensional isogeny complement 7" := (T'(2(Zg(T.)))"% to
T, in T. By the semisimple rank-1 classification, the group Z(Zs(71,)) is isomorphic to
either SLy or PGLs, and the isomorphism can be chosen to carry 7" over to the diagonal
torus. In particular, the roots for (G,T) that are Q-multiples of a are precisely +a, and
(by composing with conjugation on SLs or PGL, if necessary) we obtain a central isogeny
¢o : SLy — P(Zg(T,)) carrying the diagonal torus D onto 7" and carrying the standard
upper triangular unipotent subgroup U™ isomorphically onto a subgroup U, C 2(Za(T,))
that is isomorphic to G, and normalized by 7" with Lie(U,) = g,.

A direct inspection of SLy and PGLy then shows that U, is uniquely determined by these
properties relative to (G, T, a), and it is called the root group for a. The composition of ¢, with
the standard parameterization ¢ — diag(t, 1/t) yields a unique cocharacter a¥ : G, — T"
satisfying (a,a") = 2, and this is called the coroot for (G,T,a). We emphasize that the
definitions of root groups and coroots in the classical theory rest on the notions of “derived
group” and “unipotent subgroup” that are not (yet) available when the base scheme is more
general than a field. Also, in the classical theory the definition of a coroot rests on the
semisimple-rank 1 classification.

To introduce root groups and coroots attached to roots of a reductive group scheme over
a general scheme S, we require an entirely different approach to build them in the relative
theory over S. Moreover, this will not give a new approach in the classical case because
in our proofs over S we will appeal to the known theory of root groups and coroots on
geometric fibers over S. The absence of a “derived group” for reductive groups over S
(which will only become available rather far into the development of the general theory; see
Theorem ) also makes the statement of the split semisimple-rank 1 classification over
S somewhat more complicated than in the classical case, as there is no elementary way to
“split oft” the maximal central torus in the relative setting.

In the relative theory, root groups will be instances of a general group construction that
we now explain. First, we need some notation. For any finite-rank vector bundle & on S,
let W(&) — S denote the associated additive S-group whose set of S’-points is the additive
group of global sections of & for any S-scheme S’. Explicitly,

W (&) = Specg(Sym(&7))

as S-groups, compatibly with base change on S. Canonically Lie(W(&)) ~ & as vector
bundles on S (with trivial Lie bracket); this isomorphism respects base change on S. Here
is the relative approach to root groups:
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Theorem 4.1.4. Let G — S be a reductive group scheme over a non-empty scheme S,
T ~ Dg(M) a split mazimal torus, and a € M a root. Let T act on W(ga) via t.v = a(t)v
using the vector bundle structure on g,. There is a unique S-group homomorphism

exp, : W(g,) = G

inducing the canonical inclusion g, — g on Lie algebras and intertwining the T-action on
G wvia conjugation and the T-action on W(g,) via a-scaling.

The map exp, is also a closed immersion factoring through Zg(T,), its formation com-
mutes with base change on S, and the multiplication map

(411) W(g—a) X T x W(ga) - ZG(Ta)

is an isomorphism onto an open subscheme Q, C Zg(T,). Moreover, the semi-direct product
of T against either W (g+,) is a closed S-subgroup of G.

The closed subgroup exp,(W(g,)) C G will be called the a-root group for (G, T, M). The
proof of Theorem [£.1.4] (to be given in uses a “dynamic method” entirely different
from the approach given in [SGA3| XX, 1.5-1.14] (which rests on Hochschild cohomology,
deformation theory, and fpqc descent). To be precise, the method in [SGA3, XX, §1] gives
slightly less; the properties that the maps exp,, are closed immersions (rather than mere
monomorphisms) and that the semi-direct products 7' x W (g+,) are closed S-subgroups of
G are not obtained until [SGA3, XX, 5.9]. The dynamic approach will yield these proper-
ties immediately, and will provide a more streamlined route through the semisimple-rank 1
classification over S. Thus, we now digress and introduce the dynamic method.

As motivation for what will follow, we now explain how to extract the standard upper
triangular Borel subgroup and its unipotent radical in SLy over an algebraically closed field by
means of a G,-action on SLy without ever needing to say “solvable subgroup” or “unipotent
subgroup” as in the classical theory. Rather generally, if G, x G — G is an action of Gy,
on a group scheme G over a base scheme S, for any g € G(S) we say lim; ,ot.g ezists if the
orbit map G, — G defined by ¢ — t.g extends to an S-scheme morphism A} — G; such an
extension is unique if it exists since k[z] C k[z,1/z] for any ring k. In such cases, the image
of 0 in G(9) is called lim;_,ot.g. This limit concept has the following interesting application
for SLs:

Example 4.1.5. Let A : G, — G := SL; be the homomorphism A(t) = (), ). Define a
G-action on G as follows: for any k-algebra &/, g = (25) € G(K'), and t € G, (k') = K'~,

- Lg = A(D) (‘Z Z) At = ( 4 t:’) |

Thus, lim;_, t.g exists if and only if ¢ = 0 in &', and this limit exists and equals 1 if and only
ifc=0anda=d=11in k.

In other words, the upper triangular subgroup B C G represents the functor of points g
of GG for which lim;_,q t.g exists, and the strictly upper triangular subgroup U represents the
functor of points g of G for which lim,; ,t.g exists and equals 1. This gives a mechanism for
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constructing B and U entirely in terms of G and the Gy-action on it, without reference to
notions such as solvability or unipotence that are well-suited to working over a field but are
not available (at least not in a useful manner) when the base is anything more complicated
than a field (such as a discrete valuation ring or non-reduced artin local ring).

Note that if we replace A with its reciprocal l-parameter subgroup —\ : ¢ — A(1/t)
then the analogous limiting process above recovers the lower triangular subgroup B’ and its
strictly lower triangular subgroup U’.

The subgroup constructions in the preceding example can be carried out more generally.
In [CGPl Ex.2.1.1] the case G = GL,, is worked out over any ring k& when using a diagonal
1-parameter subgroup

A(t) = diag(t, ... t)
for integers e; > ... > e,. In such cases one gets various “parabolic” subgroups and their
“unipotent radicals” (keep in mind that the base ring k£ may not be a field, hence the
quotation marks), all depending on the e;’s.

The general context for these limit considerations involves a separated S-scheme X equipped
with a left action by the S-group Gy, (only the case of S-affine X will be used below). For
an S-scheme S’ and = € X ('), it makes sense to ask if the orbit map G,, — Xg over S’
defined by ¢ — t.x extends to an S"-map A}, — Xg. If such an extension exists then it is
unique (because X is separated and a closed subscheme of A, that contains G, must be the
entire affine line); we then say that “lim, ,ot.z exists” and denote the image of 0 € A'(S’)
in X (5') as this limit. A fundamental source of such examples arises as follows.

Definition 4.1.6. For a ring k and an affine k-group G, a 1-parameter subgroup of G is a
k-homomorphism A : G, — G. (We allow that ker A # 1, and even that A = 1, though the
latter option is not very useful.)

Any 1-parameter subgroup defines a Gy-action on G via t.g = A(t)gA\(t)~!. By working
directly with a weight space decomposition of the coordinate ring k[G], a variant of the
above procedures in SLy and GL,, can be carried out for 1-parameter subgroups A : G,, = G
of rather general affine groups G without requiring the crutch of a GL,-embedding of G
(which is not known to exist locally on the base in general, even for smooth affine groups
over the dual numbers over a field; cf. [SGA3|, XI, 4.3, 4.6]). It will also be extremely useful
to consider an abstract action of Gy, on G, not only actions arising from conjugation against
a l-parameter subgroup, so in our formulation below of a vast generalization of Example
4.1.5| we treat abstract Gy,-actions. The following “dynamic” result summarizes the main
conclusions in [CGP), 2.1]. Tt is the key ingredient in our approach to root groups in reductive
group schemes.

Theorem 4.1.7. Let G be a finitely presented affine group over a ring k, and consider an
action X : Gy, X G — G by Gy, on the k-group G. Consider the following subfunctors of G
on the category of k-algebras:

Po(N(F) ={g € G [ lim A(t, g) exists}, Ug(\(K) ={g € Bo(N)(K) [ limA(t, g) = 1}.
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Likewise, let Zo(\) be the subfunctor of points of G that commute with the Gy,-action .

(1) These functors are unaffected by replacing A with X" for n > 0, and they are repre-
sented by respective finitely presented closed subgroups Pg(X), Ug(\), and Zg(\) of
G, with Ug(\) normalized by Zg(N).

(2) The fibers of Ug(N\) — S are connected. and so are the fibers of Pg(\) and Zg(X) if
G — S has connected fibers.

(3) The multiplication map Zg(\) X Ug(A) = Pg(\) is an isomorphism.

(4) Assume G is smooth. The subgroups Pg(N), Ug(N), and Zg(\) are smooth and the
multiplication map

Ug(—)\> X Pg()\) — G

is an open immersion. Writing @, ., 8n for the weight space decomposition of g under
the Gy -action (so g, = {v € g|t.v =t"v}), the Lie algebras of these subgroups are

36N =90 =69, uc(V) = g4 = P an, PN =3¢(N) Buc(N).

n>0

Also, the fibers of Ug(\) — S are unipotent.

In terms of the theory of connected reductive groups over an algebraically closed field, part
(3) is analogous to a Levi decomposition of a parabolic subgroup and part (4) is analogous
to an open Bruhat cell. When we apply Theorem to examples in which the action
arises from conjugation against a 1-parameter subgroup A : G, — G, we shall denote the
resulting closed subgroups as Pg(\), Ug(A), and Zg ().

Proof. By considering the semi-direct product group G' = G,, X GG defined by the given
action, and using its evident 1-parameter subgroup ¢ +— (¢,1), the general case can be
reduced to the special case that A\ arises from the conjugation action against a 1-parameter
subgroup. This reduction step is explained in [CGP, Rem.2.1.11], so we now may and do
assume the action is conjugation against a 1-parameter subgroup, also denoted A : G, — G.

It is clear from the definitions that the three subfunctors of G under consideration are
subgroup functors. The invariance of the functor under passage to A" with n > 0 is rather
elementary; see Exercise [4.4.2(i) (or [CGP, Rem. 2.1.7]). The existence of Pg;(\) as a closed
subscheme of G is a special case of [CGP, Lemma 2.1.4] (defining the closed subscheme by
the ideal of k[G] generated by the negative weight spaces k[G], for n < 0 relative to the
G-action on k[G] through A; this is typically larger than the k-linear span of these negative
weight spaces). The existence of Zg(A) and Ug(A) are given in [CGPL Lemma 2.1.5], where
the finite presentation property is also established (by reduction to the case of noetherian k).
Explicitly, Zg(A\) = Pg(A\) () Pa(—=A) and Ug(A) is the fiber over 1 for the limit morphism
P (M) — G defined by g +— lim; o t.g. This settles (1). (The proof of the existence of Pg(A),
Za(N), and Ug(A) as closed subgroup schemes does not require G to be finitely presented
over k.)

Part (3) is [CGPL Prop.2.1.8(2)], and part (4) apart from the Lie algebra and unipotence
assertions is [CGP] Prop.2.1.8(3)] (which is the hardest part of the proof). The description
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of the Lie algebras in (4) is [CGPL Prop.2.1.8(1)] (proved by a functorial calculation with
dual numbers). The fibral unipotence for Ug () in (4) is part of [CGP), Lemma 2.1.5] (which
does not require smoothness of G, once one has developed a good theory of unipotent group
schemes over a field; see [SGA3, XVII, 1.3, 2.1]). Part (2) is [CGP, Prop.2.1.8(4)]; the
idea for Ug(\) being fiberwise connected is that the limiting process provides paths ¢ — t.g
linking all points g of Ug(\) to 1, and for Pg(\) and Zg(\) the fibral connectedness in the
case of smooth G follows from part (4) whereas in the general case for (2) it requires further
work that is specific to groups over fields (e.g., the existence of a GL,-embedding). U

Example 4.1.8. For G = SL,, over any ring k and \(t) = diag(t',...,t*") for a strictly
decreasing sequence of integers e; > -+ > e,, Pg(\) is the standard upper triangular
k-subgroup, Ug(\) is its k-subgroup of strictly upper triangular matrices, and Zg(\) is
the k-subgroup of diagonal elements. Passing to —\ yields the lower triangular analogues,
exactly as in Example If the e;’s are pairwise distinct but not strictly monotone then
Pg(A) is the conjugate of the upper triangular subgroup by a suitable permutation matrix
(corresponding to rearranging the e;’s to be strictly decreasing).

Example 4.1.9. For any connected reductive group G over an algebraically closed field
k and any maximal torus 7T in (G, as A varies through the cocharacters of T' the resulting
smooth connected subgroups Pg(A) of G containing 7" are precisely the parabolic subgroups
of G that contain T'. We refer the reader to [CGP), Prop. 2.2.9] for a proof.

Note that Pg(\) = Zg(A) X Ug(A) with Ug () a smooth connected unipotent normal sub-
group and Zg(A) the centralizer of the torus A(Gy,) in G (so Zg(A) is connected reductive).
Thus, Ug()) is the unipotent radical of Pg(\) and Zg(\) is a Levi subgroup of Pg(A).

It is immediate from the definitions that the formation of Pg(\), Us(A), and Zg(\) com-
mutes with any base change on k, and that the theory of these groups works over any
base scheme S (not just affine schemes). Here are some easy but very useful “functorial”
properties of these subgroups.

Proposition 4.1.10. Let (G, \) be as in Theorem [4.1.7]

(1) For any finitely presented closed subgroup H of G that is stable under the Gy,-action,
with the restricted action on H also denoted as A,

H(\Po(\) = Pu(N), H[Uc(\) =Uu(N), H()Zc(\) = Zu(N).

In particular, if H and G are smooth then H () Pg()) is smooth and likewise with
Ug()\) and Zg()\)

(2) Let (G',X') be another such pair over k, and f : G — G’ a Gy, -equivariant map. Then
f carries Pg(X) into Pgi(XN), Ug(X) into Ugr(X), and Zg(X) into Zg/(N'). When f
15 flat and surjective and G — Spec k has connected fibers then the maps

(4.1.2) Pg()\) — Pg()\’), UG()\) — UG/<)\/), ZG()\) — ZG/(X)
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are surjections that are flat on fibers over Speck. In particular, when f is a flat
surjection and G is k-smooth with connected fibers then the surjections in (4.1.2)) are

flat.

Proof. The assertion in (1) is immediate from the functorial definitions of these subgroups.
The functoriality in (2) is likewise obvious, and it suffices to check the surjectivity assertion
on fibers over Spec k. The surjectivity problem when k is a field is [CGP, Cor. 2.1.9], which
also gives the flatness of the surjections in such cases. (Strictly speaking, [CGPL Cor.2.1.9]
considers the case of conjugation actions against 1-parameter subgroups. The general case
reduces to this; see [CGPL Rem. 2.1.11].) When f is a flat surjection and G is smooth then G’
in (2) is smooth as well, so all of the subgroups of interest in are smooth, by Theorem
4.1.7(4). Hence, in such cases the flatness of the induced surjective maps arising from f can
be checked on fibers over Spec k, for which we have already noted that the flatness holds. [

4.2. Root groups and coroots. Returning to our study of a split maximal torus 7" =
Dg(M) in a reductive group scheme G — S over a non-empty scheme S, now we use the
preceding dynamic constructions to build “root groups” Uy, in G, = Zg(T,) = G_, for any

root a of (G,T) (with T, = T_, as in Lemma [4.1.3). Before we prove Theorem {4.1.4] we
work out what it is saying for SLy over any ring.

Example 4.2.1. We saw in Example that for the standard l-parameter subgroup
A(t) = diag(t,1/t) in G = SLg, the resulting subgroups U(A) and U(—\) are respectively
the strictly upper and strictly lower triangular subgroups, corresponding to the roots +a :
T = Gy, satisfying a(\(t)) = t? and (—a)(\(t)) = t~2. The proof of Theorem will
show that these subgroups are respectively the images of exp, and exp_,. Via the standard
trivializations of g1, given by (J§) and (§J) respectively (to identify W (g,) with W (&) =
G.), we have exp,(z) = (§ ) and exp_,(z) = (1 {). Note that the “exponential” terminology
is reasonable: the nilpotent matrices ny(z) = (§2) and n_(2) = (29) satisfy ny(2)? =0, so
we imagine that =) should mean 1+ ni(2) = exp,,(2).

Here is the dynamic proof of Theorem [4.1.4}

Proof. By T-equivariance, since T, acts trivially on W (g, ) it follows that if exp, is to exist
then it must factor through the reductive subgroup Z5(7,). We may therefore replace G
with Zg(T,), so by Lemma we are reduced to the case that G has geometric fibers of
semisimple-rank 1 with 7, central in G and g =tP g, P 9.

In view of the asserted uniqueness, the compatibility with base change will be automatic
and we may work étale-locally on S to prove the theorem. Choose a cocharacter A : G, —
T corresponding to an element of the dual lattice MY such that the pairing (a,\) € Z
(corresponding to the element a o A € Endg o, (Gr) = Zg(S) that is a constant section) lies
in Z-o. Note that it may be impossible to arrange that this pairing is 1, since a may be
divisible by 2 in the character group of T (as happens for the long roots of Sp,,,).

The inclusion T' C Z5 () of smooth closed subgroups of G is an equality. Indeed, it suffices
to prove equality on geometric fibers over S, both of which are connected, so it is enough to
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compare their Lie algebras inside g = t@P g. P g_o. Since (Fa, \) # 0, the description of
Lie(Zg(A)) in Theorem [4.1.7(4) implies that this Lie algebra must coincide with t, as desired.

Using the indicated T-action on W(g,), composing with A defines a G,-action on W(g,),
namely a point ¢ of Gy, acts via multiplication by a(A(c)) = ¢/ Since {a, A) > 0, it follows
that for H := W(g,) we have H = Ug(\). The T-equivariance requirement on exp, implies
that (if it exists) it must be Gy,-equivariant, so it must carry H into Ug(A). By Theorem
[1.1.7(4), Lie(Ug(N)) is the “positive” weight space for the Gy,-action on g = t@ g, D g—a.
Since Gy, acts on t trivially and on gi, via t.v = t#%Yy with (a,\) > 0, we conclude
that Lie(Ug(A)) = go. Hence, if exp, is to exist at all then it must factor through an S-
homomorphism W (g,) — Ug(X) that induces an isomorphism on Lie algebras. But Ug () is
S-smooth with connected fibers, so if exp, is to exist then it must be an étale homomorphism
onto Ug(N).

We can do better: such an étale map W(g,) — Ug(A) must be an isomorphism. Indeed,
it suffices to check the isomorphism property on geometric fibers over S, and both sides have
geometric fiber G, equipped with a Gp-action inducing the same scaling action t.v = t{*Ny
on the Lie algebra. But the only G,-actions on G, over a field are t.x = t"x for n € Z, and
the effect on the Lie algebra detects n by the same formula. In other words, the induced
map between geometric fibers (if exp, exists) must be an étale endomorphism of G, that is
equivariant for the action t.z = ¢!z, and it is easy to check that over a field F' the only
such endomorphisms are x — cx for ¢ € F*, which are visibly isomorphisms.

To summarize, if exp, is to exist then it must be a G,-equivariant isomorphism W (g,) ~
Ug(A) (so in particular it must be a closed immersion into ). Note conversely that any
such G-equivariant isomorphism is T-equivariant as a map to G since T, acts trivially on
both sides and Gy, x T, — T defined by (c,t) — A(c)t is an isogeny of tori (ensuring that
T-equivariance is equivalent to the combination of T,-equivariance and Gy,-equivariance).
Thus, for the existence and uniqueness of exp, it is necessary and sufficient to prove the
existence and uniqueness of a G-equivariant isomorphism of S-groups W(g,) ~ Ug())
that induces the identity map on Lie algebras. Once we have exp,, in hand, the open
immersion claim in the theorem is immediate from Theorem [4.1.7(4) since T' = Zg () and
necessarily exp,, carries W(g.,) over to Ug(£A). This also gives that each 7' x W(g.,) is
a closed S-subgroup of G, as each is identified with Zg(£\) X Ug(£A) = Pg(EN).

The uniqueness of exp, amounts to the assertion that W(g,) has no nontrivial automor-
phism that is Gy,-equivariant and induces the identity on the Lie algebra. Working Zariski-
locally so that g, admits a trivialization as a line bundle, this is the assertion that G, over
S admits no nontrivial automorphism that is equivariant for the Gp-action t.x = t{*Nz
and induces the identity on Lie(G,). An endomorphism of G, over a ring k is precisely
an additive polynomial, and equivariance for t.z = t"x with n # 0 says precisely that the
polynomial is x — cz for some ¢ € k, so the effect on the Lie algebra is multiplication by c.
Thus, the identity condition on the Lie algebra forces ¢ = 1, as desired.

It remains to prove the existence of exp,. The smooth S-group Ug(A) has fibers that are
connected and unipotent (see Theorem [£.1.7)(2),(4)) and of dimension 1 (as the Lie algebra
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is the line bundle g,), so the geometric fibers of Ug () are G,. Beware that it is not obvious
that even the actual fibers of Ug(\) over S are isomorphic to G, (let alone that this holds
Zariski-locally over S); the classification of forms of G, is rather subtle, even over (imperfect)
fields, because the automorphism functor of G, is quite bad (see [Rul). The key to bypassing
such difficulties is the G-action on Ug(A), as we now explain.

The uniqueness of exp, allows us to work étale-locally to prove its existence, so we may
assume that the smooth surjection Ug(\) — S admits a section ¢ disjoint from the identity
section. In this case, we have:

Lemma 4.2.2. The S-group Ug(\) is isomorphic to G,, via an isomorphism carrying its
G, -action over to t.x = t{*N g,

Granting this lemma, let us conclude the argument. Fix such an isomorphism of S-
groups. This induces a canonical basis of Lie(Ug(\)) = g4, which in turn identifies W (g,)
with G, carrying the Gp-action over to t.z = t{@Nz. Thus, visibly W(g,) and Ug(\) are
G -equivariantly isomorphic as S-groups (namely, isomorphic to G, with the indicated Gy,-
action). Pick one such isomorphism, so its effect on the Lie algebra is multiplication on g, by
some global unit. Scaling on W(g,) by the reciprocal of that unit then provides the desired
exp,-

Now it remains to prove Lemma [.2.2] By the functorial definition of Ug()), the orbit
map G, — Ug(\) defined by t — t.0 over S extends to an S-scheme map

q: A — Ug(\)

that carries 1 to o and is Gp,-equivariant when using the usual Gp,-scaling action on Ay (as
it suffices to check such equivariance on the open Gy, inside the affine S-line). Note also
that ¢(0) = 1 by passing to the “limit” as ¢ — 0 on the formula ¢(¢) = t.o. On fibers over a
geometric point § of S, we may identify the group Ug(A)s with G, carrying the point o(3)
over to 1, and the Gp-action on Ug(\)s goes over to scaling by /%% on G,. Thus, ¢s is
identified with an endomorphism of the affine line over k(3) that satisfies gs(t) = t@ for
t € G,, and hence for t € A

Letting n = {(a, A) > 0, we claim that u, acts trivially on Ug(A). Indeed, the centralizer
subgroup scheme Ug(A)#" is a smooth closed subgroup of Ug(A) (as p, is multiplicative
type), so this subgroup equals Ug(\) if and only if it does so on fibers over S. This reduces
the p,-triviality claim on Ug(\) to the case of geometric fibers, where it is clear from our
concrete description (Ug(A)s = G, with Gy,-action t.o = t"x).

It follows from the Gy,-equivariance of the map ¢ that it is invariant under the natural
ln-action on the affine line. The nth-power endomorphism of the affine S-line is a categorical
quotient by the pu,-action in the category of S-affine schemes, so ¢ factors through an S-
scheme map

7: AL — Ug(N)
carrying 0 to 1 that is G -equivariant when using the action t.z = t"x on the affine line (and
the conjugation action on Ug(A) via A). On geometric fibers over S, our earlier calculations
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with each ¢s imply that each g; is identified with an automorphism of the affine line over
k(S) (as a scheme), so G is an isomorphism of S-schemes. Thus, it remains to prove that g is
an S-homomorphism.

We have seen above that the Gy-action on Ug(\) makes p, act trivially, and the same
holds for the G,,-action on the affine line over S that is the source for q. Thus, the domain of
g inherits an action by the quotient G, /u, ~ Gy, that makes the S-scheme isomorphism §
identify Ug(\) with an S-group structure on A} that has 0 as the identity and is equivariant
for the ordinary Gy,-scaling. The S-homomorphism property for g is reduced to checking
that addition is the only such group law on the affine S-line.

We may assume S = Speck for a ring k, so the abstract group law transferred from
Ug(N) via g is an m € klx,y] satistying m(x,0) = z, m(0,y) = y, and m(tz, ty) = tm(z,y)
for t € Gp,. It is clear by homogeneity considerations in ¢ that the final condition forces
m = cx + 'y for some ¢, € k, so the first two conditions imply m = x + . O

Definition 4.2.3. The image exp,(W(g,)) C G is denoted U, and is called the a-root group.

Note that if the line bundle g, is trivialized (as may be done Zariski-locally on S) then U,
is identified with the additive group G, over S.

Remark 4.2.4. The existence of the T-equivariant exp, implies that to give an S-group
isomorphism p, : G, ~ U, intertwining the T-action on U, and the action t.z = a(t)z on G,
is precisely the same as to choose a global trivializing section X of the line bundle g, (via
pa(z) = exp,(2X)). This follows from the faithful flatness of a : T'— Gy, and the easy fact
that the only automorphisms of the S-group G, that are equivariant for the standard G-
action are scaling by global units of S. Such isomorphisms p, are called parameterizations
of the root group U,.

With root spaces g, and root groups U, now constructed for roots a arising from triples
(G, T, M) over any non-empty scheme S, the remaining ingredient before we can discuss
the split semisimple-rank 1 classification over S is the definition of coroots in the relative
setting. As we have already noted, this requires a viewpoint rather different from the classical
case over a field. Indeed, in the classical case coroots are defined using the classification of
semisimple groups of rank 1 (over an algebraically closed field), whereas in the relative setting
over a base scheme everything gets turned upside down: we need coroots even to state the
split semisimple-rank 1 classification over a base scheme.

In the classical theory over an algebraically closed field, it makes sense to consider the
closed subgroup (U,,U_,) of G generated by a pair of “opposite” root groups, and one
shows that this is either SLy or PGL,. But in the theory over rings it does not make sense
to form a (smooth closed) subgroup “generated” by a pair of smooth closed subgroups of a
general smooth affine group. Likewise, one cannot use the alternative description 2(Z¢(7,))
of (U,,U_,) since the notion of “derived group” does not generally make sense for smooth
closed subgroups of a general smooth affine group over a ring. The key to our success over S
is to simultaneously characterize the coroot a¥ : G, — Z¢(T,) and compatible trivializations
of g, and g_, in intrinsic terms. For inspiration, once again we turn to the case of SLo:
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Example 4.2.5. Let G = SLy over a non-empty scheme S and let D be the diagonal split
maximal torus Dg(Z) equipped with the standard positive root a : D ~ Gy, inverse to
A :t— diag(t,1/t). This yields the standard open cell

Qo =U_y x D xU, =Ug(=\) X Zg(\) x Ug(N),
and likewise there is the other open cell
Q.,=U,xDxU_,CCG

(with multiplication involving the root groups U, appearing in the opposite order).
Consider the product U, x U_, in )_,. Its points are

o= (3 1) (40 = (D)

When does such a point lie in other other open cell 2, = U_, x D x U,? The points of €2,
are those of the form

()G ) (0 5) = (o )

which are precisely the points of SLy whose upper left entry is a unit. Hence, exp,(z) exp_,(2’)
lies in Q, if and only if 1 + 22’ is a unit (with z, 2’ arbitrary points of G,), in which case
c=14+z2u=2"/(1+22),and v = z/(1 + z2').

Varying over points of SLy valued in all S-schemes, we see that the duality between g,
and g_, given by multiplication in Og characterizes when exp,(2) exp_,(2) lies in €, via the
condition “1 + zz’ € G,,”. Likewise, since

expa(2) exp_(+) = <Z, PR c1)> <1 - (1+2z')—1> ((1) 2/(1 ;_ZZ/))7

we see that the coroot a"(t) := diag(t, 1/t) is recovered by noting that the D-component of
exp,(z) exp_,(2) in Q, is exactly a¥ (1 + 22/).

The calculations with SLy in Example motivate:

Theorem 4.2.6. Let G be a reductive group over a scheme S, with fibers of semisimple-rank
1. Assume there exists a split mazimal torus T = Dg(M) in G and a root a : T — Gy
arising from M. Let Uy, and Q, :=U_, xT xU, and Q_, := U, xT x U_, be the associated
root groups and “open cells” in G as in Theorem |4.1.4].

There is a unique Os-bilinear (hence Gy, -equivariant) pairing of line bundles g, xg_o — Os
(denoted (X,Y) — XY) and S-homomorphism a” : Gy, — T such that the following two
conditions hold:

(1) for any S-scheme S’ and points exp,(X) € U,(S') and exp_,(Y) € U_,(5'), the
S’-valued point
exp,(X)exp_,(YV)eQ_,CG
lies in the “open cell” Q, if and only if 1 + XY is a unit on S’.
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(2) when this unit condition is satisfied,

Y X
4.2.1 X Y)= —— |a'(1+ XY T — Q,.
120)  enX) e 1) =e, (gy ) 0+ XV e, (1 ) €

In particular, the formation of this bilinear pairing and a¥ commute with base change on S.
Moreover, the pairing (X,Y) — XY is a perfect duality, and aca” =2 (i.e., a(a”(c)) = ¢?
forc e Gy,).

This result is [SGA3|, XX, 2.1], whose proof there involves heroic calculations. Our proof of
Theorem [£.2.6] will be long, but it involves very few calculations and will yield some auxiliary
results that rapidly lead to a Zariski-local version of the classification of “split” reductive
groups of semisimple-rank 1 (in Theorem . First, we make some observations.

An interesting consequence of the duality in Theorem is that the line bundle g, is
globally trivial if and only if g_, is, so likewise U, admits a parameterization in the sense of
Remark if and only if U_, does. When such parameterizations p4, : G, ~ Uy, exist,
we say (following [SGA3, XX, 2.6.1]) that they are linked if they correspond to dual bases
for g, and g_,. (Another convention, advocated by Demazure in more recent times, is to
declare bases of g, and g_, to be linked when they are negative dual to each other. This has
the advantage that the open subscheme Q,(Q_, in Q, is defined by XY # 1 rather than
XY # —1. It thereby eliminates signs in certain equations.)

Clearly for a given parameterization of U,, there exists a unique one of U_, to which it is
linked. Note also that necessarily (—a)" = —a"”. Indeed, this is a known fact in the classical
theory, and in general it can be deduced from geometric fibers over S.

Proof of Theorem [£.2.6. We may and do assume S is non-empty. To prove uniqueness, we
first note that Zg = kera by Corollary [3.3.6(1). Concretely, inside T = Dg(M) we have
Zo =kera = Dg(M/Za). (Note that M /Za may not be torsion-free.)

The quotient G/Zg makes sense as a reductive group scheme in which 7/Zg = Dg(Za)
is a maximal torus such that the induced character @ : T/Zg — Gy, is an isomorphism.
In particular, since kera = 1, it follows that G/Zs has trivial schematic center (Corollary
. Moreover, the behavior of the open immersion (4.1.1)) under Zg-scaling shows that
the natural maps W(g+,) = G/Z are isomorphisms onto closed subgroups V.; normalized
by T'/Z¢, and moreover that the adjoint action of G/Z on its Lie algebra makes T'/Z¢ have
Lie(V.g) as a weight space for the character £a. In other words, the quotient map G — G/Z¢
induces an isomorphism U, ~ U, and identifies the “open cell” Q.; as Qi,/Z¢.

We conclude that for the purpose of constructing a bilinear pairing between g, and g_,
that characterizes the points of U, x U_, whose product in G lies in the open subscheme
Q, =U_y x T x U, it is harmless to pass to G/Z. Likewise, for the proof of uniqueness
it is harmless to pass to G/Zs provided that we can settle uniqueness in general over an
algebraically closed field, since any S-homomorphism G, — T is uniquely determined by
its effect on geometric fibers over S. Thus, for the proof of uniqueness it suffices to treat
two basic cases: S = Spec(k) for an algebraically closed field k, and the case Zg = 1 over a
general S.
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Consider the situation over an algebraically closed field k. In this case we know that
G /Zg = PGL;y by the classical theory, and by conjugacy of maximal tori we can choose this
identification to carry the maximal torus 7'/Z¢ over to the diagonal torus D parameterized
by A(t) := diag(t,1). Applying conjugation by a representative of the nontrivial element of
WeaL, (D) (such as the standard Weyl element) if necessary, we can also arrange that @ goes
over to the unique root for D that satisfies @(A\(¢)) = t. In this case, existence is settled
by using the calculations in Example [4.2.5  and composing with the degree-2 central isogeny
SLy — PGL;y (e.g., we take the coroot to be the composition of ¢ — diag(t,1/t) € SLy with
the central isogeny to PGLs, which is to say @'(t) = diag(t?,1)). These calculations also
imply uniqueness of the pairing of root spaces, since we can pass to G/Zg = PGLy and
observe that any possibility for the bilinear pairing must be a multiple of the standard one
by some ¢ € k, yet the unit conditions on 1 + xy and 1 + cxy for varying z,y € k do not
coincide unless ¢ = 1 since k is an algebraically closed field.

Since bilinear pairing between root spaces is uniquely determined (over the algebraically
closed field k) by composing the formula over k with projection to G/Zg we see
that any possibility for the coroot a : G,, — T over k must have composition with 7' —
T/Zg = D C PGLy given by ¢ + diag(c,1/c) = diag(c?,1) mod G,,. Thus, a" is unique
up to multiplication against a cocharacter p : G, — Zg. But any such cocharacter p
factors through the torus (Zg)%, that is the maximal central torus in G, and this has finite
intersection with the connected semisimple Z(G). Since over k forces a” to be valued
in (U,,U_,) = Z(G), it follows that p is trivial, so a" is also unique. This completes the proof
of existence and uniqueness over an algebraically closed field, and the additional properties
(perfectness of the bilinear pairing, and the identity a o a¥ = 2) are immediate from these
calculations (since a factors through 7'/Z¢).

Returning to the situation over a general (non-empty) base S, the results over an alge-
braically closed field imply uniqueness of the coroot in general, as well as perfectness of the
bilinear pairing (if it exists) and the identity a o a¥ = 2 (as the latter concerns an endomor-
phism of G, and so can be checked on geometric fibers). We will next prove uniqueness in
general, and then it will remain to address existence. As we have already noted, for the proof
of uniqueness (of the bilinear pairing, as the case of the coroot is settled) we may and do
assume Zg = 1. In this case G has all geometric fibers isomorphic to PGLy by the classical
theory, so the roots +a : T — Gy, are isomorphisms on geometric fibers over S and hence
are isomorphisms over S. Thus, we can apply:

Proposition 4.2.7. Let G — S be a reductive group with trivial center and geometric fibers
of semisimple-rank 1. If there exists a split maximal torus T C G then Zariski-locally on S
there exists a group isomorphism G ~ PGLy. This isomorphism may be chosen to carry T
over to the diagonal torus.

The Zariski-local nature of this result could be improved to a unique global isomorphism
at the cost of using a relative notion of pinning and carrying out some preliminary arguments
with the relative notion of Borel subgroup and to prove that PGL; is its own automorphism
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functor. We prefer to postpone such considerations until we treat the general Existence
and Isomorphism Theorems, as Zariski-local results will be entirely sufficient for our present
purposes.

Proof. The split property of T provides a weight space decomposition of the rank-3 vector
bundle g, so by working Zariski-locally on S we may arrange that there exists a root a : T' ~
Gn. Let A : Gy, ~ T be the inverse of a, so Ug(+\) = Uy,. Let B = Pg(\). By Exercise
4.4.2(i) and the PGLy-variant of Example on geometric fibers this is a Borel subgroup.
Proposition [2.1.6] provides a closed normalizer subscheme Ng(B) C G. We have not shown
this normalizer to be flat, but we claim more: the closed immersion B < Ng(B) inside G
is an equality. Since B is flat, by Lemma [B.3.1] it suffices to prove the equality on geometric
fibers.

Now consider the situation over an algebraically closed field k. An elementary calculation
with PGLy over k shows that B and Ng(B) have the same k-points, so it suffices to show
that N¢(B) has the same Lie algebra as B inside of pgl,. By dimension considerations, this
is just a matter of ruling out the possibility that Lie(Ng(B)) = pgl,. But b is an ideal in
Lie(Ng(B)) and it is clearly not an ideal in pgl,. Thus, indeed B = Ng(B) as S-subgroups
of G. We can therefore apply Theorem to conclude that the quotient sheaf G/B is a
smooth proper S-scheme admitting a canonical S-ample line bundle.

The formation of G/B commutes with any base change, such as passage to geometric
fibers over S, so these fibers are identified with the quotient scheme of PGLy; modulo a Borel
subgroup over an algebraically closed field, which is to say that the geometric fibers (G/B)s
are isomorphic to P!. That is, G/B — S is a smooth proper curve with connected geometric
fibers of genus 0. Moreover, the identity section of G — S provides a section o to G/B — S.

By standard arguments with cohomology and base change (applied to the direct image on
S of the inverse of the ideal sheaf of o on G/B, after reducing to the case of noetherian .S)
we see that Zariski-locally on S there exists an isomorphism G/B ~ P! carrying the section
o over to co. Hence, we may assume G/B ~ P}, carrying 1 mod B to co. In particular, the
automorphism functor Aut(G/B) on S-schemes is represented by PGL, (Exercise [L.6.3](iv))
with the stabilizer of 1 mod B going over to the stabilizer of co € P!, which is to say the
standard upper triangular subgroup B,, of PGLs.

The left translation action of G on G/B defines an S-homomorphism

G — Aut(G/B) = PGLs.

On geometric fibers this is an isomorphism by the classical theory, so it is an isomorphism of
S-groups. Points of B are carried into B, and the resulting map B — B, is an isomorphism
since it is so on geometric fibers over S. Thus, the torus 7" C B is carried over to a maximal
torus of PGL,y contained in B...

It remains to prove that any maximal torus 7" of PGLy over S that is contained in B
can be conjugated to the diagonal torus D = G,,, at least Zariski-locally on S. Consider
the smooth transporter scheme Y = Transpg_ (7, D) over S. This is stable under left
multiplication by D in PGLy, making Y a left D-torsor for the étale topology. Indeed, in
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view of the smoothness of Y, the torsor assertion is equivalent to the condition that the map
DxsY >Y xgY

defined by (d,y) — (d.y,y) is an isomorphism. By the smoothness of both sides it is sufficient
to check the isomorphism property on fibers over geometric points s of S. But T3 is B (3)-
conjugate to Dz by the classical theory, so Y5 is a torsor for the smooth normalizer scheme
Np_(D)s that is equal to Ds (via computation on geometric points). Since D = Gy, and
every Gy, -torsor for the étale topology is also a torsor for the Zariski topology (by descent
theory for line bundles), it follows that Y — S admits sections Zariski-locally over S, so the
desired B..-conjugation of 7" into D can be found Zariski-locally on S. U

By Proposition [£.2.7], for the proof of uniqueness in Theorem [4.2.6] we may assume G =
PGL;y with T the diagonal torus D parameterized by A : Gy, ~ D via A(t) = diag(t,1).
Any root @ : D — G,, must be inverse to one of £\ Zariski-locally on S, as it suffices to
check this on geometric fibers (where it follows from the classical theory). Thus, by working
Zariski-locally on S and composing with conjugation by the standard Weyl element ( % §)
if necessary, we can arrange that @ is inverse to . It follows that (@, \) = 1 > 0, so the
root group Uz = Upgr,(A) is the strictly upper triangular subgroup of PGLy and the root
group U_3 is the strictly lower triangular subgroup. If we use the standard bases of the Lie
algebras of these subgroups of PGLs then exp,. are the standard parameterizations of Uiz
(see Example , using the root diag(c, 1) — ¢ and composition with the central isogeny
SLy; — PGLy). Thus, the calculations in SLy in Example show that the standard
duality between the root spaces (using their standard bases) and the 1-parameter subgroup
@ (c) = diag(c?, 1) = diag(c, 1/c) mod Gy, satisfy the requirements.

We have just proved existence for Theorem [4.2.6| over a general base S when Zg = 1,
and the argument gives uniqueness in such cases too. Indeed, any possibility for the bilinear
pairing must be (X,Y") — ¢XY for some global unit ¢ on S, and the equivalence of the unit
conditions on 14+ XY and 1+ cXY on all S-schemes forces ¢ = 1+ ¢ for some nilpotent ¢ on
S. Then (4.2.1)) and analogous established formula using the standard pairing and standard
coroot forces & = 0 and forces any possibility for the coroot to agree with the standard coroot
on any unit of the form 142y with functions x and y on varying S-schemes. Any unit can be
expressed in this form (take y = 1), so uniqueness is established in general when Z; = 1. But
we already noted above that uniqueness over a general base when Zg = 1 implies uniqueness
in general (without restriction on Zg), since uniqueness is already known for the coroot (due
to the case of an algebraically closed ground field, which has been completely settled).

Finally, it remains prove existence without assuming Z; = 1. Thanks to the settled
uniqueness in general, we may work Zariski-locally on the base so that S = Spec k for a ring
k. As has already been explained, the bilinear pairing whose existence has been established
for G/Zs does provide the expected characterization for where €, meets U, x U_, C Q_,,
so the direct product decomposition of €2, does give an S-scheme map

f : {(X,Y) € A%|1—|—XY € Gm} = Speck[X,Y]HXy — T
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making hold when using f(X,Y) in the T-factor on the right side. Applying T-
conjugation to both sides of implies f(a(t)X,a(t)™'Y) = f(X,Y) for t € G, when-
ever 1+ XY € Gy,. Since f = h/(1+XY)" for some r > 0 and some h € k[X, Y], necessarily
h is a polynomial in XY, or equivalently in 1 4+ XY . Thus, we can define an S-scheme map
a : Gy, — T by the requirement a”(1 + XY) = f(X,Y).

In other words, is proved except for the property that " is an S-homomorphism.
Even without this homomorphism property, such a map a" is uniquely determined, so to
prove the homomorphism property we may assume S is noetherian, and then artin local (by
the Krull intersection theorem), even with algebraically closed residue field (by faithfully flat
base change). We wish to reduce this problem to a situation for which Proposition can
be applied to make everything explicit. To that end, we now carry out some considerations
with central extensions.

The quotient G/Z¢ and its split maximal torus 7'/Z; admit an isomorphism

(G/Ze, T/ %) ~ (PGLa, D)
by Proposition [£.2.7, Consider the pullback diagram

1 Ze G SL, 1

]

1 Za G PGLy; —1

in which the top row is a central extension. By Proposition below, the top row uniquely
splits, so we get an isomorphism G ~ SL, X Zg in which the preimage T of T' goes over
to D x Zg (since the diagonal torus D C SL, is the full preimage of the diagonal torus
D C PGLy). Thus, we get a cocharacter

b:Gn=D—>T

via the identification p : Gy, ~ D defined by u : ¢t — diag(t, 1/t). We shall prove that b = a",
so a” is indeed a homomorphism.

The composition of p with the quotient map D — T is a cocharacter it : Gy, — T
whose composition with 7" — T//Zg = D is the cocharacter \ : ¢ +— diag(¢, 1/t) mod G, =
diag(t?,1) € PGLy. Thus,

{a,71) = (@, mod Zg) = (@, \) > 0,
so the standard root groups U* = Ugy, (£p) in SLy map into Ug(=£f1) = U+, and these maps
U*r — Uy, are isomorphisms on geometric fibers for smoothness, dimension, and unipotence

reasons because ker(G — G) = jp. Hence, the maps U* — UL, are isomorphisms. In this
way, the induced map

U x(ZgxD)yxU"—=U_xTxU, =8,

is the quotient by the us-action, so our explicit knowledge of the standard coroot and bilinear
pairing of root spaces for (SLg, D) (as in Example 4.1.5) imply that b : G,, — T and
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the bilinear pairing constructed between g, and g_, satisfy the desired requirements that
uniquely characterize the coroot and bilinear pairing of root spaces. This completes the
proof that indeed b = @, so Theorem is proved (conditional on the splitting of central
extensions of SLy, provided by Proposition below). O

4.3. Central extensions of SL,. This section is devoted to proving a general splitting result
for central extensions of SLs (needed to complete the proof of Theorem [4.2.6) and recording
an SLa-variant on Proposition We begin with the result on central extensions:

Proposition 4.3.1 (Gabber). Let S be a scheme, and Z a commutative separated S-group.
Any fppf central extension of group sheaves

172G —SLy, =1
15 uniquely split as a central extension.

We only need the case that G’ is an affine S-group of finite presentation (possibly not
smooth!) with Z of multiplicative type, so the reader may safely restrict attention to that
case. | am grateful to Gabber for explaining the result to me in the generality above; my
initial proof via deformation theory was only for Z of multiplicative type.

Proof. In G := SLs, define the usual parameterizations h(t) = diag(t,1/t) of the diagonal
torus D and x(u) = (§¥%) and y(v) = (19) for the strictly upper triangular subgroup
U and strictly lower triangular subgroup V' respectively. We first address the uniqueness
of the splitting, which is to say the vanishing of any S-homomorphism G = SL, — Z.
Since h(t)z(u)h(t)tz(u)™! = z((t* — 1)u) and A(t)y(v)h(t) " y(v) ™t = y((t72 — 1)v), relative
schematic density considerations in U and V imply that any homomorphism f : G — Z
to an S-separated commutative target must kill the subgroups U and V. But for g(t) :=
y(=1/t)x(t)y(—1/t) (with t € Gy,) the standard formula g(t)g(1)~' = h(t) implies that f
also kills D, so ker f contains the open cell Q2 := U x D x V' C G. Thus, again using relative
schematic density considerations, f = 1. This proves the uniqueness.

To build a splitting of the given central extension, let D', U’, V' C G’ respectively denote
the preimages of D, U,V C G, so these are each central extensions by Z of their images in
G. A key point is to verify that D’ is necessarily commutative. As for any central extension
of one commutative group object by another, the commutator of D’ factors through a bi-
additive pairing

DxD—Z
and the vanishing of this pairing is equivalent to the commutativity of D’; see Exercise [4.4.3|
Hence, it suffices to show that there is no nontrivial bi-additive pairing G, X G, — Z into a
separated commutative S-group. The collection of closed subgroups {u,} in Gy, is relatively
schematically dense over S, so by the separatedness of Z over S it suffices to prove the
vanishing of any bi-additive pairing u, x Gy, — Z. But [n] : G, — Gy, is an epimorphism
of sheaves, so such vanishing is clear.

Next, we use the commutativity of D’ to prove the commutativity of U’ and V'. By
symmetry, it suffices to treat U’. Note that D’ normalizes U’, and the G’-action on G’ by
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conjugation factors through an action by the central quotient G = G’/Z, so we get a natural
action by D on U’. The bi-additive pairing

c:UxU—Z

induced by the commutator on U’ is therefore D-invariant in the sense that c(h.uy, h.ug) =
c(uy,ug) for all h € D = Gy, and uy,us € U = G,. That is, for all t € Gy, and uy,us € G,
we have c(tuy, tus) = c(uy,us). Equivalently, c(tuy, us) = c(ui,t tuy). Consider fppf-local
units ¢ such that ¢+ 1 is a unit and ' := (t +1)"' —¢~! — 1 is a unit. Bi-additivity of ¢ gives

c(up, tup) = cluy, (t+ 1) Tug)e(uy, ™ uy) e(uy, ug) ™
= c((t + Dug, ug)c(tug, ug) " e(uy, ug) ™
= C((t + 1)'&1 — tu1 — Uy, UQ)
=1

in Z. As an algebraic identity it is clear that such ¢’ cover a relatively schematically dense
open locus in G, so S-separatedness of Z then forces ¢ = 1 as desired.

Lemma 4.3.2. The D-equivariant quotient maps U — U and V' — V admit unique D-
equivariant splittings.

Proof. By symmetry it suffices to treat U’. First we address the uniqueness, so then we
may work fppf-locally on S to make the construction. Uniqueness amounts to the assertion
that there are no nontrivial D-equivariant S-homomorphisms f : U — Z. Since D = G,
acts trivially on Z but acts on U = G, via t.z(u) = z(t?u), U — {0} is a single “D-orbit”,
so relative schematic density of U — {0} in U and the S-separatedness of Z then give the
vanishing of any such f.

Now working fppf-locally on S, we may arrange that there exists a unit ¢ on .S such that
t?—1 is also a unit, and also that the element h(t) € D(S) admits a lift b’ € D’(S). The h(t)-
action on U’ is induced by h’-conjugation, and as an endomorphism of the commutative U’
it induces the identity on the subgroup Z. Thus, the endomorphism ¢ : o/ — Fu/h/ ™' —u/ =
h(t).u' —u' of the abstract commutative S-group U’ kills Z and lies over the endomorphism
of U = G, given by z(u) — x(t?u)z(u)™! = z((t* — 1)u). But this endomorphism of U is
an automorphism. Thus, ¢ factors through an S-homomorphism U = U’/Z — U’ lifting an
automorphism @ of U, and by construction it is D-equivariant (due to the commutativity of
D"). Precomposing ¢ with the inverse of @ then provides the desired splitting. 0

Using the unique D-equivariant S-group isomorphisms U’ ~ U x Z and V' ~ V x Z,
we obtain D-equivariant S-homomorphisms 2’ : G, — U’ and ¢/ : G, — V' lifting the
respective standard parameterizations x of U and y of V. The next step is to use these to
build an S-homomorphism &' : G, — D’ lifting the parameterization h : Gy, ~ D. Define
g ) =y (=1/t)x'(t)y' (—=1/t) for t € Gy, so this lifts the point g(t) := y(—1/t)z(t)y(—1/t) =
(0 6) € SLy = G. Hence, K'(t) = ¢'(t)g'(1)7' € G lifts g(t)g(1)~" = h(t), so K’ is valued
in D'
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Lemma 4.3.3. The map h' : G, — D' is a homomorphism lifting h : G, ~ D, and
R (s)g'(t) = ¢'(st) for all s,t € Gy,.

Proof. Conjugation by h'(s) on ¢'(t) = y/(=1/t)2'(t)y'(—1/t) is the same as the action by
h(s), and so by the D-equivariance of the construction of 2’ and ¥y’ as respective lifts of
x and y we have h(s).y/(v) = y/(v/s?) and h(s).2'(u) = 2/(s?u) for any u,v € G,. Thus,
h(s).g'(t) = v/ (—1/s*)x' (s*t)y'(—1/s*t) = ¢'(s*t), or in other words

H(s)g' ()H'(s)™ = g'(s”).

Multiplying this against the inverse of the special case t = 1 then gives h'(s)h'(t)h/(s)™! =
g'(s*t)g'(s*)~t = W (s*t)h/(s*)~1. But D’ is commutative, so we obtain h'(t) = h'(s%t) /I (s?)
for any points s,t € Gy,. This establishes that A’ is a homomorphism (visibly lifting ). By
the definition of A, the identity h'(st) = h'(s)h/(t) says

g (st)g (1)~ =N (s)g'()g' (1),
so g'(st) = '(s)g'(t). O
By going back to the definition of ¢/, the identity h/(s)g/(t) = ¢'(st) says
W(s)y' (=1/)2' )y (=1/t) =y (=1/st)a’ (st)y'(—1/st).

The D-equivariance underlying 3’ gives that A'(s)y'(=1/t) = y'(—1/s*t)h'(s), so

() oo =y (-2) s (1)

Bringing y'(—1/st) to the left side, we arrive at the relation

A - ()

in G’ for any units s and ¢, or equivalently

(4.3.1) 2 (w)y'(v) =y (1 fuv) WL+ uv)a’ (1 fuv)

for u,v € G, such that 1 + uwv and u are units.

We can establish without the unit condition on u by working fppf-locally, as follows.
For any points u,v of G, such that 1 + uv is a unit, fppf-locally we may write u = v’ + u”
where v/, u”, 1 + u"v € Gy, (as we see by treating separately the cases when v vanishes or
does not vanish at a geometric point of interest), so by using that the commutation relation
for h' against 2’ and y' coincides with that of h against x and y (due to the D-equivariance
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underlying the construction of ' and y') we get

r(uwy'(v) = o) (u")y (v)

= 2'(u)y v h' (14 u"v)a! o
1 "o 14+ u"v

o
() () 7 (e o (55
()

(

u/ u//
h/ 1 /
+uv)af ((1 + u"v)(1+ uv)) v (1 + u”v)
u
R'(1
1—|—uv) +uv)e’ (1—|—uv>
when 1 4 uv is a unit. Passing to inverses and negating u and v, we likewise get
/ / / u / / v
= h(1
O e LR Ceer)
when 1 4 uv is a unit.

Recall that in SLo, x(u)y(v) lies in the open cell U~ x D x U™ precisely when 1 + uv
is a unit, and the preceding calculations show that a’, k', 4 satisfy the same commutation
relations that govern the S-birational group law on the open cell 2 = U x D x V of G = SL,
(but beware that U’ x D' x V! — G’ is not an open immersion when Z # 1, since Z lies
in all three groups V', D', and U’). It follows that the S-morphism section o : Q@ — G’
defined by z(u)h(s)y(v) — z'(u)h'(s)y'(v) for (u,s,v) € G, x G, X G, is multiplicative in
the “S-birational” sense that on the fiberwise-dense (hence relatively schematically dense)
open locus mg' () (2 x Q) in Q x Q consisting of points (wy,ws) whose product in G = SL,
lies in 2, we have o(w;)o(wy) = o(wiws).

If G’ is a separated S-scheme then we can appeal to facts about S-birational group laws to
conclude that o extends (uniquely) to an S-homomorphism G — G’ that is the sought-after
splitting of the given central extension of G by Z. Here is an alternative concrete procedure
that works even when G’ is just a group sheaf. Zariski-locally, every point of G either lies

in the open cell Q or its translate by the point x(1) € U lies in €2, so as a group sheaf G is
generated by finite products of points of {2. Hence, to construct the desired homomorphic

=y

I
<

I
<

section G — G’ extending o we just have to check that if ay, ..., a, and by,...,b,, are points
of Q (valued in some S-scheme) such that ay - --a, = by ---b,, in G then
(4.3.2) o(ar) - o(an) = a(by) -+ o by).

To deduce this equality from the weaker S-birational multiplicativity already established
for o, observe that for such given a; and b; valued in some S-scheme S’, fppf-locally on S’
there exists a point w of 2 such that wa; ...a; and wby - - - b; lie in 2 for all 4, j > 0. Letting
g=ay---a, =by--- by, we have

wg = (Way « - ap_1)an, wg= (wWhy -+ by_1)bpm.
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Thus, the S-birational multiplicativity gives that
o(wg) =o(way - ap_1)o(a,), o(wg) =oc(wby - by_1)o(by).
Continuing in this way (using the conditions on w) we get
o(way - an_1) =oc(w)o(ay)---o(an—1), o(wby - bp_1)=0c(w)o(by)---o(bm_1),

so (4.3.2) holds up to a harmless left multiplication by o(w). O
For later purposes, we now establish the SLy-analogue of Proposition [4.2.7]

Proposition 4.3.4. Let G — S be a reductive group scheme whose geometric fibers have
finite center of order 2 and semisimple-rank 1, and let T a split mazximal torus of G. Zariski-
locally on S there exists an S-group isomorphism G ~ SLs, and it can be chosen to carry T
over to the diagonal torus.

Proof. Since the multiplicative type center Zg has fibers of order 2, its Cartier dual is finite
étale of order 2. But (Z/2Z)s has no nontrivial étale S-forms since (Z/2Z)* = 1. Hence,
Za ~ lo. Likewise, the geometric fibers Gz must be SLy by the classical theory. The
quotient G/Z¢ has trivial center (Corollary [3.3.5), and it has a split maximal torus 7'/Zg,
so by Proposition there exists an isomorphism G/Zg ~ PGL, Zariski-locally on S that
moreover carries T/Zq over to the diagonal torus. In view of the bijective correspondence
between maximal tori in G and G/Zg, as well as in SLy and SLy/us = PGLy (by applying
Corollary , if we can lift the isomorphism G/Zs ~ PGLy to an isomorphism G ~ SL,
(at least Zariski-locally on S) then it will carry T to the diagonal torus.

It remains to show that Zariski-locally on S, any smooth central extension G of PGLs
by g over S with connected geometric fibers is isomorphic to SLy (as a central extension).
Using central pushout along iy — Gy, embeds G as a closed subgroup of a central extension
G’ of PGLy by G,,. Pulling back this latter extension by the ps-quotient map SLy — PGLy
yields a central extension

135G,y —G —SLy, > 1

that is a central po-extension of G’. By Proposition m there exists a splitting G =
SLy X Gy, and Zariski-locally on S this can be arranged to carry any given maximal torus
T" of G" over to D x Gy, (since we just have to arrange that the corresponding isomorphism
G'/Zg ~ PGLy carries T/ Zg, over to the diagonal torus, as we know we can do Zariski-
locally on S by Proposition [4.2.7).

On geometric fibers over S, the central subgroup p = ker(é’ — G') ~ pg in G' = SLy x Gy
must either be the center of the SLy-factor or the diagonally embedded psy in the product
SLy X Gp,. The first option cannot occur over any geometric point s of S: it would imply
that G% is a split extension PGLy x Gy, yet the smooth connected subgroup Gz C G% is
semisimple, so necessarily Gz = 2(G%) = PGLy, contradicting the hypothesis that the given
central quotient map Gs — PGLy has a nontrivial kernel. Thus, the central p C Zz, = po X 1o
must be the diagonal S-subgroup since this holds on geometric fibers over S.
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We conclude that G’ is the pushouvaLg xH"2 G, = GLy over S. Morgover, via the bijection
between the sets of maximal tori in G’ and its central quotient G’ = G’/u (Corollary @,
we see that the isomorphism G’ >~ SLy x*? Gy, = GLy can be arranged to carry any given
maximal torus of G’ over to D x*2 G,,, which is the diagonal torus D in GLy. Apply this to
the maximal torus 7" := T x*2 G, inside G x"2 G, = G'.

It now suffices to prove that the subgroup G C G’ (which meets 7" in T") coincides with the
subgroup SLy C SLy x#? Gy, = GLg (which meets T'= D x"?> G, = D in D). Indeed, since
the natural quotient map G — G/uy = G'/G,, = SLy/pe = PGLy is the central quotient
map G — G/Zg ~ PGL, arranged at the start, an equality G = SLy inside G’ must respect
the structures of both sides as central extensions of PGLy by us, so we would be done.

To relate G and SL, inside G’, we shall use root groups. More specifically, we may work
Zariski-locally on S so as to acquire a pair of opposite roots +a for (G,T') whose root spaces
g+, are trivial line bundles over S. The torus 7" is generated by T and the central G,, in
G', so the T-weight spaces on g are also T"-weight spaces in g'. Letting +d' : 7" — G, be
the corresponding fiberwise nontrivial 7"-weights, it is clear that U, equipped with exp,,
satisfies the properties uniquely characterizing (Uyq, g.,/). The identification

(G',T") = (GLs, D)

must carry the root groups Uy, for (G',T") over to the standard root groups U* on the
right side Zariski-locally on S (as we see via comparison over the local rings on 5).

We have shown that U,y = Uy, C G inside G', and obviously U* C SLs inside G’ = GLs.
For z(u) = (34) € UT and y(u) = (L 9) € U~ we have

y(=1/D)z(t)y(-1/t)y(-1)z(1)y(-1) = diag(t, 1/t)
for any t € G, so the standard open cell Q@ C SL, inside G’ = GL; lies in the closed S-
subgroup G C G’. By relative schematic density of 2 in SLy over .S, it follows that SLy C G
as closed subgroups of G'. But G and SL, are each S-smooth with connected geometric
fibers of dimension 3, so the inclusion SLy C G is an equality on geometric fibers over S and
hence is an equality as closed subgroups of G'. O
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4.4. Exercises.

Exercise 4.4.1. Let G be a reductive group scheme over a scheme S and let T" be a split
maximal torus of G, with a fixed isomorphism T' ~ Dg(M) for a finite free Z-module M.
For each s € S and root o € ®(G5,T5) construct a Zariski-open neighborhood U of s in §
and a root a of (Gy,Ty) in the sense of Definition such that a(s) = a. Prove moreover
that any two such a (for the same «) coincide on a Zariski-open neighborhood of s in S.

Exercise 4.4.2. Let GG be a finitely presented affine group over a ring k, and choose a
1-parameter subgroup A : G, — G over k.

(i) Prove that Pg(A\") = Pg(A) for any n > 0, and likewise for Ug(A\") and Zg(A").

(ii) Let k/k" be a finite flat extension of noetherian rings, G’ the Weil restriction Ry (G)
(an affine k’-group of finite type), and X : G,, — G’ the k’-morphism corresponding to
the k-homomorphism A : G, — G via the universal property of Ry /. Prove that X is a
k’-homomorphism and Pg/(X') = Ry (Pe(A)), and similarly for Ugr(N') and Zg/ (X).

Exercise 4.4.3. Prove the following fact that was used in the proof of Proposition 4.3.1} for
any central extension 1 — Z — H' — H — 1 of one commutative group sheaf by another
(on any site), the commutator of H' factors through a bi-additive pairing

HxH—=Z

and the vanishing of this pairing is equivalent to the commutativity of H’. (This generalizes
part of Exercise [3.4.6[(iii).)

Exercise 4.4.4. Let A be a finite-dimensional associative algebra over a field k, and A™ the
associated k-group of units as in Exercise Prove Tan.(A™) = A naturally, and that
the Lie algebra structure is [a,d] = aa’ — d’a. Using A = End(V'), recover gl(V') without
coordinates. Use this to compute the Lie algebras sl(V'), pgl(V), sp(¢) (for a symplectic
form 1), gsp(¢), and so(q) without coordinates.

Exercise 4.4.5. Let K be a degree-2 finite étale algebra over a field k (i.e., a separable
quadratic field extension or k X k, the latter called the split case), and let o be the unique
nontrivial k-automorphism of K; note that K7 = k. A o-hermitian space is a pair (V,h)
consisting of a finite free K-module equipped with a perfect o-semilinear form A : VxV — K
(i.e., h(cv,v") = ch(v,v'), h(v,cv") = o(c)h(v,v"), and h(v',v) = o(h(v,v"))). Note that
v+ h(v,v) is a quadratic form g : V' — k over k satisfying g (cv) = Ng/i(c)gn(v) for c € K
and v € V, and dim V' is even (char(k) = 2 is allowed!). (One similarly defines the notion
of a o-anti-hermitian space by requiring h(v',v) = —a(h(v,v")).)

The unitary group U(h) over k is the subgroup of Rg/,(GL(V)) preserving h. Using
Ri/x(SL(V)) gives the special unitary group SU(h). Example: V = F finite étale over K
with an involution ¢’ lifting o, and h(v,v’) := Trp/k(vo'(v)); e.g., CM fields F' and K,
totally real k, and complex conjugations ¢’ and o.

(i) If K =k x k, prove V ~ Vi x V§ with h((v,£), (v, 0)) = (¢'(v),£(v")) for a k-vector
space V. Identify U(h) with GL(V4) carrying SU(h) to SL(Vp). Compute ¢, and prove that
qn is non-degenerate.
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(ii) In the non-split case prove that U(h)x ~ GL, carrying SU(h) to SL, (n = dimg V).
Prove U(h) is smooth and connected with derived group SU(h) and center G,,, and that g,
is non-degenerate. Compute su(h).

(iii) Identify U(h) with a k-subgroup of SO(gy). Discuss the split case, and the case k = R.

Exercise 4.4.6. Consider a k-torus 7" C GL(V) containing Zgr,vy = Gy, with £ infinite.
Let Ar C End(V) be the commutative k-subalgebra generated by T'(k).
(i) When k = ks, prove Ar is a product of copies of k and that T'(k) <— A7 is an equality.
(ii) Using Galois descent and the end of Exercise (i), prove (Ar)y, = Ar,_, and deduce
T'(k) = A}. Construct a natural isomorphism 7" ~ R 4/x(Gn), and a bijective correspondence
between k-subtori in GL(V') containing Zgr,v) and étale finite commutative k-subalgebras
of End(V'). Generalize to finite k by using Galois descent to reduce to the case just handled.

Exercise 4.4.7. Let (V, q) be a non-degenerate quadratic space over a field £ with dim V' > 2.
(i) If ¢ = 0 has a nonzero solution v in V, prove that v lies in a hyperbolic plane H with
H@ H*+ = V. (If char(k) = 2 and dim V' is even, work over k to show v ¢ V*.) Use this to
construct a Gy, inside SO(q).
(ii) If SO(q) contains a k-subgroup S ~ Gy,, prove conversely that ¢ = 0 has a nonzero
solution in V. (Hint: prove that V° # V and compute ¢(tv) in two ways for ¢t € S and a
nonzero v in a weight space for a nontrivial S-weight.)

Exercise 4.4.8. Let G be a connected semisimple group over an algebraically closed field
k, and let T' be a maximal torus and B a Borel subgroup of G containing T'. Let A be the
set of simple positive roots relative to the positive system of roots &+ = &(B,T).

(i) Using Corollary [3.3.6] prove that Z; = 1 (equivalently, Adg is a closed immersion) if
and only if A is a basis of X(T'). (Do not assume the Existence and Isomorphism Theorems,
as was done in Exercise [1.6.12[(ii).)

(i) Assume G is adjoint, and let {w;"} denote the basis of X, (7') dual to the basis {a;} = A
of X(T'). For each subset I C A, let A\; € X.(T) be the cocharacter ), ,;w;". Prove
that the parabolic subgroup Pg(Ar) coincides with the “standard” parabolic subgroup Pa_
containing B that arose in the proof of Proposition [1.4.6| (so B = Py = P(A\a)). This gives a
“dynamic” description of the parabolic subgroups of G containing B. (Hint: By Proposition
, it suffices to compare Lie algebras inside g.)

(iii) Prove that p* := Aa coincides with (1/2) > 4+ a’. Equivalently (by consideration
of the dual root datum and Exercise [1.6.16)), for each a; € A prove that (3, 4+ a,a)) = 2.
(Hint: Using that the reflection s,, : v — v — (v, a))a; preserves ® = &+ [[ —P*, show that
Sq, permutes T — {a;}. Apply the resulting “change of variables” a + s,,(a) to show that
(D aco+—{a;) @+ @;) vanishes.)
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5. SPLIT REDUCTIVE GROUPS AND PARABOLIC SUBGROUPS

5.1. Split groups and the open cell. In the theory of connected reductive groups G
over a field k (not assumed to be algebraically closed), one says that G is split if it admits
a maximal k-torus 7" C G that is k-split. (Keep in mind that for us, “maximal” means
“geometrically maximal”, as in Definition [3.2.1] The equivalence with other possible notions
of maximality over a field, which we never use, rests on Remark and Grothendieck’s
existence theorem for geometrically maximal tori over any field.) For such (G, T'), the weight
spaces g, in g for the nontrivial weights a of T" that occur on g are all 1-dimensional (as
may be inferred from the theory over k). More specifically, each g, is free of rank 1 over k
since k is a field. In the relative theory, such module-freeness for the root spaces g, must be
imposed as a condition (following [SGA3, XXII, 1.13]):

Definition 5.1.1. Let G be a reductive group over a non-empty scheme S. It is split if
there exists a maximal torus 7" equipped with an isomorphism 7"~ Dg(M) for a finite free
Z-module M such that:

(1) the nontrivial weights a : T'— Gy, that occur on g arise from elements of M (so in
particular, such a are roots for (G,T) and are “constant sections” of Mg),

(2) each root space g, is free of rank 1 over Oy,

(3) each coroot a¥ : Gy, — T arises from an element of the dual lattice MV (i.e., a" as
a global section of MY over S is a constant section).

Note that the definition of a¥ uses the reductive subgroup Zg(7,), to which Theorem [4.2.]
is applicable. Also, although conditions (1) and (3) are automatic when S is connected (as
the global sections of Mg in general are the locally constant M-valued functions on S, and
similarly for M), we do not assume S is connected. The reason is that when developing the
theory of split reductive group schemes we want to work locally on S and use descent theory
in some proofs, but localization on the base and (especially) descent theory often lead to
disconnected base schemes. For this reason, we avoid the notation “®(G,T)” except when
S is connected (e.g., S = Speck for a field or domain k).

Example 5.1.2. Let S = Spec(k; X ko) = Speck; [[Specks for fields k; and ks, so an
S-group G is precisely G = G [[ G2 where G; is a k;-group. In the case G; = PGLy x Gy,
and Gy = GLy (with their split diagonal tori), conditions (1) and (2) in Definition are
satisfied but condition (3) fails.

Lemma 5.1.3. Any reductive group scheme over a non-empty scheme becomes split étale-
locally on the base.

A basic example of this lemma is that a connected reductive group over a field £ becomes
split over a finite separable extension of k.

Proof. There exists a maximal torus T' étale-locally on the base (Corollary|3.2.7)), and further
étale localization provides an isomorphism 7" ~ Dg(M). Working Zariski-locally then makes



REDUCTIVE GROUP SCHEMES (SGA3 SUMMER SCHOOL, 2011) 113

the weight space decomposition for g under the T-action have all nontrivial T-weights a aris-
ing from M with g, having constant rank 1. A final Zariski-localization (which is necessary,
by Example [5.1.2)) makes each coroot arise from M. O

There is a case when the split property is automatic in the presence of a maximal torus:

Example 5.1.4. Let S be a (non-empty) connected normal noetherian scheme with trivial
Picard group and trivial étale fundamental group. For example, S may be SpecZ or A} for
an algebraically closed field k of characteristic 0. Then we claim that every reductive group
scheme G over S admitting a maximal torus T over S is automatically split. Over Z this
corresponds to the fact that the action of Gal(Q/Q) on X(Tg) is unramified at all primes
and hence is trivial (Hermite-Minkowski). The general case proceeds along similar lines, as
follows.

First note that by the normality of S, every non-empty open subset V' of a connected finite
étale S-scheme is irreducible. Hence, the étale fundamental group of V' is a quotient of the
Galois group at the generic point 1 of S. Thus, tori over S correspond to representations
m1(S,7) on Z-lattices. But m;(5,7) = 1 by hypothesis, so T" is split. Hence, we may choose
an isomorphism 7" ~ Dg(M). The global sections of Mg are the elements of M since S is
connected, and likewise the global sections of MY are the elements of MY. Finally, each g,
for a # 0 has constant rank (0 or 1) since S is connected, and when nontrivial it is free of
rank 1 since Pic(S) = 1.

Remark 5.1.5. The split semisimple groups over Z are called (semisimple) Chevalley groups.
By Example |5.1.4] among all semisimple Z-groups these are precisely the ones that admit a
maximal Z-torus (in the sense of Definition . A connected semisimple Q-group admits
a semisimple Z-model if and only if it is split over Q, for all p. (Indeed, for the implication
“<” we can first spread out to a semisimple group over some Z[1/N], and then we can
“glue” with split models over Z, for each p|N to make a semisimple Z-model; see the proof
of [CGl Lemma 1.3] for references on this gluing technique over a Dedekind base. There are
semisimple Z-groups that are not split, or equivalently do not admit a maximal torus, such
as special orthogonal groups of even unimodular lattices (e.g., the Eg and Leech lattices).

The set of elements of M that occur in condition (1) of Definition is denoted @
(with the choice of isomorphism T ~ Dg(M) understood from context), and the set of
corresponding coroots in M" is denoted ®Y. We have

g=tPEPs.).
acd
The subsets ® C M — {0} and &Y C M"Y — {0} inherit some combinatorial properties from
the classical theory on geometric fibers [SGA3, XXII, 1.14, 3.4

Proposition 5.1.6. The 4-tuple (M, ®, MY, ®") is a reduced root datum. The Weyl group
Wea(T) = Ne(T)/T C Aut(MS) = Aut(MY)g is the constant subgroup W (®)g.
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Proof. The required combinatorial conditions to be a root datum can be checked on a single
geometric fiber (recall that S is non-empty), where it follows from the classical theory. Like-
wise, since Wg(T) is a finite étale S-subgroup of the (opposite group of the) automorphism
scheme of Mg (as Wg(T) acts faithfully on 7' = Dg(M)), to compare it with the constant
subgroup arising from the Weyl group of ® we may again pass to geometric fibers and appeal
to the classical theory. OJ

We sometimes call (G, T, M) a “split” group, with the isomorphism 7" ~ Dg(M) and
subset ® C M tacitly understood to be specified. This really comes in three parts: the pair
(G,T), the root datum (M,®, MY, ®V), and the isomorphism T ~ Dg(M) that carries ®
over to roots for (G, T'). Keep in mind that the axioms for a root datum uniquely determine
the bijection a — a" between roots and coroots (Remark [1.3.4).

Example 5.1.7. Consider a split triple (G,T, M). The center Zg is Dg(M/Q), where
Q C M is the Z-span of the roots (the root lattice). Indeed, by Corollary [3.3.6] Zg is the
kernel of the adjoint action of T'= Dg(M) on g, and by definition the nontrivial weights for
this action are the elements of & C M viewed as characters on 7. Hence, Dg(M/Q) C Zg,
and to prove equality we may pass to geometric fibers, where it is clear (since all multiplicative
type groups over an algebraically closed field are split).

Since semisimplicity is equivalent to finiteness of the center, it follows that G is semisimple
if and only if the elements of ® span Mq over Q. Now suppose that G is semisimple. In
such cases G has trivial center (i.e., it is adjoint) precisely when ® spans M over Z. Since
M lies inside the weight lattice P in Mg that is (by definition) dual to the coroot lattice
(i.e., the Z-span of ®V) in My, the center Zg = Dg(M/Q) is a quotient of Dg(P/Q). In
particular, if M = P (i.e., if M is as big as possible) then the geometric fibers of G admit no
nontrivial central isogenous cover: in the cases with M = P we say G is simply connected.
The Existence Theorem implies that a split semisimple group scheme is simply connected
if and only if it has no nontrivial central isogenous cover extension by a finite flat group
scheme (necessarily of multiplicative type, as we can check on geometric fibers over 5); see

Exercise [6.5.3]

To make the constancy of W¢(T') over S in Proposition more concrete, note that for
each root a there exists a natural map Wy, r,)(T) = We(T) that on geometric fibers com-
putes the order-2 subgroup generated by the involution s, : ¢t — t/a"(a(t)) of T = Dg(M)
(dual to the involution m +— m — a”(m)a of M). Since endomorphisms of multiplica-
tive type S-groups are uniquely determined by their effect on geometric fibers over S,
we conclude that each subgroup Wy, 1) (T) is identified with (Z/2Z)g having the unique
everywhere-nontrivial section correspond to m + m —a"(m)a. Hence, to construct elements
ne € Ng(T')(S) representing the reflections s, in the Weyl group of the root datum (as
in the classical theory) the problem is reduced to the case of split reductive groups with
semisimple-rank 1. In such cases we wish to show that Ng(T')(S) — Wg(T')(S) is surjective
by exhibiting an explicit element n, € Ng(T')(S) representing s,. This will be deduced (in
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Corollary |5.1.11)) from the following classification of split semisimple-rank 1 groups Zariski-
locally on the base.

Theorem 5.1.8. Let (G, T, M) be a split reductive group with geometric fibers of semisimple-
rank 1 over a non-empty scheme S. Up to forming a direct product against a split central
torus, Zariski-locally on S the pair (G,T) is isomorphic to exactly one of the following:

e (SLy, D) with D the diagonal torus,
e (PGLs, D) with D the diagonal torus,
o (GLs, D) with D the diagonal torus.

We will later refine this result by constructing a unique such isomorphism globally, sub-
ject to some additional conditions that can always be imposed in the split case (such as
compatibility with linked trivializations of the root spaces g+,). This provides an explicit

isomorphism W¢(T')(S) ~ W(®) as in [SGA3| XXII, 3.4].

Proof. The three proposed cases are fiberwise non-isomorphic, so there are no repetitions in
the list. The roots +a provide a central torus T, of relative codimension 1 in 7T, and the
classical theory on geometric fibers implies that the center Zg /T, of G/T, is finite. That
is, each geometric fiber of G/T, is either SLy or PGLs. Note that T, is the split torus
corresponding to the quotient of M by the saturation of Za C M. Since the root datum
determines the structure of the center Zs C T on geometric fibers, it follows that Zg /T,
must have constant fiber degree, either 1 or 2. We will treat the two possibilities separately.

First suppose that G/T, has center of order 2. By Proposition [£.3.4] working Zariski-
locally on S provides an isomorphism G/T, ~ SLg carrying T'/T, over to D. Thus, G is
a central extension of SLy by the split torus 7,. Applying Proposition [4.3.1] there exists a
unique splitting G = SLy x T}, and clearly T" must then go over to D x T,,.

Next, suppose that G /T, has trivial center. By Proposition working Zariski-locally
on S provides an isomorphism G/T, ~ PGLy carrying T/T, over to D. Pulling back along
the central isogeny SLy — PGL; yields a central extension G of SLy by 7, that is also a
central extension of G /T, by . In particular, G is a reductive group scheme having G as a
central quotient by [h2, SO there is a unique maximal torus T of G satlsfylng T /e = T inside
G /e = G. The torus T is split Zariski-locally on .S since T is split, so G = SLy x T, with T
going over to D xT,. The central subgroup s C G = SLy x T}, has two possibilities on fibers:
it is pp in the SLo-factor or it is a diagonally embedded ps in SLy x T, via some inclusion
po — T,. These cases (on fibers) are distinguished by whether or not the projection to T,
kills this central subgroup.

Since a homomorphism between multiplicative type S-groups is determined over a Zariski-
open neighborhood of a point s € S by its effect on s-fibers, we conclude that Zariski-locally
on S either (i) G = PGLy x T, with T = D x Ty, or (ii) G = SLy x*2 T, with T'= D x*2 T,
for some inclusion py < T,. Case (i) corresponds to Zg = T, being a torus, and the second
case corresponds to Zg =~ s X T, not being a torus since the structure of Zg is determined
across all fibers by the root datum (so its fibral isomorphism class is “constant”). Thus, it
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remains to address the situation when (G, T) falls into case (ii) Zariski-locally on S. In such
cases the inclusion ps < T, corresponds Zariski-locally on S to an index-2 subgroup of the
constant group dual to T,, so we can Zariski-locally split off this ps inside a Gy,-factor of
T,. This provides a description of G (Zariski-locally on ) as the direct product of a split

torus against SLy x#? G, = GLy equipped with the maximal torus D x*? G, = D. O

Corollary 5.1.9. Let G be a reductive group over a non-empty scheme S, and T' a maximal
torus for which there ezists a root a (and hence a root —a). Let W(g,)* denote the open
complement of the identity section in W(g,). For every section X of W(g,)*, let X!
denote the dual section of W (g_,)*. Define w, : W(g,)* — G by

wa(X) := expy(X) exp_, (=X 1) exp, (X).

(1) The values of wq lie in Nz, (T) and map onto the unique everywhere nontrivial
section of Wy,r)(T) = (Z/2Z)g; i.e.,

t = we (X)) twe (X) ™

is the reflection t — t/a"(a(t)) in W(®(Gs,Ts)) associated to as for all geometric
points’s of S.
(2) For any unit ¢ on S and sections X, X' of W(g.)*,

We(cX) = a" ()we(X) = we(X)a" ()™, wo(X)we(X') =a’(—XX').
(3) The conjugation action of we(X) on U, is valued in U_, and is given by
1 (X) xp, (XY, (X) 1 = exp_, (—(X 71X X )

In particular, we(X)exp,(X)w,(X)™t = exp_,(=X1) and the adjoint action of
we(X) on g satisfies Adg(w.(X))(X') = (X1 X XL
(4) The following relations hold:

W_o( X)) = wo (X)) = wo(—X), wa(X)w_o(Y)=a"(XY), we(X)*=a"(-1)eT.

Proof. Since T, centralizes Uy,, it is clear that w, takes its values in Z5(T,). We may
therefore replace G with its reductive closed subgroup Zq(7,) (that contains 7" and Ul,)
to reduce to the case that GG has all geometric fibers of semisimple-rank 1. The asserted
identities are all fppf-local on the base, so by working étale-locally (or fppf-locally) we can
assume that 7' is split. Thus, by Theorem we get an explicit description of (G, T') up
to forming a direct product against a split torus. Such an additional central torus factor has
no effect on the root groups or the proposed relations, so we are reduced to the three special
cases in Theorem [5.1.8] The third case in Theorem [5.1.8 reduces to the first case because in
that central pushout the subtorus G,, is central and SLs contains the root groups for D.
Summarizing, we are reduced to checking the special cases SLy; and PGLy equipped with
their diagonal maximal torus. By composing with the conjugation by the standard Weyl
element if necessary (which induces inversion on the diagonal torus), we may arrange that a
is the root whose root group U, is the strictly upper triangular subgroup. For the SLs-case,
Example [4.2.1jmakes everything explicit. The formulas in Example[4.2.1]are inherited by the
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central quotient PGLs when using the diagonal torus and its associated root a(diag(t,1)) =t
and coroot aV(t) = diag(t?,1) = diag(t,1/t) mod G, so now everything is reduced to
straightforward calculations with the standard root groups, roots, and coroots for SLy and
PGL; equipped with their diagonal tori and standard linked trivializations of their root
spaces. For example, if G = SL; and we take X = (§§) then we(cX) = (7. §), s0 we(X) =
(% ) is the standard Weyl element and the first identity in part (2) says (§ §)( 1/ 1)(§§)
(8 190)(—01 [1))

Remark 5.1.10. A standard calculation using the proof of Corollary yields

(wa (X) exp, (X))* = 1

for any section X of W(g,)*; this encodes the identity (% % )?> =1 in SL,. This relation
is needed when constructing homomorphisms from reductive group schemes to other group
schemes (e.g., isogenies or isomorphisms between reductive group schemes); see Theorem
. Our approach to getting the group-theoretic relations among w4, and exp,, involves
reduction to calculations with SLy and PGLy (because we have already obtained a Zariski-
local classification result). The approach in [SGA3 XX] involves calculations in a slightly
more indirect manner.

(I

Here is the promised surjectivity of Ng(7')(S) — We(T')(S) in the split case:

Corollary 5.1.11. Let (G, T, M) be a split reductive group over a non-empty scheme S. Fizx
linked trivializations X, € W(g,)*(S) for all a € ® (so X_, is dual to X,). The natural
map Ng(T)(S) — Wa(T)(S) is surjective, with n, := wa(X,) mapping to the reflection s,
and satisfying

-1
a

n_qg=a’(=1)n,, ni =a’(—1), nyexp, (X )n,' =exp_,(—X_,).

Proof. Since W¢(T') is the constant group associated to W (®), an element of W¢(T)(S5) is a
locally constant function valued in W (®). Thus, by passing to the constituents of a covering
of S by pairwise disjoint open sets, for the proof of surjectivity on S-points we can focus on
constant functions. But W (®) is generated by the reflections s,, so it remains to prove the
assertions concerning n,, which are all special cases of (3) and (4) in Corollary . O

The infinitesimal version of the relations among roots and root spaces [SGA3, XX, 2.10]
will not be used in what follows, but we record it for completeness:

Corollary 5.1.12. Let (G, T,a) be as in Corollary|5.1.9, Let £a = Lie(+a) : t = Os and
define H, = Lie(a")(1) € t using the canonical basis of Lie(Gy,). Then

—a=-a, H ,=—-H,, a(H,) =2,
and for all points t of T and local sections X, X' € g,, Y € g_,, and H € t, we have:

(5.1.1) Adg(t)(H) = H, Ade(t)(X) = a(t)X, Adgt)(Y) =a(t)"'Y,
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(512)  Adg(exp,(X))(H) = H —a(H)X, Adg(exp,(X))(X') = X,
(5.1.3) Adg(exp,(X))(Y) =Y + (XY)H, — (XY)X,
(5.1.4) [H,X] =a(H)X, [H,Y]=—a(H)Y, [X,Y] = (XY)H,.

Proof. As in the proof of Corollary we reduce to the groups SL, and PGLy equipped
with their diagonal tori and standard linked root space trivializations, with a as the standard
positive root (whose root group consists of the strictly upper triangular matrices). In these
cases the assertions are straightforward (and classical) calculations. U

The following relative version of the “open cell” generalizes (4.1.1)) by replacing Zs(Ty)
with G' (subject to the hypothesis that (G, T') is split).

Theorem 5.1.13. Let (G, T, M) be a split reductive group over a non-empty scheme S. Fix
a positive system of roots ®T C P.

For any enumeration {a;} of ®*, the multiplication map [[, Uy, — G is an isomorphism
onto a smooth closed subgroup Ug+ that is normalized by T', independent of the choice of
enumeration, and has connected unipotent fibers. The multiplication map

U_<1>+ XTXUq>+—>G

18 an isomorphism onto an open subscheme Q¢+. Moreover, the semi-direct product T X
Up+ — G 15 a closed S-subgroup.

The existence of Qg+ is given in [SGA3, XXII, 4.1.2], but the construction of Ug+ as
a closed subgroup in [SGA3, XXII, §5] is completely different, resting on a detailed study
of Lie algebras and smoothness properties of normalizers in GG for certain subalgebras of g
(see [SGA3|, XXII, 5.3.4, 5.6.5]). Our proof gives closedness results as a consequence of the
construction of Ug+ via the dynamic method, which builds the desired “Borel subgroup”
and its “unipotent radical” without any considerations with root groups.

Proof. Pick A € MY so that the open half-space {\ > 0} in Mg meets ® in ®*. Interpreting
A as a cocharacter Gy, — T, it makes sense to form the smooth closed S-subgroups Ug()\),
Pi(N), and Zg(A\) with connected fibers as in Theorem [4.1.7, The tangent space to Zg(\)
coincides with t = gg since the only 7T-weight on g whose pairing with A vanishes is the
trivial weight (as ® = ®* [] —®"). Thus, the inclusion T' C Zg(\) between smooth closed
S-subgroups with connected fibers induces an equality on Lie algebras (inside g) and hence
is an equality inside G. That is, Zg(\) = T, so Pg(\) = Zg(\) x Ug(A) = T x Ug(N).
The S-group Ug(A) has (connected) unipotent fibers, by Theorem {4.1.7(4), so Pg(\) has
(connected) solvable fibers.
By Theorem [£.1.7] the multiplication map

Ua(=\) x T x Ug(\) — G

is an open immersion. Note that Ug(A) has nothing to do with a choice of enumeration of
®*. Also, for a € ® the root group U, is normalized by T" and hence is normalized by the
G-action through conjugation by A, with A(¢) acting on Lie(U,) = g, via scaling by (@,
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Thus, Uy, (A\) has Lie algebra g, if (a,\) > 0 (i.e., if a € ®*) and has vanishing Lie algebra
otherwise (i.e., if a € —®7). Since Uy, (A) must be S-smooth with connected fibers (as U,
is!), this S-subgroup of U, vanishes when a € —®* and coincides with U, when a € ®*. In
particular, U, C Ug(A) for all a € ®7.

It now suffices to show that for any choice of enumeration {a;} of ®*, the multiplication

mapping
Ve = Ua)

is an isomorphism of S-schemes. By smoothness of both sides, it suffices to check the
isomorphism property on geometric fibers, so we may and do assume S = Speck for an
algebraically closed field k. Since Pg(A) =T x Ug(A) is connected and solvable, dimension
considerations for its Lie algebra imply that it is a Borel subgroup with Ug(\) as its unipotent
radical, and the subgroups U,, must be its root groups. In the classical theory it is proved
that the unipotent radical of a Borel subgroup is directly spanned (in any order) by its root
groups, though this also follows from general considerations using just the reducedness of the
root system; see [CGPl, Thm. 3.3.11] for such an alternative proof of direct spanning in the
classical case (applying [CGPlL Thm.3.3.11] to the smooth connected unipotent Ug(\)). O

As in the classical case, we say that Ug+ is directly spanned (in any order) by the U,.’s
for a; € @, and we call Qg+ the open cell (or big cell) associated to ®*. The link between
the root system and the commutation relations among positive root groups carries over as
in the classical theory:

Proposition 5.1.14. Let (G, T, M) be a split reductive group over a non-empty scheme S.
Pick roots a,b € ® such that b # +a. Choose trivializations of the root spaces g. for all
roots ¢ of the form ia + jb with integers i,j > 1. Consider the associated parameterizations
e : G >~ U, and fix an enumeration of this set of roots c.

The root groups U, and U, commute if there are no roots of the form ia+ jb with i,7 > 0,
and in general the commutation relation is given by

(5.1.5) (pa(®), P6(y)) = Pa(@)Po(Y)Pa(—=2)Po(=y) = [ ] Piatsn(Cijapa'y’)

i,j>0
where the product is taken over all roots ia + jb with i,j > 0 and the coefficients C; ;. are
global functions on S.

As in the classical case, the “structure constants” Cj ., are rather mysterious at this
stage of the theory, and a detailed study of rank-2 cases will be required to clean them up.
Note that these structure constants depend on the choice of ordering among the terms in
the product on the right side of ; also, this product involves at most 6 terms (as we
see by inspecting the classification of reduced rank-2 root systems). Finally, observe that
the commutation relations in describe the group law on Ug+; this is one reason that
we need to clean up the structure constants.
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Proof. We argue exactly as in the classical case by considering T-equivariance, exercising
more care due to the base scheme being rather general. Pick a positive system of roots ®*
containing a and b (as we can do since b # =+a), and choose an enumeration {c,,} of ®*
extending the choice of enumeration of the roots of the form ¢a + jb with ¢, 7 > 0.

A priori the commutator (p,(z),ps(y)) lies in U+ = [],, U,,, and we have to show that
the only factors U. which can have a nontrivial component are for the roots ¢ = ia + jb for
i,j > 0, and that the factor in such a component has the form pj,1s(C ;0 pz'y?).

Consider the expression

(pa(x)vpb(y)> = H pc(hc(‘rvy»

cedt

where the product on the right side is taken in the order according to the chosen enumeration
of ®* and h, : U, x U, — U, is a T-equivariant map of S-schemes. That is, h.(a(t)z,b(t)y) =
c(t)he(x,y) for the S-map h. : G, x G, — G, that is given by some 2-variable polynomial
Zariski-locally over S. Writing h, = Zz 20 fija'y? for some Zariski-local functions f; ; on S,
we have f; ;ja(t)™b(t)? = c(t) fi ; for all 4, j. Setting y = 0 gives f; o = 0 for all i since p,(0) = 1,
and likewise fy; = 0 for all 5. If 7,7 > 0 then f;; is killed by the character ¢ — (ia + jb) on
T = Dg(M) that arises from an element of M. Such a character is either trivial or fiberwise
nontrivial (and hence faithful flat onto Gy,), so f;; = 0 except possibly when ¢ = ia + jb,
in which case such 7 and j are uniquely determined by ¢ (since the distinct positive roots
a and b are linearly independent). In other words, each h. that is not identically zero is a
single monomial of some constant bi-degree (i,7) such that ia + jb € ®* and 4,5 > 0. In
particular, if there are no such roots ia + jb with ¢, 7 > 0 then U, commutes with U,,. 0]

It is useful to generalize the construction of Ug+ (even going beyond Remark in the
classical case) by constructing fiberwise unipotent smooth closed subgroups Uy C G directly
spanned in any order by certain subsets ¥ C ®. To characterize the ¥ that we shall consider,
we make a brief digression concerning general root systems.

Let (V, ®) be a (possibly non-reduced) root system, with V' a Q-vector space. Recall that
a subset ¥ C @ is called closed if a +0b € ¥ for any a,b € ¥ such that a+ b € . Interesting
examples of such ¥ are ®)-, = {a € ®|A(a) > ¢} and Py>, = {a € P|N(a) = g} for A € V*
and g € Q, as well as the sets of roots

(a,b] = {iatjb € i, j >0}, (a,b) = {iatjbe |i,j > 1}, [a,b) = {iatjb|i > 1.j > 0}

for linearly independent a,b € ®.

By [CGPL 2.2.7], the closed sets in ® are precisely the subsets of the form &[] A for a
subset A C V that is a subsemigroup (i.e., a + a’ € A for all a,d’ € A; we allow A to be
empty). When ¥ = &,., we can use A = {v € V|A(v) > ¢}, but when ¥V = [a,b) for
linearly independent a,b € ® there is no “obvious” choice for A. For any closed ¥ C ® there
is a unique minimal choice for A, namely the subsemigroup (V) generated by ¥ (which is
empty when W is empty). We are interested in closed ¥ that lie in a positive system of
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roots. Such a positive system of roots is not uniquely determined by W, but there is a simple
characterization for when one exists:

Lemma 5.1.15. Let (V,®) be a root system. For W C ®, the following are equivalent:

(1) U is closed and is contained in a positive system of roots;
(2) ¥ =® N A for a subsemigroup A CV such that 0 & A;
(3) W is closed and ¥ () =V is empty.

Proof. Consider a closed set ¥, so U = ® (A for A = (¥). The positive systems of roots
in @ are precisely the subsets &+ = ®,., with A € V* that is nonzero on all roots. If ¥ is
contained in some & = ®,-, then (V) lies in {v € V |A(v) > 0}, so 0 ¢ (V). Thus, (1)
implies (2). The implication “(2) = (3)” is trivial , and “(3) = (1)” is precisely [Bou2, VI,
§1.7, Prop. 22] (due to the characterization of positive systems of roots in ® in terms of Weyl
chambers for ® in Vg, given by [Bou2, VI, §1.7, Cor. 1, Cor. 2 to Prop. 20]). O

Here is a generalization of Ug+ (inspired by [SGA3| XXII, 5.9.5]).

Proposition 5.1.16. Let (G, T, M) be a split reductive group over a non-empty scheme S,
and let W be a closed set in ® such that ¥ () -V = ().

(1) For any enumeration {a;} of V, the multiplication map [[ U,, — G is an isomorphism
onto a smooth closed subgroup Uy that is normalized by T', independent of the choice
of enumeration, and has connected unipotent fibers.

(2) Choose A € MY that is non-vanishing on ® such that the positive system of roots
Ot .= D, contains V. For every integern > 0, let Us,, = V([ Ppr>y,. The subgroups
Usy := Uy, are normal in Uy and the multiplication map

H Us — U>n/U>n+1

a€¥,\(a)=n

(with the product taken in any order) is an S-group isomorphism. In particular,
Usn/Usnps1 is a power of G, as an S-group.

By Lemma [5.1.15| there always exists A as in (2).

Proof. Choose A as in (2) and let & = ®,.4. Since Ug+ is directly spanned in any order
by the root groups U, for a € ®*, for any enumeration {a;} of ¥ the multiplication map
[[U., — G is a monomorphism onto a direct factor scheme of Ug+. Hence, if we can
prove that this is an S-subgroup for one choice of enumeration then the same holds for any
enumeration. Thus, to prove (1) it suffices to consider a single enumeration. Also, once the
existence of Uy, is proved for all n > 1, it is immediate from that Uy, is normal
in Uy for all n > 1. It is also obvious that such subgroups are normalized by T'.

For large m, U, is empty. By descending induction on m we shall prove (1) for ¥, and
then (2) for U, when using our initial choice of A\. Since ¥ = W, and A\ was arbitrary, this
induction will prove (1) and (2) in general. The base of the induction (large m) is obvious,
with Uy., =1 for large m.
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Now suppose the cases m’ > m + 1 are settled, and consider (1) and (2) for ¥.,,. We
know that to prove (1) for V., it suffices to consider one enumeration. We will use an
enumeration that is adapted to . It is immediate from that Us,,41 is normalized
by U, for all a € U,,. Likewise, if a,b € V-, then for any S-scheme S’ and u, € U,(S")
and w, € Uy(S") we see that u,upu; uy ' € Uspyr(S') since A(ia + jb) > m + 1 for any
i,7 = 1. Letting ¥,, = {a € V| A(a) = m}, it follows that for any S-scheme S’ and a,b €
U, the subgroups U,(S’) and U,(S") in G(S’) commute modulo the subgroup Us,,11(5")
that they normalize. Thus, for any enumeration {c¢;} of ¥, the monic multiplication map
[TU(S) X Usins1(S) — G(S') has image that is a subgroup. This proves (1) for ¥-,,, and
(2) for n = m is now obvious (by consideration of S’-valued points for any S-scheme S’). O

We end this section with applications of the open cell over a field. (See [Bo91, 14.10] for an
alternative approach via the structure of automorphisms of connected semisimple groups).

Proposition 5.1.17. Let G be a split nontrivial connected semisimple group over a field k.
The set {G;}icr of minimal nontrivial normal smooth connected k-subgroups of G is finite,
the G;’s pairwise commute with each other, and the multiplication homomorphism [| G; — G
s a central isogeny.

Proof. Let T be a split maximal k-torus in G, and ® = ®(G,T) # 0. For each irreducible
component ®; of @, let G; be the smooth connected k-subgroup of G generated by the root
groups U, for a € ®;. For any i" # ¢ and roots ' € &y and a € ®;, a + d’ € ® and we
can put a and @' into a common positive system of roots. Hence, U, and U, commute
(Proposition , so G; and Gy commute. Since the root groups U, and U_, generate
a subgroup containing a”(Gy,), and the coroots generate a finite-index subgroup of X, (T)
(as G is semisimple), the collection of all root groups generates a smooth closed subgroup
containing all factors of the open cell in Theorem [5.1.13 Hence, the G;’s generate G, so
each GG; is normal in G' and the product map

W:HGi—>G

is a surjective homomorphism. Normality of G; in G implies that G; inherits semisimplicity
from G. For i’ # i, the subgroups G; and Gy commute and are nontrivial and semisimple,
so G; # Gy.

A straightforward induction shows that if {N;} is a finite collection of pairwise commuting
normal smooth closed k-subgroups of a smooth k-group H of finite type then the multiplica-
tion homomorphism [[ N; — H has central kernel. (This can be generalized to the setting
of group sheaves, as the interested reader can check.) Hence, ker 7 is central. But [[ G; is
semisimple, so 7 is a central isogeny.

It remains to show that these G; are precisely the minimal nontrivial normal smooth
connected k-subgroups of G. It suffices to do this over k since the formation of the G
commutes with extension of the ground field. That is, we may assume that k = k.
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Let N be a nontrivial normal smooth connected k-subgroup of GG, so N inherits semisim-
plicity from G. Hence, N is non-commutative. Since G is generated by the pairwise com-
muting subgroups G;, there must be some i such that the commutator subgroup (N, G;) is
nontrivial. But (N, G;) is normal in G and is contained in Gj, so it suffices to show that
each (5; is minimal as a nontrivial normal smooth connected k-subgroup of G. Now we can
assume N is contained in some G;, and we seek to show that N = GG;,. By normality in G,
S :=T(\N is a maximal torus in N (so S # 1).

Since T is a split maximal torus of G, each T; := T [ G; is a split maximal torus of G
and 7 carries [[7; isogenously onto 7. Clearly S = N (T}, and the connected reductive
subgroup N -7}, in G has maximal torus 7;, and derived group N, so T;, is the almost direct
product of S and the maximal central torus Z of N -T; . Hence, the isomorphism X(T;,)q =~
X(9)q®X(Z)q induces a bijection ®(N-T;,, T;,) ~ ®(N,S)x{0}. In this way ®(N,.S) spans
a nonzero subspace of X(7},)q that is stable under the action of Wg, (Ti,) = W(®;,). The
Weyl group of an irreducible root system (V, ¥) acts irreducibly on V' [Bou2l VI, §1.2, Cor.],
so if the root system ® (G}, , T;,) is irreducible then ®(N, S) spans X(7},)q = X(5)q®X(Z)q,
so S = T, for dimension reasons. This would force T;, C N, so the connected semisimple
G, /N would have trivial maximal torus and thus N = G, as desired.

Finally, we show that each (X(7})q,®(G;,T;)) is irreducible by relating ®(G;, T;) to the
irreducible component ®; of ®. The center of a connected reductive group lies in any maximal
torus, so the direct product structure of open cells in Theorem implies that a central
isogeny H' — H between connected reductive k-groups induces (for compatible maximal
tori of H' and H) a natural bijection between the collections of root groups as well as an
isomorphism between the root systems and root groups for corresponding roots (see Exercise
1.6.8((i)). More specifically, the isomorphism X(T')q ~ [[X(T};)q identifies ®(G,T) with
[1®(G;,T;). But if i # i then T} centralizes G; and hence centralizes all root groups of
(G;,T;), so each a € ®; kills the image of Ty in T'. Thus, ®; C ®(G;, T;) inside X(T)q, so the
definition of the ®; as the irreducible components of ® forces ®; = &(G;, T;) for all 1. O

A connected semisimple group H over a field k is k-simple if H # 1 and H has no nontrivial
normal smooth connected proper k-subgroups, and absolutely simple if Hyx is K-simple for
some (equivalently, any) algebraically closed extension K /k. For the groups G; in Proposition
5.1.17], if T is a split maximal torus of G then T; := T'() G; is a split maximal torus of G; and
the proof of Proposition shows that the isomorphism X(7')q ~ [[ X(T;)q identifies
the ®(G;, T;) with the irreducible components of ®. In particular:

Corollary 5.1.18. A nontrivial connected semisimple group G over a field is absolutely
simple if and only if the root system for Gy, s irreducible.

It follows that the G; in Proposition are absolutely simple. Here is a generalization
of Proposition [5.1.17] beyond the split case.

Theorem 5.1.19 (Decomposition theorem for semisimple groups). Let G' be a nontrivial
connected semisimple group over a field k. The set {G;}ier of minimal nontrivial normal
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smooth connected k-subgroups of G is finite, each G; is k-simple, the G;’s pairwise commute,
and the multiplication homomorphism

[[¢i—c¢
1s a central isogeny.

For each J C I the normal connected semisimple k-subgroup G; C G generated by {G; }ics
has as its minimal nontrivial normal smooth connected k-subgroups precisely the G; fori € J,
and every normal smooth connected k-subgroup N C G equals G5 for a unique J. In particu-
lar, for each N there exists a unique N’ that commutes with N and makes the multiplication
homomorphism N x N’ — G a central isogeny.

See Exercise for the generalization to connected reductive k-groups G.

Proof. We first treat the case k = kg, and then we will deduce the general case by Galois
descent. Assuming k = ks, G is split and we can apply Proposition [5.1.17] Letting G; be as
in that result, we have proved their simplicity and that they pairwise commute and define a
central isogeny [[ G; — G. Note also that each G is semisimple, due to normality in G.
For each non-empty J the natural map [[,.,;G; — G is a central isogeny, so by root
system considerations (applying Proposition to the split G;), the set of minimal
nontrivial normal smooth connected subgroups of G is exhausted by the G;’s for ¢ € J. To
show that every N has the form G ; for some J, we can assume N # 1. Thus, N contains some
G, and (by consideration of root systems) the minimal nontrivial normal smooth connected
subgroups of G = G/G}, are the images G; of the G for i # 4y. By induction on dimension,
N := N/G,, is equal to Gy, for a subset Jy C I — {ig}, so N = G for J = Jy |U{io}.
Finally, we consider general k. Let I' = Gal(ks/k). Let {G.};,cr be the set of minimal
nontrivial normal smooth connected ks-subgroups of G' = Gy, so I' naturally permutes these
subgroups and hence acts on the index set I. For each I'-stable subset J C I, G’; descends
to a normal smooth connected k-subgroup G; C G, and by Galois descent these G; are
precisely the normal smooth connected k-subgroups of G. Hence, the minimal nontrivial
ones are the groups G; for J a I'-orbit in I. Since the I'-stable subsets of I are precisely the
unions of I'-orbits, we are done. O

The G; in Theorem [5.1.19 are called the k-simple factors of G. The formation of this set
is sensitive to extension of the ground field:

Example 5.1.20. Consider the Weil restriction G = Ry /x(G’) for a finite separable ex-
tension k’/k and an absolutely simple and semisimple k’-group G'. Since k' ®j ks is a
product of copies of k, indexed by the set of k-embeddings o : k" — ks, Gi, = [[, G, where
Gl = ks ®, 1y G'. In particular, G is connected semisimple and its simple factors over k, are
the G! . But these are permuted transitively by Gal(ks/k), so G is k-simple. Also, if G}, has
a root datum that is semisimple and simply connected (resp.adjoint) then clearly so does
Gy..
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Theorem shows that, up to central isogeny, to classify connected semisimple groups
over a field k, the main case to consider is the k-simple case. Remarkably, the construction
in Example [5.1.20] gives all examples, subject to a simply connected hypothesis. We will
address this more fully in Example [6.4.6] as an application of the classification theorems in
terms of root data.

5.2. Parabolic subgroups and conjugacy. In the classical theory one defines parabolic
subgroups P C G in terms of the structure of G/P and uses this to infer properties such as
P = Ng(P) (at least on geometric points) and the connectedness of such subgroups. In the
version over a scheme we will directly prove that parabolic subgroups are self-normalizing
and use that fact to construct G/P as a scheme projective over the base.

Definition 5.2.1. A parabolic subgroup of a reductive group scheme G is a smooth affine S-
group P equipped with a monic homomorphism P — G such that Ps is a parabolic subgroup
of Gs (i.e., G5/ Ps is proper) for all s € S.

Note that all fibers P5 are connected, by the classical theory. We do not require P — G
to be a closed immersion, but it will soon be proved that this condition does hold. Here is
a natural class of examples arising from the dynamic method in §4.1]

Example 5.2.2. Suppose that G contains a maximal torus 7', and let A : G,, — T be
a cocharacter. The smooth closed S-subgroup Pg(\) is parabolic. Indeed, its fiber at a
geometric point 5 of S is Pg_(As), and the classical theory implies that such subgroups are
always parabolic (see Example [4.1.9)).

The dynamic description parabolic subgroups in the theory over an algebraically closed
field (Example 4.1.9)) admits the following relative formulation over any scheme:

Proposition 5.2.3. Let G — S be a reductive group scheme, and P a parabolic subgroup
of G. Then P — G is a closed immersion, and étale-locally on S there exists a maximal
torus T' of G such that T C P. If G admits a mazimal torus T C P and (G, T) is split then
Zariski-locally on S there exists X : Gy, — T such that P = Pg(\).

Our proof of the closedness of P in G uses the dynamic method; the proof in [SGA3|
XXII, 5.8.5] is rather different. A reader who wonders about removing the split hypothesis
on (G,T) should look at Remark [5.2.4]

Proof. On geometric fibers over S, since Ps is parabolic in Gz we see that a maximal torus
in Py is its own scheme-theoretic centralizer in P;. Hence, we may apply Theorem to
P, so by working étale-locally on S (as we may do for verifying that P — G is a closed
immersion) we obtain a maximal torus 7" of P. Obviously T is also a maximal torus of G
(as this is an assertion on geometric fibers that is trivial to verify).

By further étale localization on S, we may suppose that (G,T) arises from a split triple
(G, T, M) and S # (). For each s € S, the cocharacters of T% coincide with the cocharacters
of T over k(s) since Ty is split, so by Example there exists a cocharacter A, : G, — T
over k(s) such that Ps = Pg_(As) = P, (Xs)s. Hence, Py = Pg (Xs). The split condition on T
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provides a Zariski-open neighborhood of s over which A, lifts to a cocharacter A : G, — T.
Then we may work Zariski-locally around s in S to arrange that A\ € M. Clearly Pg(\)
is a closed parabolic subgroup of G that contains T" and has s-fiber P,. We will prove that
P = P;()) over a Zariski-open neighborhood of s in S.

Consider the Lie algebra p of P inside g. Although we do not yet know that P is closed
in GG, nonetheless the inclusion p — g of Os-modules is a subbundle because on geometric
fibers over S the inclusion Ps — G5 is a closed immersion. Since p is stable under the
adjoint action on g by the split torus 1" C P, by working Zariski-locally on S around s we
can arrange that p is a direct sum of t and weight spaces g, for some roots a € & C M.
Since Ps = Pg(MN)s, the a which arise in this way are precisely those that satisfy A(a) > 0.
Hence, the smooth closed subgroup Pp(A) C P has full Lie algebra, forcing Pp(\) = P.

By the functoriality in Proposition [4.1.10[(2) (applied to the G-equivariant homomor-
phism P — @), it follows that P — G factors through Pg(\). The resulting map of smooth
affine S-groups j : P — Pg(\) is an isomorphism on Lie algebras inside g. But on geometric
fibers over S the map induced by j is a closed immersion between smooth connected affine
groups, so the isomorphism property on Lie algebras forces j to be an isomorphism between
geometric fibers over S. Hence, j is an isomorphism. In particular, P is closed in G. 0

Remark 5.2.4. In the Borel-Tits structure theory for connected reductive groups over fields,
the dynamic description Pg(\) of P in terms of a cocharacter A : G, — T over the base field
is valid without a split hypothesis on (G, T) (see [CGP, Prop.2.2.9]). Thus, if S = Spec R
for a henselian local ring R then we can remove the split hypothesis on 7" in Proposition
[.2.3] Indeed, it suffices to show that any cocharacter Ay : Gy, — T over the residue field
k lifts to a cocharacter G,, — T over R. In terms of the étale sheaf E dual to T, this is
precisely the surjectivity of E(R) — E(k), which in turn is an immediate consequence of
the henselian property of R. Removing the split hypothesis over more general local rings
(and hence removing it from Proposition over more general schemes S) is tied up with
delicate questions of comparing Zariski-local and étale-local properties of maximal tori in
reductive groups, and we will not address the matter further here.

We now get many nice consequences, which we give in a series of corollaries.

Corollary 5.2.5. Let P be a parabolic subgroup of a reductive group scheme G — S. There
is a unique smooth closed normal S-subgroup %Z,(P) C P whose geometric fiber %,(P)s
coincides with the unipotent radical %, (Ps) for all s € S.

The quotient P/%,(P) is represented by a reductive group scheme, and any surjective
homomorphism from P onto a reductive S-group uniquely factors through P/%,(P).

We call Z,(P) the unipotent radical of P. The proof of Corollary uses the dynamic
method; see [SGA3|, XXII, 5.11.3, 5.11.4(ii)] for an alternative approach.

Proof. In view of the uniqueness we may work étale-locally on S, so by Proposition we
may arrange that G contains a split maximal torus 7" and that P = Pg(\) = Zg(\) x Ug(N)
for some cocharacter A : Gy, — T (so T' C Zg(\) C Pg(A) = P). 1t is clear that Ug(\)
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satisfies the requirements to be Z,(P) except possibly for the uniqueness and the universal
mapping property relative to homomorphisms from P onto reductive S-groups.

Suppose that U C P is a smooth closed normal S-subgroup such that Us = %, (Ps) for all
s € S. Normality of U in P implies that U is normalized by T" (as T' C P), so it makes sense
to form the smooth closed S-subgroup Uy(A) in U. The s-fiber of Uy(A) has the same Lie
algebra as U (since Us = Z,(Ps) = Ug.(Xs)), so the closed immersion Uy (A) < U between
smooth S-groups is an isomorphism on Lie algebras and hence an isomorphism on fibers (due
to the connectedness of each Us). It follows that U = Uy(\) C Ug(\). But by hypothesis
this inclusion between smooth closed S-subgroups of G induces an equality on geometric
fibers over S, so U = Ug(\). This establishes the uniqueness of %, (P).

Next, consider a surjective homomorphism f : P — G onto a reductive S-group. We need
to prove that this map kills %, (P). Working étale-locally on S, by Proposition we may
arrange that P = Pg()), so 2,(P) = Ug()\). By Proposition [1.1.10(2), f carries Ug(A) onto
Ug(f oX). But Ug(A) is normal in P and f is an fppf covering, so it follows that Uz(f o \)
is normal in G. But Ug(f o \) is S-smooth with connected unipotent fibers, so normality
in the reductive S-group G forces Uz(f o \) to have relative dimension 0 and therefore be
trivial. This says exactly that f kills Z,(P). O

Remark 5.2.6. As an application of Corollary [5.2.5] we can construct many smooth closed
subgroups of G directly spanned in any order by certain collections of root groups.

For any root system &, there is a notion of parabolicity for subsets of ®; see [Bou2l, VI,
§1.7, Def. 4]. These are precisely the subsets

Dyop:={a€ P|A(a) >0}

for linear forms A on the Q-vector space spanned by ® (see [CGP, Prop. 2.2.8] for a proof),
and they always contain a positive system of roots. (See Definition )

Consider subsets ¥ C ® whose complement is parabolic, which is to say ¥ = &, for
some A, or equivalently W = ®,.( for some \. An interesting example of such a subset is
U = & — {a} for a positive system of roots ®* and a simple positive root a when & is
reduced.

For a split reductive group (G, T, M), let ¥ be the complement of a parabolic subset in ,
so U = ®,.q for some A. The smooth closed S-subgroup Ug(\) depends only on ¥ and not
the choice of A. In fact, we claim that Ug(\) coincides with the S-group Uy from Proposition
[5.1.16] Indeed, Lie(Ug())) is spanned by the weight spaces g, for such a, as is Lie(Uy), so
if there is an inclusion Uy C Ug(\) as smooth closed S-subgroups of G then it must be an
equality (as we may check on geometric fibers, where smoothness and connectedness reduces
the problem to the known equality of Lie algebras). Hence, it suffices to show that Ug(\)
contains U, for all a € ®,-g. The explicit description of the T-conjugation action on U, and
the functorial definition of Ug()) imply that U, C Ug(\) since (A, a) > 0.

The dependence of Ug(A) on ¥ rather than on A can be proved in another way: this
S-group is the unipotent radical of the parabolic subgroup Pg(A) containing T (in the sense
of Corollary [5.2.5)), and Pg(\) only depends on ¥ due to Corollary [5.2.7(2) below.
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Corollary 5.2.7. Let G — S be a reductive group, s € S a point, and P,Q)Q C G parabolic
subgroups.

(1) If Ps is conjugate to Qs for some s € S then there exists an étale neighborhood U
of (S,s) such that Py is G(U)-conjugate to Q(U). In particular, if P and Q are
conjugate over all geometric points of S then they are conjugate étale-locally on S.

(2) Assume P and Q contain a common mazimal torus T of G. If Lie(Ps) C Lie(Qs)
inside gz then Py C Qv for some Zariski-open neighborhood V' of s in S. In par-
ticular, if Lie(Ps) = Lie(Qs) inside gz then P and Q) coincide over a Zariski-open
netghborhood of s in S.

This result is a special case of [SGA3, XXII, 5.3.7, 5.3.11].

Proof. We first treat (2). Since étale maps are open, it is harmless to pass to an étale
neighborhood of (S, s) to split 7. By working Zariski-locally around s we can arrange that
(G,T) arises from a split triple (G, T, M ). Further Zariski localization brings us to the case
P = Pg(\) and Q = Pg(p) for cocharacters A\, : Gy, = T arising from MY (Proposition
[(.2.3). The containment Lie(Ps) C Lie(Qs) implies that ®y>9 € @, inside @, as these are
precisely the roots that appear in the respective Lie algebras of P; and ()5 inside gs. But
the containment ®,>9 C ¥, implies that the smooth closed subgroup Pp(p) C P has full
Lie algebra, so P = Pp(p) C Pg(p) = @ inside G.

Now we consider (1). By working étale-locally around (.S,s) we may arrange that P
contains a split maximal torus 7" of G and that ) contains a split maximal torus 7" of
G. By Corollary we may pass to a further étale neighborhood so that 7' and T” are
G(5)-conjugate, so applying such conjugacy brings us to the case that 7" = T’ i.e., P and @
contain a common split maximal torus 7. Further Zariski localization provides a split triple
(G, T, M). By hypothesis there exists g € G(3) such that ¢Psg™' = Q5. Since Ty and gT5g™"
are maximal tori in Qg, there exists ¢ € Q(3) such that ggTsg ‘¢! = T%, so in other words
q9 € N¢(T)(5) and its class wy € Wg(T)(3) carries Ps to Qs.

The S-group We(T) — S is the finite constant group W(®)s (Proposition [5.1.6)), so wg
spreads over a Zariski-open neighborhood of (S, s). Further Zariski-localization then lifts
the resulting point of Wg(T)(S) = (Ng(T)/T)(S) to Ng(T')(S) since T is S-split. Passing
to such a neighborhood yields some n € Ng(T)(S) such that nPn~! and @ have the same
s-fiber inside G5. But these contain 7', so by (2) there exists a Zariski-open neighborhood of
s in S over which nPn~! and Q coincide. O

Corollary 5.2.8. For any parabolic subgroup P in a reductive group scheme G, the normal-
izer functor N (P) is represented by P.

The quotient sheaf G /P for the étale topology on the category of S-schemes coincides
with the functor of subgroups of G étale-locally conjugate to P, and it is represented by a
smooth proper S-scheme equipped with a canonical S-ample line bundle. Explicitly, if &2 C
G x (G/P) is the “universal parabolic subgroup locally conjugate to P” then det(Lie(2?))* is
S-ample on G/P.
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The self-normalizer property in the special case G = PGLy; was handled in the proof of
Proposition using the smallness of dim PGL; to give a simple argument. The general
case is proved in [SGA3|, XXII, 5.8.5] by a method different from the one below.

Proof. Since the S-smooth P is closed in G and has connected fibers, Proposition [2.1.6
ensures that N(P) is represented by a finitely presented closed subscheme Ng(P) of G.
Beware that whereas normalizers of multiplicative type subgroups in smooth affine groups
are always smooth, in the setting of Proposition [2.1.6] not even flatness of the normalizer
is assured. Nonetheless, we do have an inclusion P C Ng(P) as finitely presented closed
subschemes of G, with P flat (even smooth) over S. Hence, by Lemma , this inclusion
is an equality if it is so on geometric fibers over S. That is, we are reduced to the classical
case S = Spec k for an algebraically closed field &.

The classical theory gives that P(k) = Ng(P)(k) inside G(k), so the closed k-subgroup
scheme Ng(P) in G has the same dimension as P. We need to establish the equality P =
N¢(P) as schemes. It suffices to verify that Ng(P) is smooth, or equivalently (since its
dimension is dim P) that Lie(Ng(P)) = Lie(P) inside g. By using the explicit description
P = Pg(\) for some cocharacter A : Gy, — G (which is valued in some maximal torus 7" of
G that necessarily lies in P since Pg(\) D Zg(\) D T), the equality of Lie algebras becomes
an exercise in weights for the T-action on g. This calculation is given in the proof of [CGP),
Prop. 3.5.7] (which is written in the greater generality of pseudo-reductive groups but can
be applied as written in the reductive case, and even simplifies a bit in the reductive case
since we may replace Zg(T) with T everywhere).

The established equality P = Ng(P) and Theorem imply the assertions concerning
the functorial meaning of G/ P and its existence as a smooth proper S-scheme equipped with
a canonical S-ample line bundle. O

Corollary 5.2.9. Let G — S be a reductive group scheme. The functor on S-schemes
Parg g : S" ~ {parabolic subgroups of Gs'}

is represented by a smooth proper S-scheme Parg,s equipped with the canonical S-ample line
bundle det(Lie(2))*, where & C G x Pargs is the universal parabolic subgroup of G.

The existence aspect of this corollary is part of [SGA3, XXVI, 3.3(ii)]. Over an alge-
braically closed field k the proof gives that Parg/, = [[ G/P; where P; varies through repre-
sentatives of the finite set of conjugacy classes of parabolic subgroups of G (parameterized
by the parabolic subsets of the root system ¢ for G containing a fixed positive system of
roots @1 or equivalently by the subsets of the base A of ®T). In particular, in the classical
case Parg/y is generally disconnected.

Proof. Since we aim to construct Parg,s as a proper S-scheme equipped with a canonical
S-ample line bundle arising from the universal parabolic subgroup, by effective descent in
the presence of a relatively ample line bundle it suffices to work étale-locally on S. Thus, by
Theorem [3.2.6| we can assume that G admits a split maximal torus 7'.
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The isomorphism class of the fibral root system for (G, T') is Zariski-locally constant on S,
so we can arrange that S # () and there exists a split 4-tuple (G, T, M, ®). Choose a positive
system of roots @ C ® and let {\;};e; C M" be a finite set of cocharacters such that Dy,>0
varies (without repetition) through the finitely many parabolic subsets of ® containing ®*.

For any S-scheme S’ and parabolic subgroup () C G/, each geometric fiber Q)¢ is conjugate
to Pq_ (A;) for a unique j = j(s") (by the classical theory). Hence, by Corollary , Q is
becomes conjugate to Pu()\;) on an étale neighborhood of (5,3'), so j(s') is locally constant
in ' € S’ This defines a covering of S’ by pairwise disjoint open sets S in S” such that
Q| s/ becomes conjugate to Pg ()| s étale-locally on S%. The conjugating point of G is well-
defined modulo Pg();) due to the self-normalizing property of parabolic subgroup schemes,
so the quotient [ [; G/ Pa();) represents Parg . (Keep in mind that the functor of points of
a disjoint union [, ; X; of S-schemes X; indexed by a set I assigns to every S-scheme S’ a
disjoint union decomposition [[ .S of S” indexed by I and a point in X;(S!) for each i € I.)

Letting &2 denote the universal parabolic subgroup over Parg/g, Theorem ensures
that the line bundle det(Lie(?))* on Parg/g is S-ample. O

Definition 5.2.10. A Borel subgroup of a reductive group scheme G — S is a parabolic
subgroup P C G such that P is a Borel subgroup of G5 for all s € S. A reductive group
G — S is quasi-split over S if it admits a Borel subgroup scheme over S. (The notion of
“quasi-split” is defined with an additional requirement in [SGA3, XXIV, 3.9] involving the
scheme of Dynkin diagrams, but for semi-local S the two notions coincide [SGA3, XXIV,
3.9.1]. For our purposes, the definition we have given will be sufficient.)

Theorem 5.2.11. Let G — S be a reductive group scheme.

(1) Let P C G be a parabolic subgroup. If Pz is a Borel subgroup of Gs then Py is a
Borel subgroup of Gy for some open U C S around s, and the open locus of s € S
such that Ps is a Borel subgroup is also closed.

(2) Any two Borel subgroups of G are conjugate étale-locally on S.

(3) The functor on S-schemes

Borg g : "~ {Borel subgroups of G}

is represented by a smooth proper S-scheme Borg,s equipped with the canonical S-
ample line bundle det(Lie(#))*, where 28 C G x Borgs is the universal Borel sub-
group of G.

The existence and properties of Borg g are part of [SGA3, XXII, 5.8.3(i)].

Proof. Fiber dimension considerations for the smooth map P — S settle (1), since the
isomorphism class of the fibral root datum for G — S is locally constant over S. Part (2)
follows from Corollary . Finally, Borg/g is the open and closed subscheme of Parg/g
over which the fibers of the universal parabolic subgroup are Borel subgroups (using part
(1). O
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Proposition 5.2.12. Let G — S be a reductive group scheme, and T’ C G a maximal torus.
If B C G is a Borel subgroup containing T then there exists a unique Borel subgroup B’ C G
satisfying B'(\B =T.

Proof. The uniqueness assertion allows us to work étale-locally on S, so we may assume
that S # () and (G, T) arises from a split triple (G, T, M) such that B = Pg()) for some
A€ MY. The inclusion T' C Zg(\) is an equality and B’ := Pg(—\) = Zg(—\) x Ug(—=\) =
T x Ug(—\) is a Borel subgroup of G containing 7. For any S-scheme S’, the only S’-maps
Pt — Gg are the “constant” maps to S’-points of G. Thus, B'(\B = Zg(\) =T.

To establish the uniqueness of B’, note that if B” is another such Borel subgroup then
necessarily B” contains T, so Corollary [5.2.7|(2) reduces the uniqueness problem to the case
of geometric fibers over S, which is well-known. O

In the split case, we get a Zariski-local conjugacy result for Borel subgroups:

Corollary 5.2.13. Let (G, T, M) be a split reductive group over a non-empty scheme S, and
let B be a Borel subgroup of G.

(1) Every point s € S admits an open neighborhood U such that some G(U)-conjugate of
By contains Ty;.

(2) Any two Borel subgroups of G that contain T are Ng(T)-conjugate Zariski-locally
over S.

Proof. Pick a positive system of roots @+ in ®, so there exists a cocharacter A € M" such that
®,-9 = ®T. Consideration of Lie algebras shows that the parabolic subgroup B’ := Pg(\)
containing 7" is a Borel subgroup. Since B and B’ are G-conjugate étale-locally on S, the
transporter scheme Transp (B, B') provided by Proposition[2.1.6]is a torsor for Ng(B') = B’
in the étale topology. Thus, to prove (1) it is enough to construct Zariski-local sections for
any B’-torsor in the étale topology on S.

We will construct a composition series for the S-group B’ consisting of smooth closed
S-subgroups such that the successive quotients are G, or Gy,. Since torsors for G, or
G, in the étale topology are always Zariski-locally trivial, we will then get the desired
Zariski-local sections. To build the composition series for B’, we use its description as
Po(N) = Zg(A) x Ug(A). The choice of A implies that the inclusion 7" C Zg(\) is an
equality, so since T is S-split we are reduced to considering Ug (). The desired composition
series for Ug(N\) = Zu(Pa()N)) (see Corollary is given by the subgroups Us,_, as in
Proposition [5.1.16{2).

Now we turn to the proof of (2). By Corollary , it suffices to show that for any s € S
there exists a section n of Ng(T) over an open neighborhood U of s such that nByn~! and
By, have the same s-fiber. But Ng(T') — We(T') is surjective for the Zariski topology since
T is split, and Wg(T') is a finite constant S-group (so it has Zariski-local sections through
any point of a fiber over S). Hence, we just need to recall the fact from the classical theory
that the geometric fiber We(T)s = W (T5) acts transitively on the set of Borel subgroups
of G5 that contain 7%. O
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Corollary 5.2.14. Let G be a reductive group over a henselian local ring R with finite
residue field. Then G is quasi-split and it becomes split over a finite étale extension of R.

This corollary is very useful when R is the valuation ring of a non-archimedean local field.
See Definition [5.2.10| for the notion of quasi-split for reductive group schemes.

Proof. By [Bo91), 16.6] (or Exercise [6.5.7)), the special fiber Gy over the finite residue field &
admits a Borel subgroup By. By Corollary , there exists a finite (separable) extension
k'/k such that (Go)r admits a split maximal torus 7f. Since Borg/p is R-smooth and R is
henselian local, any k-point in the special fiber lifts to an R-point. Hence, By lifts to a Borel
subgroup of G. The scheme Torg,,; has a k'-point corresponding to T, and this may be
viewed as a k’-point of Torg,r. But Torg, g is a smooth scheme over the henselian local ring
R, so any k’-point must lift to an R’-point, where R — R’ is the local finite étale extension
inducing the residual extension &'/k. Hence, Torg/r(R') # 0, so Gr contains an R'-torus
that lifts the &’-split T and hence is R'-split too (due to the henselian property of R). O

5.3. Applications to derived groups and closed immersions. In the classical theory,
there is a good notion of derived group for any smooth affine group. In the relative theory
over a scheme, a new idea is needed to construct a satisfactory theory of the derived group
(at least in the reductive case). The structure of the open cell (Theorem and the
construction of parabolic subgroups via cocharacters in the split case (Proposition will
enable us to build the “derived group” of any reductive group scheme (as in [SGA3| XXII,
6.1-6.2]):

Theorem 5.3.1. Let G — S be a reductive group scheme. There is a unique semisimple
closed normal S-subgroup 2(G) C G such that G/2(G) is a torus, and P(G) represents
the fppf-sheafification of the “commutator subfunctor” S" ~~ [G(S"), G(S")] on the category
of S-schemes.

In particular, the quotient map G — G/Z(QG) is initial among all homomorphisms from
G to an abelian sheaf, and the formation of 2(G) commutes with any base change on S.

Proof. By the asserted uniqueness, we may use étale descent to arrange that S is non-empty
and T'= Dg(M) for a finite free Z-module M such that (G, T, M) is a split triple encoding
a root datum (M, ®, MV, ®V).

Pick a positive system of roots ®* in ®, and consider the resulting open cell

Q=U_xTxU,CG

where U, = Ug+ and U_ = U_g+. Let 7" C T be the split subtorus “generated” by the
coroots; i.e., 7" = Dg(M /L) where L C M is the saturated sublattice that is the annihilator
of the coroot lattice Z®Y C MV. This is the minimal subtorus of 7" through which all coroots
factor, and for a geometric point 5 of S the fiber 7% is the subtorus of 7% generated by the
coroots for (Gs,Ts). The idea is to show that ' := U_ x T" x Uy is the open cell for a split
closed semsimple S-subgroup of G that will be Z(G).
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Consider the S-morphism
(5.3.1) f:Q—=1/T

defined by f(u_tu,) = t mod T". There is clearly at most one S-homomorphism f : G —
T/T' that extends f, and we will prove that f exists and is smooth with 2(G) := ker f
satisfying the desired properties. The key result to be shown is that the condition u,u_ € &/
holds over on a fiberwise-dense open subscheme V' C U, x U_. Indeed, we can take such a
V' to be the preimage under multiplication U, x U_ — G of the open V{j C G provided by:

Lemma 5.3.2. There exists an open subscheme Vo C G containing the identity section such
that for all uy € Uy, if uyu_ € Vy then uyu_ € €.

This result is [SGA3, XXII, 6.16], whose proof rests on “abstract” rank-1 calculations
in [SGA3, XX, 3.12]. We provide an exposition of the argument that instead rests on the
explicit classification in Theorem [5.1.8|

Proof. Let wy € W(®) denote the long Weyl element relative to ®* (i.e., the product in
any order of the reflections in the positive roots), so the wp-action swaps &+ and —®*.
By Corollary we may choose ng € Ng(T)(S) that is a representative for wg, so ng-
conjugation swaps U, and U_ and therefore ngQ2ng* = U, x T" x U_. Hence, it suffices to
find an open V,,, C G containing the identity section such that n¢Qng' () Vy, C € inside G
(as we may then take Vj = V,,). We shall prove the analogous result for any n € Ng(T')(5).
Note that this problem is Zariski-local on S.

Using the map Ng(T')(S) — Wg(T')(S) and the identification of Wg(T') with W(®)g, by
working Zariski-locally on S we may assume that the image of n in Wg(T')(S) is a constant
section arising from some w € W(®). For each a in the set A of simple positive roots we
pick n, € Ng(T)(S) as in Corollary representing the simple reflection s, (viewed as
a constant section in Wg(7')(S)). Thus, n, € Zg(T,) for all a € A and n = ng, - - - n,,,t for
some finite sequence {a;} in A and some ¢t € T'(S). To construct an open V,, C G around
the identity section such that nQYn='(V,, C ', we will argue by induction on the number
m of simple roots that appear in the expression for n. The case m = 0 is trivial by taking
V. = G (T normalizes U.), so in general we can arrange ¢t = 1. For m = 1 we will soon
show that we can take V,,, = Q) for all a € A. Granting this for a moment, when m > 1 we
write n = ny,n’ and by induction may assume that V,, has been found. Then for the open
subscheme V;, := n,, Voyng! Q2 C G we have

nYn NV, = ng, (W' NV )ngtnQ
C ng,Un;'NQ
c
where the final containment follows from our temporary hypothesis that we may take V,,, = Q
for all a € A.

It remains to prove that n,Qn; ' Q C Q' for all a € A. By applying Remark with
U = &t — {a}, the root groups U, for b € ®F — {a} directly span in any order a smooth
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closed S-subgroup U; C Uy = U, (clearly normalized by T'). In particular, Uz x U, = U,
via multiplication. We similarly get U, C U_ such that U_, x U=, = U_ via multiplication,
so every point w’ of €’ valued in an S-scheme S’ has the form

w' = g-exp_,(X_)t exp,(Xy)gs

where g. € U (9), t' € T'(S'), and X1 € g1,(S’). The action on ® by the reflection s,
preserves @t — {a} (as all elements of ®* — {a} have a positive coefficient away from a
somewhere in their A-expansion, and this property is not affected by applying s,), so n,-
conjugation preserves each Ur.. Thus, the property n,w'n;' € (' is insensitive to replacing
W' with exp_,(X_)t'exp,(X;) (as ' is stable under left multiplication by U_ and right
multiplication by U, ). Likewise, the condition n,w'n;! € § is insensitive to replacing w’
with exp_, (X )t exp,(X,). In other words, we may pass to the case g1 = 1.

With g4 = 1, our problem now takes place within the split reductive group Z5(7,) with
semisimple-rank 1 and root system {4a} relative to its split maximal torus 7', so we can
assume G = Zg(T,). If G = G1 x T} for a split torus 77 then our problem takes place
inside (G, so we may pass to G;. Thus, after Zariski-localization on the base we may assume
that (G, T) is one of the three explicit pairs in the split semisimple-rank 1 classification in
Theorem (up to direct product against a split torus), and conjugating by the standard
Weyl element w = (% §) if necessary allows us to arrange that a is the standard positive
root (i.e., U, is the subgroup of strictly upper triangular matrices in SLy or PGLs). In cases
(1) and (2) of Theorem we have 7" = D = T, so = ' and there is nothing to
do. Thus, we may assume (G,T) is as in case (3): G = SLy x** G, = GLy and T is the
diagonal torus. The torus 7" generated by a" is the diagonal torus D in the subgroup SLo,
and replacing n, with a suitable left T'(S")-multiple (as we may do) allows us to take n, = w.

Now €2 is the open subgroup of SL, given by the unit condition on the upper left matrix
entry, and Q = Q' x#2 G,,. Thus, nQ¥n~' (N Q C SLyN Q2 = ' inside G. O

By the choice of V' using Lemma [5.3.2] the relatively schematically dense open
U_-XxTxVxTxU; CQxQ

lies in mg' () and the map f in satisfies f((uy tyui)(ustaug)) = tit; mod T'. Hence,
by consideration of S-birational group laws (see [SGA3, XVIII, 2.3]), f extends uniquely to
an S-homomorphism f. On fibers over a geometric point 5 of S we have a good theory of
the semisimple derived group Z(Gs). In particular, 7% is a maximal torus of Z(Gs) and the
identification of root systems ®(2(Gs), T%) = ®(Gs, T) via the isogeny T2 X (Zg. )%y — Ts
identifies @+ with a positive system of roots for ®(Z(G5), T%). The corresponding open cell
in 2(Gy5) is clearly Q.. Hence, (ker f)° = 2(Gs), so fs factors as

Gs = G5/ 2(Gs) — T5/ 1%,

where the second map is an étale isogeny of tori. This isogeny is an isomorphism since the
maximal torus 75 maps onto the torus quotient Gs/%(Gs) and Ty C Z(Gs). Thus, f5 is
the quotient by the derived group of Gg, so f is a smooth surjection whose kernel ker f has
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3-fiber 2(G5). Thus, ker f is a semisimple S-group that is closed and normal in G; we define
2(G) to be this group.

By construction, Z(G) contains Uy and T" as subgroups, with 7" a split maximal torus of
2(G). There is a split triple (Z(G),T’, M), where M’ is the maximal torsion-free quotient
of M that kills (Z®V)* C M and we let ® C M’ be the image of ®. Let ®" be the
positive system of roots corresponding to ®* under the bijection ® — &®'. The direct
product subfunctor €’ in Q lies in Z(G). It is obvious that €’ must be the open cell of Z(G)
associated to ®*. The commutativity of the quotient G/2(G) = T/T' implies that 2(G)
contains the commutator subsheaf of G. Provided that every semisimple S-group (such as
2(@G)) coincides with its own commutator subsheaf (for the fppf topology), the asserted
uniqueness of Z(G) will be clear and so we will be done.

Finally, consider a semisimple S-group GG. We seek to show that G is its own commutator
subsheaf. We may work étale-locally on the base, so we can assume S # () and that G is
part of a split triple (G, T, M) over S. Pick a positive system of roots in ®. The associated
open cell generates G for the fppf topology (as for any open neighborhood of the identity
section of a smooth group scheme with connected fibers), and the map G — T defined
by the simple positive coroots is an isogeny. Thus, to prove that G is its own commutator
subsheaf (for the fppf topology), the structure of the open cell as a direct product scheme
reduces the problem to the case of semisimple groups with semisimple-rank 1 case, and more
specifically to the case of SLy equipped with its diagonal torus (due to Theorem .

Once again passing to the standard open cell reduces us to some classical identities, as fol-
lows. For z(u) = (3 %), y(v) = (19), and h(t) = diag(t, 1/t) we have h(t)z(u)h(t) tz(u)™' =
z((t* — 1)u) and h(t)y(v)h(t) ty(v)™t = y((t72 — 1)v), so the commutator subsheaf contains
both standard root groups. These in turn generate the diagonal torus via the identity

(5.3.2) h(t) = y(=1/)z()y(=1/t)(y(~Dz(1)y(-1)) 7",

so SLs is indeed its own commutator subsheaf. O
The group Z(G) is called the derived group of G. Note that by uniqueness, 2(G) = G if

and only if G is semisimple, and by the universal property it is clear that the formation of

2(G) is functorial in G. It follows formally that any S-homomorphism from a semisimple
S-group to G must factor through 2(G).

Corollary 5.3.3. Let G — S be a reductive group scheme, 2(G) its derived group. Let
Z C Zg be the mazimal central torus, and T' = G/P(G) the mazimal torus quotient. The
natural S-homomorphisms f : Z x P(G) — G and h : G — T' x (G/Z) are central isogenies.

This result is [SGA3| XXII, 6.2.4]. See Definition for the notion of a central isogeny.

Proof. The classical theory implies that f, and h are central isogenies for all s € S, we may
apply Proposition to conclude. 0

Proposition 5.3.4. Let G — S be a reductive group scheme, and Z the mazximal torus of
Za. The map T — T Z(G) is a bijective correspondence between the set of mazximal tori
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in G and the set of mazimal tori in Z(G). Conversely, if T' is a mazimal torus of Z(QG)
then T' x Z — G is an isogeny onto a mazxmal torus T of G, and this reverses the bijective
correspondence.

The same holds for parabolic subgroups, with the analogous procedures using intersection
and product against Z .

Proof. Consider the correspondence for maximal tori. By Example 2.2.6) since 2(G) is
normalized by T it follows that T'( Z(G) is smooth with connected fibers, so it is a torus.
The classical theory implies that this intersection is a maximal torus of Z(G). Likewise,
the classical theory shows that if we define 77 := T'() Z(G) then the multiplication map
Z x T" — T between tori is an isogeny. Conversely, for a maximal torus 7" of 2(G), we
have to show that the multiplication map 7" x Z — G is an isogeny onto a maximal torus of
G. This map factors through Z5(7"), so it suffices to show that the reductive group Zg(7")
is a torus and 7" x Z — Z5(T") is an isogeny of tori. These assertions can be checked on
geometric fibers over S, where they are well-known in the classical theory.

Now we turn to the consideration of parabolic subgroups. For any parabolic subgroup P C
G, we have Z5 C P. Indeed, it suffices to check this étale-locally on S, and by Proposition
we can perform such localization on S so that P = Pg(\) for some A : G, — G. Thus,
Za C Zg(M\) C Pg(X) = P. It follows that Z C P, so the isogeny Z x Z(G) — G implies that
P is uniquely determined by P’ = P Z(G), and P’ is smooth by Proposition 4.1.10[1).
For each s € S we have 2(G)s/P: ~ G5/ Ps, so PL is a parabolic subgroup of 2(G)s. Hence,
P’ is parabolic in Z(G). The multiplication map m : Z x P’ — P is an isogeny on fibers,
so m is a quasi-finite flat surjection, and ker m is visibly central. But kerm is closed in the
S-finite kernel of Z x G’ — G, so it is S-finite and hence m is a central isogeny.

Finally, it remains to show that every parabolic subgroup @ of Z(G) arises as P[] Z2(G)
for a parabolic subgroup P of G. In view of the uniqueness of such a P we may work
étale-locally on S, so by Proposition we may arrange that Q = Pyg)(n) for some
p: G — 2(G). But then P := Pg(u) is a parabolic subgroup of G (Example and

PN2(G) = Py)(n) = Q. O

For a split reductive group scheme (G,T, M) and parabolic subgroup P = Pg(\) with
A € MY, Proposition [5.1.16(2) provides a composition series {Us,},>1 for the unipotent
radical U = Z,(P) = Ug(\) with U, = Us, ., a smooth closed subgroup directly spanned
in any order by the root groups U, for ¢ satisfying A(c) > n. Moreover, Us, 1 is normal
in Us,, and the quotient Us,,/Us,+1 is commutative and identified (as an S-group) with the
direct product of the root groups U, ~ G, with A(¢) = n. This general filtration of unipotent
radicals of parabolic subgroups has an interesting application (that we will never need) when
it is combined with the dynamic method of

Theorem 5.3.5. Let G — S be a reductive group. Any monic homomorphism f : G — G’
to a separated S-group of finite presentation is a closed immersion. In particular, if G is an
adjoint semisimple S-group then Adg : G — GL(g) is a closed immersion.
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This result is proved in another way (without the dynamic method) in [SGA3|, XVI, 1.5(a)].
When G is not S-affine, our proof uses a difficult theorem due to Raynaud. We will not use
Theorem [5.3.5|in the development of the general theory below.

Proof. The monicity condition is expressed by the fact that the diagonal Ay : G — G X G is
an isomorphism, so by direct limit arguments we can reduce to the case when S is noetherian.
Since f is a monomorphism, it is a closed immersion if and only if it is proper [EGAL IV3,
8.11.5]. Thus, by the valuative criterion for properness, we are reduced to checking that if R
is a discrete valuation ring with fraction field K and Spec R — S is a morphism of schemes
then G(R) = G(K)(G'(R) inside G'(K). Applying base change along Spec R — S then
reduces us to the case S = Spec R.

Next, we reduce to the case when G’ is affine and R-flat. (The reader who is only interested
in the case of affine G’ can ignore this step.) The map on generic fibers Gx — G’ is a
closed immersion, so the schematic closure G of G in G’ is an R-flat separated subgroup of
G’ through which G factors (since G is R-flat). But G is a separated flat R-group of finite
type with affine generic fiber, so it must be affine by a result of Raynaud (see [SGA3| VIg,
12.10(iii), 12.10.1] or [PY06], Prop. 3.1]). Hence, we may replace G’ with G to reduce to the
case that G’ is affine and R-flat.

Over a regular base of dimension < 1, every flat affine group scheme of finite type is a
closed subgroup of some GL,,. This is easy to prove by adapting arguments from the case
when the base is a field (see Exercise ; in fact, the result is true over any regular affine
base of dimension < 2 [SGA3| VIg, 13.2]. Thus, we may identify G’ as a closed subgroup of
some GL,, so we can replace G’ with GL,,. This reduces the problem to the case that G’ is
a reductive S-group, but we allow S to be an arbitrary scheme (to clarify the generality of
the steps that follow).

By working étale-locally on S, we may assume G arises from a split triple (G, T, M)
(and that S is non-empty). Choose A € M"Y such that ' = Zg(\), so B := Pg()) is a
Borel subgroup of G. Let Uy = Ug(\) = Zu(B) and U_ = Ug(—\) = Z.(B-), where
B_ = Pg(—2A) is the opposite Borel subgroup of G' containing T' (see Proposition .
Let €2 C G be the open cell U_ x B.

For M = f o X we likewise get smooth closed subgroups Zg/(X'), Ug/(+N) C G’ such that
the multiplication map

Ugl(—)\> X Zgl(/\/> X Ugl()\l) — G

is an open immersion; we let ' C G’ denote this open subscheme. Since Zg (') is reductive,
by working étale-locally on S we can arrange that Zg/()\') contains a split maximal torus
T', so T" is maximal in G’ (by the classical theory) and X factors through 7" (since 7" =
Ze(T")). Further localization on S brings us to the case that (G',T") arises from a split
triple (G',T", M'). Hence, for ¥' = ®/,_,, Us/(£)') coincides with the subgroup U,y from
Remark that is directly spanned by the root groups Uy for ¢ € ¥ = @' ,,_,.
Proposition [1.1.10|(2) gives that Q C f~(£2'), and the key point is that this containment is
an equality. To verify this equality between open subschemes of G we may pass to geometric
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fibers over S, in which case the equality is [CGPl Prop.2.1.8(3)] (which has nothing to do
with smoothness or reductivity). Thus, the restriction of f over the open subscheme Q' C G’
is the map € — Q' that is the direct product of the maps

Ua(=\) = Ua(=X), T = Za(\) = Za(X), Us(N) = Ua (V).

We will prove that each of these three maps is a closed immersion, so f is a closed immersion
when restricted over (V.

Since T' — Z¢(N') is a monic homomorphism from a multiplicative type group to a smooth
affine S-group, it is a closed immersion (Lemma [B.1.3). To prove that U := Ug()\) —
Ug/(XN') =: U’ is a closed immersion, consider the filtrations {Us,, }n>1 and {UL,, },>1 on these
as described immediately before Theorem . We claim that f carries U, into UL, for
all n. More specifically:

Lemma 5.3.6. For any c € ®T, f|y. factors through the closed subgroup UZG/(kerC)(cV) c G,
and this closed subgroup is directly spanned in any order by the root groups U., for ¢ € @'
such that | is a positive integral multiple of c.

The group Zg (ker ¢) is smooth since ker ¢ is multiplicative type, but beware that its fibers
over S may not be connected (since ker ¢ may not be a torus).

Proof. Since U, is normalized by T" with trivial action by ker ¢, it is carried into the smooth
closed subgroup Zg/(kerc). It follows that U, is carried into Uz, (rerc)(c”) since (c,c’) =
2 > 0. Likewise, if ¢ € @' satisfies ¢|r = nc with n > 1 then ¢ kills kerc and (¢, ¢") =
(ne,c’) =2n >0, so U}, is contained in Uz, (ker¢)(¢*). It remains to show that for any choice
of enumeration {c;} of the set of such ¢, the multiplication map of S-schemes

(5.3.3) [1U: = Uzgrerer(c¥)

is an isomorphism. Since this is a map between smooth S-schemes, we may and do pass to
geometric fibers, so S = Spec k for an algebraically closed field k.

Connectedness of Uz, (ere)(c”) implies that it coincides with Uy G,(kew)o(cv). The group
Zg (ker ¢)? is smooth since ker ¢ is of multiplicative type, and its Lie algebra is the trivial
weight space Lie(G’)%"¢ for the linear action of the split multiplicative type group kerc on
Lie(G"). Hence, the T"-weights on Zg (ker ¢)? are the elements ¢ € @' that are trivial on ker c,
which is to say |7 is an integral multiple of ¢. For such ¢, the condition (¢, ¢") > 0 says
exactly that |7 is a positive integral multiple of ¢. It follows that is an isomorphism
on tangent spaces at the identity, so Uzg,(kerc)(cv) is generated by the U,. Hence, we

just have to check that these root groups directly span (in any order) a uni[;otent smooth
connected subgroup of G'. The subset {c;} C @’ is closed and disjoint from its negative
(since (¢}, ") > 0 for all i), so Proposition provides this direct spanning result. (See
[Bo91l, 14.5(2)] and [CGPl 3.3.11, 3.3.13(1)] for related direct spanning results in the theory
over a field.) O
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By Lemma for every n > 1 we get homomorphisms U, — UL,. Consider the
resulting homomorphisms between vector groups

fr 1 Usn/Uspr = UL, JUL, 4.

We claim that each f, is a closed immersion. By construction, f, is Gpy-equivariant with
source and target identified with a power of G, on which G,, acts through the nth-power
map. Thus, f, is a linear map of vector bundles, so to check if it is a closed immersion it
suffices to pass to geometric fibers and verify injectivity on Lie algebras. For this purpose
we may now assume that S = Spec k for an algebraically closed field k. The Lie algebra of
Usn/Uspyq is the direct product of the root groups U, for ¢ € ® such that A(¢) = n, and
similarly for UL, /UL, | using X = foA. If Lie(f,,) is not injective then by the equivariance
of f, with respect to the closed immersion of tori T < T" it follows that ker(Lie(f,,)) would
have to contain some root space g, for ¢ € ® satisfying A(¢) = n. The vanishing of Lie(f,)
on g. implies that Lie(f) carries g. into the span of the root spaces g/, for ¢ € &' such that
N(c) =2 n+ 1. But the T-action on that span has as its weights precisely the T-restrictions
of these roots ¢, so the containment of g. in the space forces ¢’|7 = ¢ for at least one such
¢. For that ¢ we have n+ 1 < XN (¢') = A(c|r) = A(c) = n, a contradiction.

Returning to the relative setting over S, since the maps U, /Usni1 — UL, /UL, | are all
closed immersions, the map U — U’ is a closed immersion by repeated applications of:

Lemma 5.3.7. In a commutative diagram of short exact sequences of flat, separated, finitely
presented S-group schemes

1 H! H, HY 1

| b

1 H, H, HY 1

if the outer vertical maps are closed immersions then so is the middle one.

Proof. As usual, we may reduce to the case that S is noetherian. Clearly j is a monomor-
phism, so it suffices to prove that it is proper. Using the valuative criterion for properness, it
suffices to show that if R is a discrete valuation ring with fraction field K then the contain-
ment Hi(R) C Hi(K)[)H2(R) is an equality. Choose h; € Hy(K)[) H2(R), so the image
h{ of hy in H{(K) lies in HY(K)(H}(R) = HY(R). To extend h;y to an R-point of H; it is
harmless to replace R with a flat local extension by another discrete valuation ring. Since
H, — HY is fppf, we can choose such an extension R of R so that A} viewed as an R-point
of HY lifts to H 1(}72) By renaming R as R and multiplying h; by the inverse of an R-lift
of b, we reduce to the case that h{ is trivial, so hy arises from some h} € H{(K). The
image hy € Ho(K) of hy lies in Ho(R) ( Hy(K) = H)(R), so by € H{(K)(H5(R) = H{(R).
Hence, hy € Hy(R). O

We have completed the proof that Ug(A) — Ug(X) is a closed immersion. Likewise,
Ug(=\) = Ug/(=X) is a closed immersion, so Q = f~}() — ' is a closed immersion.
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That is, f : G — G’ is a closed immersion when restricted over the open subscheme €' in
the reductive group G’. Since (G,T) is split, Ng(T)(S) — Wa(T)(S) is surjective (Corol-
lary and Wg(T) = W(®)g is a finite constant S-group (Proposition [5.1.6). Thus,
the Bruhat decomposition on geometric fibers implies that G is generated by Ng(T')(S)-
translates of 2. Hence, f is a closed immersion into the open union of translates of ' by
the image in G’(S) of representatives in Ng(T")(S) for the finitely many elements of W (®).
We conclude that f is a (finitely presented) closed immersion into a (finitely presented) open
subscheme, or in other words it is a quasi-compact immersion.

By the valuative criterion for properness, to prove that f is a closed immersion we may
reduce to the case S = Spec R for a discrete valuation ring R with fraction field K. Over such
a Dedekind base, the schematic closure G of G in G’ is a closed S-subgroup with generic
fiber Gk and it contains G as an open subgroup. In particular, the special fiber G| has
identity component Gy that is smooth (and reductive), so G is smooth. Replacing G’ with
G reduces us to the case that G’ contains G as a dense open subgroup. It then suffices to

prove that Gj, is connected (so G’ = ), and this is the content of Proposition |3.1.12 O

Example 5.3.8. As an application of the open cell and the closed immersion property for
the adjoint representation of a semisimple group scheme of adjoint type in Theorem [5.3.5|
consider such group schemes G over Z that are split and have an irreducible root system;
these are the (simple semisimple) Chevalley groups of adjoint type. Let T be a split maximal
Z-torus, and ® = ®(G, T). Fix a positive system of roots &+ in @, and let A C ®* be the
base of simple positive roots. For any field k, we claim that G(k) is the subgroup of Aut(gk)
generated by the elements Adg(expp,(X)) for X € gi, and Adg(t) where t € J[,cp k
via the isomorphism 7" ~ [] .\ Gu, defined by ¢t — (a(t)) (isomorphism due to the adjoint
property; see Exercise [5.4.4)).

The groups UL,(k) generate the representative wy(X) of s, € W(®) using any X € g, —
{0}, and these simple reflections s, generate W(®). But Ng(T)(k) — Wa(T)(k) = W () is
surjective since T is k-split (and W (T') = Ng(T')/T), so conjugation by the elements w,(X)
carries the groups U, (k) for simple positive a to the groups Uy (k) for all roots b. This provides
the factors Uypge+ (k) in the k-points of the open cell 2. The standard locally closed Bruhat
cells over k are clearly defined over k (using representatives for W (®) in Ng(T)(k), such as
the elements w, (X)), so the Bruhat decomposition over k implies that Q(k) generates G (k).
This gives the desired list of generators by applying the inclusion Adg : G(k) < Aut(gy).

This can be pushed further via the split semisimple-rank 1 classification and the Existence
Theorem over Z, as follows. By the Existence Theorem there exists a simply connected
central cover G — G over Z (see Exercise , so G =G /Zg. We claim that inside

Aut(gg), the elements Adg(expy, (X)) for X € gia(k) generate the image of é(k)/Z@(k:) in
G(k) = (G/Zg)(k).
To prove thls first note that (as for any semlslmple central extension of GG by a finite - group

scheme of multiplicative type) the preimage TofTinGisa split maximal torus in G and
there exists a natural identification of root systems and isomorphisms between corresponding
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root groups for (G, T) and (G,T) (Exercise (1)) Moreover, the simply connected
property for G implies that the simple positive coroots are a basis of the cocharacter group
of T Thus, no coroot is divisible in the cocharacter lattice, so each pair of opposite root
groups of ék generates an SLy and not a PGLy. But in SLy(k) the diagonal points are
generated by the k-points of the standard root groups (see for a classical formula), so
the elements U, (k) in G(k) for a € A generate the image of G(k) in G(k). This establishes
our claim.

By using a well-chosen choice of Z-basis X, of each g, for every b € & (a “Chevalley
system”, as in the proof of the Existence Theorem; see Definition , the elements
exp,(X,) € Aut(g) can be described explicitly over Z in terms of the combinatorics of
®. This yields explicit “universal” formulas for exp,(cX,) for all ¢ € k*. For finite k, this
explicit list of generators inside Aut(gy) is used in some references to define the finite Cheval-
ley groups (rather than defining them to be G(k) /Z&(k)). The basic structural properties
of the finite Chevalley groups (such as the simplicity of G(k) /Z&(k) for finite k away from
the three exceptional cases SLy(F2), SLo(F3)/F5, and Sp,(Fy) ~ Sg) can be established by

using the structure theory of split semisimple groups over general fields (via Tits’ theory of
(B, N)-pairs).
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5.4. Exercises.

Exercise 5.4.1. Let G be a smooth connected affine group over a field k.

(i) For a maximal k-torus 7" in G (see Remark [A.1.2)) and a smooth connected k-subgroup
N in G that is normalized by T, prove that T'(| NV is a maximal k-torus in N (e.g., smooth
and connected!). Show by example that SNV can be disconnected for a non-maximal k-
torus S. Hint: first analyze Zg(T) (N using T x N to reduce to the case when T is central
in G, and then pass to G/T.

(ii) Let H be a smooth connected normal k-subgroup of G, and P a parabolic k-subgroup.
Prove (P;() Hy)% is a parabolic subgroup of Hy, and use Theorem [1.1.§] (applied to H) to
prove P () H is connected (hint: work over k).

(iii) For H as in (ii), by using that @) = Ny (Q) scheme-theoretically for parabolic @ in H
(Corollary [5.2.8), prove P H in (ii) is smooth and therefore parabolic in H. (Hint: when
k = k, prove (P(H)", is normal in P, hence in P(\H.) In particular, prove that the
scheme-theoretic intersection B () H is a Borel k-subgroup of H for all Borels B of G.

Exercise 5.4.2. This exercise generalizes Theorem to the reductive case. Let G be
a connected reductive group over a field k, Z its maximal central k-torus, and G' = Z(G)
its semisimple derived group. Let {G’} be the k-simple factors of G’. Prove that they are
precisely the minimal nontrivial normal smooth connected non-central k-subgroups of G,
and that the multiplication homomorphism

ZXHGZ-—>G

is a central isogeny. (Keep in mind that if % is finite then G(k) is not Zariski-dense in G, so
in general an argument is needed to prove that the G} are normal in G.) Also prove that the
normal connected semisimple k-subgroups of G’ are necessarily normal in G (the converse
being obvious).

Exercise 5.4.3. Let R be Dedekind with fraction field K, and G a connected reductive
K-group. A reductive R-group scheme is quasi-split if it has a Borel subgroup over the base.
(i) Show that G = ¥ for a reductive group scheme ¥ over a dense open U C Spec R.

(ii) Assume R is a henselian (e.g., complete) discrete valuation ring and that G = ¥ for
a reductive R-group ¢. Using Bory g, prove that if the special fiber %, is split (resp. quasi-
split) then so is G over K. What if R is not assumed to be henselian?

(ili) Using (i) and (ii), show that if G is a connected reductive group over a global field
F then G, is quasi-split for all but finitely many places v of F. Likewise show that any
G-torsor over F' admits an F,-point for all but finitely many v. See Exercise for the
property of being split.

Exercise 5.4.4. For a split adjoint semisimple group (G,T, M) over a non-empty scheme
S, Example |5.3.8/ used that any base A for ® is a basis for M. Using Corollary explain
why A being a basis for M characterizes the adjoint property for G.
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Exercise 5.4.5. This exercise develops a very important special case of Exercise the
group of “norm-1 units” in a central simple algebra.

(i) The linear derivations of a matrix algebra over a field are precisely the inner derivations
(i.e., x — yx — xy for some y); see [DE, Ch.3, Exer.30] for a proof based on a clever
application of the Skolem—Noether theorem. Combining this with length-induction on artin
local rings, prove the Skolem-Noether theorem for Mat,,(R) for any artin local ring R (i.e.,
all R-algebra automorphisms of Mat,,(R) are conjugation by a unit).

(ii) Let A be a finite-dimensional central simple algebra over a field k. Construct an affine
k-scheme I of finite type such that naturally in k-algebras R,

I(R) = Isomp_ae (AR, Mat,(R)).

Note that I(k) is non-empty. Prove I is smooth by checking the infinitesimal criterion for
I with the help of (i). Deduce that Ay ~ Mat, (K) for a finite separable extension K/k.

(ili) By (ii), we can choose a finite Galois extension K/k and a K-algebra isomorphism
0 : Ax ~ Mat, (K), and by Skolem—Noether this is unique up to conjugation by a unit. Prove
that for any choice of 6, the determinant map transfers to a multiplicative map A, — AL
which is independent of 6. Deduce that it is Gal(K/k)-equivariant, and so descends to a
multiplicative map Nrd, : A — A} which “becomes” the determinant over any extension
F/k for which Ap ~ Mat, (F). Prove that Nrd’j, = N/ (explaining the name reduced
norm for Nrdx), and conclude that A™ = Nrd;}k(Gm).

(iv) Let SL(A) = ker(Nrdyy, : A* — Gy,) (denoted SLy, p if A = Mat, (D) for a central
division algebra D over k). Prove that its formation commutes with any extension of the
ground field, and that it becomes isomorphic to SL, over k. In particular, SL(A) is a
connected semisimple k-group that is the derived group of the connected reductive A*.
(Note that ker N 4/; is non-smooth whenever char(k)|n.)

(v) Using the preceding constructions and Galois descent, generalize the bijective corre-
spondence in Exercise [£.4.6](ii) to central simple algebras over any field (possibly finite).

Exercise 5.4.6. This exercise builds on Exercise to prove a special case of a general
conjugacy result of Borel and Tits for maximal split tori in connected reductive groups over
fields. Let A be a central simple algebra over a field k, T a k-torus in A* containing Z ,x =
G, and Ar the corresponding étale commutative k-subalgebra of A (with dimy Ar = dim T')
as in Exercise

(i) Prove that SL(A) is k-anisotropic if and only if A is a division algebra.

(ii) Prove that the centralizer By = Z4(Ar) is a semisimple k-algebra with center Arp.

(iii) If T is k-split, prove Ar ~ k" and that the simple factors B; of By are central simple
k-algebras.

(iv) Assume T is k-split. Using (iii), prove T  is maximal as a k-split torus in A if and
only if the (centrall) simple factors B; of By are division algebras.

(v) Fix an isomorphism A ~ Endp (V) for a right module V' over a central division algebra
D, so V is a left A-module and V' = [[V; with nonzero left B;-modules V;. If T' is maximal
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as a k-split torus in A*, prove V; has rank 1 over B; and D, so B, ~ D. Using D-bases,
deduce that all maximal k-split tori in A* are A*(k)-conjugate.

Exercise 5.4.7. In the proof of Theorem [5.3.5, we used the fact that any flat affine group
scheme G of finite type over a Dedekind domain R occurs as a closed subgroup of some GL,,
over R.

(i) Prove the analogous result over fields by adapting whatever is your favorite proof for
smooth affine groups over fields.

(ii) Make your argument in (i) work over R (for flat affine groups of finite type) by using
that any finitely generated torsion-free R-module is projective (and hence a direct summand
of a finite free R-modular).

Exercise 5.4.8. Let G be a reductive group over a scheme S. Show that if P is a parabolic
subgroup of G then Zg C P and that P — P/Z is a bijective correspondence between the
set of parabolic subgroups of G and of G* = G/Zg, with inverse given by the formation of
inverse images under the quotient map G — G2,

Construct natural isomorphisms Parg/s ~ Pargsa g and Borg s ~ Borgaag.

Exercise 5.4.9. Let G be a reductive group over a non-empty scheme S, and Z C Zg a
flat central closed subgroup scheme (so Z is of multiplicative type). This exercise addresses
splitting properties for G/Z given splitting hypotheses on G and Z.

(i) Prove that the smooth affine quotient G’ = G/Z is a reductive S-group, and that if
T C G is a maximal torus (so Z C Zg C Zg(T) =T) then sois T" :=T/Z C G'. Give an
example over a field in which 7" is split, T is non-split, and Zg is not a direct factor of 7T'.

(ii) Consider a split triple (G, T, M), and assume Z is split, so X(Z) = Mg for a quotient
M = M/M' of M. For each a € ® C M (so a|z, = 1), let a’ denote the induced character
of 7" =T/Z. Prove that X(T") = M inside X(T') = Mg, and that o’ € M’ for all a.

(ili) For (G, T, M) as in (ii), prove that the natural map U, — U/, between root groups is
an isomorphism (hint: fibral isomorphism criterion). Deduce that the line bundle g/, on S
is globally trivial, and that (G',T’, M) is split in the sense of Definition [5.1.1] (note Example
5.1.2).
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6. EXISTENCE, ISOMORPHISM, AND [SOGENY THEOREMS

6.1. Pinnings and main results. In we introduced the notion of a pinning on a triple
(G, T, B) over an algebraically closed field k. The purpose of that concept was to “rigidify”
the triple (eliminating the action of the adjoint torus) so that passage to the root datum
loses no information concerning isomorphisms. The Isomorphism Theorem for split reductive
group schemes over an arbitrary non-empty scheme S requires a relative version of pinnings,
and there is a generalization (the Isogeny Theorem) that incorporates isogenies. The purpose
of this preliminary section is to develop several concepts related to pinnings and morphisms
of root data. At the end of this section we state the Existence, Isomorphism, and Isogeny
Theorems over any non-empty scheme S.

Definition 6.1.1. Let (G, T, M) be a split reductive group over a non-empty scheme S, and
let R(G,T,M) = (M,®, MY, ®") be its associated root datum. A pinning on (G, T, M) is a
pair (T, {X,}.ea) consisting of a positive system of roots @+ C ® (or equivalently, a base
A of @) and trivializing sections X, € g,(S5) for each simple positive root a € A.

The 5-tuple (G, T, M, ®* {X,}sen) is a pinned split reductive S-group.

Since A determines @, we will usually write (G, T, M, {X,},ea) and suppress the explicit
mention of ®*. In Exercise a more “group-theoretic” definition of pinnings over S is
given, replacing the trivializations of simple positive root spaces g, with suitable homomor-
phisms from SLy into Z(Zs(T,)) for each a € A. Keep in mind that the definition of the
“split” property for (G, T, M) in Definition includes the condition that the line bundles
g, are free of rank 1, so a pinning (®*, {X,}.ca) can be chosen for any &+ C ®.

Remark 6.1.2. It may be tempting to expect that the choice of ®* is “the same” as a
choice of Borel subgroup of GG containing 7" as in the classical case, but that it not true when
S is disconnected (and we must allow the base scheme to be disconnected for descent theory
arguments). More precisely, by Proposition and Corollary 5.2.7(2), @+ = ®(B,T) for
a unique Borel subgroup B C G containing 7', and the Borel subgroups of G' containing T’
that we obtain by varying ®* are precisely those B for which the subgroup

®(B,T) C Homggp(T, Gu) = (S, X,(T)) = I'(S, M)

lies inside the subgroup M of “constant sections”. In particular, when S is disconnected
there are Borel subgroups B’ of G containing T' that do not arise from any choice of ®* C .
For this reason, in the relative theory we work throughout with a choice of ®* rather than
with a choice of B (although the two viewpoints coincide when S is connected, such as in
the theory over a field, domain, or local ring).

There is an evident notion of isomorphism between pinned split reductive S-groups. The
right notion of isogeny (refining the ordinary notion for smooth affine S-groups as in Def-
inition requires some care in order to account for Frobenius isogenies between root
groups on geometric fibers in positive characteristic. To motivate the definition, consider
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two pinned split reductive S-groups
(G/7 Tl? Ml? {X;’}G/GA/)a (Ga Ta M: {Xa}aEA)

over S and a quasi-finite surjective S-homomorphism f : G' — G such that f(7") C T. (In
Proposition [6.1.10| we will show that f is necessarily finite and flat, hence an isogeny.) Note
that f:T" — T is an isogeny, since the map

X(f) s M = X.(T) = X.(T') = M’

induces a finite-index inclusion of lattices on geometric fibers over S.

There is an open cover {U;} of S such that the map induced by X(f) on U;-sections carries
M into M’. We now suppose (as may be achieved by working Zariski-locally on S) that the
map induced by X(f) on global sections over S carries M into M’. In particular, we get an
isomorphism Mq =~ Mg between Q-vector spaces.

By the classical theory on geometric fibers, for each @' € ®’ the root group (U, )s for
(GL,TY) is carried isogenously by fs onto the root group of (Gs, T5) for a unique a(s) € ®.
Since f5 is a (possibly non-central) isogeny, every root in ®(G5, T5) arises in this way from a
unique o’ € ®'. Each resulting map between root groups of the s-fibers is identified with an
endomorphism of G, having the form x + c29() for some ¢ € k(3)* and some integral power
q(s) = 1 of the characteristic exponent of k(s), due to the equivariance of fz with respect to
the isogeny 77 — Ty. It follows that X(fs)(a') = q(s)a(s). Likewise, X, (fs)(a(s)¥) = q(s)a’”
by the construction of coroots in the classical theory. The map &' — & defined by a’ — a(s)
has very weak dependence on s:

Lemma 6.1.3. For o' € &', the associated function s — a(s) € ®(Gs,T5) = © is Zariski-
locally constant in s.

Proof. We may assume that S is noetherian, so every pair of distinct points {s,n} in S with
s in the closure of 17 can be dominated by the spectrum of a discrete valuation ring. Since
our problem is to prove a constancy result on the connected components of S, and every
point s of S'is in the closure of the generic point of each irreducible component of S through
s, by pullback to the spectra of discrete valuation rings we may and do assume S = Spec R
for a discrete valuation ring R. In this case we have to prove that a(s) = a(n) in ®, where s
is the closed point of S and 7 is the generic point of S.

Viewing a(s) as an S-homomorphism 7" — G, global section of X.(7) via the inclusion
® C M, the saturation of Za(s) in M defines a split S-subtorus T,y of relative codimension
1 in T, and the isogeny 7" — T between split S-tori must carry 7, into T, since we can
check this on the fibers over a single geometric closed point of S (such as s). Likewise using
a geometric generic point of S gives that 717, is carried into T,,. Hence, a(n) = £a(s) (since
a(s) and a(n) lie in the reduced root system ®). We can therefore pass to the induced map
D(Za(T))) = D(Za(Tys))) to reduce to the case when the fibers are semisimple of rank 1.

Consider the cocharacters N = a’¥ € M"Y and A = fo )N = a(s)¥ € M. The map
f carries Uy = Ug(a’") = Uar(N) into Ug(N) := Ugla(s)V) = Ug(gaa(s)¥) = Uy (see
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Theorem [4.1.7(1) and Proposition [4.1.10§2)), so passing to 7-fibers gives that the elements
a(n) and a(s) in ® have the same root groups for (G, T5). Hence, a(n) = a(s). O

By Lemma [6.1.3] it is reasonable to impose the additional requirement on f that there
exists a (necessarily unique) bijection d : ¢’ — & and a prime power g, > 1 for each a’ € ¢’
so that the map M — M’ induced by X(f) carries d(a’) to gya’ and the map induced
by its dual X, (f) carries a’* to gud(a’)’, where the integer g, is an integral power of the
characteristic exponent of k(s) for each s € S. Indeed, the preceding discussion shows that
Zariski-locally on S, every quasi-finite surjection (G',T") — (G, T) satisfies these conditions.

Since X(f)q is an isomorphism and d is injective, the conditions d(—a’) — ¢_u(—d') =
—q_gd’ and d(a’) — qud’ force d(—a’) and d(a’) to be distinct linearly dependent elements
of the reduced root system ®, so d(—a’) = —d(a’). Likewise, ¢_o = q,. Moreover:

Lemma 6.1.4. The quasi-finite surjection f carries the S-subgroup scheme U., of G’ into
the S-subgroup Uyay of G via a homomorphism that is Gy, -equivariant for respective scaling
through o' = qud(a’)" and d(a')". Moreover, (—1)% = —1 on S, if qu = p" with a prime
pandn >0 then p=0 on S, and for all ' € &' there exists a unique isomorphism of line
bundles

Far + (@)™ = gaar
such that U, — Ugqy is given by the isogeny exp,(X') — expd(a,)(fa/(X@q(a/))) for all
X' eg,.

Proof. Since d(a’) o f = qud’, f carries T}, into (hence onto) Tyq). Thus, f carries Zg(17,)
into Zg(Tyy) via a quasi-finite surjection. But f o a"V = qud(a')V, so we can pass to
the induced map between semisimple derived groups by working with the rank-1 split tori
a"(Gy) and d(a’)V(Gy). This brings us to the case that G’ and G are semisimple with
fibers of rank 1. For X = a/¥ and A = f o X = qud(a')" we have U/, = Ug/(a'") = Uar(XN)
and Uyqy = Ug(d(a')") = Ug(A) (see Theorem m(l)), so f carries U}, into Ugqy by
Proposition [£.1.10§2).

By the definition of a split reductive S-group, the root spaces admit global trivializations
(as line bundles on S). Choose such trivializations for (G,7T") and (G',T"), so we get S-
group isomorphisms U;, ~ G, and Uy ~ G, that are respectively T"-equivariant and
T-equivariant via the respective scaling actions on G, by a’ and d(a’). In other words, the
map induced by f between the root groups becomes a surjective endomorphism f : G, — G,
that satisfies

fd ()z) = d(a’)(f(t)) f(x) = a'(¢')" f(2)
for points t’ of 7" and x of G, over S. Since a' : T" — G, is an fppf covering, it follows that
f(uz) = ul' f(z) for all points u of Gy, and = of G,. By the relative schematic density of
G, in G, over S, the same identity holds with u permitted to be any point of G,.

Letting ¢ = gu, we claim that f(x) = cz? for a unique unit ¢ on the base (so the existence
and uniqueness of f,; will follow). The uniqueness is clear, so we may work Zariski-locally
on S for existence. Hence, we can assume that f is given by a polynomial map =
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co+c1x+-- -+ c,a” for some integer n > 0 and some global functions ¢y, . .., ¢, on the base.
Since f(0) = 0 we have ¢y = 0, and the identity f(ux) = u?f(x) implies that c;u’ = uic;
for all j. If j # g then fppf-locally on S there exists a unit u such that u?=7 — 1 is a unit,
so ¢; = 0 on S. Hence, f(x) = cx? for some ¢ on S. The maps induced by f between root
groups on geometric fibers over S are isogenies, so ¢ is nowhere-vanishing, which is to say
that ¢ is a unit on S.

Finally, we have to show that (—1)9 = —1 on S and also that p = 0 on S if ¢ = p" for a
prime p and n > 0. The homomorphism property for f and unit property for ¢ imply that
x +— 27 is additive on S (so (—=1)9 = —1 on S). Assume ¢ = p™ for a prime p and n > 0,
so (z +y)? — 29 — y? involves the monomial 2"y """ with a binomial coefficient whose
p-adic ordinal is 1 and the monomial zy?~! with a coefficient of ¢, so the greatest common
divisor of all monomial coefficients (in Z) is p. Hence, p = 0 on S in such cases. ([l

Proposition 6.1.5. In the setting of Lemmal[6.1.4], the Os-linear isomorphisms fo and f_q
are dual relative to the canonical duality pairings between g, and g'_,, and between gqiy and
9—d(a’) = Bd(—a’)- Moreover, if X' is a trivializing section of go and X = fq (X’®q(a/)) is the
associated trivialization of gqary then f(wqe (X)) = wq(X).

See Corollary for the definition of w,(X) for any a € ® and any trivializing section
X of gq.

Proof. By passing to derived groups of torus centralizers, we can reduce to the case of groups
that are fiberwise semisimple of rank 1. Thus, now assume we are considering such groups,
so we can let ¢ = ¢(d’) = q(—d') and a = d(a') (so —a = d(—da')). Since fi, are Os-
linear, consideration of the induced map between open cells and the unique characterization
of the duality pairing between root spaces in (4.2.1)) easily gives (after a straightforward
calculation) that if local sections X' of g/, and Y’ of ¢’ , satisfy 1 + X'Y" € Gy, then
L+ fu (XD fu(Y®) € Gy and 14 fu (X)) f_ o (Y'®) = 1 + (X'Y")9. By taking Y’ :=
uX'"" for a unit u such that 1+ u is a unit (as may be done fppf locally on S), it follows
that the respective trivializing sections f,(X’®?) and

Foar(Y') = frar (i (X)) = uf fu (X))

of g, and g_, have pairing equal to u?. Thus, the asserted duality compatibility between f,/
and f_, holds.

By definition, wy (X') = exp, (X') exp_,(—Y") exp,(X') where Y is the trivialization of
g’ linked to X’. The preceding discussion shows that Y := f_,(Y’®?) is the trivialization
of g_q(ay linked to X, so (using that (—1)%" = —1 on 5)

Fwa (X)) = expyian (X) expy_an (=) expyian (X) = wagan (X)
since d(—ad’) = —d(a’). O

Definition 6.1.6. Let (G,T, M) and (G',T", M') be split reductive groups over a scheme
S # 0. A quasi-finite surjection f : (G',T") — (G, T) is compatible with the splittings if there
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exists a homomorphism h : M — M’, a bijection d : &' — &, and a function g : &' — Z-,
valued in prime powers such that:

(1) the induced map X(f): M = X(T) — X(T") = M’ arises from h,

(2) for all @’ € ®', h(d(a')) = q(a’)a’ and h"(a'") = q(a’)d(a’)",

(3) if g(a’) > 1 is a power of a prime p(a’) then S is a Z/p(a’)Z-scheme.

In the setting of the preceding definition, hq is an isomorphism (since each f; is an isogeny)
and f uniquely determines h, d, and q. We will sometimes write f : (G', 7", M') — (G, T, M)
to denote that f is compatible with the splittings. In [SGA3|, XXII, 4.2.1] it is only required
that f is quasi-finite on the derived subgroups (or rather, that property on derived groups is
a consequence of other conditions imposed there), in which case hq may be neither injective
nor surjective when there are nontrivial central tori; we only consider quasi-finite surjective
f. Our interest in such maps that are compatible with splittings is due to the following
immediate consequence of the preceding considerations.

Proposition 6.1.7. Let (G, T, M) and (G',T", M") be split reductive groups over a scheme
S # 0. Any quasi-finite surjection f : (G',T") — (G, T) is compatible with the splittings
Zariski-locally on S. If S is connected then f is compatible with the splittings over S.

We are now led to:

Definition 6.1.8. Let R’ = (X', ®', X'V, &) and R = (X, ®, XV, ®") be reduced root data,
and p a prime or 1. A p-morphism R’ — R is a triple (h,d, ¢) consisting of a homomorphism
h: X — X', a bijection d : & — &, and a function g : & — {p"},>0 such that

(1) the induced map hq is an isomorphism (i.e., & is a finite-index injection),

(2) for all a’ € ®', h(d(a')) = q(a’)a’ and h¥(a"") = q(a’)d(a')",
For p-morphisms (h,d,q) : R — R and (I',d',q¢") : R" — R/, the composition R” — R is
(W' oh,dod', (qod’)-q'). If S'is a non-empty scheme, a p-morphism (h, d, q) is a p(S)-morphism
if S is a Z/p(a’)Z-scheme whenever ¢g(a’) > 1 is a power of a prime p(a’).

Since the root data are reduced and ¢ takes values in Z-; (and a root datum uniquely
determines the bijection a —+ a between sets of roots and coroots), the condition hY(a’") =
q(a’)d(a’)" implies that h determines d and ¢. The notion of isomorphism between root data
is the evident one, and clearly a p-morphism that is an isomorphism must be a 1-morphism.
Note also that for a p-morphism R’ — R, the map h : X — X’ goes in the “other” direction,
whereas the map d : & — ® goes in the “same” direction. This is motivated by the examples
arising from split reductive group schemes:

Example 6.1.9. For a non-empty scheme S and quasi-finite surjection f : (G, T', M') —
(G, T, M) compatible with the splittings, the associated triple R(f) := (h,d,q) is a p(S)-
morphism between the root data where either p = 1 or char(k(s)) =p > 1 for all s € S, and
this is compatible with composition and base change.

By Proposition a quasi-finite surjection f : (G',T") — (G,T) over S is a central
isogeny if and only if ker fs C T2 for all s € S (since T” contains Z¢ and any normal subgroup
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scheme of multiplicative type in a connected group scheme over a field is necessarily central).
Thus, consideration of the open cell on geometric fibers implies that f is a central isogeny
if and only if the p(S)-morphism R(f) of root data satisfies ¢(a’) = 1 for all a’ € @’ (see
Exercise 6.5.2)).

In view of the characterization of central isogenies between split reductive S-group schemes
in Example a l-morphism (h,d,q) : R* — R between reduced root data is also called a
central isogeny. The condition that ¢(a’) = 1 for all @’ € ¢’ says precisely that h(d(a’)) = o’
and hY(a'") = d(a')" for all @’ € @, or equivalently & induces a bijection between the sets of
roots (with inverse d) and h" induces a bijection between the sets of coroots (with inverse
equal to the “dual” of d). In non-central cases, h does not carry ® into @’

Proposition 6.1.10. Let [ : G' — G be a homomorphism between reductive group schemes.
If fs is an isogeny for all s € S then f is an isogeny.

Proof. As we saw in the discussion preceding Proposition [3.3.9] f is necessarily a quasi-finite
flat surjection and it is equivalent to show that ker f is S-finite. By limit arguments, we may
assume that S is noetherian. In view of the quasi-finiteness of f, finiteness is equivalent to
properness. Thus, by the valuative criterion we can assume that S = Spec R for a discrete
valuation ring R, with fraction field K and residue field k. We may and do assume that R
is strictly henselian (so G’ is S-split).

Since R is henselian, we can apply the structure theorem for quasi-finite morphisms [EGA|
IVy, 18.5.11(a),(c)]: for any quasi-finite separated S-scheme X, there exists a unique open
and closed subscheme X’ C X that is S-finite and satisfies X; = Xj. In particular, the
formation of X’ is functorial in X and compatible with products over S, so if X is an S-
group then X’ is an S-subgroup. Consider the unique open and closed finite S-subgroup
H' C ker f with special fiber ker f (so H' is also flat). Clearly ker f is finite if and only if
H' =kerf.

We claim that H' is normal in G’; i.e., the closed subgroup Ng(H') C G’ from Proposition
is equal to G'. Since G’ is S-split, by consideration of an open cell we see that G'(.5) is
fiberwise dense in G’ so G’(.9) is relatively schematically dense in G’ over S. Thus, to prove
N (H'") = G" it suffices to check equality on R-points, which is to say that G’(S) normalizes
H’. By the uniqueness of H’, this follows from the normality of ker f in G.

The group G’ can be replaced with the reductive quotient G'/H’, so now fj, is an isomor-
phism. Our problem is to show that f is an isomorphism, and it is equivalent to check this
on the generic fiber. Let 7" be a maximal torus in G, so it is split (as R is strictly henselian);
fix an isomorphism 7" ~ Dg(M) for a finite free Z-module M. The kernel of f|p : T" — G
is a quasi-finite closed subgroup of 7" with trivial special fiber, and by Exercise any
quasi-finite closed subgroup of the torus 7" is finite. Thus, the S-group ker(f|r/) is S-finite
with trivial special fiber, so it is trivial. It follows that f|7 is a monomorphism, so it is a
closed immersion since 7" is of multiplicative type (Lemma . Hence, we may and do
also view 7" as a maximal torus of G and f as a map (G',T",M) — (G,T", M) between
reductive S-groups that is compatible with the splittings (using the identity map on M).
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As in Example (and the discussion preceding it), we get an induced p(S)-morphism
R(f) between the root data. But this map of root data can be computed using any fiber,
so working with the special fibers implies that R(f) is an isomorphism. In particular, R(f)
is central. Passing to the (split) generic fibers, it follows that the isogeny fr is a central
(Example [6.1.9), so the degree of fx can be read off from the restriction T — Tx. But
R(fx) = R(f) is an isomorphism, so fx is an isomorphism. O

We now deduce some elementary properties of p-morphisms (h, d, q) between reduced root
data that were established immediately above Lemma for triples (h,d, q) that arise
from quasi-finite surjections between split reductive group schemes. Namely, we claim that
always d(—a’) = —d(a’) and ¢(—a’) = q(a’). To prove this, first note that by the isomorphism
property for hq, d(a’) and d(—a’) are linearly dependent in M. By injectivity of d, we have
d(a") # d(—a’). Hence, d(—d’') = —d(d’) for all @’ € &’ (due to reducedness of the root data).
The identity h(d(—ad’)) = g(—d’) - (—a’) then implies that g(—a’) = g(a’) for all a’ € P'.

Remark 6.1.11. In [SGA3, XXI, 6.1.1, 6.8.1], the notions of morphism and p-morphism
between reduced root data are defined (with an integer p > 1). In the definition of a
morphism there, ¢ is identically 1 and h is only required to be Z-linear (so ker h may be
nontrivial and hq may not be surjective); this is intended to encode homomorphisms between
split reductive group schemes with an isogeny condition between the derived groups but no
such condition between the maximal central tori. The p-morphisms in [SGA3| XXI, 6.8.1]
are a variant on our notion of p-morphism in which p is any integer > 1 and h is only required
to be Z-linear.

Lemma 6.1.12. Let (h,d,q) : R® — R be a p-morphusm between reduced root data, and let
®'" be a positive system of roots in @, with A’ its base of simple roots. Then & := d(®'")
is a positive system of roots in ® and A = d(A’) is its base of simple roots.

Proof. Pick a linear form A" on Xg, such that ¢’ =), ,, and let A\ = N ohq. The relations
h(d(a")) = q(a’)d’ for o’ € ® with g(a’) € Qs and the isomorphism property for hq imply
that A is non-vanishing on d(®') and that ®y.o = d(®'") =: ®*, so indeed ®* is a positive
system of roots. It is likewise clear from the isomorphism property of hq that d(A’) is a
linearly independent set whose span Qs - d(A’) over Qs satisfies

® C Qo d(A) | J-Quo - d(A).

It then follows from elementary inductive arguments with reduced root systems (see [SGA3],
XXI, 3.1.5], which avoids a reducedness hypothesis) that this forces d(A’) to be the base of
a positive system of roots in ®. But clearly d(A’) C & so d(A’) must be the set of simple
roots of ®7. O

Proposition 6.1.13. Let (G',T',M') and (G,T, M) be split reductive groups over a non-
empty scheme S, f: (G, T',M') — (G,T, M) an isogeny compatible with the splittings, and
(h,d,q) := R(f) the associated p(S)-morphism between the root data. Let ®' be a positive
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system of roots in ®', A its base of simple roots, ®+ := d(®'") the associated positive system
of roots in ®, and A = d(A") its base of simple roots.
(1) If B' C G' is the Borel subgroup containing T' that corresponds to ® and B C G is
the Borel subgroup containing T that corresponds to ® then f carries B’ into B.
(2) For any pinning {X., }wen of (G',T',M',A") and the pinning of (G, T, M,A) given
by the sections Xq@y = fo (XC’L,®Q(Q,)), f is uniquely determined by R(f) and the
pinnings { X! Yoear and {X,}aen. In particular, if G is semisimple then an auto-
morphism of (G, T, M,{X,}aea) whose effect on g is the identity on each X, (a € A)
must be the identity.

Proof. Since f carries T" into T" and U/, into Ugy(qy, part (1) is immediate from the equalities

B=Tx [] U,, B=Tx [] Ua
a’cd’t acedt
respectively defined in G’ and G via multiplication (using any enumeration of the positive
root groups). To prove part (2), first note that for any a’ € A’ the restriction f : U, = Ugan
is uniquely determined because

F(expy (eXa@))) = exPyary (for(¢Xo)* ™)) = expan (") Xagar)
for any ¢ € G,. By Proposition we have f(wq. (X)) = wa(X,), so f is also uniquely
determined on the global sections wy (X!,) that represent simple reflections generating the
Weyl group W (®d').

Since the Weyl group carries any element of ® into A’ it follows that f is uniquely
determined on U], for every ¢’ € ®'. The constituent i in R(f) determines f : 7" — T,
so we conclude that f is uniquely determined on the open cell ' of (G, 7", M’ & ™). The
relative schematic density of €' in G’ then implies that f is uniquely determined. O

Definition 6.1.14. Let (G',T", M',{ X! }wea/) and (G, T, M,{X,}sea) be pinned split re-
ductive groups over a non-empty scheme S. An isogeny f : (G',T', M') — (G, T, M) compat-
ible with the splittings (in the sense of Definition is compatible with the pinnings if the
bijection d : " — ® arising from R(f) carries A’ into A and f(exp, (X)) = expd(a/)(Xf(ZS?,))
for all @’ € A,

For any isogeny f : (G',T',M') — (G,T, M) compatible with the splittings and any
pinning { X/, }wear of (G',T', M’), we have shown in Proposition [6.1.13|(1) that there exists
a unique pinning { X, },ea of (G, T, M) such that f is compatible with these pinnings. The
crucial fact is that in such situations, the pinning-compatible f is uniquely determined by

R(f), due to Proposition [6.1.13((2). In particular:

Corollary 6.1.15. Let S be a non-empty scheme, and consider the category of pinned split
reductive groups (G, T, M,{X,}sen) over S, using as morphisms the isogenies that are com-
patible with the splittings and pinnings. The functor

(6.1.1) (G, T, M, {X,} uea) ~ R(G, T, M) = (M, ®, M",d")
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into the category of root data equipped with p(S)-morphisms is faithful.

Moreover, if (G',T") and (G,T) are reductive S-groups equipped with (possibly non-split)
maximal tori and f, F : (G'\T") = (G,T) are isogenies then f and F induce the same
isogeny T — T if and only if f = c;o F for some t € (T/Zg)(S), where ¢z denotes the
natural action of G € (G/Za)(S) on G induced by conjugation. In such cases, t is unique.

This result is essentially the content of [SGA3], XXIII, 1.9.1, 1.9.2] (except that we record
the role of the (T'/Z¢)(S)-action when we do not require splittings or pinnings).

Proof. The faithfulness is immediate from Proposition (2), so it remains to address the
assertion concerning the equality of f, F': T" = T in the absence of splittings and pinnings.
It is clear that ¢z o F' and F' induce the same isogeny from 7" to T for any ¢ (since the
T/Zg-action on G is the identity on T'), and also that ¢; o F' uniquely determines ¢ (since F
is faithfully flat). To prove the existence of ¢ when f|r = F|p in Homg-g, (7", T), we may
work étale-locally on S due to the uniqueness. Hence, we can assume that 7" = Dg(M’) and
T = Dg(M) making (G',T', M') and (G, T, M) split as well as making the common isogeny
f,F: T = T arise from a homomorphism h : M — M’ (so f and F' are compatible with
the splittings).

Choose a pinning {X! }oear of (G',T',M’). The induced p(S)-morphisms R(f), R(F) :
R(G",T',M') = R(G,T,M) have the same h, so they coincide; let (h,d,q) denote this
common p(S)-morphism. We get two pinnings of (G, T, M) relative to A = d(A’), namely

Xatary = Jur (X *"), Yoy = Fur (X, %)
for o’ € A'.

The action of G on G via conjugation factors through an action of G/Zgs on G. Upon
restricting this to an action of T'/Zg on a root group U, for a € ®, we recover the fact that
the character a : T" — Gy, factors through T'/Zg. Let @ : T/Zg — Gy, denote the character
obtained from a, so these are the elements of the root system ® in the root datum for the split

group (G/Zq,T/Zg, M), where M = Y aco La C M is the possibly non-saturated subgroup
corresponding to the quotient T'/Z¢ of the split torus 7" modulo the split multiplicative type

subgroup Zg (see Corollary [3.3.6{1)).
For each a € A there exists a unique unit u, € Gy (S) such that Y, = wu,X,, so the

necessary and sufficient condition for ¢; o F' and f to agree as isogenies compatible with
splittings and pinnings (and hence to be equal) is that a(t) = u, for all @ € A. Hence, it is
necessary and sufficient to show that the subset A C ® corresponding to A is a Z-basis of
M. But this basis property is obvious because

M:ZZa:ZZa:@Za

acd a€A a€EA

(due to the fact that A is a base for a positive system of roots for ®). O
The following theorem records the main results to be proved in the remainder of §6]

Theorem 6.1.16. Let S be a non-empty scheme.
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(1) (Isogeny Theorem) For split reductive S-groups (G',T', M") and (G, T, M), any p(S)-
morphism R(G',T',M') — R(G,T, M) is induced by an isogeny f : (G',T',M') —
(G, T, M) compatible with the splittings, and f is unique up to the faithful action of
(T/Zc)(S) on G.

(2) (Existence Theorem) FEuvery root datum is isomorphic to the root datum of a split
reductive S-group.

The Isogeny Theorem is a slight weakening of [SGA3, XXV, 1.1] (which allows S-group
maps that are not isogenies between maximal central tori, and similarly on root data). The

Existence Theorem is [SGA3, XXV, 1.2]. An immediate consequence of the Isogeny Theorem
and the arguments with the Z-basis A of X(7'/Z¢) in the proof of Corollary [6.1.15|is:

Theorem 6.1.17 (Isomorphism Theorem). Let S be a non-empty scheme. The functor
<G7 T7 M7 {Xa}aeA) ~ (R(G, T, M), A)

from the category of pinned split reductive S-groups (equipped with isomorphisms) to the
category of based root data (equipped with isomorphisms) is an equivalence.

In particular, every split reductive S-group (G, T, M) is uniquely determined up to isomor-
phism by its root datum, and every isomorphism of root data R(G',T',M') ~ R(G,T, M)
arises from an isomorphism f : (G',T', M) ~ (G, T, M) compatible with the splittings, with
[ uniquely determined up to the faithful action of (T'/Zg)(S) on G.

In the classical theory, the Existence, Isomorphism, and Isogeny Theorems are proved over
a general algebraically closed field (see [Spr, 9.6.2, 9.6.5, 10.1.1]). The traditional proof of
the Existence Theorem in the classical theory builds a group from its open cell via delicate
procedures guided by the Bruhat decomposition and the structure of the Dynkin diagram.
The approach over a general base scheme is different, because “points” do not have the same
geometric meaning in the relative theory as in the classical case. (For example, if R is a
nonzero ring then A} is stratified by Z = {0} and U = G,, but Z(R)|JU(R) = {0} R* #
R = AL(R) whenever R is not a field.) In place of arguments inspired by the Bruhat
decomposition, Weil’s theory of birational group laws will be used to prove the Existence
Theorem over Z (from which the Existence Theorem is deduced in general via base change).

To prove the Existence Theorem over Z, we need to know the Existence Theorem over
some algebraically closed field of characteristic 0, such as C. Based on such input, we will use
the Isomorphism Theorem and descent to prove the Existence Theorem over QQ via pinnings
(to rigidify structures). Thus, the Isomorphism Theorem (and hence the Isogeny Theorem)
will be proved before the Existence Theorem. Split reductive groups over Q will be “spread
out” over Z via arguments with open cells, structure constants, and birational group laws.

We emphasize that the proofs of the Isogeny and Isomorphism Theorems over a general
(non-empty) scheme S will not use the classical case as input, and the proof of the Existence
Theorem over S will not require the classical case of the Existence Theorem in positive
characteristic. Apart from a few simplifications via the dynamic method, our treatment of
the proofs is just an exposition of the proof presented in [SGA3, XXIII, XXV].
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6.2. The Isogeny and Isomorphism Theorems. In this section we prove the Isogeny
Theorem (i.e., Theorem [6.1.16(1)) and record some consequences of the Isomorphism The-
orem (i.e., Theorem [6.1.17). Fix a non-empty scheme S and split triples (G’,T", M") and
(G, T, M) over S. Since the root spaces are trivial as line bundles, these admit pinnings. For
any p(S)-morphism ¢ : R — R between the corresponding root data, we seek an isogeny
f(G,T M) — (G, T, M) compatible with the splittings such that R(f) = ¢. (The
uniqueness of f up to the action of (T'/Z;)(S) on G is provided by Corollary [6.1.15])

To construct f, we require criteria for the existence of an S-homomorphism f from a
split reductive S-group (G,T, M) to an S-group H when the restrictions of f to T and its
associated root groups U, are all specified. More precisely, suppose that (G, T, M, {X,}acn)
is a pinned split reductive S-group, and for a € A let

Mo = Wa(Xa) = expy (Xa) exp_q(—X; ") exp,(Xa),

where X! is the trivialization of g_, linked to X,. (In [SGAJ], the element n, € Ng(T)(S)
is denoted as w,.) Any S-homomorphism f : G — H to an S-group scheme H is uniquely
determined by its restriction to the open cell 2 arising from 7" and the positive system of
roots ® with base A, so f is uniquely determined by its restrictions

fr:T—H, f,:U, - H

for a € ®. Since ® is covered by the W (®)-orbits of A, and the elements n, represent the
simple positive reflections that generate W (®), instead of keeping track of the maps f, for
all @ € ®7 it is enough to record the maps f, for a € A provided that we also record the
images h, = f(n,) € H(S) for a € A.

Note that Ng(T') is the disjoint union of translates nT for a set of elements n € Ng(T)(S)
representing W (®), such as products of the elements n, € Ng(T)(S) for a € A (upon
writing each w € W(®) as a word in the simple positive reflections). Thus, a preliminary
step towards an existence criterion for a homomorphism f : G — H gluing maps on 7" and
the U, (a € A) as well as values h, = f(n,) € H(S) is to settle the case when there is given
a homomorphism fy : Ng(T) — H (rather than just fr) and homomorphisms U, — H for
all roots a € ® (not just for a € A). Such a preliminary gluing criterion is provided by the
following result [SGA3| XXIII, 2.1]:

Theorem 6.2.1. For S-homomorphisms fn : Ng(T) — H and f, : U, — H for a € ®,
there exists an S-homomorphism f : G — H extending fy and the maps f, if and only the
following three conditions hold:

(1) Foralla e A andb e @,
I (na) folws) fa(na) ™" = fou) (Raueny, ')

for all uy € Uy,
(2) The triple (fa,f_a,fN\Nzg(Ta)(T)) extends to an S-homomorphism Zg(T,) — H for
all a € A.
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(3) For all distinct a,b € A and the subgroup Uy directly spanned in any order by the
groups U, for
c € la,b] = {ia+jbe ®|i,j > 0},
there exists an S-homomorphism U,y — H restricting to f. on U, for all c € [a,b].

Remark 6.2.2. The existence of U,y is a special case of Proposition [5.1.16]

The idea of the proof of Theorem is that since fy|r and the f, determine what f
must be on the open cell Q@ = U_g+ x T x Ug+, and the translates n{2 by products n among
the {ng}sen cover G (Corollary [1.4.14)), we just have to keep track of the homomorphism
property when extending f across translates of 2.

By using induction on word length in the Weyl group (relative to the simple positive reflec-
tions s, for a € A), the base of the induction amounts to checking that for some enumeration
of ®*, the S-morphism fy : U = Up+ := [[,co+ Us = H defined by (us) — [ co+ fa(ua) is
a homomorphism. Of course, once this is proved for some choice of enumeration, it follows
that the enumeration of ®* does not matter, as U is directly spanned in any order by the
positive root groups. The case of U_g+ is also needed, but this will follow formally from the
case of Ug+ by using a representative for the long Weyl element to swap ®* and —®™*.

For the convenience of the reader, we now sketch the proof of the base case for the induction
(i.e., the homomorphism property for fi;). Fix a structure of ordered vector space on Mq
so that ®7 is the associated positive system of roots (see the discussion following Definition
1.4.1) and note that W(®) acts transitively on the set of positive systems of roots in ®).
Consider the resulting enumeration ¢y < - -+ < ¢,,, of ®T.

Lemma 6.2.3. The map fy is an S-homomorphism when it is defined using {c;}.
This is [SGA3, XXIII, 2.1.4].

Proof. Fori > 1, consider the direct product scheme Us; := [],. ., Uc and the map Us; — U of
S-schemes defined by multiplication in strictly increasing order of the roots. By Proposition
[5.1.16] this identifies U~; with a closed S-subgroup of U that is moreover normalized by U, _,
when ¢ > 0. The homomorphism property for fiy on U = Us( will be proved by descending
induction: for all ¢ we claim that fy restricts to a homomorphism on Us;. The case i = m
is obvious (as the restriction to Us,, = U,,, is [, ).

In general, if the result holds for some 7 > 0 then by writing Us;—1 = U.,_, X Us; and
using the homomorphism property for fi; on Us, it is straightforward to reduce to verifying
the identities

(6.2.1) Solun) ™" fa(ua) fo(us) = fu(uy M uqup)

for b = ¢;_1, a > ¢;_1 = b, and all points u, of U, and u, of U,. Note that these identities
make sense because ub’luaub € Us; since a > ¢; and b = ¢;_1. To summarize, we have reduced
ourselves to proving that for any a,b € ®* with a > b, the identities are satisfied.
For any u, € U, and u, € U, clearly ub_luaub € Ujgy. Thus, if a,b € A then the desired
identities are a consequence of hypothesis (3) of Theorem [6.2.1] To reduce the case of a
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general pair to these special cases, we use a result in the theory of root systems: there exists
w € W(®) such that w(a) € A and w(b) € [w(a),by] for some by € A necessarily distinct
from w(a). This result is proved in [SGA3), XXI, 3.5.4] (and its main content is [Bou2, VI,
§1.7, Cor. 2], applied to the reverse lexicographical ordering on ®7 relative to an enumeration
of the base A). It enables us to reduce to the settled special case a,b € A provided that if
n € Ng(T)(S) represents w € W(P) then

() fa(tta) fv ()™ = fuia) (nuan™)

for all @ € A and points u, € U,. The case n = n,, for b € A is exactly hypothesis (1) in
Theorem [6.2.1] The general case is deduced from this via induction on word length in W (®)
relative to the simple positive reflections {s.}.ca and applications of hypotheses (1) and (2)
in Theorem See [SGA3|, XXIII, 2.1.3] for further details. O

Now we are ready to formulate the main criterion for constructing homomorphisms, build-
ing on Theorem [6.2.1, We will eventually obtain a criterion that reduces all difficulties to
the case of groups with semisimple-rank at most 2. That is, the serious computational effort
will only be required with low-rank groups. Keep in mind that we have explicitly described
the split cases with semisimple-rank 1 in Theorem [5.1.8| at least Zariski-locally on the base.
(The intervention of Zariski-localization can be removed from Theorem by using a
pinning and Proposition [6.1.13]2), but we do not need that minor improvement here.)

Let (G, T, M,{X,}aca) be a pinned split reductive S-group, and let H be an S-group.
For each a € A, let n, = w,(X,). For S-homomorphisms fr : T — H and f, : U, - H
and elements h, € H(S) for all a € A, we have seen that there exists at most one S-
homomorphism f : G — H such that f|r = fr and f|y, = f. and f(n,) = h, for all a € A.
But when does f exist? There are some necessary conditions. For example, for all a € A we
must have

(6.2.2) fr() fa(ua) fr(t) ™" = fa(tuat™), hafr()hy" = fr(sa(t))

for all points ¢t € T and u € U, (valued in a common S-scheme).
There are additional conditions imposed by relations in the Weyl group. More specifically,
note that if a,b € A then (s,s5)"* = 1 in W(®) where my, = my, is the ab-entry in the

symmetric Cartan matrix (it is the order of s,s, in W(®), so m,, = 1). In particular,
tap := (ngny)™a € T(S), 80 teq = n2 = a”(—1). This yields the further necessary conditions
(6.2.3) ha = fr(a’(=1)), (hahy)™* = fr(ta)

for a,b € A with b # a. The relation (n, exp,(X,))? = 1 (Remark[5.1.10)) yields the necessary

condition

(6.2.4) (hafa(expa(Xa)))* = 1

for all a € A. Finally, if a,b € A are distinct then in order that a homomorphism f,, :
Ulay) — H extending f, on U, and f, on U, actually arises from an f : G — H of the desired
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type, the following conjugation relations must hold on the root groups U, for ¢ € [a,b]. If
¢ # a then

(625) hafab(“c)hgl = fab(naucngl)'

(The right side makes sense because (i) n, conjugates U, to Uy, (), and (ii) s.(c) = c—(c,a")a
lies in [a, b], due to s,(c) having a positive b-coefficient with a and b distinct elements of the
base A of ®*.) Likewise, if ¢ # b then

(626) hbfab(uc)h,jl = fab(nbucn,jl).

The remarkable fact is that the preceding necessary conditions for the existence of f,
each of which only involves subgroups Zg(T,) of semisimple-rank 1 and subgroups Zg(T4)
of semisimple-rank 2 (with T}, denoting the unique torus of relative codimension-2 in T
contained in kera () kerb for distinct a,b € ®*), are also sufficient. This is [SGA3, XXIII,
2.3]:

Theorem 6.2.4. [f the conditions (6.2.2)), (6.2.3)), (6.2.4)), (6.2.5), and (6.2.6)) all hold then
f: G — H exists satisfying f|lr = fr, flu, = fo for alla € A, and f(ny) = h, for alla € A.

Proof. The proof is largely a systematic (and intricate) argument with word length in Weyl
groups, bootstrapping from the given conditions to eventually establish the hypotheses in
Theorem This entails constructing fy and the homomorphisms f, for all roots a € ¢
(recovering the given homomorphisms for a € A).

An elementary argument (see [SGA3|, XXIII, 2.3.1]) constructs the S-homomorphism fy :
N¢(T) — H that extends fr and carries n, to h, for all a € A; such an fy is unique since
products among the n,’s represent all elements of W (®) (and Ng(T') is convered by the
left-translates of its open and closed subgroup 7' by any set of representatives of W (®) in
Neg(T)(S)). The construction of well-defined maps f, for all a € ® is harder, and rests on
a lemma of Tits in the theory of root systems (stated as Exercise 21 in [Bou2, Ch. VI], and
proved in [SGA3, XXI, 5.6]).

We refer to [SGA3, XXIII, 2.3.2-2.3.6] for the details, and sketch the main group-theoretic
argument that establishes the requirement in Theorem [6.2.1)(2). This requirement says that
for each @ € A there exists an S-homomorphism F, : Zg(T,) — H such that F,|r =
fry Fulu, = fa, and Fy(n,) = he. (Such an F, is visibly unique if it exists, since n,-
conjugation swaps the opposite root groups that appear in the open cell of Z5(T,) relative
to its split maximal torus 7" and roots +a, and it satisfies F,|y_, = f_, by defining f_,(u) =
htfo(ngungt)h, for uw € U_,.) The construction of F, in [SGA3, XXIII., 2.3.2] rests on
calculations in [SGA3, XX, 6.2] with an “abstract” split reductive group of semisimple-rank
1. The explicit classification of such split groups in Theorem [5.1.8 will now be used to
simplify those calculations.

We may replace G with Z5(T,), so our problem becomes exactly the special case of G
with semisimple-rank 1. In particular, A = {a}, so the conditions and become
vacuous and only involves the first relation there. The uniqueness allows us to work
étale-locally on S for existence, so the central torus direct factor as in Theorem [5.1.8| can
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be dropped and we are reduced to three special cases: (G, T) is either (SLy, D), (PGLy, D),
or (GLy, D) = (SLy X#2 Gy, D x#2 Gy,). The third case trivially reduces to the first case
(since a¥(—1) € Z(G) in general), and so does the second case since the natural degree-2
central isogeny SLy — PGLy has kernel ps = D[2] C D. Hence, we may and do assume that
(G,T,M) = (SLy, D,Z) where the element 1 € Z goes over to the isomorphism D ~ Gy,
inverse to ¢ — diag(c,1/c), and likewise we can arrange that a is the standard positive root
(i.e., U, is the strictly upper triangular subgroup of G = SLj) and X, corresponds to (J¢§).

In this special case, the challenge is not to define f on the open cell Q (it is clear what
the unique possibility for that must be), nor how to define f on another translate of  that
(together with Q) covers SLy. The hard part is to verify that one gets a globally well-defined
S-morphism that is moreover a homomorphism. The calculations to verify this in [SGA3|
XX, 6.2] are done in the absence of an explicit classification in semisimple-rank 1, and they

become simpler for the explicit case we need, namely (SLg, D) (e.g., the auxiliary parameters
uelU, =G, and u € U_, = G, there become 1). O

Remark 6.2.5. One may wonder about a finer result beyond Theorem that replaces
and with a more explicit presentation of Ul in terms of “generators and
relations”. This viewpoint is systematically developed in [SGA3|, XXIII, 2.6, 3.1.3, 3.2.8,
3.3.7, 3.4.10, 3.5], but it is not logically relevant to the proofs of the Isogeny, Isomorphism,
or Existence Theorems, so we will say nothing more about it.

Example 6.2.6. We can make explicit what Theorem [6.2.4]says concerning the construction
of isogenies f : (G',T",M', {X/,}) — (G,T,M,{X,}) between pinned split reductive S-
group with semisimple-rank 1 (so ®(G',T") = {+d'} and ®(G,T) = {£a}) such that f is
compatible with the pinnings and the splittings. That is, we want f to restrict to an isogeny
T" — T dual to a given finite-index lattice inclusion h : M — M’ satisfying h(a) = qa’ for
a prime power ¢ = p” > 1 such that p = 0 on S if ¢ > 1 (duality forces h¥(a’") = qa"
due to being in the case of semisimple-rank 1), and we want f to restrict to an isogeny
for 2 U, — U, given by exp, (cX!,) — exp,(c?X,) (which is a homomorphism when ¢ > 1
because we assume that S is a Z/pZ-scheme in such cases).

We claim that for any such h and ¢ there exists a unique such f. Note that necessarily
R(f) coincides with the p(S)-morphism (h,d,q) where d(a’) = a and d(—d’') = —a, so our
claim is exactly the Isogeny Theorem for all cases with semisimple-rank 1. (This case of the
Isogeny Theorem is [SGA3|, XXIII, 4.1.2], whose proof via [SGA3, XX, 4.1] rests on extensive
calculations. The reason that we will be able to avoid those calculations is because we have

Theorem [5.1.8])

The key feature of semisimple-rank 1 is that the conditions in Theorem become very
concrete in such cases. First of all, (6.2.3) says n? < fr(a’"(=1)), and this is automatic since

ny = a'(=1) = a’((=1)7) = (a")(=1) = ' (a"")(~1) = fr(a"(-1))

(we have used that (—1)? = —1 on S, since p vanishes on S when ¢ = p" > 1). Likewise, the
second relation in (6.2.2)) merely says that fr intertwines inversion on 7" and 7', and the first
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relation in (6.2.2) is automatic since h(a) = ga’ (and fr = Dg(h)). The relations in (/6.2.5])

and (6.2.6)) are vacuous in cases with semisimple-rank 1. Finally, (6.2.4) is automatic since
it asserts (wq(X,)exp,(X,))? = 1, which always holds (see Remark [5.1.10)

The necessary and sufficient conditions in Theorem [6.2.4] involve only reductive closed
subgroups with semisimple-rank < 2, so we immediately deduce the following crucial exis-
tence criterion for homomorphisms [SGA3 XXIII, 2.4] that is expressed entirely in terms of
closed reductive subgroups with such low semisimple-rank.

Corollary 6.2.7. Let (G,T, M) be a split reductive S-group with semisimple-rank > 2. Let
O be a positive system of roots in ®, and let A be the corresponding base of simple roots.
For each a,b € A, let T,, C T be the unique subtorus of relative codimension-2 contained in
kera (N kerb when a # b and let Tyy = T,.

For an S-group H, assume there are given S-homomorphisms fu, : Za(Tay) — H for all
a,b € A such that fo, = foa and fop|ze () = faa for all a,b € A. Then there exists a unique
S-homomorphism [ : G — H such that f|z.(1,,) = fa for all a,b € A.

Now we are ready to carry out the proof of the Isogeny Theorem (i.e., Theorem|6.1.16{1)).
The main work will be in the case of groups with semisimple-rank 2.

Proof of Isogeny Theorem. Let A’ be the base of a positive system of roots & in @', so
A := d(A') is a base for a positive system of roots @+ = d(®'*) in ®. The triviality hypothesis
on the root spaces allows us to choose pinnings {X/, }sear and {X,}aea. Corollary
shows that f is unique up to the action of (T'/Zg)(S), so it remains to prove the existence
of f.

The root systems of the split reductive S-groups G and G’ are isomorphic via the given
isogeny between their root data, so the constant fibral semisimple-ranks for these groups
are the same. The case of semisimple-rank 0 is trivial, and the case of semisimple-rank 1
is exactly Example , so we now assume the common semisimple-rank of (G',T") and
(G,T)is = 2.

Step 1. We reduce to the case when G and G’ have semisimple-rank 2 as follows. For each
pair of (possibly equal) elements o', € A/, let a = d(a') and b = d(b') in A and consider
the closed reductive S-subgroups Z¢/ (T0,,) C G" and Zg(T,,) C G with respective maximal
tori 7" = Dg(M’) and T' = Dg(M). In these S-subgroups the respective sets of roots @,
and @, lie in the respective subsets ® C M’ — {0} and & C M — {0}, and the root spaces
are free of rank 1 as line bundles since they coincide with root spaces for (G',7”) and (G, T)
respectively. Hence, we get root data

R<ZG’ (Tc:’b’)7 T/) = (Mlv (I);’bU M/VJ q)/;/’b’)
and
R(Zg(Ty), T) = (M, @4, MY, ®Y,)
equipped with positive systems of roots ®’,,, (| ®'" and ®,, () ®*.
Since @/, € A" and a,b € A, the positive systems of roots ®,,, () ®'* and ®,, () ¢+ (with
rank 1 when o’ = b and rank 2 when o’ # b') have as their respective bases {a/,0'} and {a, b}
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when o’ # V' and {a’} and {a} when o’ = '. Thus, the split reductive S-groups Zg/(TL,)
and Zg(T,) with semisimple-rank < 2 are also pinned (using our pinnings for (G',T", M’)
and (G, T, M)). Concretely, ®/,,, consists of the roots that are trivial on the torus 77, and
likewise for ®,;, using Ty, (as we may check on geometric fibers, using the classical theory).
But X(77,,,) is the quotient of X(7”) modulo the saturation of Za’ + Zb', and likewise for
X(Tw) as a quotient of X(T") using Za + Zb, so it follows from the definition of an isogeny
of reduced root data that for the given p(S)-morphism of root data ¢ = (h,d,q) the map
h : X(T) — X(T") induces a compatible map X(7,) — X(77,/). Hence, ¢ restricts to a
p(S)-morphism of root data

burs - R(Zer(Tony), T') = R(Z6(Tia), T)

for all (possibly equal) a’,b" € A’. Note that ¢up = Ppar-
Now assume that all cases of semisimple-rank 2 are settled (as is true for all cases with
semisimple-rank 1), so we obtain isogenies

fa’b’ : (ZG/(T(;’I)’)7T,7MI> - (ZG<Tab)’T’ M)

that are compatible with the splittings and satisfy R(fusy) = ¢a. By Corollary [6.1.15]
replacing such an f, with its composition against the action of a unique t € (T/Zg)(S)
makes f,y also compatible with the pinnings {X/,, X],} and {X,, X3} (by which we mean
{X(/z’} and {Xa} when o' = b/) Hence, the equality R(fa’b’) = Qba’b’ = gbb’a’ = R(fb’a’) forces
far = foa. Likewise, if @’ # U’ then ¢qy restricts to ¢qe on the root datum R(Zq: (12,),T"),
SO fa’b’|Zgl(T;,) = fua. By Corollary , there is a unique isogeny f : (G',T") — (G, T)
inducing all f,/, so f respects the splittings and the pinnings. This completes the reduction
of the Isogeny Theorem to the case of semisimple-rank 2.

Step 2. Assume that G and G’ have semisimple-rank 2. By the classification of rank-
2 reduced root systems, there are four possibilities for each root system: A; x A; (e.g.,
SLy x SLy), As (e.g., SL3), By (e.g., Spy), and Gs. In each of these four cases we will define a
“universal” choice of trivialization of all positive root spaces in a manner that only depends
on the based root system (®,A) and an enumeration £ : {1,2} ~ A.

[Since we have not yet proved the Existence Theorem, we may not yet know that there
exists a pinned split reductive S-group whose root system has type Gy (if we haven’t con-
structed Gy already by some other means; e.g., octonion algebras). This is not logically
relevant, since at present we are only aiming to prove that if we are given a pair of pinned
split reductive S-groups then we can relate p(S)-morphisms between the root data to isoge-
nies between the S-groups. To prove the Isogeny Theorem we only need to consider each of
the root systems of rank 2 that might occur, without constructing specific S-groups.]

Consider a pinned split reductive S-group (G, T, M,{X,}.ca) whose root system has rank
2. We use the pinning to define a specific representative n, = wq(X,) € Ng(T)(S) for the
simple reflection s, € W(®) for each a € A. If ¢ € T is a positive root (relative to A) then
there exists w € W (®) such that w™!(c) € A, so for any sign e, € {£1} and any product
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Ny € Ng(T)(S) among {n,}sea such that n,, represents w,
Xc,nw = 8cAd<nw>(Xw—1(c)>

is a trivialization of g.. This trivialization depends on both w and n,,, neither of which is
determined by ¢, so X.,,, is not intrinsic even if we set e, = 1 (e.g., if S = Spec Z then there
is an ambiguity from scaling by Z* = {1, —1}).

In [SGA3, XXIII, 3.1-3.4] each of the four reduced rank-2 root systems & is considered
separately, along with a choice of base A and an enumeration £ : {1,2} ~ A (in order of
increasing root length for types By and Gi). In each case, for every ¢ € ®* an explicit
choice is made for e, € {£1}, w(c) € &*, and n,(,) as a product among {n, }.ca to define a
trivialization X, of g.. There is nothing canonical about the choices of €., w(c), or ny), but
these choices are made only depending on the based root system (®,A) and enumeration
€ :{1,2} ~ A. In this way, we obtain a trivialization { X.}.ce+ for the positive root spaces in
each pinned split reductive group scheme (G, T, M,{X,}sea) with semisimple-rank 2 when
A is equipped with an enumeration (say in order of increasing root length for types By and
Ga). In [SGA3| XXIII, 3.4.1(ii)], the signs {e.}.co+ are taken to be 1 except for type Gs.

[The enumeration £ : {1,2} ~ A is most important for type As, since for types By and
Gy the root lengths give an intrinsic distinction between the two elements of A, whereas for
type Ay x Ay the only positive roots are the simple ones and their root groups commute.
The effect of the choice of enumeration for type A, is seen via the signs that break the
symmetry in the formulas for { X, }.co+ in [SGA3| XXIII, 3.2.1(ii)] if one swaps the order of
enumeration of the two simple positive roots.]

Any two isomorphisms between pinned split reductive groups of semisimple-rank 2 that
induce the same bijection between the A’s must coincide on derived groups (Proposition
6.1.13(2)), and so coincide on the “universal” trivializations of all positive root spaces. The
induced bijection between the A’s can be controlled by demanding compatibility with the
chosen enumeration of A. Thus, the X_.’s are functorial with respect to isomorphisms between
pinned split reductive S-groups with semisimple-rank 2 when we demand that the isomor-
phism be compatible with a fixed choice of enumeration of A. In this sense, our choice of
{X_ }eea+ is “universal” for any based reduced root system (®,A) of rank 2 equipped with
an enumeration of A.

Step 3. The trivializations X, will now be used to unambiguously define “structure
constants” (global functions on S, to be precise) that encode the S-group law. Choose a
pinned split reductive S-group (G, T, M,{X,}sca). For all ¢ € ®*, define p, : G, ~ U.
via p.(x) = exp.(rX.). For any a € A and ¢ € & — {a} there exists a unique unit
u(a,c) € Gp(S) defined by

(6.2.7) Adg(na)(Xe) = ula, ¢) Xy, (o)-

(Note that s,(c) € @1 because the A-expansion of each positive ¢ # a has some positive
coefficient away from a and hence s,(c) = ¢— (¢, a")a does as well.) Likewise, by introducing
some universal signs in the definitions of the coefficients in ([5.1.5]) we see that for b,b’ € &+
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and roots tb + jb' € ® with 4, j > 1 there are unique C; j,y € G,(5) such that

Py (Y)po(z) = po(z)py () Hpib+jb’(ci,j,b,b’xzy])a
i.j
where the product on the right side is taken relative to the ordering on ®* defined by
lexicographical order relative to the chosen enumeration of A. (Recall that for types By and
Go, we made the convention to enumerate A by putting the short root first. This choice is
implicit in the formulas in [SGA3|, XXIII, 3.3, 3.4].)

A priori, u(a, ¢) and C; j,y may depend on (G, T, M, {X, }sen) over S and the enumeration
€ {1,2} ~ A. We call these the structure constants for (G, T, M,{X,}aca). (They are
global functions on S). If we already knew the Isomorphism and Existence Theorems then
the following lemma would be immediate, and the real miracle at the heart of the Isogeny,
Isomorphism, and Existence Theorems is that this lemma can be proved directly:

Lemma 6.2.8. For each based reduced root system (®,A) of rank 2 equipped with an enu-
meration of A, there are signs u(a,c) € Z* and integers C; jpy € Z that induce the structure
constants for every pinned split reductive group (G,T, M,{X,}aca) with based root system
(P, A) over any non-empty scheme S.

Proof. The idea of the proof is to exploit additional relations arising from the Ng(T')(5)-
action on the root spaces and the W (®)-action on ®. For example, if a,b € & with b # —a
and if n € Ng(T')(S) represents w € W (®) satisfying w(a) = b then for any trivializations
X of g, and Y of g, the unit u € G,,(5) defined by Adg(n)(X) = uY satisfies

(6.2.8) nwe(X)n™" = bY (u)wy(Y)

(where w, (X) = exp,(X) exp_,(—X 1) exp,(X), and similarly for b using Y'). An equivalent
formulation is to say that w,(uY) = bY(u)w,(Y'), which is the first identity in Corollary
5.1.9(2).

The relations lead to nontrivial conditions on the units u(a,c) in (6.2.7)), and for
each ® these extra relations yield unique universal solutions u(a,c) € Z* = {1, —1} that are
the same for all (G, T, M,{X,}sea) with root system ® over any non-empty S. The details
are in [SGA3|, XXIII, 3.1-3.4], working case-by-case depending on the rank-2 root system ®.

Relations between root groups and the W (®)-action on ¢ are given in [SGA3, XXIII, 3.1.1]
by applying conjugation against each n, = w,(X,) (a € A) to the commutation relations
among root groups. This allows one to uniquely solve for some of the C; ;1 ’s. Miraculously,
these solutions arise from constants in Z that depend only on (®, A, ¢) and do not depend on
S or (G,T,M,{X,}aca). There are more commutation relations than remaining unknown
coefficients C; ;5 1, and case-by-case arguments in [SGA3, XXIII, 3.1-3.4] depending only on
(@, A, §) yield linear equations on the C; j,y’s over Z that depend only on (¢, A, ¢) and do
not depend on (G, T, M,{X,}sea) (or on S). Remarkably, these equations over Z admit a
unique solution over any non-empty scheme S. The solution over S arises from the unique
solution over Z. OJ
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Example 6.2.9. Before we use Lemma to complete (our sketch of) the proof of the
Isogeny Theorem, we illustrate the lemma for type Gy (cf. [SGA3, XXIII, 3.4.1]). We have
A = {ag, by} with ag short and by long, so

(I)Jr = {CL(), bo, ag + bo, 2@0 + bo, 3@0 -+ bo, ?)CLO -+ 2b0}

For any (G, T, M,{X,}sca) with root system of type G over any non-empty scheme S,
define a “universal” trivialization X, of g. over S for every ¢ € ®* via

Xao-i-bo = AdG (nbo ) (Xao ) ’ X2a0+bo = AdG’(nao ) (Xao-i-bo) = AdG (nao Tlhg ) (Xao)

and

X3!l0+bo = _AdG(nCLo)(Xbo)? X3ao+2b0 = AdG<nbo)(X3ao+bo) = _AdG<nb0nao>(Xbo>

(note the signs).
The universality of the units u(a,c) € Gu(S) (a € A, ¢ € 1) is illustrated by the fact
that necessarily u(ag, 2ag + by) = —1, u(ag, 3ag + bo) = 1, and u(bg, 3ag + 2by) = —1; that is,

AdG<nao)(X2ao+b0) = _Xao+bo> AdG<na0)(X3ao+b0) = Xb07 AdG(nbO)(X?)aoJr?bo) = _X3ao+bo'

Likewise, the commutation relations among the parameterizations p.(z) = exp,(zX.) for the
positive root groups involve coefficients that are universal constants in Z; e.g.,

Pag+bo (y)pao (z) = Pag (x)pao-&-bo (y)ano-I-bo (Qxy)p3a0+b0 (3x2y)p3a0+2b0 (3xy2) )

(6'2'9) P2ag+bo (y)pao (l‘) = Pay (x)pZaoero (y>p3a0+bo (3%3/),
and

P3ag+bo (y)pbo (I) = DPr (*T)pSao-&-bo (y)p3ao+2bo (—l‘y).

The universal coefficients in the commutation relations are +1 for types A; x A; and As,
but coefficients in {42} arise for type By and coefficients in {£2, 43} arise for type Go.
An interesting consequence is that for type By (resp. Gs) there are some root groups that
commute in characteristic 2 (resp. characteristic 3) but not in any other characteristic. For
example, gives an “extra” commutation among root groups of Gs in characteristic 3.

Step 4. Returning to the proof of the Isogeny Theorem, recall that we have reduced the
problem to groups of semisimple-rank 2. Lemma|6.2.8]implies that the “structure constants”
describing both the adjoint action of the n,’s on the positive root spaces and the commutation
relations among the positive root groups are absolute constants in Z that depend only on
(®,A) (and our enumeration of A); they do not depend on the base scheme S or the pinned
split reductive S-group with root system ®. This immediately yields a weak form of the
Isomorphism Theorem: a split reductive S-group is determined up to isomorphism by its
root datum. Indeed, the S-birational group law on the open cell is determined by these
“structure constants” and the root datum R = (M, ®, MY ®Y) (e.g., the split maximal
torus is Dg(M)), so by the universality of these constants we see that the open cell equipped
with its S-birational group law only depends on (R, A) and the enumeration of A.
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To go further and prove the Isogeny Theorem, one first determines all p-morphisms among
reduced semisimple root data of rank 2 (especially with p a prime rather than p = 1); this
is an elementary combinatorial problem since we are only considering rank 2. We have
noted above that the S-birational group law is described on the open cell in terms of the
root datum and universal structure constants in Z. Also, there is a variant on Corollary
6.2.7| given in [SGA3, XXIII, 2.5] (as an immediate consequence of Theorem that
provides an existence criterion for homomorphisms out of a pinned split reductive group of
semisimple-rank 2. Combining this criterion with case-by-case arguments (depending on ®),
one builds isogenies between pinned split reductive S-groups realizing any p(S)-morphism
between the reduced root data. The details are elegantly explained in [SGA3, XXIII, 4.1.3—
4.1.8]. (The hardest cases are type By over Z/2Z-schemes with ¢ € {2"},>1 and type Gy
over Z/3Z-schemes with ¢ € {3"},,>1.) O

Remark 6.2.10. The Isogeny Theorem underlies the classification of “exceptional” isogenies
between connected semisimple groups over fields. More specifically, in characteristic 0 all
isogenies are central, so let us focus on connected semisimple groups over a field k with
characteristic p > 0. There are two evident classes of isogenies over k: central isogenies
and Frobenius isogenies Fg/, : G — G® . Tt is natural to wonder if every isogeny is a
composition among these. A map factors through a Frobenius isogeny on the source if and
only if it induces the zero map on Lie algebras (as the infinitesimal k-subgroups of G that
have full Lie algebra are those which contain ker F;/x), so it is equivalent to determine is there
are non-central isogenies that are nonzero on Lie algebras. This problem can be reduced to
the case k = k,, so we can restrict attention to the split case, for which the Isogeny Theorem
is applicable.

By passing to simply connected central covers (Exercise and direct factors thereof,
the problem becomes: when do there exist non-central p-morphisms between irreducible
and reduced root data that do not factor through “multiplication by p”? (Here we are
using the Isogeny Theorem and the fact that Frobenius isogenies in characteristic p > 0
correspond to “multiplication by p” on the root datum.) This is a purely combinatorial
problem for each prime p, and by considering the classification of root systems the answer is
affirmative if and only if p € {2,3}. Some explicit examples in characteristic 2 are classical
in the theory of quadratic forms, namely the isogenies SOs,+1 — Sp,, with infinitesimal
non-central commutative kernel a3" for n > 1; see [PY06, Lemma 2.2] for further discussion
of these isogenies. For n = 2 this isogeny SO5; — Sp, gives rise to an exotic endomorphism
of Sp, since Spiny = Sp, (as By = Cs; see Example , and this is a “square root” of the
Frobenius isogeny over Fy. Similarly, one gets an exotic endomorphism of F, in characteristic
2 and of Gy in characteristic 3. These endomorphisms underlie the existence of the Suzuki
and Ree groups in the classification of finite simple groups.

We end this section with some interesting applications of the Isomorphism Theorem. (See
[SGA3| XXIII, §5] for a more extensive discussion.)

Proposition 6.2.11. Let G and G’ be reductive groups over a non-empty scheme S.
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(1) If G and G" are isomorphic fpgc-locally on S then they are so étale-locally on S.

(2) Assume that G and G' are isomorphic étale-locally on S, that S is connected with
Pic(S) = 1, and that G and G’ have respective split maximal tori T and T'. The
pairs (G, T) and (G',T") are isomorphic, as are the triples (G, B,T) and (G', B",T")
for Borel subgroups B D T and B’ D T'. If G' = G and S is also affine then these
isomorphisms can be chosen to arise from G(S)-conjugation.

Proof. For (1) we may work étale-locally on S to reach the split case with the same root
datum. Then we can apply the Isomorphism Theorem. For (2), fix isomorphisms T ~ Dg(M)
and T" ~ Dg(M’) for finite free Z-modules M and M’. Since S is connected, so constant
sheaves on S have only constant global sections, M = Homg_,, (7', Gy,) and similarly for M’
and 7". Likewise, the root spaces for (G,T) and (G',T") are free of rank 1 since Pic(S5) = 1.
Thus, (G, T, M) and (G',T’, M') are split. In particular, Borel subgroups B D T and B’ D T’
do exist; choose such S-subgroups.

The connectedness of S ensures that the choices for B correspond bijectively to the positive
systems of roots in & C M, and similarly for B’ (see Remark . Hence, by choosing
suitable pinnings, the Isomorphism Theorem in the precise form of Theorem [6.1.17| provides
an isomorphism (G, B,T) ~ (G', B',T"). In the special case G' = G with S also affine, it
remains to show that G(S) acts transitively on the set of pairs (B, T).

Let B be a Borel subgroup of G, so the orbit map G' — Borg,g through B identifies Borg, 5
with G/B by Corollary [5.2.7(1) (since Ng(B) = B, by Corollary [5.2.8). The S-group B has
a composition series whose successive quotients are G, and Gy, so the vanishing of both
H'(Ss, Ga) = H'(Szar, Os) (as S is affine) and H'(Sg, Gin) = H'(Szar, 035) (as Pic(S) = 1)
implies that H'(S, B) = 1 (concretely, every étale B-torsor over S is split). Hence, the
B-torsor G — G/B induces a surjection G(S) — (G/B)(S5), so G(S) acts transitively on
the set of Borel S-subgroups of G.

As we saw above, any split maximal torus 7" in G lies in some Borel subgroup B. In
view of the G(S)-conjugacy of Borel S-subgroups of G, it remains to show that any two
split maximal tori 7,7" C G contained in B are B(S)-conjugate. Any such tori are B-
conjugate étale-locally on S (Proposition [2.1.2)), so Transpg(7,7") is a torsor over S for
Ngp(T) = B(\Ng(T') = T (the final equality due to Ng(T')/T being the finite constant group
for W(®), with W(®) acting simply transitively on the set of B D T on geometric fibers
over S). But T = G’ and Pic(S) = 1, so we are done. O

The Existence Theorem over C is well-known in the classical theory (see Appendix @[)
As an application of the Isomorphism Theorem, we now improve on the Existence Theorem
over C by pushing it down to Q. This will be an ingredient in the proof of the Existence
Theorem in general.

Proposition 6.2.12. For each reduced root datum R, there exists a split connected reductive
Q-group (G, T) such that R(G,T) ~ R.

Proof. Choose a split connected reductive C-group (G,T, M) having R as its root datum.
Writing C = liglAi for finite type Q-subalgebras A;, the triple (G, T, M) descends to a split
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reductive group scheme (¢, .7, M) over Spec A for some finite type Q-subalgebra A = A;, C
C. Its root datum is R, so by passing to the fiber at a closed point we find a split triple
(G',T'", M) over a number field F' with root datum isomorphic to R; fix this isomorphism.

By replacing F' with a finite extension we may assume that F' is Galois over Q. We will
now carry out Galois descent down to Q via the crutch of a pinning. Choose a positive system
of roots @ in & = (G’,T’), and let A be the corresponding base. For each a € A, pick
a basis X, of the F-line g,, so we get a pinned split reductive group (G',T", M,{ X, }aen)-
We have a chosen isomorphism ¢ : R(G',T', M) ~ R, and for all v € I" := Gal(F/Q) we get
another pinned split reductive group

(7*(G,)7 /7* (T/)’ M7 {/7* (Xa)}aEA))

via the evident identifications ®(v*(G"),v*(T")) ~ ®(G',T") = ® € M —{0} and X(~v*(T")) =~
X(T") = M (defined by functoriality of scalar extension along the I'-action on F).
It is easy to check that the resulting isomorphisms of root data

(6'2'10) R<G/7 TI> M) = R(’Y* (G,)> 7* (T/)’ M7 {7* (Xa)}aeA)

satisfy the cocycle condition. By the Isomorphism Theorem, (6.2.10]) arises from a unique
isomorphism between pinned split reductive F-groups

(G T, M, {Xa}taea) > ((G), 7" (T"), M, {7"(Xa) }aca),

and the uniqueness implies that these isomorphisms inherit the cocycle condition from that
aspect of the isomorphisms of root data. Note that these isomorphisms between pinned
groups use the identity automorphism on M, so they use the identity bijection on A. (That
is, X, is carried to v*(X,).) Hence, by Galois descent we obtain a pinned split reductive
Q-group descending (G', 7", M, {X,}aca), and its root datum is clearly R. OJ

6.3. Existence Theorem. Let R = (M, ®, MY, ®") be a reduced root datum. By base
change, to prove the Existence Theorem for R (i.e., Theorem [6.1.16[2)) over an arbitrary
non-empty scheme S it suffices to treat the case S = SpecZ. By the following lemma, whose
proof is a formal argument with root data, it suffices to consider only R that is semisimple
and simply connected (i.e., ® spans Mq over Q, and ®¥ spans M" over Z) and such that
the root system associated to R is irreducible.

Lemma 6.3.1. To prove the Ezxistence Theorem over a non-empty scheme S, it suffices to
treat semisimple root data (X, ®, XV, ®Y) that are simply connected and have associated root
system (Xq, P) that is irreducible.

Proof. The idea is to use a preliminary central isogeny of root data to separate the maximal
central torus from the derived group, and then to treat tori and semisimple groups separately.
Let R = (X,®, XY, ®") be a root datum, so X contains Z® @(Z®")* with finite index,
where the annihilator (Z®V)* in X is saturated but Z® may not be saturated. In general,
if L — L’ is an injective map between finite free Z-modules, we write Lg, to denote the
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saturation of L in i.e., the kernel o — . e natural ma
fLin L' ( he k lof L' = (L'/L)q). Th 1 map
X = (X/(Z®),0t)  (X/(Z8¥)") = X'

is a finite-index inclusion that carries ® onto a subset ®' that lies in the second summand
of X’. The Z-dual of X’ is naturally identified with the direct sum

X" = (Z®)* @ (ZDY )en

and " is defined to be the image of ®¥ under inclusion into the second factor.

Clearly R := (X', ®', X"V, ®'"') is a root datum, and the natural isogeny (h,d,q) : R — R
is central in the sense that ¢(a’) = 1 for all «’ € ®'. If R arises from a split connected
reductive k-group (G’,T") then the cokernel of h : X — X’ = X(T") corresponds to a split
finite multiplicative type S-subgroup p C 7" such that X(7"/u) = X inside X(7") = X'. In
particular, the centrality of (h,d, q) implies that all roots of (G’,T") lie in X(7"/u), which is
to say that p is a central S-subgroup scheme of G’ (Corollary [3.3.6(1)). Hence, the central
quotient G := G’'/u makes sense as a semisimple S-group in which 7' := T"/u is a split
maximal torus. Since the inclusion h : X < X’ carries ® onto ®’ (as ¢ is identically 1), and
the dual map X" — XV carries ®" onto ®" (due to the unique characterization of coroots
for a root system), the root datum R(G,T) is visibly identified with (X, ®, XV ®). Now it
suffices to treat R’ instead of R.

Let L = X/(ZOV):, LV = (Z&V)ar, ¥ = ® mod (Z&Y) L, and ¥¥ = &V C LY.
Clearly R” := (L, V¥, LY, ¥V) is a root datum that is semisimple, and

R = R'® (X/(Z®)e, 0, (Z8)*, 0).

It suffices to treat the two summands separately (as we can then form the direct product
of the corresponding split connected reductive groups). The second summand is trivially
handled by using the split torus with character group X/(Z®)sas, so we may now focus our
attention on R”. That is, we may assume that our root datum R is semisimple.

As in (1.3.2), we have Z& C X C (Z®V)*. Let X' = (ZOV)*, &' = &, X"V = ZdV,
and @ = @Y, so R = (X', ®, X", ®"") is a root datum that is semisimple and simply
connected. There is an evident central isogeny of root data R' — R, so by repeating the
central quotient construction above we see that the Existence Theorem for R over S is
reduced to the Existence Theorem for R’ over S. Thus, it remains to treat the case of
semisimple root data that are simply connected. The equality XV = Z®" ensures that the
decomposition of the root system into its irreducible components is also valid at the level of
the root datum. Hence, it remains to settle the case of semisimple root data that are simply
connected and have an irreducible associated root system. This is precisely the case that we
are assuming is established. 0

Fix a semisimple reduced root datum R that is simply connected. (We will not require
irreducibility for R.) Proposition provides a split reductive group (G, T, M) over Q
with root datum R. This yields the Existence Theorem for R over some Z[1/N], but N might
depend on R. The problem is to get the result over the entirety of Spec Z, not ignoring any
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small primes. The rest of is devoted to the construction of such a split Z-group by a
method that works uniformly across all (simply connected and semisimple) R. In view of the
classification of irreducible and reduced root systems, it would suffice to exhibit an explicit
example for each Killing—Cartan type.

For the classical types A,, (n > 1), B,, (n > 3), C,, (n > 2), and D,, (n > 4) we can use the
Z-groups SL,41 (n > 1), Spiny,; (n > 3), Spy, (n > 2), and Spin,,, (n > 4) respectively.
(To make sense of spin groups over Z and not just over Z[1/2], we need a characteristic-free
viewpoint on non-degeneracy for quadratic spaces over rings. This is discussed in Appendix
) Thus, the arguments that follow are only needed to handle the exceptional types Eg, E~,
Es, Fy, and G,. Even some of these types can be settled by direct construction (e.g., Go and
F, can be handled by using octonion and Jordan algebras over Z). Explicit constructions
can require special care at small primes (e.g., residue characteristic 2 for spin groups and
type F4, and residue characteristics 2 and 3 for type Gs). The uniform approach below is
insensitive to the peculiar demands of small primes or of specific irreducible root systems.

Before we take up the proof of the Existence Theorem, we need to digress and discuss the
following concept:

Definition 6.3.2. Let (G, T, M) be a split reductive group over a non-empty scheme S. A
Chevalley system for (G, T, M) is a collection of trivializing sections X, € g,(5) for all a € ®
so that

Adg(we(X,))(Xp) = £X5, )

for all a,b € ®, where the sign ambiguity is global over S (possibly depending on a and b)
and

we(X) 1= exp,(X) exp_.(—X ") exp,(X) € Ng(T)(S)

for every trivializing section X of g. and every ¢ € ®.

The existence of a Chevalley system is vacuous for semisimple-rank 0, and for semisimple-
rank 1 we can build one by using any X, whatsoever and defining X_, := X! to be the
linked trivialization of g_, (this works, since Adg(w,(X))(X) = —X ! for any trivializing
section X of g,; see Corollary [5.1.9(3)). By setting b = a and using that s,(a) = —a, it
likewise follows that for any Chevalley system {X, }4ce we must have X _, = + X (i.e., X,
and X_, are linked, up to a global sign).

Example 6.3.3. Chevalley systems are closely related to the notion of a “Chevalley basis”
for a complex semisimple Lie algebra (cf. [Hum72, 25.1-25.2]). To explain this, consider
a connected semisimple C-group G equipped with maximal torus 7', so g := Lie(G) is a
semisimple Lie algebra and t := Lie(7T') is a Cartan subalgebra. Fix a positive system of
roots in ®(G,T) = ®(g, t), and let A be the corresponding set of simple roots, so the vectors
v, = Lie(aY)(1) are a basis of t. Let X, be a basis of g. for each ¢ € ®, so the collection of
v,’s and X.’s is a basis of g. Let’s consider the resulting “structure constants”.

For a € A and ¢ € @, we have [v,, X.] = Adg(v,)(X.) = (¢, a") X, since conjugation by
a"(t) on U, = G, is via scaling by c(a"(t)) = t!*"). Consider ¢, € ® with ¢ # +c. There
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is a positive system of roots containing ¢ and ¢/, so by Proposition the groups U,
and Uy commute if ¢ + ¢ ¢ @ (forcing [X., Xo| = 0) and otherwise [X., X = r(c, ) Xeye
for some r(c,¢’) € C. The special feature of {X.}.co being a Chevalley system is that the
numbers r(c, ¢’) are (nonzero) integers that are moreover determined up to sign by the root
system; see Remark [6.3.5] This provides an explicit Z-form for every complex semisimple Lie
algebra, and Chevalley used this viewpoint to construct adjoint split semisimple Z-groups
(see Theorem as well as [Hum72, 25.5, §26]).

Proposition 6.3.4. Let (G, T, M,{X,}aca) be a pinned split reductive group over a non-
empty scheme S. There is a Chevalley system {X_.}.co extending the pinning, and each X.
1S unique up to a sign.

For semisimple-rank 2, the main computations for the construction of a Chevalley system
were carried out in the proof of the Isomorphism Theorem, but additional arguments are
required even in that case (since the definition of a Chevalley system involves the adjoint
action for w,(X,) for all a € ®).

Proof. Let n, = w,(X,) for all a € A. Since every element of W (®) is represented by
a product among the elements of {n,}.en, for any ¢ € ® we can find such a product
n representing an element w € W(®) so that w(a) = ¢ for some a € A. Thus, X, =
+Adg(n)(X,). This shows the uniqueness up to a sign.

To prove existence, we begin by running the uniqueness proof in reverse. For each ¢ € ®
not in A, choose some w € W(®) such that w™!(c) € A. Pick a word ay - - - a,, in elements
a; of A so that s, -8, = w in W(®). For the element n := ng, -+ n,, € Ng(T)(S), use
the isomorphism Adg(n) : gu-1(c) > ge to define

XC = Adg(n) (Xw—l(c)).

It suffices to show that {X.}.co is a Chevalley system. (The definition of the X.’s depends
on the choice of w and the word a; ---a,,. However, once the proof is done, it will follow
that changing these choices only affects X, by at most a global sign change.)

For c € ® and b € A, we need to prove that

(6.3.1) Ada(ne)(Xe) = £X5,0)-

By definition, X. = Adg(ng)(X,,) for some ap € A and product ny among the elements
of {n,}aea so that ny represents an element wy € W(®) satisfying wg(ag) = c. Likewise,
Xy (0) = Adg(n1)(X,,) for some a; € A and product n; among the elements of {n,}qca so
that ny represents an element wy; € W(®) satistying wq(a;) = sp(c) = (spwp)(ap). Thus,
n = ny'n, 'ny represents some w € W (®) satisfying w(a,) = ag, and our problem is to show
that Adg(n)(X,,) = £X,, (as then applying Adg(nyng) to both sides will give

Xop0) = Adg(n)(Xa,) = £Adg(ns) (Ade(no)(Xa,)) = £AdG(ns) (Xe)

as desired).
Although n = ny 1nb_1n1 is not written as a product among the {n,}.ca, due to the
intervention of some inversions, these inversions can be absorbed into the sign ambiguity in
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(6.3.1). The reason is as follows. We have n;! = a"(—1)n, with a¥(—1) € T[2], and for any
t € T and o’ € A the identity

tna/t_l = twa/ (Xa/)t_l = wa/(a’(t)Xa/) = a'v(a'(t))wa/ (Xa/) = tha/

(using Corollary [5.1.9(2)) implies that T[2] centralizes n,. In particular, for n = ng'n, 'ny,
the product n’ := ngnyn; among the elements of {n,}.ca lifts the same word in the in-
volutions s, and we have n = tn’ with ¢ := A(—1) for some cocharacter A\ € MY €
Homg-g,(Gm, T). Thus, Adg(n) = Adg(t) o Adg(n'), and the effect of Adg(t) on each
g. is scaling by c(t) = (—=1){N = £1.

To summarize, we are reduced to proving a general fact about words in the elements n,:
if a,a’ € A and {ay,...,a,} is a sequence in A such that (s,,, o--- 035, )(a) = da then

Adg(na,, 0+ 0ng,)(Xe) = £ Xu

in g(.9), for some global sign +1. Note that this equality is obvious when the semisimple-rank
is at most 1, and it is also obvious when the pinning extends to a Chevalley system. Thus, to
settle it for all cases with semisimple-rank 2 we just need to construct some Chevalley system
extending the pinning in every case. But the rank-2 calculations in the proof of Lemma
(for the aspect concerning the units u(a, c)) achieve exactly this! To be precise, those
calculations construct a “positive” Chevalley system: a collection of trivializations { X, }.co+
of the positive root spaces that extends the pinning and satisfies Adg(nq)(X.) = £X,, (¢ for
any a € A and ¢ € ® — {a}. Hence, to settle the case of semisimple-rank 2 we just need to
extend any “positive” Chevalley system { X, }.ce+ to an actual Chevalley system.

Define X ., = X! for all c € ®*. We claim that {X_ }.ce is a Chevalley system. This
amounts to checking that Adg(n.)(X.) = =X, () for all ¢ € ®. The cases (a,c) and (a, —c)
are equivalent, by the functoriality of duality of opposite root spaces with respect to n,-
conjugation on GG. Hence, we may assume ¢ € ®*. The case ¢ € &7 — {a} is known by
hypothesis (as s,(c) € ®* for all c € &7 — {a}), and Adg(n,)(X,) = —X, ! by Corollary
5.1.9(2). This completes the argument for semisimple-rank 2.

For the case of semisimple-rank > 2, one needs to apply several results in the theory of
root systems and make artful use of presentations of Weyl groups as reflection groups to
ultimately reduce to the settled case of semisimple-rank 2. We refer to [SGA3, XXIII, 6.3]
for the details, which rest on two ingredients: many of the case-by-case “universal” formulas
established for pinned split reductive groups with a root system of rank 2 in [SGA3, XXIII,
3.1-3.4], and root system arguments from [SGA3, XXIII, 2.3] that were used in the proof of
Theorem [6.2.4] O

Remark 6.3.5. A very useful application of the existence of Chevalley systems is “Cheval-
ley’s rule” [SGA3, XXIII, 6.5] that computes — up to a sign — universal formulas for the
structure constants in the Lie algebra of a split semisimple group scheme (G, T, M) relative
to a Chevalley system in the Lie algebra. Explicitly, if {X }.ce is a Chevalley system for
(G, T, M) then [X,, Xp] = £(p(a,b) + 1)X,1p whenever a,b,a + b € ®, where p(a,b) is the
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greatest integer z > 0 such that a — zb € ®. This result is proved by inspecting the univer-
sal constants in Lemma for the commutation relations among positive root groups in
pinned split reductive groups with semisimple-rank 2.

Returning to the proof of the Existence Theorem, we have reduced to the task of extending
a split reductive Q-group (G, T, M) to a split reductive Z-group. We have also seen that
it suffices to treat cases in which the root datum R = (M,®, MY, ®V) for (G,T,M) is
semisimple and simply connected (i.e., ® spans Mg over Q and ®¥ spans M"Y over Z), and
we can assume moreover that the associated root system is irreducible.

To construct the required split semisimple Z-group extending (G, T', M), choose a base A
of ® and a pinning {X, }4ea of (G, T, M). Using Proposition [6.3.4] extend this to a Chevalley
system {X.}.es. Since X ., = £X ! for all ¢, by using sign changes if necessary we may
and do arrange that X_, = X! for all ¢ € .

Fix an enumeration {ay,...,a,} of A. Use this to define the lexicographical ordering on
Mgq, so we get an ordering {co, ..., ¢y} of ®T. Identify the unipotent radical Uy := Ug+ of
the Borel subgroup B = T x U, corresponding to ® with a direct product (as Q-schemes)
of the positive root groups U, via the chosen ordering {c;} on ®*. Let U_ = U_g+.

The coroots in AY are a Z-basis for the cocharacter group M"Y of R, due to R being simply
connected, so we get an isomorphism G2 ~ T over Q via (t,)eea + [Ja"(t,). For each
c € ¢, use X, to identify U, with G, via p. : x — exp,(xX.), so the open cell Q = U_xT xU,
in the pinned split group (G, T, M,{X,}.en) over Q is identified with a product of Gy,’s
and G,’s as a Q-scheme:

0 m
(6.3.2) [ Gax [ Gux][GamU-xTxU, =0
=1

j=—m a€A
via

0 m
(@), (ta)acas (@) = [ poey (=) - [T 0¥ (ta) - [] s (2
j=—-m a€A 1=0
in which the product description for U, uses the ordering on ®* and the one for U_ uses
the ordering on —®*. (The specific choice of ordering for the product description of U, will
eventually turn out not to matter, but we need to make some definite choice at the outset.)

Lemma 6.3.6. The Q-scheme isomorphisms [[1—_, Ga =~ U_ and [[["y Ga ~ U, defined

j=—m
above carry the Q-group structures on Uy over to Q-group structures on G™ ' that are
defined over 7.

Proof. Once the case of U, is settled, the same conclusion holds for U, using any ordering
on @ to define the identification of U, with the Q-scheme G™*! (since the permutation
of factors on the Q-scheme G™"! is an automorphism defined over Z). The element n =
Nay -+ Na, € No(T)(Q) represents the long element w = s,, - - - s, € W(®) relative to A, so
n-conjugation carries U, to U_ but the bijection ®* ~ —®* defined by the w-action need
not carry the ordering on ®* to an easily described ordering on —®* (since the bijection
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A ~ —A may be hard to understand). Regardless, since {X.} is a Chevalley system, so
npe(x)n~" = exp,(Ada(n)(rX.)) = pu()(£r) for some universal sign (depending only
on n, ¢, and the choice of Chevalley system), it follows that the result for U_ is a formal
consequence of the result for U,. Hence, we may and do now focus our attention on the case
of U,.

Consider the Q-scheme isomorphism U, ~ G™"! as defined in (6.3.2)); we use this to
equip U, with a Z-group structure. Clearly the identity section of U, is defined over Z, and
inversion on U, corresponds to reversing the order of multiplication and replacing each p.(z)
with p.(—x), so it suffices to check that the multiplication law on U, is defined over Z (as
then the inversion on U, is defined over Z, and all of the group scheme diagrams commute
over Z since they commute over Q). In other words, we can focus on the multiplication law
and not dwell on inversion.

The multiplication description of U, as a product of root groups over Q is defined relative
to the lexicographical order on ®* using some ordering of A. Thus, for each 1 < i < m,
the product Us,, :=U,, ---U,,, is a closed Q-subgroup of U normalized by U, , (as we saw
in the proof of Lemma and this computes the direct product structure that we have
built into the Z-structure. Hence, it suffices to prove by descending induction on 7 that
the Q-group law on each U, is defined over Z (on the corresponding direct product of
copies of G,). The base case i = m is obvious, and likewise the Q-group structure on each
U. = G, is visibly defined over Z, so to carry out the induction it is enough to check that
the normalization action by U., , on Us,, is defined over Z. We can also assume that the
semisimple-rank is at least 2 (or else there is nothing to do).

More generally, for ¢, € ®T with ¢ < ¢, consider the conjugation action by p.(x) on
pe ('), assuming that the group law on Us. is already known to be defined over Z. By

(5.1.5) we have

(633) pc(x)pc’ccl)pc(x)il = H pichjc’(Ci,j,c,c’xix/j)

120,5>0

where the product (in U, ) is taken relative to the ordering on ®* and the coefficients C; .
lie in Q. This product lies in U, and it suffices to prove that C; ;. € Z for all (i, 7). The
first term on the right in is pe(Co1c0t’) because ¢ < ic+ jd in ®F for all 4,5 > 1,
and implies that Cy1.~ = 1. Hence, our problem really concerns the commutator
P (—2")pe(2)pe (—2') 'pe(z) . We may now replace G with Zg(T, ) to reduce to the case
of semisimple-rank 2 (keeping in mind that the ordering on ®* is immaterial once the full
result is proved).

Now consider the case of pinned split groups of semisimple-rank 2. The Chevalley system
extending a pinning is unique up to signs, so we can use whatever Chevalley system we like
that extends an initial choice of pinning. By Lemma [6.2.8] when using the lexicographical
ordering on ®* relative to some choice of enumeration of A, the structure constants in the
commutation relations for the positive root groups are in Z. This establishes the result in
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the semisimple-rank 2 case for some choice of enumeration on A, and it is sufficient to prove
the result for one such choice. 0J

The evident Z-scheme €y extending the left side of has generic fiber identified
with Q, and it is a direct product scheme %_ x .7 x %, with .7 = G2 a split Z-torus
having cocharacter group Z®" = M"Y and %. a Z-group extending U (by Lemma .
For ¢ € ® let p. : G, — %, be the evident inclusion extending p. over Q, and likewise
using %_ for ¢ € —®7, so each p. is a closed immersion of Z-groups (as we can check the
homomorphism property over Q); let %. denote its image. By construction the Z-group
%, is directly spanned in some order by the %.’s for ¢ € ®*, and similarly for %_ using
c € —d*. Likewise, the T-action on € extends to a .7 -action on €z that normalizes %, as
this amounts to some factorization assertions for flat closed subschemes that can be checked
over Q; more explicitly, a¥(t)p.(z)a” (t) ™" = p.(t'*")x) over Z since this holds over Q.

Lemma 6.3.7. The Z-group %, is directly spanned in any order by the %,.’s for ¢ € &7 .
Likewise, %_ is directly spanned in any order by the %.’s for c € —®T.

This result is [SGA3, XXV, 2.5], and the proof there uses a theory of Lazard from [BIBLE,
13.1] for torus actions on unipotent groups. We replace that with a related result proved in
[CGPI 3.3] by the dynamic method.

Proof. The cases of %, and %_ are identical, so we just discuss the case of %,. We have
to show that for any enumeration of ®*, the resulting multiplication map [[ .o+ % — %
between Z-schemes is an isomorphism. It suffices to check the isomorphism result on geomet-
ric fibers over Spec Z, so we are reduced to the following general claim over an algebraically
closed field k. Let U be a unipotent smooth connected affine k-group directly spanned in
some order by unipotent smooth closed subgroups U;. Assume there is given an action on
U by a torus T normalizing each U; such that the T-action on each Lie(U;) is through a
nontrivial character a; with a; # a; for all i # i’. Then we claim that U is directly spanned
in any order by the U;’s. This is a special case of a general criterion in [CGP} 3.3.11] (proved
by the dynamic method) for a unipotent smooth affine k-group to be directly spanned by
appropriate smooth closed subgroups in the presence of a sufficiently nontrivial torus ac-
tion. 0

We conclude from Lemma that the smooth affine Z-groups %4 extending U, can be
defined using arbitrary orderings on ®* and —®*. Define the “identity section” € € Qz(Z)
to correspond to the direct product of the identity sections of %4 and 7 (so this extends
the identity section e € Q(Q) C G(Q)).

The Q-group structure on G defines a birational group law on €2, and we seek to extend
it to a Z-birational group law on 2z in a manner that interacts well with the Z-groups .7,
U, , and % (so that we can control the Z-group that will be constructed from 2z via Weil’s
theory of birational group laws). This proceeds in several steps. Guided by the Bruhat

decomposition of G(Q), the first step is to consider the effect on Q by n,-conjugation for all
a € A. For any n € Ng(T)(Q), we have nU.n™" = Uy for w € W(®) represented by n. In
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the special case n = n, for a € A, we have w(c) = s,(c) € &7 for all ¢ € & — {a}, whereas
w(a) = —a. Also, n, normalizes T'.

Lemma 6.3.8. For each a € A, there exists an open subscheme ¥, C Qg containing T
and every %. (¢ € ®) such that the automorphism g — nqgn;* of G carries (¥4)q into 2.
Moreover, ¥, can be chosen so that the resulting map (¥,)q — Q extends to a Z-morphism
fa : Vo — Qg restricting to an automorphism of the Z-group 7 and carrying the Z-group %,
isomorphically onto U, for all c € ®. In particular, € factors through ¥, and f,(€) = e.

This result in [SGA3], XXV, 2.7].
Proof. For ¢ € ®, the isomorphism U, ~ Uy, () defined by n,-conjugation is given by
pc(x) — psa(c) (AdG<na)(xXc)) - psa(c) (j:IXsa(c))

since {X.}cco is a Chevalley system. Hence, this visibly extends to a Z-group isomorphism
U. ~ U, ). Likewise, on the Q-group T' = G4 = Dq(M), the effect of n,-conjugation is
given by the Z-group automorphism of .7 = G4 = Dz(M) induced by s,.

By Lemma the Z-group %, is directly spanned in any order by the %, for ¢ € &+
and the Z-group %_ is directly spanned in any order by the %, for ¢ € —®*. Thus,

(6.3.4) Q= || %exW.xTx%Ux ][] %

cedt—{a} cedt—{a}

using some fixed choice of enumeration of ®* — {a} in both products. Finally, since we
arranged that X . = X! for all ¢ € ®, n,-conjugation swaps U, and U_, via negation on the
standard coordinate of G, relative to the parameterizations p, and p_, (Corollary [5.1.9(3)).
Thus, using the chosen enumeration of ®* — {a} to define the order of multiplication, n,-
conjugation on () carries

H p_c(x_c) 'p—a(x/) 't'pa(x) ) H pc(ZEc)

cedt—{a} cedt—{a}

to

Il psoEe o) pa(=2) Da(s)(t) - pal=2) - [ poaier(2e)
cedt—{a} cedt—{a}
for some universal signs. The terms p,(—z) and p_,(—2') appear in the “wrong” places;
we want to swap their positions (at the cost of changing the .7-component) so that we can
make things work over Z.

For t' := Dz(s,)(t) we have po(—x)t'p_o(—2') = pa(—x)p_a(—2'/a(t))t'. Since X_, =
X!, Theorem [4.2.6(1) gives that p,(—z)p_o(—2'/a(t)) lies in U_, x T x U, if and only if
1+ xz'a(t)™! is a unit, or equivalently a(t) + xz’ is a unit. Under this unit hypothesis, since
a'(1+ xz'[a(t)) = t72a" (a(t) + x2’) we deduce from that

/

Pa(=2)p-a(=2'/a(t)) = p-a @L) (t"%a" (a(t) + x2'))pa <_“f” ) _

(t) + xa! a(t) + xx’
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Using the Z-group law on %, we conclude that for the open subscheme 7, C 2z defined
by the unit condition a(t) + z,2_, € Gy, (using the coordinatization on Qz relative to the
product decomposition ((6.3.4))), n,-conjugation on 2 carries (7;)q into 2 and the resulting
map (7,)q — €2 extends to a Z-morphism f, : 7, — Qz.

By definition it is clear that ¥, contains .7 and every %,.. The map f, carries .7 into itself
and %, into %, for all ¢ € ® because such factorization through flat closed subschemes can
be checked over Q (where it is obvious). By the same argument, the induced map 7 — 7
is a Z-group involution and the induced map %, — %;,(c) is a Z-homomorphism with inverse
given by the induced map %, ) — %z () = .. O

In addition to conjugation by the representatives n, for the simple reflections s, € W (®),
we need to address conjugation by some representative n for the long Weyl element w € W (®)
relative to A. Explicitly, w = [],ca sq in W(®) using multiplication taken in the order of
any enumeration of A, but the product [[,.nn7a € Ng(T)(Q) generally depends on the
choice of enumeration of A (i.e., if we change the order of multiplication then the product
in Ng(T)(Q) changes by a possibly nontrivial 7'(Q)-multiplication). For our purposes it is
only necessary to work with some enumeration of A, so we shall use the enumeration chosen
earlier to define the lexicographical ordering on Mq (which defined our ordering on ®* and
—Pt).

Let n denote the resulting product [ .. ns € Na(T)(Q), so n-conjugation on G restricts
to an automorphism of 7" and swaps U, and U_.

Lemma 6.3.9. For n as defined above, there are open subschemes ¥, V' C Qg containing
Uy and T such that the automorphism g — ngn™' of G carries ¥q and g into Q and the
resulting maps Vq, Vg = Q extend to Z-morphisms

[V =Qg, f 7V = Qg
satisfying the following properties:
(1) fla. factors through a Z-group morphism onto U, and similarly for f';

(2) f and [’ restrict to Z-group endomorphisms of 7 ;
3) ffoflr-1yn : V' — Qg is the canonical open immersion.
J=H )

In particular, f=*(7") is fiberwise dense in ¥ and € factors through ¥ and V', with f(¢) = ¢
and f'(€) =e.

This result is [SGA3, XXV, 2.8] (except that we include some Z-group compatibilities in
the statement).

Proof. By Z-flatness considerations and the evident properties on the Q-fiber, once we find
¥ and ¥’ containing .7 and %4 so that n-conjugation carries their Q-fibers into {2 and the
resulting maps ¥ — Q and 7g — (2 extend to Z-morphisms, the additional properties in
(1), (2), and (3) are immediate. The actual construction of " and ¥#” involves an inductive
argument on word length in W (®), with Lemma used to carry out the induction. The
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identity that makes it work is n} = 1 in Ng(T)(Q) for all @ € A (since n? = aV(—1)). We

refer the reader to [SGA3, XXV, 2.8] for the details. O

Now we bring in birational group laws. (See [SGA3, XVIII] or [BLR] Ch.5] for general
discussions of this concept.) By artful use of f and f’ from Lemma one can put a
Z-birational group law on {2z:

Proposition 6.3.10. There are open subschemes 71 C Qg X Qz and Vo C Qz such that:
(1) U, T C Vo and Uy X U, U- X U_, T x T,Q0z x {€},{€} x Qz C 1,
(2) for the generic fibers V; = (¥})q, the multiplication morphism m : G x G — G
carries Vi into Q0 and inversion 1 : G ~ G carries Vy into €,
(3) the induced maps m : Vi — Q and ¢ : Vo — Q extend to Z-morphisms mz : %5 — Qg
and vz : V1 — Qg.
Moreover, the Q-birational group law (2, m) extends to a Z-birational group law (Qz, mz)
with inverse 1z and identity € that restricts to the Z-group laws on U, %_, and T .

This is [SGA3, XXV, 2.9], except that the assertions concerning containments of %
and 7 as well as compatibility with their Z-group structures are not mentioned there (but
are immediate from inspecting the construction there and using known identities for maps
between the Q-fibers).

Proof. The motivation for the construction of 7 and #; can be seen by considering the
special case G = SL,. In that special case, 0z = G, X G, X G, with the action of 7 = G,
on %: = G, given by t.x = t*2z. The Zariski-open condition t* + z2’ € G,, defines a
suitable 75 C 7z for exactly the same reason that the condition a(t) + zz’ € Gy, arose in
the proof of Lemma [6.3.8] To find a Zariski-open condition on points

(25, ta, xa), (@], t1,21)) € Qz X Qg

to define ¥, we use Theorem [4.2.6((1) to see that the condition 1+ z2z € Gy, does the job.

The construction of #; and ¥ in general is given in [SGA3, XXV, 2.9], modeled on
the case of SLy. Omne uses Lemma to overcome the absence in the general case of
formulas as explicit as in the case of SLy. The Z-birational group law property amounts to
an associativity identity that can be checked on the Q-fiber, and likewise for the inversion
and identity assertions for this birational group law. 0

Now we are in position to apply results that promote birational group laws to group
schemes. For a scheme S, if X — S is a smooth surjective separated map of finite presenta-
tion equipped with an S-birational group law m, a solution is a smooth separated S-group
(X', m') of finite presentation equipped with an S-birational isomorphism between X and
X' that is compatible with m and m/ (i.e., an S-isomorphism f : Q ~ Q' between fiberwise
dense open subschemes 2 C X and €' C X’ such that m'o(f x f) = (f x f)om as S-rational
maps from X xXg X to X’). A preliminary result in the theory of S-birational group laws
is that a solution is unique up to unique S-isomorphism (not just S-birationally) if it exists
[BLR], 5.1/3]. This is proved by translation arguments, using that a smooth surjective map
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has many étale-local sections. We emphasize that it is not required that X is open in X’;
i.e., we allow for the possibility that only some fiberwise dense open subscheme of X appears
as an open subscheme of X’ (compatibly with the S-birational group laws).

For practical applications, it is useful to have a criterion which ensures that a given S-
birational group law (X, m) occurs as an open subscheme of an S-group, with no shrinking
of X required. To motivate the criterion, we now consider S-birational group laws that arise
from fiberwise dense open subschemes of S-groups and we identify some properties that such
S-birational group laws must satisty.

Example 6.3.11. Let G — S be a smooth separated S-group of finite presentation, and
X C G a fiberwise dense open subscheme. Then U = mg'(X) (X xg X) is the open
domain of definition of the associated S-birational group law on X, and it is X-dense in
X Xg X in the sense that U is fiberwise dense relative to both projections X xg X = X.
Indeed, for any geometric point 5 of S and T € X (3), the Z-fibers of Uz under the projections
X5 x X5 = X5 are the open overlaps Xz [((z7' - X5) and X5((X5-Z7!) in G5 that are dense
in Xs.

Moreover, the universal left and right “translation” maps U = X xg X defined by u =
(1, 22) = (z1,m(z1,x2)), (Mm(x1,22), 22) are open immersions with X-dense image because
they are obtained by restriction to U C G Xg G of the universal translation maps (g, ¢’') —
(99',9),(g,99") that are automorphisms of the S-scheme G xg G.

Motivated by Example an S-birational group law (X, m) is called strict if there
exists an open subscheme 2 of the domain of definition of m in X x ¢ X such that 2 is X-dense
and the maps Q@ = X xg X defined by (x,2’) — (z,m(z,2")) and (z,2") — (m(z,2'),2’) are
open immersions whose respective images in X xg X are X-dense. (This is an equivalent
formulation of the definition of a “group germ” in [SGA3|, XVIII, 3.1].) We have just seen
in Example that strictness is a necessary condition for a “solution” (X’,m’) to an
S-birational group law (X, m) not to require require any shrinking of X; i.e., it is necessary
in order that X be open in a solution X’ (as S-birational groups).

Remarkably, strictness is also sufficient for the existence of a solution (X', m’) containing
(X,m) as a fiberwise dense open subscheme. This deep result is essentially [SGA3|, XVIII,
3.7, 3.13(iii)], except that X’ is built there only as an fppf (and hence smooth) algebraic
space group, resting on the special case of strictly henselian local S for which X’ is built
as a scheme. (The theory of algebraic spaces did not exist in 1963, so at that time the
language of fppf sheaves was used; [Ar74, Cor.6.3] provides the link with algebraic spaces.)
The construction of this solution X’ as a scheme is given in [BLR) 5.2/3] for the cases that
S is the spectrum of a separably closed field or strictly henselian discrete valuation ring.

By [BLR] 6.6/1] the algebraic space X' is always a scheme, but we are only interested in
the special case that S is Dedekind (namely, S = SpecZ). One can establish the result over
such S without any (implicit) use of algebraic spaces as follows. First consider the “local”
version: S = Spec R for R a field or discrete valuation ring. By using the known solution over
a strict henselization of any such R, a solution can be built over R by descent arguments;
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see [BLR, 6.5/2]. In particular, for a general Dedekind scheme S we get a solution over
the generic points (though in the cases of interest over Z we are even given a solution G
over Q). This “spreads out” to a solution over a dense open subscheme V' of S. By limit
considerations, the general Dedekind case reduces to local versions of the problem at the
finitely many closed points of S — V', which are instances of the settled local case that R is
a discrete valuation ring.

To summarize, the Z-birational group )z is fiberwise dense in a smooth finite type and
separated Z-group Gz once we verify:

Proposition 6.3.12. The Z-birational group law on Qg is strict.

Proof. The universal left and right “translation” morphisms 7] = {2z x {2z are maps between
smooth separated Z-schemes of finite type, and on the Q-fibers they are open immersions
since V] is a non-empty open in the smooth connected Q-group GG. Thus, these maps are
birational. We claim that these Z-maps are étale on an open subscheme % of #; that contains
{€} x Qz and Qz x {€). The case of the universal left “translation” (w,w’) — (w, mz(w,w’))
will be treated, and right “translation” goes similarly.

In view of Z-smoothness for the source and target, it suffices to check that the tangent
maps at (x,€(s)) and (€(s),x) are isomorphisms for every geometric point s of SpecZ and
closed point x € Q, := ({2z)s. Restriction to the respective open neighborhoods

o= (A)s[ ) x {E(s)}) € Qu, K= (H)s[ {a} x Q) € Q,

of z and ¢(s) in €, gives maps 7/, /)", = Q, x (), that are respectively the identity map and
“left translation” by z into the slice {z} x 2 (on an open domain containing €(s)). Since
¢ is an identity for the Z-birational group law, this latter map at (x,€(s)) is the canonical
inclusion on the tangent space. Hence, by using the canonical decomposition

Tane,z(5) ((Qz x 2z),) = Tan, (2,) @ Tanz,)(2,)

we deduce the isomorphism property for the tangent map at (x,€(s)) since V@V is the
direct sum of the diagonal and {0} @V for any vector space V. The same argument works
at the points (€(s), x).

Pick an open subscheme % C ¥ containing €2z x {€} and {€} x Q2z on which the universal
left and right “translations” are étale maps to {0z x Qgz, so these define a pair of maps
W = Qz x Qg that are birational, separated, and quasi-finite. By Zariski’s Main Theorem
[EGA| I11;,4.4.9], any birational, separated, and quasi-finite map between connected normal
noetherian schemes is an open immersion. 0

Since {1z is now a fiberwise dense open subscheme of a unique smooth and separated
Z-group Gz of finite type (compatibly with Z-birational group laws), Gz — SpecZ has
connected fibers. By the uniqueness of solutions to birational group laws, the inclusion
2 — Gq extends to an isomorphism G ~ Gq, so we can view Gz as a Z-model for G. The
section € € Qz(Z) C Gz(Z) is the identity section, as this holds over Q and equalities of
maps between separated flat Z-schemes can be checked over Q. Likewise, the immersions
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T — Gz and %, — Gz are Z-homomorphisms, since we can check over Q. We do not yet
know if these immersions are closed immersions, nor if Gz is affine.

To prove that the smooth separated finite type group Gz is semisimple, we will first show
that its geometric fibers over SpecZ (which we know are connected) are semisimple, and
then deduce from this that Gz is affine. The key to fibral semisimplicity is:

Lemma 6.3.13. For every geometric point s of SpecZ and every ¢ € ®, the fibral subgroups
(%.)s and (%_.)s in (Gz)s generate a subgroup that contains the nontrivial torus ¢! (Gy).
In particular, the subgroup of (Gz)s generated by the two unipotent subgroups (%sc)s = Ga
18 not unipotent.

Proof. Identify %4. with G, via p1.. The calculations in the proof of Lemma [6.3.8 show
that if x, 2" are points of G, such that 1 + 22’ € Gy, and (p.(z), p_.(2')) € #; then

~ ~ / ~ ' v N z
(6:35) Ree) = (s ) e (55
in the group law of Gz. The direct product scheme %, x % _. inside Q)z x 0z meets the open
neighborhood 7] of (¢,¢€), and imposing the additional condition “1 4+ xz’ € G,,” defines
a fiberwise dense open subscheme on which (6.3.5) holds. Hence, by separatedness and
smoothness considerations, it follows that (6.3.5]) holds on the open subscheme of %, x %_. =
A2 where 1 + 2’ € G,,,. Now pass to s-fibers. O

The proof that Gz is affine will use some structural input on the fibers, so we first address
the fibral structure:

Proposition 6.3.14. For each geometric point s € SpecZ, (Gz)s is semisimple and Ty is
a mazximal torus. In particular, the fibers of Gz are affine.

Proof. By construction, Gz contains the torus .7 = Dz(M) as an S-subgroup (which we
have not yet shown to be closed, as Gz is not yet shown to be affine, so we cannot apply
Lemma and we wish to avoid using the deep Theorem . Consider the action by
this torus on
g := Lie(Gz) = Tang(Qz) = Lie(.7) & @P Lie(%.).
ced

These direct summands are stable under the adjoint action of .77, with Lie(.7") centralized
by the action and the line subbundle Lie(%.) acted upon through through character ¢ € & C
M — {0}. It follows that under the .7-action on g, the trivial weight space is the subbundle
Lie(.7") and the set of nontrivial weights consists of the “constant sections” ¢ € & € M —{0},
with the c-weight space equal to Lie(%.) for ¢ € ®.

Now pass to fibers at a geometric point s of SpecZ. The s-group Gy := (Gz)s contains
the s-subgroups U, s := (%.)s ~ G, and T, := .J; = D,(M) such that T, normalizes each
Ues = G, via the action t.z = c(t)z, so in the commutative quotient G** = G,/ %(G;) the
image of U, is trivial. Then implies that for each ¢ € ® the image of ¢¥(Gy, ) in this
quotient is also trivial. But the subgroups U, s and ¢Y(Gy,) for ¢ € ® generate G (as Qz is
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a fiberwise dense open subscheme of Gz whose direct product decomposition as a Z-scheme
is defined by multiplication in the Z-group law on Gz), so Gs/2(G;) = 1.

We have proved that G4 has no nontrivial commutative quotient modulo a normal smooth
connected closed subgroup, and that G5 = Z(Gs). It is a theorem of Chevalley [Chev60]
(and Barsotti [Bar] and Rosenlicht [Ro, Thm. 16]) that every smooth connected group H
over an algebraically closed field is an extension of an abelian variety by a connected linear
algebraic group. (See [Con02] for a contemporary exposition of the proof.) In particular, if
such a group H has no nontrivial commutative quotient modulo a normal smooth connected
closed subgroup then H is a linear algebraic group! Hence, G is a connected linear algebraic
group that is equal to its own derived subgroup. In particular, if it is reductive then it must
be semisimple.

It remains to show that G, is reductive and 7§ is a maximal torus in GG;. The inclu-
sion Ty — Zg,(Ts) between connected smooth linear algebraic groups is an equality on Lie
algebras, so it is an isomorphism. Hence, T is a maximal torus in G,. To establish the
reductivity, we first require a dynamic characterization of U, , in terms of the T;-action on
G, for each c € ®.

Fix ¢ € ®. For the codimension-1 subtorus 7" = ((ker ¢)?),eq in T, the smooth connected
centralizer Zg, (77) has Lie algebra that is the T.-centralizer in g, which is the span of the
weight spaces for the T,-weights that are trivial on 7). Hence, Lie(Z¢,(77)) is the span of
Lie(Ts) and Lie(Ui.) since @ is a reduced root system in M = X(T). Consider the smooth
connected unipotent subgroup Uz, (ry(c). This clearly has Lie algebra Lie(U.), so the
inclusion Ue s C Uz rry(c’) between smooth connected linear algebraic groups is an equality
on Lie algebras. In other words, we have established the “dynamic” characterization

(636) Uc,s - UZGS (Ts’)(cv)

in terms of the Ti-action on G,.

Now suppose that U := %,(G;) is nontrivial. By normality in G, the nonzero subspace
Lie(U) in g, has a weight space decomposition relative to the Ts-action. Since U [Ty = 1
(due to the unipotence of U), passing to Lie algebras gives Lie(U) (| Lie(Ts) = 0. Hence,
all Ts-weights that occur on Lie(U) are nontrivial, so for some ¢y € ® the 1-dimensional
co-weight space Lie(U,, s) is contained in Lie(U).

The intersection U (] Zg,(T7) is smooth and connected since

T x (U() Ze.(T)) = Zrpw (TY),

so by applying Proposition [£.1.10(1) to H = U()Zg,(T.) equipped with its action by
¢y (Gm) we conclude via the dynamic description (6.3.6) of Uy, s that U (U, s is smooth
and connected. But Lie(U (U, s) = Lie(U)[\Lie(Ug,s) = Lie(Ue,s), so the inclusion
U Ue,s — Ug s between smooth connected groups is an equality on Lie algebras. This
forces U Ugs = Ugy s, 80 Ugy s C U inside G4. Thus, the subgroup U_., s = nCOUco,SnC_O1 is
contained in U by normality of U in G,. But the subgroups U, s and U_,, s of U generate
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a non-unipotent subgroup of G (by Lemma [6.3.13]), which is absurd since U is unipotent.
Hence, U = 1. 0]

Proposition 6.3.15. The Z-group Gy is affine with the split torus 7 as a mazimal torus.

Proof. Consider the adjoint action Adg, : Gz — GL(g). The fibral semisimplicity in Propo-
sition implies that ker Adg, has finite geometric fibers (by the classical theory), so
Adg, is quasi-finite. But it is a general fact that any quasi-finite homomorphism between
separated flat groups of finite type over a Dedekind base is necessarily an affine morphism;
see [SGA3|, XXV, §4] for the proof (which is based on a clever translation argument). Hence,
Adg, is an affine morphism, so Gz inherits affineness from GL(g).

Now that Gz is affine, it follows that .7 is a closed subgroup of Gz (as for any multiplicative
type subgroup of a smooth affine group (Lemma ) The maximality of this torus in
geometric fibers was proved in Proposition O

Since the Q-fiber of (Gz, 7, M) is the triple (G, T, M) whose root datum is the original
R of interest, Proposition |6.3.15| completes the proof of the Existence Theorem (since the
root spaces for (Gz, .7, M) are free of rank 1 by construction, or because Pic(Z) = 1).

6.4. Applications of Existence and Isomorphism Theorems. Chevalley groups were
originally defined to be the output of a certain explicit construction over Z given in [Chev61]
for any split connected semisimple Q-group descending a given connected semisimple C-
group. Turning the history around, we define a Chevalley group to be a reductive group
scheme G over Z that admits a maximal torus 7" over Z. Since all tori over Z are split (as
Spec Z is normal and connected with no nontrivial connected finite étale cover) and all line
bundles over Z are trivial, Chevalley groups are necessarily split. These are precisely the
Z-groups constructed by Chevalley, at least in the semisimple case, due to:

Proposition 6.4.1. Chevalley groups up to isomorphism are in bijective correspondence with
root data, and two Chevalley groups are isomorphic over Z if and only if they are isomorphic
over C.

Proof. The bijectivity assertion is the combination of the Isomorphism and Existence The-
orems over Z. By the Isomorphism Theorem, the equivalence between Z-isomorphism and
C-isomorphism is immediate (as root data do not “know” the base scheme). U

Remark 6.4.2. Let R be a semisimple root datum, ¢ its underlying root system, and g
a split Lie algebra over Q with root system ®. Chevalley initially proved the Existence
Theorem over Z for adjoint R by making an explicit construction inside the automorphism
algebra of a Lie algebra over Z generated by a Chevalley basis of g. In his 1961 Bourbaki
report [Chev61], he removed the adjoint condition on R by working with a split semisimple
Q-group (G, T, M) having root datum R rather than with the Lie algebra g over Q having
root, system ®.

Chevalley’s idea was to pick a faithful representation (V,p) and use a Chevalley system
{Xa}aeo to construct a lattice A in V' so that the schematic closure ¢4 of G in GL(A) has an
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“open cell” structure over Z extending one on G. The fibral connectedness and semisimplicity
properties of ¢4 were analyzed via the open cell structure.

Example 6.4.3. Here is a useful application of Chevalley groups. Let S be a non-empty
connected scheme, and (G, T, M) a split reductive group over S. The short exact sequence
of S-groups

(6.4.1) 1T — Ng(T) - We(T) — 1
induces an exact sequence of groups
1 — Hom(M, G, (S)) = Ng(T)(S) — W(®) — H'(Se, T) = M @7 Pic(9).
We claim that is the central pushout of an exact sequence
(6.4.2) 1 — T[2] = We(T) = We(T) — 1

for a finite flat S-subgroup We(T) C Ng(T) such that Wg(T')(S) is carried onto the finite
group W(®) of constant sections. In particular, if S = Spec R for a domain R (or more
generally, if p5(S) is finite) then Ng(T')(S) contains a finite subgroup mapping into W (®).

The construction of rests on a choice of pinning, or more specifically on a choice
of Z-descent of (G, T, M). In other words, it suffices to make the construction when S =
SpecZ (i.e., for Chevalley groups), and in such cases we claim that the finite flat Z-subgroup
Wea(T) C Ng(T) is canonical; it does not depend on a pinning (and is called the Tits
group for (G,T)). The special features of Z are that Pic(Z) = 1 and G (Z) = p2(Z) (so
T(Z) = T[2](Z)); these imply that on Z-points yields a short exact sequence

1 > T[2)(Z) - Ng(T)(Z) —» W(P) — 1,

so Ng(T)(Z) is finite. Hence, we can define Wg(T') to be the finite flat Z-subgroup of
N¢(T) generated by the Ng(T)(Z)-translates of T'[2]. Explicitly, Wg(T')(Z) contains the
elements n, = w,(X,) for any a € ® and trivializing section X, of g, (well-defined up to a
sign). This same description gives the pinning-dependent construction over a general non-
empty base S (over which unit scaling on the pinning may go beyond sign changes, thereby
making the Tits group depend on the pinning). See [Ti66b] and [Ti66¢] for further discussion
(where W (T)(Z) is called the extended Weyl group), and [Bou3d, IX, §4, Exer. 12(d)] for an
interpretation via compact Lie groups.

Now we turn our attention to a relative version (and refinement) of the decomposition of
a connected semisimple group over a field £ into an “almost direct product” of its k-simple
factors. In Theorem we canonically described every nontrivial connected semisimple
group G over a field k as a central isogenous quotient of a product of k-simple semisimple
groups G;. For the simply connected central covers G; — G, each G; is k-simple (since G}

is) and the composite map
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is a central isogeny (due to Corollary . Thus, this map identifies [ | éz with the simply
connected central cover of G.

The problem of classifying all possible G over k is thereby largely reduced to the case of
k-simple G that are simply connected. We wish to explain why the absolutely simple case
(over finite separable extensions of k) is the most important case. This rests on:

Proposition 6.4.4. Let G — S be a fiberwise nontrivial sstmply connected semisimple group
over a non-empty scheme S. There is a finite étale cover S’ — S and a simply connected
semisimple group G' — S" with absolutely simple fibers such that G ~ Rg/5(G").

The pair (S'/S,G") is uniquely determined up to unique S-isomorphism in the following
sense: if (S”/S,G") is another such pair then every S-group isomorphism Rgs(G') ~
Rs/s(G") arises from a unique pair (o, f) consisting of an S-isomorphism o : 8" ~ 5" and
a group isomorphism f : G' ~ G" over «.

Proof. In view of the uniqueness assertions, by étale descent we may work étale-locally on S.
Thus, we can assume that G is split, say with a split maximal torus 7" = Dg(M) whose root
spaces g, are free of rank 1. The semisimple root datum R(G, T, M) is simply connected, so it
decomposes as a direct product [[,.; R; of simply connected root data R; whose underlying
root systems are irreducible (and I # ()). By the Existence Theorem there exists a split
semisimple S-group (G, T;, M;) whose root datum is R;. The geometric fibers of G; — S are
simply connected and simple (Corollary . By the Isomorphism Theorem, G ~ [] G;.
For S" = [],.; S and the S'-group G' = [[ G; we have Rg/,5(G") = [[Gi = G.

[t remains to prove the asserted unique description of isomorphisms (so then the preced-
ing construction in the split case does indeed settle the general case, via descent theory).
Consider two pairs (5'/S,G’) and (5”/S,G") and an S-group isomorphism ¢ : Rg//g(G") ~
Rs/s(G"). We seek to show that ¢ arises from a unique pair (o, f). The uniqueness allows
us to work étale-locally on S for existence, so we can assume that S = Spec A for a strictly
henselian local ring A. Then S” and S” are each a non-empty finite disjoint union of copies
of S, so the assertion can be reformulated as follows: if {G}} and {G/} are non-empty finite
collections of simply connected semisimple A-groups with absolutely simple fibers then any

A-group isomorphism
©: H G ~ H G
arises from a unique bijection o : I ~ J and A-group isomorphisms f; : Gj ~ G” (i)

The uniqueness of « is immediate from passage to the special fiber, and then the uniqueness
of {f;} is clear. To prove the existence of («, f), we shall use the crutch of maximal tori
over the strictly henselian local ring A. Let 7] C G} be a maximal torus, so 7" := [[ 1}
is a maximal torus in [[ G. Over the strictly henselian local ring A, all maximal tori in a
reductive A-group H are H(A)-conjugate to each other (Corollary. Hence, the product
construction of maximal tori in [] G gives all maximal tori. The same applies to [[ G, so
@(T") = [T} for maximal tori T}" C G7.

We claim that the isomorphism ¢ : [[7] ~ [[ 7} arises from a bijection o : I ~ J and
collection of isomorphisms h; : T} ~ T (;'(l.). Since these tori are split over the local A, it is
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equivalent to verify the assertion on the special fiber. But over the residue field we can appeal
to Theorem to identify the absolutely simple special fibers {(G})o} and {(G7)o} with
the simple factors of the respective product groups [](G})o and [[(G)o. Hence, ¢o must
permute these factors according to some bijection « : I ~ J and carry (G})o isomorphically
onto (G7;))o. This latter isomorphism must carry (17)o isomorphically onto (T )o, and
these torus isomorphism (together with «) do the job.

Having built « : [ ~ J and h; : 1] ~ T ;’(i) compatible with ¢, we can relabel the
indices so that ¢ is an isomorphism of A-groups [[ G} ~ [[ G/ carrying the A-subgroup 77
isomorphically to the A-subgroup T}’ for each i. It remains to show that the A-subgroup Gj
is carried isomorphically to the A-subgroup Gj, for each 7. We will do this via an intrinsic
characterization of G in terms of {T}} and G" = [[ G;. The centralizer of [[,;, T} in G" is
G, < IL Lig T7, so the derived group of this centralizer is G . A similar description applies
to G in terms of {7’} and G” =[] G7, so we are done. O

Remark 6.4.5. The assertions in Proposition remain true, with the same proof, when
“simply connected” is replaced by “adjoint” everywhere.

Example 6.4.6. Let k be a field and GG a nontrivial connected semisimple k-group that is
simply connected. Proposition provides a canonical isomorphism G ~ Ry /;(G’) for a
unique pair (k'/k,G’) consisting of a nonzero finite étale k-algebra k' and a semisimple k'-
group G’ such that all fibers of G’ — Spec k' are connected, simply connected, and absolutely
simple. Using the decomposition into factor fields &' = [[ &} and letting G denote the k-
fiber of G, we have G =~ [[, Riy/x(G}). By Example [5.1.20) these factors are k-simple. In
particular, G is k-simple if and only if it has the form Ry, (G") for a finite separable extension
k'/k and a connected semisimple k’-group G’ that is absolutely simple and simply connected.
This argument shows that the pair (k'/k, G’) is canonically attached to G' (not merely up to
k-isomorphism). An extrinsic characterization of &/k is given in Exercise [6.5.9]

Example 6.4.7. Let G be a simply connected semisimple Z-group. By Proposition [6.4.4]
G ~ R4/z(G’) for a nonzero finite étale Z-algebra A and a simply connected semisimple A-
group G’ whose fibers are absolutely simple. By Hermite-Minkowski, A = [[ A; with A; = Z.
Thus, if G; denotes the restriction of G’ over Spec A; = Spec Z then Ry ,z(G") = [[ G;. Hence,
to classify all such G one loses no generality by restricting attention to the case when G has
absolutely simple fibers (i.e., an irreducible root system for the geometric fibers).

By the same reasoning, over any connected normal noetherian scheme S whatsoever, to
classify simply connected semisimple S-groups GG one can pass to the case of G with absolutely
simple fibers at the cost of replacing S with some connected finite étale covers (namely, the
connected components of S’ as in Proposition |6.4.4)).
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6.5. Exercises.

Exercise 6.5.1. Let (G, T, M) be a split semisimple group over a non-empty scheme S.

(i) Choose a € ®. Show that any ¢ : SLy — G satisfying ¢(diag(c,1/c)) = a’(c) with
ker ¢ central factors uniquely through a central isogeny ¢ : (SLy, D) — (2(Z¢(T,)), a"(Gw))
between split semisimple groups of rank 1, carrying the strictly upper-triangular subgroup
U™ isomorphically onto U,. Prove that such ¢ exist, and that ¢ + Lie(#)(J4) is a bijection
between the set of such ¢ and the set of global bases X, of g, = Lie(U,).

(ii) Under the dictionary in (i), we can pass from a choice of X, to a choice of ¢, and then
to an element X_, := Lie(¢)(9§) € g_4(S). Prove that X_, is a nowhere-vanishing section
of g_,, and that it is the trivialization of g_, dual to X, via the canonical perfect pairing
between g, and g_, in Theorem [£.2.6]

(iii) Use (i) to give a group-theoretic definition of pinnings that does not mention bases
for root spaces; cf. [CGPl, A.4.12].

Exercise 6.5.2. Fill in the missing details at the end of Example [6.1.9; prove that if an
isogeny f : (G',T") — (G, T) between connected reductive groups equipped with maximal
tori over an algebraically closed field induces an isomorphism between the corresponding root
groups then ker f C Zg. Then state and prove an analogous result for an isogeny between
split reductive group schemes over a non-empty scheme.

Exercise 6.5.3. Using the Existence and Isomorphism Theorems, the equivalence in Exer-
cise[1.6.12(ii) among definitions for “simply connected” in the classical case is now proved. A
semisimple group over a non-empty scheme S is simply connected when its geometric fibers
are simply connected (recovering the definition in Example in the split case).

(i) For any semisimple S-group G, prove the existence and uniqueness of a central isogeny
7:G — G froma semisimple S-group G that is simply connected. By “uniqueness” we mean
that for any two such pairs (G, 7) and (G',7’) there exists a unique isomorphism G ~ G’
carrying 7 to 7’. We call (é, 7) the simply connected central cover of G.

(i) For a semisimple S-group G, prove that G /Zg — G/Zg is an isomorphism and G —
G/Zg is uniquely covered by an isomorphism between the simply connected central covers
of G and G/Zs. Deduce that the isomorphism classes of G and G /Z¢ determine each other.

(iii) Prove that for a simply connected semisimple S-group G, any central extension of G
by a group H of multiplicative type is uniquely split. (Hint: work étale-locally on S to split
H, and note that the central pushout along an inclusion of H into a torus is reductive and
hence admits a “derived group” that is semisimple.) Using this, prove that any homomor-
phism between semisimple S-groups uniquely lifts to a homomorphism between their simply
connected central covers; in this sense (G, 7) is uniquely functorial in G.

(iv) Let 7" be a torus in a simply connected semisimple S-group G. Prove that 2(Z(1"))
is simply connected. (Hint: pass to S = Speck for k = k and find A € X,(T") so that
Za(T") = Zg(N). Pick a maximal torus T O 7" and closed Weyl chamber in X, (7T')q
containing A, with associated bases A and A, so (a,\) > 0 for all @ € A. Prove that Zg(\)
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supports precisely the T-roots spanned over Q by A’ = {da’ € A|{(a’,\) = 0}. Deduce that
X (2(Zg(T"))NT) is spanned over Z by A’".) Using T" = (kera)®,, for a € ®(G,T), show
by example that the analogue with “adjoint” replacing “simply connected” is false.

Exercise 6.5.4. Does Proposition remain valid with SLy replaced by any semisimple
group scheme that is simply connected in the sense of Exercise [6.5.3!

Exercise 6.5.5. If G is a connected semisimple group over a field k and if £ — G is a
G-torsor with a chosen basis €' € Z(e), prove that £ admits a unique structure of central
extension of G by Gy, with identity ¢’. (The proof imitates the case of abelian varieties after
passing to the split case and using the triviality of line bundles on the open cell, together
with a classic result of Chevalley that any pointed map from a smooth connected k-group
to (G, 1) is a homomorphism.) Does this result generalize to semisimple group schemes G
over a non-empty scheme S when a trivialization of .Z along e € G(S) is given?

Exercise 6.5.6. Let G be a connected linear algebraic group over an algebraically closed
field k£ of characteristic 0. Prove without recourse to the classification theorems that G is
semisimple if and only if Lie(G) is semisimple. (Hint for “=”: Let t be a solvable Lie
ideal. By the Levi-Malcev Theorem [Boull, I, 6.8, Thm. 5|, semisimplicity is equivalent to
the vanishing of all such r. Prove that v is stable under the adjoint action of G, and consider
its possible weights under the action of a maximal torus of G.)

Exercise 6.5.7. Recall Lang’s Theorem [Bo91), 16.5(i)]: if a connected linear algebraic group
G over a finite field k acts on a finite type k-scheme V such that G(k) is transitive on V (k)
then V (k) # (. Apply it to Torg, and Borgr . for G' = G /%,(G) to prove that G contains

a (geometrically) maximal k-torus and a Borel k-subgroup.

Exercise 6.5.8. Let S — S be a finite étale cover of schemes, G’ a reductive S’-group,
and G := Rg//s(G’). Prove that G is a reductive S-group, and adapt the method of proof
of Proposition to show that 7" — Rgr/g(71") is a bijection between the sets of maximal
tori of G’ and of GG. Do likewise for Borel subgroups, and use this to construct natural
isomorphisms Torg /g ~ Rg//s(Torgr/s) and Borg s ~ Rg//g(Borgr/sr).

Exercise 6.5.9. Let k£ be a field and GG a connected semisimple k-group that is k-simple and
simply connected. According to Example , G ~ Ry i(G") for a canonically associated
pair (k'/k,G") where k'/k is a finite separable extension field and the simply connected
semisimple k’-group G’ is absolutely simple.

(i) For an extension field L/k, prove that G is L-split if and only if &’ ®; L is a split
L-algebra (i.e., all of its factor fields coincide with L) and G’ ®y ; L is L-split for all k-
embeddings j': ¥ — L. (Hint: use Exercise[6.5.8])

(ii) Prove that if k is a global field and v is a place of k such that Gy, is k,-split then v is
totally split in &'/k. Deduce that a k-simple connected semisimple k-group that is split at
all finite places must be absolutely simple.

(ii) Define a natural action by Gal(ks/k) on the set of kg-simple factors of Gy, and relate
k' to the open subgroup that preserves one of these factors.
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7. AUTOMORPHISM SCHEME

7.1. Structure of automorphisms. Many arithmetic properties of non-degenerate qua-
dratic forms ¢ of rank > 3 over number fields are encoded in terms of the corresponding
connected semisimple group SO(g) (or the disconnected orthogonal group O(q)). All such
groups become isomorphic over Q, so the problem of classifying quadratic forms can be
related to the problem of classifying connected semisimple groups with a fixed geometric
isomorphism type (equivalently, with a fixed root datum for its geometric fiber). The clas-
sification of connected semisimple Q-groups sharing a common isomorphism type over Q
is tied up with understanding the structure of the automorphism groups of split connected
semisimple groups over number fields.

To see the link between automorphism groups and classification problems, consider the
situation over a general field k. Let G be a connected reductive k-group, so G, admits a
splitting and pinning. This gives rise to a reduced root datum R whose isomorphism class
is intrinsic to G (and can be computed over any separably closed extension of k). Let Gy
be the split connected reductive k-group with the same root datum (so Gy is unique up to
k-isomorphism). Since G and G become isomorphic over a finite Galois extension of k (as
both are split over ks with the same root datum, and hence are isomorphic over k), we may
view G as a “ks/k-form” of Gy. To classify the possibilities for G, we use:

Lemma 7.1.1. Let R be a reduced root datum, and Gy a split connected reductive k-group
with root datum R. The set of k-isomorphism classes of connected reductive k-groups G
whose associated root datum over kg is isomorphic to R is in natural bijection with the

Galois cohomology set H' (k,/k, Aut((Go)s.))-

Proof. Choose G and pick a finite Galois extension K/k such that there exists a K-group
isomorphism ¢ : Gg ~ (Go)g. Typically this isomorphism is not defined over k (i.e., it
does not descend to a k-group isomorphism G ~ (), and to measure this possible failure we
examine how ¢ interacts with the canonical K-isomorphisms 7*(Gg) ~ Gk for v € Gal(K/k)
that encode the k-descent G of G, as well as the analogous K-isomorphisms for Gy (where
7*(X) denotes the base change of a K-scheme X through scalar extension by v : K ~ K).
That is, for each v we get a K-isomorphism

Y (p)™t

¢y (Golk 2 v ((Go)x) | = 4" (Gr) ~ G £ (Go)x.

and it is straightforward to check that the cocycle condition

Coyry = Cy 0 (7Cy)
holds in Aut((Go)k), where ¢ — 7'.c denotes the natural action of 7 € Gal(K/k) on
Aut((Gp) k) through scalar extension along 7' : K ~ K (combined with the descent isomor-
phism v ((Go)x) =~ (Go)x defined by the k-structure Gy on the K-group (Go)x).
The choice of (K, ) defines the function ¢ : Gal(K/k) — Aut((Go)k) via v — ¢, and
in terms of the non-abelian cohomology conventions in [Ser97, I, §5.1] this lies in the set
ZMK/k, Aut((Go)x)) of 1-cocycles on Gal(K/k) with coefficients in the Gal(K/k)-group
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Aut((Go)r). This l-cocycle depends on ¢, but the other choices are precisely a o ¢ for
a € Aut((Go)k), which leads to the 1-cocycle v — a o ¢, o (y.a)™'. As we vary through
all such a, these cocycles vary through precisely the ones that are cohomologous to ¢. In
particular, the cohomology class [c] € H' (K /k, Aut((Go)x)) is independent of . Note that
¢ = 1 as a function precisely when ¢ is defined over k, and more generally c is a coboundary
v a~tory.a for a € Aut((Gy)) precisely when a o ¢ is defined over k.

Since Galois descent is effective for affine schemes, it follows that H'(K/k, Aut((Go)x)) is
identified with the pointed set of isomorphism classes of k-groups G such that there exists
a K-group isomorphism Gk ~ (Go)g. This is a special case of the general formalism of
“twisted forms” as in [Ser97, III] (i.e., it has nothing to do with G being a split connected
reductive k-group), and for a k-embedding K — K’ into another finite Galois extension of
k the resulting inflation map of pointed sets

HY(K/k, Aut((Go)x)) — H (K'/k, Aut((Go)x+))

“relaxing” the condition of existence of a K-isomorphism (to (Gg)g) to the condition of
existence of a K’-isomorphism (to (Go)ks). Passing to the direct limit over all K/k inside
ks/k gives the result. O

Remark 7.1.2. If we fix a separable closure k,/k then we can define a canonical based root
datum attached to any (possibly non-split) connected reductive k-group G as follows. For
each pair (T, B) in Gy, consisting of a (geometrically) maximal kg-torus 7" and a Borel k-
subgroup B that contains it, we get an associated based root datum R(G, T, B). If (T", B') is
another choice then by Proposition [6.2.11](2) there exists g € G(k;,) such that g-conjugation
carries (T, B) to (1',B’). The choice of ¢ is unique up to Ng(B)(ks) [ Na(T)(ks) =
B(ks) (Na(T)(ks) = T(ks), so the induced isomorphism R(G, T, B) ~ R(G,T’, B") of based
root data is independent of the choice of g. More specifically, we get canonical isomorphisms
among all of the based root data R(G, T, B) as we vary (T, B), and these isomorphisms are
compatible with respect to composition.

By forming the (inverse or direct) limit along this system of isomorphisms, we get “the”
based root datum of G, to be denoted (R(G),A). This generally depends on ky/k when G
is not k-split. That is, if v € Gal(ks/k) and (7, B) is a pair in Gy,, then the isomorphism
R(Gy,, T, B) ~ R(G,,v*(T'),v*(B)) defined via scalar extension along v and the k-structure
G on Gj, may not coincide with the effect of conjugation by an element of G/(k;) that carries
(T, B) to (v*(T),y*(B)). Put in other terms, we have just defined a natural action of
v € Gal(ks/k) on (R(G),A) via

(R(G),A) = R(Gy,, T, B) ~ R(Gi,,v*(T),7"(B)) = (R(G), A);

this is independent of the choice of (T, B) and may be nontrivial. It is the “x-action”
of Gal(ks/k) on Dyn(®) that appears in the Borel-Tits approach to classifying isotropic
connected semisimple groups over fields (modulo the “anisotropic kernel”).

When kg/k is understood from context, (R(G),A) is called the based root datum for G.
By the Existence and Isomorphism Theorems, up to unique k-isomorphism there exists
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a unique pinned split connected reductive k-group (G, Ty, My, {Xa}aca) with based root
datum (R(G), A). As we vary through the different choices for the base, the resulting pinned
split k-groups are canonically isomorphic to each other. This all depends on k,/k except
when G is k-split. The dependence on k,/k can be eliminated by working with suitable étale
k-schemes, such as the finite étale k-scheme associated to A equipped with the above action
of Gal(ks/k). (This is the “scheme of Dynkin diagrams” Dyn(G); see Example [7.1.11})

The preceding considerations can be adapted to a general base scheme. To explain this,
it is convenient to introduce some notation.

Definition 7.1.3. If G — S is a group scheme, its automorphism functor Aut,s on the
category of S-schemes is Autg /g : 5" ~» Autgg,(Gsr). A representing object (if one exists)
is denoted Autg/s and is called the automorphism scheme of G.

The automorphism functor is a sheaf for the fppf (and even fpqc) topology, and we will see
that representability and structural properties of the automorphism functor in the case of
split reductive G are extremely useful in the classification of all reductive G. As an example,
we will show that Autgr, s exists and is identified with PGL; (see Theorem (3)) Note
that in general Aut, 5(.9) is the automorphism group of G in the usual sense, which we also
denote as Aut(G) (as for any category).

Consider a reductive group G over a connected non-empty scheme S. Connectedness of
the base ensures that all geometric fibers have the same reduced root datum R (see Lemma
, so it makes sense to define Gy to be the split reductive S-group with root datum
R. (This defines Gy uniquely up to S-isomorphism, by the Isomorphism Theorem.) The
S-groups G and GGy become isomorphic étale-locally on S, due to the Isomorphism Theorem
and the existence étale-locally on .S of splittings and pinnings for G — S. Since étale descent
is effective for schemes affine over the base, we can use the same formalism as over fields to
identify the set of isomorphism classes of G having fibral root datum isomorphic to R with
the étale cohomology set

(7.1.1) H'(Ser, Autg, /g) = lig“Iv#(S//S?MGo/S)v
s/

where we vary through (a cofinal set of) “all” étale covers S" — S (see Exercise[7.3.3(i) and

Exercise 2.4.11|(1)). Explicitly, the Cech-type cohomology set ﬂl(S’ /S, Autg, /) is identified
with the set of S-isomorphism classes of those G that become split over S’. This interpreta-
tion explains why the transition maps in the direct limit , defined by pullback along
S-maps S” — &', form a directed system relative to the partial order of refinement among
covers S” — S (i.e., these transition maps do not depend on the specific S-maps between such
covers). This is analogous to the canonicity of transition maps defining Cech cohomology on
ordinary topological spaces as a direct limit.

Remark 7.1.4. The classical theory over an algebraically closed field k does not address
representability properties of the automorphism functor on k-algebras, but it does suggest
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that the automorphism group over k£ should be viewed as having a “geometric” structure.
More specifically (by Proposition the identification , and Proposition , if
G is a simply connected (and connected) semisimple group over an algebraically closed field
k and @ is its root system then Aut(G) is naturally the group of k-points of

(7.1.2) (G/Zg) x Aut(Dyn(®)),

where the semi-direct product structure rests on a choice of splitting and pinning. If we
want to use as anything deeper than a bookkeeping device (e.g., exploit that G/Zq
is connected), we should prove representability of Aut,, /e and not just make a construction
that has the “right” geometric points. This will be done in Theorem [7.1.9]

As a prelude to the case of a general base scheme, now consider the problem of describing
Autg . (k) = Aut(G) for a split connected reductive group G over a general field k. This goes
beyond the classical arguments related to over algebraically closed fields because maps
such as G(k) — (G/Zg)(k) can fail to be surjective when k # k (e.g., SL, (k) — PGL, (k)
for any field k& such that k* is not n-divisible).

Let (G,T, M) be a split connected reductive group over a field k. The action of G on
itself by conjugation factors through an action of G/Zg on G. This identifies the adjoint
quotient G/Zg with a subfunctor of the automorphism functor Aut, ., so (G/Zg)(k) is a
subgroup of Aut (k) = Aut(G). Note that this works even when G(k) — (G/Z¢)(k) fails
to be surjective, and that it defines a normal subgroup of Aut(G). (See Exercise[7.3.2])

Due to the canonicity of the associated based root datum (R(G),A) as in Remark [7.1.2]
Aut(G) naturally acts on (R(G),A). Here is how it works in concrete terms, by identifying
Aut(G)/(G/Zg)(k) with Aut(R(G), A). Pick a positive system of roots @+ in & = &(G, T),
with base denoted A. Equivalently, choose a Borel subgroup B in G containing 7' (with
®(B,T) = ®*). Let ¢ be an arbitrary automorphism of G, so T" = ¢(T) is a split
(geometrically) maximal k-torus of G and B’ = ¢(B) is a Borel k-subgroup of G con-
taining 7”. By Proposition [6.2.11)(2), there exists g € G(k) such that 7" = ¢T'g~! and
B’ = ¢gTg~'. Thus, by composing ¢ with an automorphism arising from G(k) we can ar-
range that ¢(T) = T and ¢(®T) = &+. These additional requirements are preserved under
composition of ¢ with the action of an element g € (G/Z¢)(k) if and only if g € (T/Z¢)(k),
since B/ZG = NG/ZG(B/Zg) and Ng/ZG(T/Zg) ﬂ(B/Zg) = T/ZG

The automorphism of the based root datum (R(G,T),A) induced by ¢ is unaffected by
composing ¢ with the action of (T'/Z¢)(k) since the T'/Zg-action on G is trivial on T'. The
resulting action of ¢ on the set A has more structure: it is an automorphism of the Dynkin
diagram Dyn(®). This can be nontrivial:

Example 7.1.5. Let G = SL,,, and let w € G(k) be the anti-diagonal matrix whose entries

alternate 1, —1,1,—1,... beginning in the upper right (so ww' = 1). The automorphisms
Ty—1 -1 - :

g~ (¢g') " and g — wgw™" of G swap the upper triangular and lower triangular Borel

subgroups while preserving the diagonal torus D. The composite automorphism ¢ : g —

w(g") 1w~ is an involution of G that preserves D and the upper triangular Borel subgroup,

inducing the involution of the Dynkin diagram when n > 2.
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Returning to a general split (G,T) over k, let {X,}sea be a pinning of (G, T, B). For
X, = Lie(¢)(X4-1(4)) we get another pinning {X/}sen. Clearly X = ¢, X, for a unique
(ca) € (KX)A. Since A is a Z-basis of the character group Z® of the the split (geometrically)
maximal torus T'/Zq C G/Zg (Corollary [3.3.6(1)), we have T'/Zg ~ [[,ca G via t mod
Za > (a(t))een. Hence, (T'/Zg)(k) acts simply transitively on the set of all pinnings of
(G, T, B), so by composing ¢ with a unique automorphism arising from (7'/Z¢)(k) we can
arrange that Lie(¢)(X,) = Xy for all a € A (i.e., X; = X, for all a € A).

Let © = Aut(R(G,T),A) be the automorphism group of the based root datum, so by
Corollary the conditions we have imposed on ¢ relative to (7, B, {X,}sea) make it
determined uniquely by its image in ©. That is, we have identified Aut(G)/(G/Z¢)(k) with
a subgroup of ©. In fact, this subgroup inclusion is an equality, or equivalently every element
of © arises from a unique ¢ satisfying the conditions imposed relative to (T, B, {X,}aen)-
This is exactly the content of the precise form of the Isomorphism Theorem given in Theorem
. In other words, the choice of pinning defines an injective homomorphism © < Aut(G)
with image equal to the automorphism group of (G, T, B, {X,}sen), so O is carried to a sub-
group of Aut(G) that preserves 7' and B and maps isomorphically onto Aut(G)/(G/Z¢)(k).

We have constructed an isomorphism of groups

(7.1.3) (G/Zs)(k) % Aut(R(G,T),A) ~ Aut(G).

This depends on the choice of pinning, as well as the split hypothesis on G. (Although the
inclusion of (G/Z¢) (k) as a normal subgroup of Aut(G) is available without any split hypoth-
esis on @, in the non-split case there may be no section to Aut(G) — Aut(G)/(G/Zg)(k);
see Example [7.1.12|) Since the preceding discussion is compatible with extension of the
ground field, we likewise have (G /Z¢)(K) x Aut(R(G,T), A) =~ Aut(Gk) = Autg ,(K) for
any extension field K/k. To summarize:

Proposition 7.1.6. Let (G, T, M,{X,}aca) be a pinned split connected reductive group over
a field k. The group Aut(QG) is naturally an extension of Aut(R(G,T),A) by (G/Zg)(k),
and the pinning naturally splits this extension as a semi-direct product.

Remark 7.1.7. By Proposition [1.5.1} if (R, A) is a semisimple based root datum with root
system ® then Aut(R,A) C Aut(Dyn(®)), with equality when R is simply connected or
adjoint or when the “fundamental group” (Z®")*/Z® is cyclic (which includes all irreducible
reduced root systems except type Do, n > 2).

Example 7.1.8. The root system ® = A, ; (n > 2) has cyclic “fundamental group”
(Z®V)*)(Z®) ~ Z/nZ and Aut(Dyn(®)) is equal to Z/2Z when n > 2 (and {1} when
n = 2). Thus, Aut(SL,) = PGL, (k) x (Z/2Z) for n > 2, with the factor Z/2Z generated by
the involution g — (¢g")~! (due to Example . This involution is available for SLy, but
in that case it is inner (arising from conjugation by w = ( % })).

[The equality Autg(SLy) = PGLy(k) for n = 2 can be proved in elementary terms, as
follows. Using k-rational conjugacy results, it suffices to show that an automorphism of SL,
that is the identity on the upper triangular Borel subgroup B™ is the identity on the open
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cell QF (and hence is the identity). The effect on U~ must be (1 9) — (L ¢) for some ¢ € k*.

cr 1

But the two standard open cells Q1 and Q™ have intersection defined by 1 + zy # 0 inside

G, x G, x G, =Q" via
ooy (L OY (T OY (L e
. y 1)\0 1/t)\o 1)

so we must have that the open loci 1 + 2y # 0 and 1 + czy # 0 on G, X G, coincide. This
forces ¢ = 1, as desired.]

In Example we will compute the section Z/2Z = Aut(Dyn(®)) — Aut(SL,) as-
sociated to a “standard” choice of splitting and pinning for SL,. This section carries the
diagram involution to ¢ from Example [7.1.5] In particular, the “coordinate dependence”
of the involution ¢ reflects the fact that the semi-direct product structure in is not
intrinsic to G or even to (G, T): it depends on the choice of the splitting and pinning,.

The same conclusions apply to Aut(PGL,,), as well as to Aut(SL, /u) for any k-subgroup
1 C pn. This illustrates that automorphisms of a connected semisimple k-group lift uniquely
to automorphisms of the simply connected central cover (Exercise [6.5.3[(iii)).

The preceding arguments suggest that in the split case we should represent Aut/, by a
smooth k-group with identity component G/Zg and constant component group Aut(R,A),
where R = R(G,T). In particular, if G is semisimple then Aut, , should be represented by
a linear algebraic k-group having constant component group that is a subgroup of the finite
group Aut(Dyn(®)). This can be made rather concrete: define the G /Zg-group isomorphism

o’ (G)Ze) x G — (G/Zc) x G

by passage to the Zg-quotient on the first factor relative to the map of G-group schemes
(9,9") = (g,99'g7"), and use translation against the injection Aut(R, A) < Aut(G) (defined
by a choice of pinning) to obtain a “universal automorphism”

a:((G/Zg) ¥ Aut(R,A)) x G ~ ((G/Zg) x Aut(R,A)) x G

between group schemes over (G/Zg) x Aut(R, A). The fiber map ag over any £ € ((G/Zg)
Aut(R,A))(K) (for any field extension K/k) is the automorphism corresponding to £ via
the analogue of for K-valued points.

This construction defines a morphism of k-group functors

and the classical approach would end here since this map has been constructed to be bijective
on points valued in any extension field K/k (which is sufficient for many applications). For
problems related to deforming automorphisms or working over k-algebras that are not fields,
it is useful to go beyond field-valued points and prove that is an isomorphism of
functors on k-algebras.

Now we turn to the general case. Let G be a reductive S-group, with S # (). For
the maximal central torus Z and semisimple derived group G' = Z(G), the multiplication
map Z X G' — G is a central isogeny (Corollary . The kernel p of this isogeny is a
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finite S-group of multiplicative type, so an automorphism of G is “the same” as a pair of
automorphisms of G' and Z that coincide on p. By Exercise [7.3.1, Aut,, /¢ is a finite étale
S-group and Aut, ¢ is represented by a separated étale S-group that is an étale form of
GL,(Z) where r is the rank of Z (locally constant on S). Hence, to understand properties
of Aut /g, the real content is in the semisimple case. Here is the main result.

Theorem 7.1.9. Let G be a reductive group over a non-empty scheme S.

(1) The functor Aute g is represented by a separated and smooth S-group Autgys that
fits into a short exact sequence

1— G/ZG — Autg/g — Outg/g —1

where G/Z¢ is closed in Autg,s and Outgs is a separated étale S-group that is
locally constant for the étale topology on S.
(2) The S-group Outgs has finite geometric fibers if and only if the mazimal central
torus of G has rank < 1, in which case Outg,s is S-finite and Autgg is S-affine.
(3) For a pinned split reductive S-group (G, T, M,{X,}aeca), Outg s is identified with the
constant S-group associated to the group Aut(R(G, T, M), A). Moreover, the pinning
defines a semi-direct product splitting of S-groups

AutG/S ~ (G/Zg) X Aut(R(G, T, M), A)S

Proof. Etale descent is effective for schemes that are separated and étale over the base.
(Indeed, one can reduce to the finite type case, which is [SGATl IX, 4.1]. Alternatively,
the descent trivially exists as an algebraic space, and any algebraic space that is separated
and locally quasi-finite over a scheme is a scheme [LMBI, A.2].) Also, any fppf group-sheaf
extension F of a group scheme H by an fpqc affine group scheme is necessarily representable
since E is an algebraic space that is affine over H and hence is a scheme. (Algebraic spaces
are not really needed to prove that E is a scheme; one just has to use the effectivity of
fpqc descent for schemes affine over the base.) Thus, for the proof of (1) it suffices to work
étale-locally on S. It is likewise enough to work étale-locally on S for the proof of (2).

For the proof of the entire theorem, it is now enough to work with a pinned split group
(G, T,M,{X,}sen). The arguments leading up to the proof of were written to apply
verbatim at the level of S’-points over any S-scheme S’, upon noting that the appeal to
Proposition [6.2.11](2) is valid over the local rings on 5" (and we can “spread out” isomor-
phisms over local rings on S’ to isomorphisms over Zariski-open sets in S’). To conclude,
we just need to make three observations: (i) the semi-direct product structure in (3) implies
that G/Zg is closed in Autg)g, (ii) a constant S-group is S-finite if and only if it has finite
geometric fibers, (iii) a based root datum (R, A) has finite automorphism group if and only
if the underlying root datum R = (M, ®, MY, ®Y) satisfies dim Mq/Q®P < 1 (since GL,(Z)
is finite). O

Example 7.1.10. Let (G, T, M,{X,}sea) be a pinned split semisimple S-group whose root
system ® C M is irreducible and not of type Dy, (n > 2). By Proposition we have
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Aut(R(G,T),A) = Aut(Dyn(®)), so Autg/s = (G/Zg) x Aut(Dyn(®))s. For example,
consider G = SL,, with the diagonal torus T' = Dg(M) for M = Z" /diag(Z), A corresponding
to the upper triangular Borel subgroup B, and the standard pinning {X,}.ca. We claim
that the associated section Aut(Dyn(®))s — Autgr, carries the diagram involution ¢ to the
involution ¢ of SL,, from Example[7.1.5]

Since ¢ is an involution that preserves (T, B) and induces the nontrivial involution on
Dyn(®), we just have to check that its effect on root groups is a permutation of the X,’s.
The standard root group U;; for ¢ < j is carried by ¢ to U,41-jnt1-i, and relative to the
standard parameterizations G, ~ U, the isomorphism U;; ~ U,41-jn4+1-i goes over to the
automorphism x — (—1)'"*z. Thus, for j =i+ 1 we get 1(X,) = Xy, as desired.

Example 7.1.11. Let (G, T, M,{X,}asca) be a pinned split reductive S-group, with & C M
the set of roots. The composite map Outg/g ~ Aut(R(G,T, M), A)s — Aut(Dyn(®))g into
the constant group associated to the finite automorphism group of the Dynkin diagram of
® induces a map
H1 (Sét7 Aut(;/g) — Hl(Sét, Aut(Dyn(@))g)

into the pointed set of S-twisted forms of the Dynkin diagram. More specifically, if G’
is a form of G over S then its class [G'] in H'(S¢, Autg/s) gives rise to a finite étale S-
scheme Dyn(G"), the “scheme of Dynkin diagrams” for G'. The edges and their multiplicities
on geometric fibers are encoded in terms of a finite étale closed subscheme Edge(G’) C
Dyn(G") x Dyn(G") disjoint from the diagonal (no loops) and an S-map Dyn(G’) — {1,2,3}s
that assigns “squared length”. These S-schemes Dyn(G’) and Edge(G’) are constant when
|G'] arises from H'(Sy, G/Zg) (i.e., inner twisting of the split form G). See [SGA3, XXIV,
§3] for further details.

If GG is not k-split then there may not be a k-group section to Autg/, — Outgyy, in contrast
with the split case in Theorem [7.1.9(3), as even on k-points this map can be non-surjective.
This is related to the existence of Borel k-subgroups, as we will see in Proposition [7.2.13]
Here are some basic examples.

Example 7.1.12. Let A be a central simple algebra of rank n? over a field k, with an integer
n > 2. (Class field theory provides many such A that are central division algebras when £k is
a global or non-archimedean local field.) The algebraic group G = SL(A) of units of reduced-
norm 1 in A (Exercise [5.4.5{iv)) is an inner form of Gy = SLy, and Outgyy, is a k-form of the
constant k-group Oute,,x = (Z/2Z);, that has no nontrivial k-forms (since Aut(Z/2Z) = 1),
so Outgy, = (Z/2Z),. We claim that the map Autg, — Outgp = (Z/2Z)}, is not surjective
on k-points (and so has no k-group section) if and only if A is not 2-torsion in Br(k).
Equivalently, we claim that G admits a k-automorphism that is not “geometrically inner” if
and only if A ~ A°PP as k-algebras.

To prove the implication “<”, we first note that G°°? = SL(A°P), so a k-algebra iso-
morphism A ~ A°P induces a k-isomorphism G ~ G°PP that is the identity on the common
center (whose finite étale Cartier dual is geometrically cyclic order n). Thus, composing
with inversion G°PP ~ (§ yields a k-automorphism of G that is inversion on the center. But
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since n > 2, inversion on the dual-to-cyclic center is nontrivial. Hence, we have obtained a
k-automorphism of G that is not geometrically inner.

For the converse implication “=", assume that G admits a k-automorphism f : G — G
that is not geometrically inner. We claim that f acts as inversion on the finite center Zg,
and that it uniquely extends via gluing with inversion on the central G,, in A* to yield a
k-automorphism of A* whose composition with inversion uniquely extends to a k-algebra
isomorphism A ~ A°PP (as desired). In view of the uniqueness statements we may (by Galois
descent) extend the ground field to kg, so A = Mat,, and G = SL,,. Since G/Zg = A* /Gy,
so (G/Z)(k) = A*/k*, it is harmless to precompose f with the effect on G of an inner
automorphism of A. Thus, we can focus on the case of a single k-automorphism of SL,
that is not geometrically inner (as any two are related through composition against an
inner automorphism of A over k). Hence, we may assume that f is the transpose-inverse
automorphism of SL,, (here we use that n > 2). This is inversion on the central s, which
visibly uniquely glues with inversion on the central G, to define a k-automorphism of GL,
(namely, transpose-inverse). By the Zariski-density of GL,, in Mat,,, its composition with
inversion uniquely extends to an algebra anti-automorphism of Mat,, (namely, transpose).

Example 7.1.13. The automorphism scheme has an interesting application in the non-
split case over R. Let G be an R-anisotropic connected semisimple R-group. (Such G
correspond precisely to the connected compact Lie groups via G ~ G(R), and G(R) is a
maximal compact subgroup of G(C); see Theorem and Proposition [D.3.2]) The R-
group Autg g has identity component G/Z¢, so it is also R-anisotropic. In [Ser97, III, 4.5,
Ex. (b)], the anisotropicity of Autg g is used to recover E. Cartan’s classification of R-forms
of a connected semisimple C-group: the R-forms of G¢ (up to isomorphism) are in bijection
with conjugacy classes of involutions ¢ of the maximal compact subgroup G(R) of G(C).

This can be pushed a step further: the map ¢ — ¢ from conjugacy classes of involutions of
G(R) to conjugacy classes of involutions of the “complexification” G¢ of G(R) is a bijection
(apply [Ser97, III, 4.5, Thm. 6] to the anisotropic Autg/gr), so the R-forms H of a connected
semisimple C-group ¥ are classified up to isomorphism by conjugacy classes of involutions
of 4. This can be made more concrete by using Mostow’s description [Mos, §6] of maximal
compact subgroups of H(R) in terms of maximal compact subgroups of ¢(C): one can
show that the conjugacy class of involutions of ¢ corresponding to H contains (0 )c, where
0k is the Cartan involution of H associated to a maximal compact subgroup K of H(R).
Equivalently, if ¢, is the split R-form of ¢ then the descent datum on ¥ relative to the R-
structure H corresponds to the involution g — (0x)c(g) of the real Lie group ¢(C) = %(C)
for any maximal compact subgroup K C H(R).

7.2. Cohomological approach to forms. As an application of the structure of the auto-
morphism scheme, we can gain some insight into the cohomological description (in Lemma
of the set of isomorphism classes of forms of a given connected reductive group over
a field. We begin with the situation over a field because the relevant cohomology is Galois
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cohomology, which is more concrete than étale cohomology. Later we will generalize to the
case of an arbitrary connected non-empty base scheme.

Let G be a connected reductive group over a field k, so for the split k-form Gy of G
the k-group Autgy, is a k-form of Autg, /. We shall explicitly describe how to build this
k-form as an instance of “inner cocycle-twisting” from [Ser97, I, §5.3]. Fix a ks-isomorphism
¢ : G, ~ (Gy),, so we get a kg-isomorphism

E . (Autg/k)ks = AUtGkS/k's ~ AUt(GO)kS/ks = (AutGo/ks)ks

via f + po fop ! The obstruction to Gal(k,/k)-equivariance for ¢ is expressed by the

following identity for v € Gal(k,/k):

EV(N) = (por (@)™ o €)oo (por (w)™) ™"
In other words, for the 1-cocycle ¢ : v+ ¢ o v*(p)~! in Z(ks/k, Aut((Go)r,)) whose coho-
mology class classifies G' as a form of Gy in Lemma [7.1.1], the k-form Autg), of Autg, /i is
obtained through inner twisting by the 1-cocycle c.
Using cocycle-twisting notation of [Ser97, I, §5.3, Ex. 2] defines an isomorphism

(7.2.1) Aut(;/k = ¢ AU-tGU/k: .

This identification depends on ¢, not just the cohomology class of ¢. (Replacing ¢ with
o for ¥ € Aut((Go)g,) has the effect of replacing ¢ with a cohomologous 1-cocycle
d iy toc,o(y* (1)), and ¢ defines an isomorphism . Autg, /x ~ » Autg, i, respecting the
identifications with Autg/x.) Since this twisting process is defined through cocycles valued in
inner automorphisms of the group Aute,/x(ks), which in turn preserve normal ks-subgroups
of (Aute,/k)k,, we have the compatible equalities of normal k-subgroups G/Z¢ = (Go/Z¢,)
and quotients Outg, = Outg, i (where we are now twisting by 1-cocycles valued in the
automorphism functors of the k-groups Go/Zg, and Outg, ).

In general, if 4 is a smooth affine k-group then a continuous 1-cocycle a : Gal(ks/k) —
Aut(9,) defines a k-form ,4 of 4 whose isomorphism class as a k-group only depends on
the class of a in H'(ky/k, Aut(%,)). Tt is an important fact that if a lifts to a 1-cocycle
a € 7 (ks/k,9(ks)) then a choice of such @ defines a bijection of sets tz : H'(ks/k, &) ~
H!(k,/k,¥) functorially in the pair (¢,a) and carrying the base point to the class of @
[Ser97, 1, §5.3, Prop. 35bis|. This can be described in terms of the more conceptual language
of torsors (say for the étale topology, though it is equivalent to use the fppf topology since
4 is smooth): if Y is a right ¥-torsor whose isomorphism class in H!(k, %) is represented by
@ then ,% is the automorphism scheme Auty, (V) of the right @-torsor Y and ¢;' carries the
class of a right ¥-torsor X to the class of the right Aut, (Y)-torsor Isom(X,Y’). See [Ser97,
I, 5.3] or [Conlll, App.B] for further details.

It is important to distinguish between the images in H'(k,/k, Aut(%,)) of H'(k,¥) and
HY(k,9/Zy). The k-groups ¥ arising from a in the image of H*(k, ¥ /Zy) are called inner
forms of & (because ¥ /Zy is considered to be the scheme of “inner automorphisms” of ¢),
and the inner forms arising from a in the image of H!(k,¥) are called pure inner forms. In
general, many inner forms are not pure inner forms, and the map H*(k,¥4) — H'(k, 9/ Z4)
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is neither injective nor surjective. Pure inner forms play an important role in local harmonic
analysis and the local Langlands correspondence; see [GGP) §2] for some examples with
classical groups. We have seen above that passage to a pure inner form does not change the
degree-1 Galois cohomology (as a set). The same is not true for passage to general inner
forms:

Example 7.2.1. For n > 1 we have H!'(k,SL,,) = 1. Thus, SL,, has no nontrivial pure inner
forms. The quotient SL,/Zsy, is PGL,, and the pointed set H'(k, PGL,,) classifies rank-n?
central simple k-algebras A. The associated inner forms of SL,, are the k-groups SL(A).
For a rank-n? central division algebra D over k, we claim that the k-form SL; p := SL(D)
of SL,, can have nontrivial degree-1 Galois cohomology (in which case H'(k, SL; p) has no
bijection with H'(k,/k,SL,)). To see this, consider the exact sequence of k-groups

1—>SL17D—>QXN—>“1Gm—>1.

The pointed set H(k, D) is trivial: it classifies étale sheaves of rank-1 left modules over the
quasi-coherent sheaf D on Spec k, and the only such object up to isomorphism is D (due to
effectivity of étale descent for quasi-coherent sheaves and the freeness of finitely generated
D-modules). Thus, H'(k, SL; p) is trivial if and only if the reduced norm map vp : D* — k*
is surjective. Already with n = 2, among quaternion division algebras over Q one finds many
examples where such surjectivity fails. For example, if Dg ~ H (there are many such D, by
class field theory) then vp does not hit Q.. (The surjectivity of the reduced norm map for
all D over k is closely related to k being a C,-field with r < 2; see [Ser97, II, 4.5].)

Twisting against the Aute,/x(ks)-valued 1-cocycle ¢ and using (7.2.1)) defines a bijection
of sets

I’I1 (]i', Autc/k) >~ Hl(k, AutGO/k).

By construction this carries the trivial point to the class of G in H'(k, Autg, ), and it
induces a compatible bijection H'(k, Outg/x) ~ H'(k, Outg, k) (viewing ¢ with values in the
automorphism functor of Outg,/r = Aut(R, A);). That is, we have a commutative diagram
of exact sequences of pointed sets

(722) Hl(k‘, G/Zg) — Hl(k', Autg/k) —_— Hl(k, Outg/k>

Hl (/{Z, GO/ZGO) — I‘I1 (]{?, Autgo/k) — Hl(l{i, OU-tGo/k)

We do not claim to construct a map between the leftmost terms in making a commuta-
tive square. But the commutativity and exactness imply that the fiber of H' (k, Autg, /%) —
H'(k, Outg, i) through [G] is identified with the image of H'(k,G/Zs) — H'(k, Autgk);
cf. [Ser97, I, §5.5, Prop. 39, Cor.2]. The image of H'(k, G/Z¢) in H'(k, Autg/y) consists of
the k-forms of G obtained by twisting by 1-cocycles valued in (G/Z¢)(ks), which we called
the inner forms of G. We have proved:
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Proposition 7.2.2. The fibers of H'(k, Autg,/x) — H'(k, Oute, k) are precisely the classes
that are inner forms of each other.

The commutativity of also gives that H'(k, Autg ) — H'(k, Outgyy) is surjective,
since the analogous surjectivity holds for Gy (due to a k-group section to Autg,,r, — Oute, /i
defined by a choice of pinning).

If k is a finite field then H'(k,G/Zg) is a single point, due to Lang’s Theorem [Bo91],
16.5(i)]. In equivalent terms, the fibers of Autg/, — Outg), over k-points are G/ Zg-torsors
and hence all have a k-point (as G/Z¢ is a smooth connected k-group). Let’s push this case
further:

Example 7.2.3. Let k be a finite field, and let (G, To, M) be a split connected reductive
k-group. Let R be the root datum and A a base of the associated root system, so © :=
Aut(R, A) is identified with the constant component group Outg, i, of Autg, k. The natural
surjective map H'(k, Aute, ;) — H'(k, ©f) is bijective because the fiber through each class
[G] is an image of the set H'(k, G/Z¢) that consists of a single point.

Since Oy is a constant group and Gal(ks/k) = Z with generator given by Froby, the
cohomology set H!(k,©;,) consists of conjugacy classes of elements § € © = Aut(R,A).
Hence, the isomorphism classes of k-forms of Go are classified by the conjugacy classes
in ©® = Aut(R,A). In more concrete terms, if we fix a pinning {X,}.ca and identify
© = Aut(R, A) with Aut(Go, To, M,{Xs}aea) via Theorem then to each 6 € © we
associate the k-form Gy of Gy obtained by replacing the Frobg-action on Gy(ks) with the
usual action followed by the action of # on G via the pinning.

For example, if GG is semisimple and either simply connected or adjoint (or & is irreducible
with cyclic fundamental group) then the set of isomorphism classes of k-forms of Gy is in
bijective correspondence with the set of conjugacy classes in Aut(Dyn(®)). Since a connected
semisimple k-group is split if and only if its simply connected central cover is split, we
conclude that a connected semisimple k-group with irreducible root system ® over kg is
necessarily split whenever Dyn(®) has no nontrivial automorphisms. This holds for types
Ay, B, C, E;, Eg, Fy, and Gy. (For type Ay, this expresses the fact that P! has no nontrivial
forms over the finite field k.)

Among the simply connected semisimple k-groups of a fixed type A,, with n > 1 or D,
with n > 5, there is exactly one nontrivial k-form since Aut(Dyn(®)) = Z/2Z for such ®.
For type Dy there are two nontrivial k-forms since Aut(Dyn(Dy)) = S5 has two nontrivial
conjugacy classes. For example, in type A, (n > 2) a non-split simply connected form is
SU,+1(K'/k), where k' /E is a quadratic extension.

Remark 7.2.4. Let S = Spec R for a henselian local ring R with finite residue field & (e.g.,
the valuation ring of a non-archimedean local field). The classification in Example via
conjugacy classes in © works over S because 7 (S) = m(Spec k) and every smooth surjection

X — S acquires a section over the connected finite étale cover S — S corresponding to any
finite extension &’/k such that Xy (k") # 0.
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Consider a reductive group G over a non-empty scheme S. The inner forms of G are the
forms of G that correspond to the image of H'(S¢, G/Z¢) in H' (S, Autg,s). If all geometric
fibers of G have the same root datum R (as occurs when S is connected) and if Gy denotes
the split reductive S-group with root datum R, then the inner forms of G correspond to the
fiber through the class [G] of G under the map

I‘I1 (Sét, Autgo/s) — H1<Sét, Outg/s).
Indeed, when S = Speck for a field k this is Proposition [7.2.2] and a variant of the method

of proof works in general (Exercise [7.3.8]).

Example 7.2.5. The inner forms of SL,, over a field k are the k-groups SL(A) for central
simple k-algebras A of rank n? (see Exercise [5.4.5{iv) for SL(A)). Indeed, SL(A) is the image
under f : H'(k,PGL,) — H*(k, Autgy,,) of the class of A in H!(k,PGL,) C Br(k)[n]. Since
ker f =1, so SL(A) % SL,, when A is not split, the uniqueness in Proposition implies

that SL(A) is not quasi-split over & when A is not a matrix algebra over k.

An automorphism ¢ € Autg/s(S’) is inner if it arises from (G/Zg)(S’) (such an automor-
phism may not arise from G(S’)!). Since the S-group Aute,s /(G/Za) = Outgys is étale and
separated over S, so an element of Outg,g(S) is trivial if and only if it is so on geometric
fibers over S, an automorphism of G is inner if and only if it is so on geometric fibers over
S. Here is an interesting application:

Proposition 7.2.6. Let G — S be a reductive group scheme, and H — S a group scheme
with connected fibers. Any action of H on G must be through inner automorphisms; i.e., it
is the composition of a unique S-homomorphism H — G/Zg followed by the natural action

of G/Zg on G.

Proof. To give an action of H on G is to give an S-homomorphism H — Autg/g, so we
just have to show that the composite map H — Outg/g is trivial. Since Outg/s is locally
constant over S, it suffices to work on geometric fibers over S, where the result is clear. [

We now discuss the classification of forms in the semisimple case over a general connected
non-empty scheme S. Fix a semisimple reduced root datum R, and let Gy be the split
semisimple S-group with root datum R. For any semisimple S-group G whose geometric
fibers have root datum R, the simply connected central cover G is a form of Go with root
datum R*° equal to the simply connected “cover” of R. Likewise, the adjoint quotient G/Z is
a form of G/ 2y with root datum R?! equal to the adjoint “quotient” of R. The kernel of the
covering map Gy — Gy /Z6, = Go/Z &, is the finite multiplicative type group Zg = Ds(Ilo)
where Il is the “fundamental group” (Z®Y)*/Z®. The kernel yu = ker(G — G) C Zg is a
form of ug :=ker(Go — Go) C Dg(Ilp).

The problem of classifying the possibilities for G falls into two parts: classify the forms
of Gy, and then for each such form determine if the twisting process applied to Dg(Il)
preserves the subgroup po. This second part is always affirmative when Il is cyclic, such
as for irreducible ® not of type Ds,. Also, it can be studied on a single geometric fiber
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and is always a purely combinatorial problem since the action of the S-subgroup Gy/Z¢, =
GO/Zéo C AUtéo/s has no effect on the center of Gj.

It follows that we lose little of the real content of the classification problem in the semisim-
ple case by focusing on simply connected GG. Thus, the root datum decomposes as a direct
product according to the irreducible components of the root system ®. Setting aside the com-
binatorial problem of permutations of irreducible components of ® in the twisting process,
we likewise lose little generality by assuming that ® is irreducible. Then the automorphism
group of the based root datum coincides with the automorphism group of the Dynkin dia-
gram (i.e., no problems arise for type Do, as in Example , so we obtain:

Corollary 7.2.7. Let ® be an irreducible reduced root system, and S a connected non-empty
scheme. The set of isomorphism classes of simply connected and semisimple S-groups with
root system ® on geometric fibers is in natural bijection with

(7.2.3) H' (S, (Go/Za,) x Aut(Dyn(®))s),

where (Go, To, M, { X, }aca) is the pinned split simply connected and semisimple S-group with
root system P.

The cohomological description of forms via is useful in multiple ways. Firstly,
if we make many constructions of forms then the cohomological viewpoint can be helpful
for proving that all possibilities have been exhausted. Secondly, cohomology provides an
efficient mechanism for understanding the conceptual meaning of invariants that enter into a
classification theorem, such as auxiliary Galois extensions that occur in a construction (e.g.,
the local invariants that arise in the Hasse-Minkowski theorem for non-degenerate quadratic
forms over global fields).

Here is an example that illustrates the usefulness of the fact that the automorphism scheme
of a semisimple group scheme is smooth and affine.

Example 7.2.8. Let F' be a global field, and ¥ a non-empty finite set of places of F' contain-
ing the archimedean places. The étale cohomology set H'(Oryx, %) is finite for any smooth
affine Opys-group ¢ with reductive fibers such that the order of the component group of
¢ is not divisible by char(F) [GM, 5.1, §7]. (The hypothesis of reductive fibers can eas-
ily be removed when char(F) = 0, but to do so when char(F’) > 0 requires a local-global
finiteness result [Conlll 1.3.3(i)] which rests on the structure theory of pseudo-reductive
groups.) In particular, if Gy is a split semisimple Opx-group whose root system @ is irre-
ducible then H'(Op5, Aute,g,.,,) is finite provided that char(F) does not divide the order
of Aut(Dyn(®)). By inspecting the list of Dynkin diagrams, the restriction on char(F) only
arises when char(F) € {2, 3}.

[This restriction on the characteristic is genuine: when Gy is simply connected and its
connected Dynkin diagram has an automorphism of order p = char(F) € {2,3} then the
infinitely many degree-p Artin—Schreier extensions of F' unramified outside > give rise to
infinitely many pairwise non-isomorphic Opy-forms of Gy. There is a similar infinitude
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phenomenon over local function fields of characteristic 2 or 3. Examples include special
unitary groups associated to quadratic Galois extensions F’/F in characteristic 2.]

We conclude that as long as char(F) # 2,3, up to isomorphism there are only finitely
many semisimple O x-groups with a given irreducible root datum over F. Beware that this
is not saying anything about the number of (isomorphism classes of) connected semisimple
F-groups that admit a specific semisimple Opx-model. Indeed, since Autg, g,y is not
Opx-proper, if 4 and ¢’ are Opx-forms of Gy then the Isom-scheme Isom(¥,%’) is not
Orx-proper and hence may have an F-point that does not extend to an O y-point. This is
illustrated in the next example.

Example 7.2.9. Let ® be an irreducible and reduced root system such that Aut(Dyn(®)) =
1 (i.e., types A1, B, C, E7, Eg, Fy, G3). Let Gy be the split simply connected semisimple
S-group with root system ®. The cohomology set in Corollary is HY (S, Go/Zg, ), so
we get an exact sequence of pointed sets

HY(S, Zg,) — H'(S, Go) — H'(S, Aute, /s) — H(S, Zg,)

(using the fppf topology if Zg, is not smooth; see Exercise for the effect on H!(.S, Gy)
and H'(S, Aut¢,,s) when passing from the étale topology to the fppf topology). For example,
if S = SpecZ then Zg, is a product of various p,’s and H*(Z, u,) = H*(Z, Gy,)[n] (using
fppf cohomology). But H?(Z, G,,) is the same whether we use fppf or étale topologies [BrIIl|
11.7], so since Z has only one archimedean place, the group H?(Z, G,,) vanishes by global
class field theory (see [Mi, ITI, Ex. 2.22(f)]). Likewise, since Pic(Z) =1 and Z* = {£1}, we
have HY(Z, Zg,) = I1y/(2) and

HY(Z, Autg,/s) = H'(Z,Go) /H"(Z, Zg,).

One can give an a Weil-style adelic description of H'(Z, G) when it is partitioned according
to the genus (i.e., classes that have the same image in every H'(Z,, Gy)). See [CG] §4] for
examples of non-isomorphic semisimple Z-groups whose Q-fibers are isomorphic.

The case S = Spec K for a global or local field K works out nicely: since Gq is simply
connected, H' (K, Gy) is rather small and entirely understood (by work of Kneser, Harder,
Bruhat-Tits, and Chernousov), and the contribution from H?*(K, Zg,) C Br(K) is well-
understood. This illustrates the general fact that the classification of connected semisimple
groups over a field is intimately tied up with the Galois cohomological properties of the field
(e.g., the structure of the Brauer group).

To prove more definitive classification results over a field, especially over arithmetically
interesting fields, an entirely different approach is required. One has to use the finer structure
theory of Borel-Tits that involves rational conjugacy for maximal k-split tori and minimal
parabolic k-subgroups, relative root systems, and the “x-action” of Gal(ks/k) on the Dynkin
diagram (see Remark. This gives a classification of k-groups “modulo the k-anisotropic
groups” (whose structure depends on special features of k).

As we noted in Remark the s-action of Gal(ks/k) on the diagram can be refined to
an action on the based root datum (R(G), A). If (Go, To, Mo, { X4 }aecn,) denotes the pinned
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split connected reductive k-group with (R(Gy), Ag) = (R(G), A) then the homomorphism
Gal(ks/k) = Aut((R(G), A)) = Outg, /i (k)

defines a class in H'(k, Outg,/x). The image of this class under the natural section to
H'(k, Autg, k) — H'(k, Outg, i) is the quasi-split inner form of G, in view of the proof of
uniqueness of this inner form in Proposition See the tables at the end of [Ti66al
and [Spr] for the classification of k-forms for general as well as special fields k. (Examples
without this extra technology are also discussed in [Ser97, II1, 1.4, 2.2-2.3, 3.2] and [Ser97,
III, App. 2, §3].) See [PS] for a relativization over arbitrary semilocal rings.

Example 7.2.10. The semi-direct product structure of Autg, s in Theorem [7.1.9(3) is
generally destroyed under passage to a form of Gg that is not quasi-split (Example [7.1.12]),
and this presents serious issues in any attempt to explicitly describe the degree-1 cohomology.
For example, if Gy = SL,, over a field k with n > 2, the exact sequence

1 — PGL, — Autgr, x — Z/2Z — 1
induces an exact sequence of pointed sets
(7.2.4) H'(k,PGL,) — Hl(k,AutSLn/k) — H'(k,Z/27Z).

The map on the right must be surjective, since the automorphism scheme splits as a semi-
direct product over k, and likewise the map on the left has trivial kernel (as a map of pointed
sets) though it is not generally injective (Example . In Example we addressed
the image of H'(k, PGL,,).

For any form G of SL,, there is an associated class in H!(k, Z/2Z) via (7.2.4). This class is
trivial precisely when G comes from H!(k, PGL,,), which is to say that it is one of the norm-1
unit groups as in Example . Let us focus on the case when the class in H'(k, Z/2Z)
is nontrivial, so it corresponds to a quadratic separable extension field £’/k. The fiber in
H'(k, Autgy, /i) over the class [K'] of k'/k in H'(k,Z/2Z) contains a unique quasi-split form
G. We wish to describe it explicitly (and then its inner forms will exhaust the entire fiber).
The group Gy is identified with SL,, so that for any commutative k-algebra A the subgroup

G(A) C G(k‘/ Rk A) = SLn(/{J/ R A) = Rk//k(SLn)(A)

consists of the points ¢’ € SL, (k' ®j, A) satisfying ¢’ = +(g’), where ¢ is as in Example [7.1.10
and ¢ + ¢ is the nontrivial k-automorphism of k’. Since ¢ is an involution, for w as in

Example the condition ¢’ = +(§’) says exactly

7 =ulg) =wlg ) e =w ()
(the final equality uses that w—! = 4w). This means that ¢’ preserves the non-degenerate
(—1)"*-hermitian pairing h : k™ x K™ — k' defined by h(z',y') = ' wy, so G = SU(h) (see
Exercise |4.4.5). Note that h has an isotropic subspace of the maximal possible dimension,
|n/2], due to the matrix for w.

The k-group G' = SU, (k'/k) defined using the hermitian H(z',y') = 2y on K™ is
an inner form of G. Detecting when it is distinct from G (equivalently: quasi-split) is an



204 BRIAN CONRAD

arithmetic problem. For example, if k is finite then G’ ~ G (all connected semisimple groups
over finite fields are quasi-split) whereas if kK = R then G’ £ G (since G'(R) is compact).

It is a very useful fact (for the classification of forms and other purposes) that over any
non-empty scheme S every reductive S-group G has an inner form that is quasi-split (see
Definition . Put another way, every GG can be obtained from a quasi-split reductive
S-group via inner twisting. We develop this result in several ways.

Proposition 7.2.11. Let S be a non-empty scheme, (Go, Ty, M) a split reductive S-group
with root datum R, and G a reductive S-group whose geometric fibers have root datum R.
There exists a quasi-split inner form G' of G' such that Aute g — Outgr/s has an S-group
section and there exists a Borel subgroup B' C G’ containing a maximal torus T' of G'.

Proof. Let A be the base of the positive system of roots ®+ C ®, and let By be the Borel
subgroup containing T} that corresponds to ®*. Define © = Aut(R, A). Choose a pinning
{Xa}aca; this defines an S-group section to Autg,,s — Outg, s ~ ©g which (by construc-
tion) lands inside the subgroup scheme of automorphisms of G that preserve Ty and By.
Consider the cohomology class [G] € H' (S, Autg,s) classifying G. If £ denotes its image
in H!'(Sg,Og), then the section © — Aut(Gp) defined by the pinning carries £ to a class
|G'] € H'(S¢, Autg,/s) in the fiber over . By Exercise all classes in the same fiber
of the map H'(S¢, Aute,/s) — H'(Sa, Outg,,s) are inner forms of each other, so G’ is an
inner form of G. Since the class of G’ in H'(Sg, Autc,/s) is represented by a 1-cocycle with
values in the subgroup of Autg, /s that preserves Ty and By, G’ admits a maximal torus 7"
and Borel subgroup B’ containing 7”. This cocycle is valued in ©g, so the twisting process
that constructs Autgr /s as a form of Autg, g also twists Og into an S-subgroup of Auter /g
that maps isomorphically onto the twist Outqr /g of Outg,/s. O

Here is another quasi-split inner form, with additional properties for a Borel subgroup:

Proposition 7.2.12. Let S be a non-empty scheme and G a reductive S-group. There is a
quasi-split inner form G' of G containing a Borel subgroup B’ satisfying:
(1) the unipotent radical U = %, (B') ~ %, (B'/Z¢) admits a composition series U =
UyD> U D--- DUy =1 by smooth closed normal subgroups of B' such that each
U} /U, .1 is a vector group;
(2) for the torus T' = B'/U’, the natural map Zg — T' is a closed immersion and
T'/Ze ~ Rgys(Gm) for a finite étale cover S" — S;
(3) T lifts to a mazimal torus in B'.

This result is treated separately from Proposition due to difficulties with the outer
automorphism group when passing from reductive groups to semisimple groups.

Proof. In (2), the map Zg — T’ between multiplicative type groups is a closed immersion
because it can be checked on geometric fibers (where Zg/ (| U’ must be trivial). To construct
G', we reduce to treating Z(G) in place of G as follows. Let Z be the maximal central torus in
G,so pu = Z () 2(G) is a finite S-group of multiplicative type and G = Z x* 2(G) (Corollary
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5.3.3). In particular, the natural map 2(G) — G*™ := G/Zq is a central isogeny that
identifies G/Zs with the adjoint quotient of Z(G) (Proposition [3.3.9). This identification of
adjoint quotients is compatible with the natural map Autg/g — Autg(g)/s, so the map

H1 (Sét7 Aut(;/g) — Hl(Sét, AU_tg(G)/S)

corresponding to G’ ~» Z(G") (which may not be injective) carries the set of inner forms of
G onto the set of inner forms of Z(G).

Suppose there exists an inner form H of 2(G) admitting a Borel subgroup B satisfying
the desired properties modulo Zp. Pick a class £ € H!(S¢, G*!) mapping to the class of H
in H'(S¢, Auty(q)). The inner twisting by & on 2(G) has no effect on the central subgroup
i, so p is identified with a central subgroup of H. The central pushout G' = Z x* H is the
inner form of G obtained from &, and Z(G’) = H. Thus, B’ := Z x* B is a Borel subgroup
of ', B'/Z¢y = B/Zy, and U = #,(B) is identified with Z,(B’) (so T" := B'/U" =
(Z x* B)/U =:T, and hence T"/Z¢ = T/Zy). Likewise, maximal tori in Z(G) correspond
bijectively to maximal tori in G. It is therefore enough to consider Z(G) in place of G, so
we may and do now assume that G is semisimple.

There is a bijective correspondence between the Borel subgroups of a semisimple group
and Borel subgroups of its adjoint quotient (Exercise , and likewise for maximal tori.
Any inner form of G® is the adjoint quotient of an inner form of GG, so we may replace
G with G* to make G adjoint. We may also assume that all fibers G, are nontrivial (as
the locus of trivial fibers is open and closed in S). By the adjoint version of Proposition
, G ~ Ry /5(¥) for a finite étale cover ¥ — S and an adoint semisimple .-group ¢
with absolutely simple fibers. Weil restriction through a finite étale cover carries inner forms
to inner forms, Borel subgroups to Borel subgroups, vector groups to vector groups, and
preserves short exactness. We may assume that the geometric fibers of G all have the same
root datum (as the locus for each isomorphism type is open and closed in S), so we may
pass to 4 — . in order that the geometric fibers of G — S have a common root datum R
with an irreducible root system. Let ® be this root system.

Let (Go, Ty, My, {X.}aca) be a pinned split adjoint semisimple S-group with root datum
R. Let By be the Borel subgroup corresponding to A, and ®* the positive system of roots
with base A. Applying the proof of Proposition [7.2.11] in this situation, we get a triple
(G',B',T") with G' a quasi-split inner form of G. We claim that this satisfies all of the
asserted properties. Note that 7" — B/Z%,(B’) is an isomorphism, as we may check on
geometric fibers over S.

The twisting process is done against a cocycle representing some ¢ € H!'(Sg,Og) for
© = Aut(Dyn(®)). The group © is a subgroup of Aut(A) since Gy is semisimple. Since
Ty = [lpen Gm via t = (a(t)) (as Gy is adjoint), we have 7" = Rg//g(Grm) where S" — S is
the twist of S x A corresponding to the image of ¢ in H! (S, Aut(A)).

To describe Z,(B'), let \g =Y cp+ ¢’ : Ty = Gy, For all @ € A we have (a, A\g) =2 >0
(Exercise [4.4.§](iii)), so ®y,-0 = ®*. Hence, Pg,(\¢) = By (as we can check on geometric
fibers, by Corollary [5.2.7(2)), so Ug,(Xo) = %u(By). The cocharacter \g of Ty is invariant
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under the action of © on (G defined via the pinning, so -twisting carries A\g over to a fiberwise
nontrivial cocharacter A : 7" — Gy, such that Ug(\) = U’ := Z,(B’). For n > 1, let &,
denote the set of ¢ € ®* such that \g(c) = n. By Proposition , the root groups U, C U,
for ¢ € &, directly span (in any order) a smooth closed subgroup Us,, in Uy with U, is
normalized by all positive root groups (and hence by By) and Usn/Uspi1 2 [ (=n Ue
thereby inheriting a trivial Up-action. Under the resulting action of Ty = By /Uy, the Gy,-
action through )\ is via nth-power scaling on each U, ~ G, (using any trivialization of g.).
This Gy-action encodes the vector group structure on Us,,/Us, 41 (via the action of Gy, /).

The twisting process carries Ao to A and so carries each U, over to a smooth closed
subgroup U;, C U’ that is normal in B’. Each U}, /U], is commutative with a trivial U’-
action and an induced action by 7" = B’ /U’ that provides a Gy-action through A : G, — T".
By descent, this action makes pu, act trivially, and the resulting action of G, /p, = Gy, on
U /U is a Gp-equivariant étale twist of Us,/Usny1 with its natural linear vector group
structure. The linear structure on a vector group is encoded in the G-action, so by étale
descent for vector bundles each Us,,/Us,+1 is a vector group over S. O

When S is semi-local we can combine Proposition and Proposition [7.2.12}

Proposition 7.2.13. For semi-local S, up to isomorphism every reductive S-group G admits
a unique quasi-split inner form G'. The quotient map Autg /s — Outgr /s admits an S-group
section, and there is a Borel subgroup B’ C G’ satisfying the properties in Proposition(7.2.12]

Proof. Once uniqueness is proved, the asserted properties follow from Proposition [7.2.11
and Proposition [7.2.12] To prove uniqueness, we may assume G admits a Borel subgroup
B satisfying the properties in Proposition [7.2.12] Letting G’ be a quasi-split inner form
of GG, with B’ a Borel subgroup, we seek to prove that G’ ~ G. Consider a class £ €
H'(S¢, G/Zg) which twists G into G’. Since Borel subgroups are conjugate étale-locally
on the base (Corollary , we can arrange that & is valued in Ng/z,(B/Zq) = B/Zg.
Hence, it suffices to prove that H' (S, B/Zg) = 1.

The unipotent radical U = %, (B/Zq) ~ %,(B) has a composition series whose successive
quotients are vector groups, and the torus (B/Z¢)/U has the form Rg//s(Gy,) for a finite
étale cover S — S (so S’ is semi-local). The vanishing of H!(Sy, B/Z¢) is therefore reduced
to the vanishing of H'(S¢, ¥) for vector groups ¥ and the vanishing of H'(S¢;, Rs/s(Gm)).
The higher vector group cohomology vanishes because it agrees with the Zariski cohomology
and S is affine. The Weil restriction through S’/S is a finite pushforward for the étale sites,
so by a degenerating Leray spectral sequence

Hl(Sét, RS’/S(Gm)) >~ Hl( ét? Gm) = PIC(S/)
(the final equality by descent theory). Since S’ is semi-local, Pic(S") = 1. O

The only role of semi-locality for the affine S in the proof of Proposition is to ensure
that every finite étale cover of S has trivial Picard group. Thus, the conclusion also holds
(with the same proof) for S = SpecZ and S = A} for a field k of characteristic 0.
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7.3. Exercises.

Exercise 7.3.1. Let T be a group of multiplicative type over a scheme S. Prove that the
automorphism functor Aut; g on S-schemes is represented by a separated étale S-group,
and that if T'= Dg(M) for a finitely generated Z-module M then this functor is represented
by the constant S-group associated to Aut(M )°PP.

Deduce that if T is normal in an S-group G with connected fibers then 7' is central in G.
(If G — S is smooth and affine then Theorem yields another proof of this fact.)

Exercise 7.3.2. Let G be a smooth group scheme over a field k.

(i) Prove that the image of G(k) in (G/Z¢)(k) is a normal subgroup and that the quo-
tient by this image is a subgroup of the commutative fppf cohomology group H'(k, Zg) (so
(G/Zc)(k)/G(k) is commutative). Make this explicit when G = SL,, and see Exercise [7.3.4]

(ii) The G-action on itself through conjugation factors through an action by G/Zg on
G. Explain how this identifies (G/Zs)(k) with a subgroup of Aut(G) even when (G/Zg) (k)
contains points not lifting to G(k). Make it explicit for G = SL,, via SL,, < GL,,.

(iii) Show that the k-automorphisms of G arising from (G/Zq)(k) are precisely the k-
automorphisms which become inner on G(k). Deduce that (G/Z¢)(k) is normal in Aut(G),
and over every separably closed field k # k give an example in which the action on G(k) by
some element of (G/Z¢)(k) is not inner in the sense of abstract group theory.

Exercise 7.3.3. Let GG be a reductive group over a connected scheme S, with R the common
root datum of the geometric fibers.

(i) Explain in terms of descent theory why the set of isomorphism classes of reduc-
tive S-groups with root datum R on geometric fibers is in natural bijection with the set
H'(Se, Aute/s). The classes arising from H'(S¢, G/Zg) are called inner forms of G.

(ii) Let Gy be the unique split reductive S-group with root datum R. Prove that the set
of (isomorphism classes of) inner forms of G is identified with the fiber through the class of
G for h : Hl(Sét,AutGO/S) — Hl(Sét, OutGO/S) = Hl(Sét, @5), where © = Aut(R(Gg,Tg), A)

(i) For h as in (ii), prove ker h = 1 but use Example [7.1.12)to show that h is not injective
for Gy = SL,, over a field k admitting a rank-n? central simple algebra not in Br(k)[2].

(iv) For n > 2, prove that the forms of SOy,.1 (type B,,) over S are precisely the groups
SO(q) for non-degenerate (V, q) of rank 2n+ 1 over S, with non-isomorphic quadratic spaces
giving non-isomorphic groups. What happens for SO, with n > 4 (type D,,)?

Exercise 7.3.4. Let S be scheme, and G a smooth affine S-group. Use descent theory
to prove that the natural map H'(Se, G) — H'(Sgpr, G) is bijective. If you are familiar
with algebraic spaces, prove the same result without the affineness restriction on G. (For a
remarkable generalization to higher cohomology in the commutative case, see [BrIIl, 11.7].)

Exercise 7.3.5. Let G be a connected semisimple group over a global field k.
(i) If G is an inner form of a k-split group, prove Gy, is split for all but finitely many v.
(i) If G is not an inner form of a k-split group, prove Gy, is non-split for a set of v with
positive Dirichlet density. Make this explicit for SU,, (k'/k).
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Exercise 7.3.6. Let (G,T, M) be a split semisimple group over a connected non-empty
scheme S. For each positive system of roots ®+ C ® (with base A) and choice of pinning
{Xa}aen, let {X _,}aen be the “linked” pinning for (G, T, —®7") (i.e., X_, = X 1).

(i) Use the Isomorphism Theorem and the functoriality of duality between g, and g_, to
construct an involution of G that restricts to inversion on 7" and swaps ®* and —®*. Prove
that up to a (G/Zg)(S)-conjugation, this involution of G is independent of the choice of T,
®*, and pinning (hint: Proposition [6.2.11)(2) and Corollary [3.3.6(1)). Deduce the existence
of a canonical (G/Z¢)(S)-conjugacy class of involutions of G (called Chevalley involutions).
What are the Chevalley involutions of SL,? Of Sp,,?

(ii) Prove that the Chevalley involutions are inner (i.e., arise from (G/Z¢s)(S)) precisely
when the long element of W (®) (relative to a choice of ®T) acts via negation on M.

(iii) Via the dictionary in Example [7.1.13] show that if S = SpecR then the Chevalley
involutions of G are the Cartan involutions. See [AV] for more on Chevalley involutions.

Exercise 7.3.7. This exercise considers groups with no maximal torus or no Borel subgroup.

(i) Prove that if S is a connected normal noetherian scheme with 71(S) = 1 and if V' is
a vector bundle on S of rank r > 1 that is not a direct sum of line bundles then SL(V) is
a semisimple S-group with no maximal S-torus. Show that an example of such (S,V) is
So = P} for any separably closed field k and V = Tang, . (Hint: dim V4(Sy) = 8.)

(ii) Let K = Q(+/5), and let D be the quaternion division K-algebra ramified at precisely
the two archimedean places. Use gluing methods as in Remark[5.1.5]to extend the anisotropic
K-group G = SL(D) to a semisimple O-group ¢. Prove that ¢ contains no maximal -
torus. (Hint: show that K has no quadratic extension unramified at all finite places.)

(iii) Let (L,q) be a positive-definite even unimodular lattice with rank > 3. Prove that
SO(q) is a semisimple Z-group with no maximal Z-torus.

(iv) Over R or any non-archimedean local field k, prove that a nontrivial connected
semisimple k-group G has no Borel k-subgroup if G(k) is compact. Verify the compact-
ness for G = SL(D) with any central division algebra D over k.

Exercise 7.3.8. Prove that Proposition remains valid for a split reductive group Gy
over any non-empty scheme S in place of Spec k.

Exercise 7.3.9. Let G be reductive over a scheme S # () with all G5 of some type ®. Let
(Go, Ty, M) be split reductive over S of type ®, and By C Gy a Borel subgroup with Ty C By.

(i) Using Proposition and Corollary [5.2.8, prove Aut (g, z,) = (Bo/Za,) x Aut(®).

(ii) If B C G is a Borel subgroup, classify (G, B) up to isomorphism by a class in the
cohomology set H'(Sg, By/Zg, x Aut(®)) and prove that G splits if it is an inner form of
Gy and H'(S, O5) = 0 and Pic(S) = 1.

(iii) Using the properness of Borg g, prove that if S is connected and Dedekind then
Borg/s(S) # 0 when the generic fiber G, is split (hint: valuative criterion).

(iv) If R is Dedekind with fraction field K and Pic(R) = 1, show that a reductive R-group
G is split if G is split. When Pic(R) # 1, construct non-split R-forms of SLy that are split
Zariski-locally on R (see Example [4.1.2)).
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APPENDIX A. GROTHENDIECK’S THEOREM ON TORI

A.1. Motivation and definitions. In the early days of the theory of linear algebraic
groups, the ground field was assumed to be algebraically closed (as in work of Chevalley).
The needs of Lie theory, number theory, and finite group theory (“finite simple groups of
Lie type”) led to the development (independently by Borel, Satake, and Tits) of a theory
of connected reductive groups over any perfect field (using Galois-theoretic techniques to
apply results in the algebraically closed case). Problems over local and global function fields
provided motivation to eliminate the perfectness assumption, as was done by Borel and Tits
[BoTi]. The initial breakthrough that made it possible to work over an arbitrary field is the
following result [SGA3| XIV, 1.1]:

Theorem A.1.1 (Grothendieck). Let G be a smooth connected affine group over a field k.
Then G contains a k-torus T' such that T3 s mazimal in Gy,.

The hardest case of the proof is when k is imperfect, and it was for this purpose that
Grothendieck’s scheme-theoretic ideas were essential, at first. (In [SGA3 XIV, 1.5(d)] he
gave a second scheme-theoretic proof for infinite k, using the scheme of maximal tori for
general smooth connected affine groups over a field (Exercise , which he proved to be
unirational in [SGA3| XIV, 6.1], so he could invoke the elementary fact that unirational
varieties over infinite fields have rational points.) Borel and Springer eliminated the use of
schemes via Lie-theoretic methods (see [Bo91l, 18.2(i)]); this amounts to working with certain
infinitesimal group schemes in disguise, as we shall see. The aim of this appendix is to give
a scheme-theoretic interpretation of their argument.

Remark A.1.2. As an application of Theorem [A.1.1| we can show via torus-centralizer
arguments that if K/k is any extension field and if T C G is a k-torus not contained in
a strictly larger one then Tx C Gk is not contained in a strictly larger K-torus of Gk.
In particular, taking K = k, it follows that over a field k, “maximality” for k-tori in the
geometric sense of Definition [3.2.1]is the same as maximality in the naive sense of containment
of k-tori; i.e., there is no ambiguity about the meaning of the phrase “maximal k-torus”,
and all such tori have the same dimension (due to conjugacy over k). (One can also consider
the same problem over artin local S; see [SGA3 XIV, 1.4]. The common dimension of the
maximal k-tori is sometimes called the reductive rank of G because it coincides with the
same invariant for the reductive quotient Gi/%.(Gx).)

The equivalence of maximality for T over k and for Tx over K was mentioned in the
Introduction, and we now sketch how it works out. For any field extension K /k, a torus of
Gk containing Tk must lie in the closed subgroup scheme Zg, (Tx) = Za(T)k, but Zg(T)
is also smooth (see Lemma [2.2.4)), so we may replace G with Z¢(T') to reduce to the special
case that 7' is central in G. Then we can pass to the affine quotient k-group G /T to arrive
at the case T'= 1. We may also replace G with G°.

A smooth connected affine group over an algebraically closed field contains no nontrivial
torus if and only if it is unipotent, so we are reduced to the following: if a smooth connected
affine group G over a field k£ contains no nontrivial k-torus then must it be unipotent? The
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general problem, for an arbitrary smooth connected affine k-group, is the existence of one
k-torus that is maximal over k; i.e., a k-torus that is maximal in the sense of Definition m
This is exactly Theorem [A.1.1] It therefore follows from this theorem that if the only such
k-torus is the trivial one then the group must be unipotent, as desired.

Remark A.1.3. Beware that if & # k, then typically there are many G(k)-conjugacy classes
of maximal k-tori. For example, if G = GL, then by Exercise [4.4.6{i) the maximal k-tori
in G are in bijective correspondence with maximal finite étale commutative k-subalgebras
of Mat, (k). In particular, two maximal k-tori are G(k)-conjugate if and only if the corre-
sponding maximal finite étale commutative k-subalgebras of Mat,, (k) are GL,,(k)-conjugate.
Hence, if such k-subalgebras are not abstractly k-isomorphic then their corresponding max-
imal k-tori are not G(k)-conjugate. For example, non-isomorphic degree-n finite separable
extension fields of k yield such algebras.

Remark A.1.4. By the classical theory, G has no nontrivial tori if and only if Gy is
unipotent. Hence, Grothendieck’s theorem implies that every smooth connected affine k-
group is either unipotent or contains a nontrivial k-torus. If all k-tori in G are central then
for a maximal k-torus 7' the quotient G/T is unipotent (as (G/T); = Gy/Ty contains no
nontrivial torus). Hence, in such cases G is solvable. Thus, in the non-solvable case there are
always k-tori S whose scheme-theoretic centralizer Z;(S) (which is smooth, by Lemma[2.2.4]
and connected by the classical theory over k) has lower dimension than G. This enables us
to construct nontrivial smooth subquotients over k£ in non-solvable connected linear algebraic
k-groups when trying to prove general theorems.

Definition A.1.5. For a maximal k-torus 7' in a smooth connected affine k-group G, the
associated Cartan k-subgroup C C G is C' = Zg(T'), the scheme-theoretic centralizer.

Cartan k-subgroups are always smooth (Lemma and connected (by the classical
theory). Since T is central in its Cartan C, it follows that 7" is the unique maximal k-torus
in C. (Indeed, if there exists another then the k-subgroup it generates along with the central
T C C would be a bigger k-torus.) We have C; = Zg_(T}) since the formation of scheme-

theoretic centralizers commutes with base change, and over k all maximal tori are conjugate.
Hence, over k the Cartan subgroups are conjugate, so the dimension of a Cartan k-subgroup
is both independent of the choice of Cartan k-subgroup and invariant under extension of the
ground field. This number is called the nilpotent rank of G in [SGA3, XII, 1.0], and the rank
of G in [Bo91, 12.2]. For example, if G is reductive then C' = T. That is, in a connected
reductive group the Cartan subgroups are precisely the maximal tori.

Remark A.1.6. It is a difficult theorem that in any smooth connected affine group G over
any field k, all maximal k-split tori are rationally conjugate, i.e. conjugate under G(k). This
is [Bo91l, 20.9(i)] for reductive G. The general case was announced without proof by Borel
and Tits, and is proved in [CGP, C.2.3]. The dimension of a maximal split k-torus is thus
also an invariant, called the k-rank of G (and mainly of interest in the reductive case).
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A.2. Start of proof of main result. For the proof of Theorem we will largely focus
on the case in which k is infinite, which ensures that the subset k" C A% is Zariski-dense, and
thus g = Lie(G) is Zariski-dense in gz. The case of finite k requires a completely different
argument; see Exercise [6.5.7]

We first treat the “easy” case in which Gy has a central maximal torus S. (The argument
in this case will work over all k, even finite fields.) Since all maximal tori are G'(k)-conjugate,
there exists a unique maximal k-torus S C G%. Our problem is to produce one defined over
k. This is rather elementary over perfect fields via Galois descent, but here is a uniform
method using group schemes that applies over all fields; this technique will be useful later
on as well.

Let Z = Zg, the identity component of the scheme-theoretic center of G. (See Lemma
2.2.4 or Exercise 2.4.4(ii) for the existence of Zg.) Since the formation of the center and of
the identity component commute with extension of the ground field, we have S C (Z%)red
as a maximal torus in the smooth commutative affine k-group (Z)rea- By the structure
of smooth connected commutative affine k-groups, it follows that (Zi)rea = S x U for a
smooth connected unipotent k-group U. For any n not divisible by char(k), consider the
torsion subgroup Z[n|. This is a commutative affine k-group of finite type. The derivative of
n] : Z — Z is n: Lie(Z) — Lie(Z) (as for any commutative k-group scheme), so Lie(Z[n])
is killed by n € k*. Thus Lie(Z[n]) = 0, so Z[n] is finite étale over k.

This implies that

Zlnlg = Zg[n] O (Zg)rea[n] D Z[nl,
s0 Z[nl|y = (Zg)rea[n]. Since U is unipotent, U[n] = 0. Hence, Z[n|; = S[n|.

Set H = (,, Z[n])° C G, where the union is taken over n not divisible by char(k). This

is a smooth connected closed k-subgroup of G.

Lemma A.2.1. The k-group H is a torus descending S.

Proof. By Galois descent, the formation of H commutes with scalar extension to kg, so we
can assume k = k;. Hence, the finite étale groups Z[n] are constant, so H is the identity
component of the Zariski closure of a set of k-points. It follows that the formation of H
commutes with any further extension of the ground field, so

Hy = ((J Zn))" = (JSI])" = 5

where the final equality uses that in any k-torus, the collection of n-torsion subgroups for
n not divisible by char(k) is dense (as we see by working over k and checking for GL; by
hand). O

Now we turn to the hard case, when G does not have a central maximal torus. In
particular, there must exist a non-central S = GL; — G%. We are going to handle these
cases using induction on dim G. (Note that the case dim G = 1 is trivial.)

Lemma A.2.2. [t suffices to prove that G contains a nontrivial k-torus M.
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Proof. Suppose there exists a nontrivial k-torus M C G. Consider Zg (M), which is a smooth
connected k-subgroup of G. The maximal tori of Zg(M)g = Zg (M) must have the same
dimension as those of Gy, as can be seen by considering one containing Mz. Thus, if we can
find a k-torus in Zg(M) that remains maximal as such after extension of the ground field to
k then the k-fiber of such a torus must also be maximal in G, for dimension reasons. Hence,
it suffices to prove Theorem for Za(M).

Consider Zg(M)/M. Since M was assumed to be nontrivial, this has strictly smaller
dimension (even if Zg(M) = G, which might have happened). Hence, by dimension induc-
tion, there exists a k-torus T C Zg(M)/M which is geometrically maximal. Let T be the
scheme-theoretic preimage of T in Zg(M). Since M is smooth and connected, the quotient
map Zg(M) — Zg(M)/M is smooth, so T' is a smooth connected closed k-subgroup of G.
It sits in a short exact sequence of k-groups

1-M—>T—>T—1.

Since M and T are tori and 7T is smooth and connected, by the structure theory for connected
solvable k-groups it follows that 7 is a torus.

We claim 7T is geometrically maximal in Zg(M). First note that any maximal torus 7" in
Za(M);; must contain the central My (since otherwise the subgroup 7" M5 would be a bigger
torus). Thus, maximality of 7" in Zg(M )z is equivalent to the maximality of the quotient
T'/Mz in (Zg(M)/M)z. Since Ty/M = T, Ty is maximal in Zg(M)z and thus in Gz. O

Now we need to find such an M. The basic idea for infinite k is to use Lie(S) = gl; C gz
and the Zariski-density of g in g (infinite k!) to create a nonzero X € g that is “semisimple”
and such that the k-subgroup Zg(X)® C G is a lower-dimensional smooth subgroup in which
the maximal k-tori are maximal in Gy. Then a geometrically maximal k-torus in Zg(X)°
will do this job. (Below we will define what we mean by “semisimple” for elements of gz
relative to G. This is a Lie-theoretic version of Jordan decomposition for linear algebraic
groups.) The motivation is that whereas it is hard to construct tori over k, it is much easier
to use Zariski-density arguments in gz to create semisimple elements in g. Those will serve
as a substitute for tori to carry out a centralizer trick and apply dimension induction.

Remark A.2.3. Beware that non-centrality of S in G does not imply non-centrality of
Lie(S) in g5 when char(k) > 0. For example, if S is the diagonal torus in SLy and char(k) = 2
then Lie(S) coincides with the Lie algebra of the central ps, so it is central in sly(k) (as is
also clear by inspection).

A.3. The case of infinite k. Now we assume k is infinite, but otherwise arbitrary. Consider
the following hypothesis:

(%) there exists a non-central semisimple element X € g.

To make sense of this, we now define the concept “non-central, semisimple” in g. The
definition of “semisimple” will involve G. This is not surprising, since the same 1-dimensional
Lie algebra k arises for both G, and Gy, and in the first case we want to declare all elements
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of the Lie algebra to be nilpotent (since unipotent subgroups of GLy have all elements in
their Lie algebra nilpotent inside gly, by the Lie-Kolchin theorem) and in the latter case
we want to declare all elements of the Lie algebra to be semisimple. (Observe that the same
issue is relevant in the study of connected Lie groups over R and C: the exponential map
relates additive and multiplicative groups, and it is very far from an isomorphism in the
complex-analytic case.)

We now briefly digress for a review of Lie algebras of smooth linear algebraic groups G
over general fields k. The center of a Lie algebra g is the kernel of the adjoint action

ad : g — End(g), X — [X, —].

In [Bo91l, §4.1-§4.4], a general “Jordan decomposition” is constructed as follows in gz, with
g = Lie(G). Choose a closed k-subgroup inclusion G < GLy, and consider the resulting
inclusion of Lie algebras g < gly over k. For any X € g; we have an additive Jordan

decomposition X = X, + X, in gly(k) = Maty(k). In particular, [X, X,] = 0. The

elements X, X,, € gly(k) lie in g; and as such are independent of the chosen embedding
G < GLy (proved similarly to the construction of Jordan decomposition in G(k)). Likewise,
the decomposition X = X, + X, is functorial in G (not g!), so ad(X;) = ad(X)s and

ad(X,) = ad(X),.
Definition A.3.1. An element X € g is semisimple if X = X, and nilpotent if X = X,,.

Remark A.3.2. Note that we are not claiming that ad(X) alone detects the semisimplicity
or nilpotence, nor that the definition is being made intrinsically to g. The definitions of
semisimplicity and nilpotence involve the k-group G. By definition, these concepts are
preserved under passage from g to gz (and as with algebraic groups, the Jordan components
of X € g are generally only rational over the perfect closure of k). One can develop these
concepts intrinsically to the Lie algebra, but we will not discuss it here; see [Sel, V.7.2].

If p = char(k) > 0, then upon choosing a faithful representation p : G — GLy, the
resulting inclusion g < gly makes the p-power map A — AP on gl = Maty (k) (not the
p-power map on matrix entries) induce the structure of a p-Lie algebra on g. This is a map
of sets g — g, denoted X + X[ that satisfies (cX)Pl = ? X ad(XP) = ad(X)? (a
computation in gly), and a certain identity for (X + V)P — Xl — Y] Tt has the intrinsic
description D +— DP from the space of left-invariant derivations to itself (so it is independent
of p), and is functorial in G. For further details on p-Lie algebras, see [Bo91, §3.1], [CGP),
A.7] (especially [CGP, A.7.13]), and [SGA3|, VII,, §5]; e.g., the interaction of p-Lie algebra
structures and scalar extension is addressed in [SGA3, VII,, 5.3.3bis]|.

Remark A.3.3. In characteristic p > 0, if X € g is nilpotent then X'l = 0 for r > 0.
This is very important below, and follows from a computation in the special case of gly.

Returning to our original problem over infinite k, let us verify hypothesis (ED in charac-
teristic zero. The non-central S = GL; < Gy gives an action of S on g; (via the adjoint
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action of G on gz), and this decomposes as a direct sum of weight spaces

9% = @gxr

The S-action is described by the weights n;, where y;(t) = ¢™.
Lemma A.3.4. There is at least one nontrivial weight.

Proof. The centralizer Zg_(S) is a smooth (connected) subgroup of G, and by functorial
consideration with the dual numbers we see that Lie(Zq, (S)) = g2 is the subspace of S-
invariants in gz. Thus, if S acts trivially on gz then Zg (S) has Lie algebra with full
dimension, forcing ZGE(S) = G by smoothness, connectedness, and dimension reasons.
This says that S is central in G, which is contrary to our hypotheses on S. OJ

If we choose a k-basis Y for Lie(S) then the element Y € gi is semisimple since any
Gy — GLy carries S into a torus and hence carries Lie(S) onto a semisimple subalgebra of
gly = Maty (k). By Lemma some weight is nonzero. Thus, in characteristic zero (or
more generally if char(k) 1 n; for some i) we know moreover that ad(Y’) is nonzero. Hence,
Y is semisimple and in characteristic 0 is non-central.

This does not establish () when char(k) = 0, since Y € gz and we seek a non-central
semisimple element of g. To remedy this, consider the characteristic polynomial f(X,t) of
ad(X) for “generic” X € g, as a polynomial in k[g*][t]. Working in k[g*][t] = E[g%] [t], the
existence of the non-central semisimple element Y as established above (when char(k) = 0)
shows that f(X,t) # t4m2 In other words, there are lower-order (in t) coefficients in k[g*]
which are nonzero as functions on gz. Since the subset g C g is Zariski-dense (as k is
infinite) it follows that there exists X € g such that f(X,t) € k[t] is not equal to t4™¢. In
particular, ad(X) is not nilpotent, so ad(X), is nonzero. Since ad(Xy) = ad(X), # 0, X is
noncentral and semisimple in g;. When k is perfect, such as a field of characteristic 0, the
Jordan decomposition is rational over the ground field. Thus, X, satisfies the requirements
in (ED
A.4. Hypothesis (¥) for G implies the existence of a nontrivial k-torus. Now we
assume there exists X € g that is noncentral and semisimple. We will show (for infinite &k of
any characteristic) that there exists a smooth k-subgroup G’ C G which is a proper subgroup
(and hence dim G' < dim G) such that g’ := Lie(G’) contains a nonzero semisimple element
of g. This implies that G/E is not unipotent (for if it were unipotent then its Lie algebra
would be nilpotent inside gz). By dimension induction, G’ contains a geometrically maximal
k-torus. Since G7 is not unipotent, this means G (and hence G!) contains a nontrivial
k-torus, which is all we need (by Lemma[A.2.2).

Granting @, it is very easy to finish the proof, as follows. Consider the scheme theo-
retic centralizer Zg(X) of X (for the action Ad : G — GL(g)). By Cartier’s theorem in
characteristic 0, or the semisimplicity of X and [Bo91l, 9.1] in any characteristic, Zg(X) is
smooth. We must have Zg(X) # G. Indeed, assume Zg(X) = G, so X is fixed by Ad(G).
By differentiating, ad(X) = 0 on g. But X is non-central in g, so this is a contradiction.
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Thus Zg(X) is a smooth subgroup of G distinct from G, and its Lie algebra contains the
nonzero semisimple X. This does the job as required above, so we are done in characteristic
0.

For the remainder of the proof, assume char(k) = p > 0. We will make essential use of
p-Lie algebras, due to two facts: (i) p-Lie subalgebras h C g are in functorial bijection with
infinitesimal k-subgroup schemes H C G of height < 1 (meaning a” = 0 for all nilpotent
functions a on H) via H +— Lie(H), and (ii) b is commutative if and only if H is commutative.
The idea behind the proofs of these facts is to emulate classical Lie-theoretic arguments by
using Taylor series truncated in degrees < p. This makes it possible to reconstruct H
from Lie(H) via the functor h ~» Spec U,(h)*, where U,(h) denotes the restricted universal
enveloping algebra (carrying the p-operation on h over to the p-power map on the associative
algebra U,(h); see [SGA3, VII4, 5.3]). A precise statement is given in [SGA3, VII,, 7.2.
7.4]:

Theorem A.4.1. For a commutative F,-algebra B, the functor H ~» Lie,(H) is an equiv-
alence between the category of finite locally free B-group schemes whose augmentation ideal
15 killed by the p-power map and the category of finite locally free p-Lie algebras over B.

In particular, if k is a field of characteristic p > 0 and G is a k-group scheme of finite
type, then for any H of height < 1 the p-Lie algebra functor defines a bijection

Homy(H,G) = Homy(H, ker Fig/r,) ~ Hom(Lie,(H), Lie,(ker F/x))
= Hom(Lie,(H), Lie,(G)).

In this result, Fg/ + G — G® denotes the relative Frobenius morphism, discussed in
Exercise over fields and in [CGPlL A.3] over F,-algebras. (For GL, it is the p-power
map on matrix entries, and in general it is functorial in G.) By Nakayama’s Lemma, a map
f: H — G from an infinitesimal H is a closed immersion if and only if Lie(f) is injective.

Remark A.4.2. The proof of Theorem rests on general arguments with p-Lie alge-
bras in [SGA3, VII, §4-85], and a key ingredient is that the natural identification of b
with Tan.(Spec U,(h)*) respects the p-Lie algebra structures. This compatibility rests on a
functorial description of the p-Lie algebra structure arising from a group scheme (and the
explicit description of U,(h)). Such a functorial description is proved in [CGP), A.7.5, A.7.13]
(and is proved in related but more abstract terms in [SGA3| VII, §6]).

In the special case of commutative k-groups whose augmentation ideal is killed by the
p-power map, an elementary proof of the equivalence with finite-dimensional commutative
p-Lie algebras over k is given in the proof of the unique Theorem in [Muml §14] via a
method which works over any field (even though [Mum] always assumes the ground field is
algebraically closed). But beware that the commutative case is not enough for us, since we
need the final bijection among Hom’s in Theorem [A.4.T] and that rests on using the k-group
scheme ker Fi;/;, which is generally non-commutative.

As an illustration of the usefulness of Theorem [A.4.1] we now give an alternative construc-
tion of a nontrivial k-torus when char(k) = p > 0 and (ED holds, bypassing the smoothness
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of Z¢(X). This also provides an opportunity to present some arguments that will be useful
in our treatment of the cases when @ fails.

Let b = Span, ({X1},5). This is manifestly closed under the map v + vP). Moreover,
the X1 all commute with one another. (Proof: use an embedding g < gl,, arising from a
k-group inclusion of G into GL,,, and the description of the p-operation on gl,, = Mat,, (k) as
A+ AP.) Thus b is a commutative p-Lie subalgebra of g. A linear combination of commuting
semisimple operators is semisimple. Moreover the pth power of a nonzero semisimple operator
is nonzero. Hence,v — v/ has trivial kernel on b. It is a general fact in Frobenius-semilinear
algebra that if V' is a finite-dimensional vector space over a perfect field F' of characteristic
p and if ¢ : V — V is a Frobenius-semilinear endomorphism then there exists a unique
decomposition V' = Vi@V, such that ¢ is nilpotent on V;, and (Vi) admits a basis of
“¢-fixed vectors” (¢(v) = v). We will only need this over an algebraically closed field, in
which case it is proved in the Corollary at the end of [Muml, §14].

Lemma A.4.3. The k-subgroup scheme Zg(h) in G is smooth.

Proof. We may assume k = k, as smoothness can be detected over k and the formation of
scheme theoretic centralizers commutes with base change. Now using Theorem let
H C G be the infinitesimal k-subgroup scheme whose Lie algebra is h C g.

As observed above, § splits as a direct sum of (~)[p]—eigenlines,

h=Prx, x"=Xx.

Thus, H is a power of the order-p infinitesimal commutative k-subgroup corresponding to
the p-Lie algebra kv with vl = v. But there are only two 1-dimensional p-Lie algebras over
k: the one with vP! = 0 and the one with vP) = v for some k-basis v. (Indeed, if VP! = cv
for some ¢ € k* then by replacing v with w = av where a?~' = ¢ we get wlPl = w.) Hence,
there are exactly two commutative infinitesimal order-p groups over an algebraically closed
field, so the non-isomorphic p, and o, must be these two possibilities. That is, H is a power
of either p, or oy,

We claim that H is a power of p,. To prove this, we will use the p-Lie algebra structure.
The embeddings o, = G, and p, = G, induce isomorphisms on p-Lie algebras, and the
nonzero invariant derivations on G, and Gy, are given by d, and td, respectively. Taking
p-th powers of these derivations computes the (-)[P}—map on them, and clearly ¢ = 0 and
(t0y)P = t0;. Hence, the p-operation on «,, vanishes and on p, is non-vanishing. Thus, the
condition vl = v forces H = ,uév for some N.

By Lemma , Za(H) is smooth. To conclude the proof, it will suffice to show that the
evident inclusion Zg(H) C Zg(h) as k-subgroup schemes of G is an equality.

Theorem provides more: if R is any k-algebra, then the p-Lie functor defines a
bijective correspondence between the sets of R-group maps Hr — Gpr and p-Lie algebra
maps hr — gr. Hence, by Yoneda’s lemma, Zg(H) = Z(h) because to check this equality
of k-subgroup schemes of G it suffices to compare R-points for arbitrary k-algebras R. [
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As in the characteristic zero case, since h contains noncentral elements of g, it follows that
Za(h) # G. And as we saw above, this guarantees the existence of a nontrivial k-torus in
G, by dimension induction (applied to the identity component Zg(h)°).

We have already completed the proof of Theorem in characteristic zero, since (ED
always holds in characteristic 0, and more generally we have completed it over any k what-
soever for G that satisfy () when the conclusion of Theorem is known over k in all
lower dimensions (as we may always assume, since we argue by induction on dim G).

A.5. The case char(k) = p > 0 and () fails. Now the idea is to find a central infinitesimal
k-subgroup M C G such that G/M satisfies (x]). We will then lift the result from G/M back
to G when such an M exists, and if no such M exists then we will use a different method to
produce a nontrivial k-torus in G.

Lemma A.5.1. Regardless of whether @ holds (but still assuming, as we have been, that
Gy has a noncentral GLy), there exists a nonzero semisimple element X € g.

Proof. Arguing as at the end of and wusing the infinitude of the field k, there exists
Xo € g such that ad(Xy) is not nilpotent. Consider the additive Jordan decomposition
Xo = (Xo)s + (Xo)n in g as a sum of commuting semisimple and nilpotent elements. These
components of X are defined over the perfect closure of k, by Galois descent. For r > 0 we
see that X := X([)pr] = ((Xy),)P"). This is nonzero and semisimple, and if 7 > 0 then X € g
(since (Xo)s is rational over the perfect closure of k). U

Obviously if @ fails for G then every semisimple element of g is central. Assume this is

the case. Set
m = Span, (all semisimple X € g) C g;

this is nonzero due to Lemma[A.5.1] Since all the semisimple elements of g are central, m is
a commutative Lie subalgebra of g. The pth power of a semisimple element of Maty (k) is
semisimple, so m is (-)[p]—stable. Thus, m is a p-Lie subalgebra, so we can exponentiate it to
an infinitesimal commutative subgroup M C G. Since a linear combination of commuting
semisimple elements in Mat (k) is semisimple, m consists only of semisimple elements. This
implies that (~)[p} has vanishing kernel on my. Thus, as we saw in the proof of Lemma ,

it follows that Mg = plY for some N > 0.
Lemma A.5.2. The k-subgroup scheme M in G is central.

Proof. Let V' C gk, be the ks-span of all semisimple central elements of gi,. Manfiestly
we have my, C V. Let I' = Gal(ks/k). Since V is I'-stable, by Galois descent we have
V = (V). Since VI' C m, this gives V = m,,. By inspection, it is clear that V is
stable under the action of G(ks) on gi,. But G(k;) is Zariski-dense in Gy, , so Gy, preserves
V =my, C g, under the adjoint action. Hence, G preserves m, so M is normal in GG. Thus,
it is central by Theorem or Exercise 0

Now consider the central purely inseparable k-isogeny 7 : G — G’ := G /M. Note that
G’ is smooth and connected of the same dimension as GG, and even contains a non-central
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torus 7z(S) over k (as 7 is bijective on k-points). Does G’ satisfy @? If it does not, then
we can run through the same procedure all over again to get a nontrivial central M’ C G’
such Mé ~ ,uév ', and can then consider the composite purely inseparable k-isogeny

G—G/M=G =G /M.

This is not so bad, since the kernel E of this composite map is necessarily an infinitesimal
multiplicative type subgroup, by the following lemma, so it is central in G due to normality

and Theorem (or Exercise [7.3.1)):

Lemma A.5.3. If
1M —-E—-M-—1

is a short exact sequence of finite k-group schemes with M and M’ multiplicative infinitesimal
k-groups then so is E; in particular, E is commutative.

Proof. We may assume k = k. The infinitesimal nature of M and M’ implies that E(k) =
1, so E is infinitesimal (hence connected). The normality of M’ in E implies that the
conjugation action of £ on M’ is classified by a k-group homomorphism from the connected
E to the étale automorphism group scheme of M’. This classifying map must be trivial, so
M’ is centralin E. Since M = E /M’ is commutative, the functorial commutator £ x F — E
factors through a k-scheme morphism

[,:]: Mx M= (E/M)x(E/M)— M

which is seen to be bi-additive by thinking about M = E /M’ in terms of fppf quotient
sheaves. In other words, this bi-additive pairing corresponds (in two ways!) to a k-group
homomorphism

M — Hom(M, M'),
where the target is the affine finite type k-scheme classifying group scheme homomorphisms
(over k-algebras). By Cartier duality, this Hom-scheme is étale, so the map to it from M
must be trivial. This shows that E has trivial commutator, so E is commutative.

With commutativity of F established, it makes sense to apply Cartier duality D(-) to
our original short exact sequence. This duality operation is contravariant and preserves
exact sequences (since it is order-preserving and carries right-exact sequences to left-exact
sequences), so we get an exact sequence

1—-D(M)—D(E)—»D(M') — 1.

The outer terms are finite constant groups of p-power order, so the middle one must be too.
Hence, £ = D(D(FE)) is also multiplicative, as desired. O

Returning to our setup of interest, by Lemma the composite isogeny
G—-G/M=G —G/M

is a quotient by a central multiplicative infinitesimal k-group. Now we’re in position to wrap
things up in positive characteristic (when k is infinite, arguing by induction on dim G).
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First, we handle the case when the above process keeps going on forever. This provides
a strictly increasing sequence M; C M, C ... of central multiplicative infinitesimal k-
subgroups of GG. This is all happening inside the k-subgroup scheme Zq, so it forces Zg
to not be finite (as otherwise there would be an upper bound on the k-dimensions of the
coordinate rings of the M;’s). Since (Zg)3/((Za)?)rea is a finite infinitesimal group scheme,
for large enough j the map to this from (M;); must have nontrivial kernel. In other words, the
smooth connected commutative group ((Zg)9)rea contains a nontrivial infinitesimal subgroup
that is multiplcative. The group ((Zg)%)rea therefore cannot be unipotent (since a smooth
unipotent group cannot contain f,), so it must contain a nontrivial torus! We conclude by
the same argument with Zg[n]’s as in (using n not divisible by char(k) = p) that Zg
contains a nontrivial k-torus, so we win.

There remains the more interesting case when the preceding process does eventually stop,
so we wind up with a central quotient map

G—G/M

by a multiplicative infinitesimal k-subgroup M such that G /M satisfies (ED; beware that now
M7 is merely a product of several p,=:’s, not necessarily a power of p,. We therefore get a
nontrivial k-torus 7' in G/M, so if E C G denotes its scheme-theoretic preimage then there
exists a short exact sequence of k-group schemes

1 M—-FE—->T—1

with M central in E. We will be done (for infinite k) if any such E contains a nontrivial
k-torus. This is the content of the following lemma.

Lemma A.5.4. For any field k of characteristic p > 0 and short exact sequence of k-groups
l-=M-—->E->T—1

with a central multiplicative infinitesimal k-subgroup M in E and a nontrivial k-torus T,
there exists a nontrivial k-torus in E.

Proof. Certainly Er is connected, since 1" and M are connected. The commutator map on
E factors through a bi-additive pairing T" x T — M which is trivial since T" is smooth and
M is infinitesimal. Hence, E is commutative. The map Ep — T% is bijective on k-points,
SO (E%)rea is a nontrivial smooth connected commutative k-group. It is therefore a direct
product of a torus and a smooth connected unipotent group, and the unipotent part must
be trivial (since 75 is a torus). Hence, (E%)iea is a nontrivial torus. Now we can play the
usual game: since F is commutative, the identity component of the Zariski-closure of the
k-subgroup schemes E[n] for n not divisible by p is a k-torus in E which maps onto (Ex)red
and hence is nontrivial. 0
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APPENDIX B. GROUPS OF MULTIPLICATIVE TYPE

B.1. Basic definitions and properties. For a scheme S and finitely generated Z-module
M, Ds(M) denotes the S-group Spec(Os[M]) representing the functor Homg_, (Mg, Gp,) of
characters of the constant S-group Mg. (This is denoted D(M)g in [Oesl, I, 5.1]; it is the
base change to S of the analogous group scheme over SpecZ. See [Oesl, I, 5.2] for the proof
that it represents the functor of characters of Mg.)

Definition B.1.1. A group scheme G — S is of multiplicative type if there is an fppf covering
{S;} of S such that G, ~ Dg,(M;) for a finitely generated abelian group M; for each i.

By fppf descent, a multiplicative type S-group G is fppf over S. Such a G is split (or diag-
onalizable) over S if G ~ Dg(M) for some M; see [Oes| 1] for the theory of such groups, and
[Oes, 1, 5.2] for the anti-equivalence between the categories of split S-groups of multiplicative
type and constant commutative S-groups with finitely generated geometric fibers.

In [Oes| the basic theory of multiplicative type groups G — S is developed under weaker
conditions (following [SGA3]): M is not required to be finitely generated, G is fpqc and
affine over S but may not be of finite presentation, and diagonalizability is required only
fpgc-locally on S. The proofs of all results in [Oes] that we cite below work verbatim
under our finiteness restrictions, due to our insistence on fppf-local diagonalizability in the
definition. (In Corollary we show that fpqc-local diagonalizability recovers Definition
for fppf group schemes. Thus, our multiplicative type groups are precisely those of
[Oes] and [SGA3] with finite type structural morphism; we never use this fact.)

Remark B.1.2. In [Oes, I, 5.4] it is noted that for any fppf closed S-subgroup H of Dg(M)
there is a unique partition {Sy}ycas of S into pairwise disjoint open and closed subschemes
Sy indexed by the subgroups N C M, with H|s, = Dg(M/N) inside Dg(M). The special
case S = Speck for a field k is proved there (M may not be torsion-free, so Dy(M) may
be disconnected or non-smooth), and an alternative proof in this case under our finiteness
hypotheses on M is given in Exercise [2.4.1] To settle the case of arbitrary S, by “spreading
out” considerations (under our finiteness hypotheses) we may assume S is local, and even
noetherian. This case is deduced from the field case in the proof of Corollary below
(which provides a generalization for all S-groups of multiplicative type).

We refer the reader to [Oes, 11, 2.1] for several notions of “local triviality” for multiplicative
type groups (isotriviality, quasi-isotriviality, etc.) For many applications, it is important that
multiplicative type groups are split étale-locally on the base (quasi-isotriviality). This will
be proved in Proposition [B.3.4] and rests on the following lemma.

Lemma B.1.3. Let G be an affine S-group scheme of finite presentation and H an S-
group of multiplicative type. Any monic homomorphism j : H — G is necessarily a closed
immersion.

This lemma is useful in constructions with fiberwise maximal tori in reductive group
schemes, and it eliminates ambiguity about the meaning of “subgroup of multiplicative type”
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for homomorphisms from groups of multiplicative type: working sheaf-theoretically (or in
terms of group functors) with monomorphisms is equivalent to working algebro-geometrically
with closed immersions.

Proof. This result is [SGA3| IX, 2.5] without finite presentation hypotheses, and it is also
a special case of [SGA3, VIII, 7.13(b)] (relaxing affineness to separatedness). Here is an
alternative direct argument under our hypotheses.

We may pass to the case of noetherian S, and it suffices to show that j is proper (since
a finitely presented proper monomorphism is a closed immersion [EGA| 1V3, 8.11.5]). By
the valuative criterion for properness, we may express the problem in terms of points valued
in a discrete valuation ring R and its fraction field K over S, so we may reduce to the
case that S = Spec R and it is harmless to make a local injective base change R — R’
to another discrete valuation ring. Thus, we can assume that R is henselian. We claim
that such an R’ may be found so that Hp is split. Pick an fppf cover S’ — S that splits
H. As for any fppf cover of an affine scheme, there is an affine flat quasi-finite surjection
S" — S admitting a map S” — S’ over S [EGA| 1V, 17.16.2]. Since R is henselian local, by
[EGAl IV, 18.5.11(c)] the affine flat quasi-finite cover S” of S contains an open and closed
local subscheme that is S-finite. This subscheme is finite flat over S and non-empty, so the
normalization of its underlying reduced scheme has the form Spec R’ for a discrete valuation
ring R’ such that Hpg is split. By renaming R’ as R, now H is split.

Letting k be the residue field of R, the maps jx and j; are monomorphisms between finite
type group schemes over a field, so they are closed immersions. Let H’ be the schematic
closure of H in GG. This is an R-flat closed subgroup since R is Dedekind, and it is commu-
tative since the K-group Hj = Hg is commutative. We may replace G with H', so now G
is commutative. For any n > 1, the monomorphism H[n] — G is proper since H[n] is finite,
so it is a closed immersion. It is harmless to pass to G/H[n| and H/H[n|. Taking n to be
divisible by the order of the torsion subgroup of the finitely generated abelian group that is
“dual” to the split H, the geometric fibers of H/H [n| are smooth (i.e., tori), so H ~ G, for
some r > 0.

We can assume that k is algebraically closed and H # 1. Let T' = Gy, be the first factor
of H =G, and let 7" be the closure of T in G. If we can prove that 77 = T' then we may
pass to the quotient by 7" and induct on r. Thus, we may assume H = G,,, so G also has
1-dimensional fibers. In particular, the closed immersion j; must identify Hj with (Gj)%,.
For N > 0 relatively prime to the order of the finite group scheme Gy/Hj, a snake lemma
argument shows that N : G, — Gy, is a quotient map with kernel Hy[N], so it is flat. Hence,
by the fibral flatness criterion, N : G — G is flat, so G[N] is flat and hence G[N] = H[N]
as closed subschemes of G due to the equality of their generic fibers in G = Hy.

The translation action by H = Gy, on G defines a Z-grading €, ., A, of the coordinate
ring A of G [Oes, 111, 1.5]. (Explicitly, this grading extends the natural one on the coordinate
ring Ax of Gk = Hg = Gy,.) The quotient map A — O(G[N]) between flat R-modules
is injective on each A, for n < N because it is so over K (as Gx = Gy,). It follows that
each A, is finitely generated over R, and thus is finite free of rank 1 because we can compute
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the rank over K. The map A — O(H) = RJt,1/t] respects the Z-gradings and induces a
surjection on special fibers (as jj is a closed immersion), so the induced maps between the
rank-1 graded parts are isomorphisms. Hence, A — ¢(H) is an isomorphism. O

Remark B.1.4. Beware that even over a discrete valuation ring, there are examples of
monic homomorphisms f between smooth affine groups with connected fibers such that f
is not an immersion! See [SGA3, XVI, 1.1(c)] for some explicit examples (and [SGA3, VIII,
§7] for further discussion). The contrast with the case S = Speck for a field k is that in
such cases homomorphisms between smooth affine S-groups are always faithfully flat onto a
closed image (ultimately due to the “locally closed” property of G-orbits over fields, which
has no good analogue in comparable generality in the relative case).

Lemma B.1.5. Let k be a field. A k-group H of multiplicative type splits over a finite
separable extension of k.

Proof. By direct limit considerations, it suffices to prove that Hy, is split. Thus, we may and
do assume k = k; and aim to prove that H ~ Dy (M) for a finitely generated abelian group
M. Since any fppf cover of Spec k acquires a rational point over a finite extension k’/k, there
is a finitely generated abelian group M such that H and Dy (M) become isomorphic over k.

The functor I = Isom(H, Dy(M)) is an fppf sheaf on the category of k-schemes, so it is an
Aut(M)-torsor because this can be checked upon restriction to the category of k’-schemes.
More specifically, the restriction of I over k' is represented by a constant k’-scheme, and
that constant scheme is equipped with an evident descent datum (arising from I) relative
to k'/k. Although I, is generally not affine, nor even quasi-compact, the descent to k is
effective because fppf descent is effective for affine schemes and in our descent problem the
“equivalence classes” inside I, are open and closed subschemes that are k-finite. Hence,
I is represented by a k-scheme that is non-empty and étale (as it becomes constant and
non-empty over k'), so I is constant (since k is separably closed). O

B.2. Hochschild cohomology. The key to the infinitesimal properties of groups of mul-
tiplicative type is the vanishing of their higher Hochschild cohomology over an affine base.
A general introduction to Hochschild cohomology H(G,.%) for flat affine group schemes
G — S acting linearly on quasi-coherent Os-modules .% over an affine S is given in [Oes,
I11, §3]. Loosely speaking, Hochschild cohomology is a scheme-theoretic version of ordinary
group cohomology. This theory is explained (with proofs) in [Oes| III, §3]. Some applications
below require a more “functorial” description of Hochschild cohomology, so we now review
the basic setup using a variation on the formulation given in [Oes|, I11,§3].

Let M be a commutative group functor on the category of S-schemes, equipped with an
action by an S-group scheme G. A case of much interest is the functor §" ~» I'(S’, /) arising
from a quasi-coherent G-module, by which we mean a quasi-coherent ’s-module .% equipped
with a linear G-action; see [Oes, III, 1.2]. (This amounts to an Og-linear action of G(S’) on
F functorially in S”. By consideration of the “universal point” idg : G — G, it is equivalent
to specifying an Og-linear automorphism of .Z.) For n > 0, let C"(G, M) be the abelian
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group of natural transformations of set-valued functors ¢ : G* — M on the category of S-
schemes (i.e., compatible systems of maps of sets G(T')" — M (T'), or equivalently the abelian
group M(G™)). For example, if S = Spec A is affine and G = Spec(B) is affine and .F =V
for an A-linear B-comodule V' then the element v ® by ® - - ® b, € V@ B®" =T'(G", Fgn)
corresponds to ¢ : G" — . defined functorially by (g1,...,9,) = ([ g7 (b;))vs on S'-valued
points for any S-scheme S’.

The groups C"(G, M) = M(G™) form a complex C*(G, M) in the habitual manner, via

de: (907 s 7gn) = gO-C(gla s 7gn)+2(_1)zc(907 ey Gi—19Gi5 - - - 7gn)+(_1)n+lc(907 s 7gn71)-
i=1

We define the Hochschild cohomology
H"(G, M) = H"(C*(G, M)).

For example, H°(G, M) is the group M(S) of m € M(S) that are G-invariant in the sense
that g.mg = mg in M(S’) for any S" — S and g € G(S’). More concretely, G-invariance
means that the pullback mg € M(G) is invariant under the universal point idg € G(G).

Proposition B.2.1. If f : 8" = Spec A’ — Spec A = S is a flat map of affine schemes and
G is S-affine then for any quasi-coherent G-module F the natural map A’ @4 H*(G, F) —
H"(Gar, Far) is an isomorphism for all n > 0.

Proof. Since each G" is affine, the natural map of complexes A'®,C*(G,.%#) — C*(Gg, Fgs)
is identified in degree n with the natural map A’ ®4 Vgn — (A’ ®4 V)GZ/ with V = .%. This
map is visibly an isomorphism. Passing to homology in degree n recovers the map of interest
as an isomorphism because the exact functor A’ ®4 () commutes with the formation of
homology in the evident manner. O

Assume G is S-affine and S-flat, and that S is also affine (so each G™ is affine and S-
flat). The functor # ~» C"(G,.#) on quasi-coherent G-modules is exact for each n. Thus,
H*(G, Z) is d-functorial in such % via the snake lemma. We shall prove that the category of
quasi-coherent G-modules has enough injectives and that the derived functor of # ~ .Z(S)¢
on this category is H*(G, -).

For S-affine GG, a right adjoint “Ind” to the forgetful functor from quasi-coherent G-
modules to quasi-coherent Os-modules is given by defining Ind(¥)(S’) (for any S-scheme
S") to be I'(Gs, %, ) equipped with the left G(S’)-action (g.f)(z) = f(xg) for points x of
Gg . Explicitly, as in [Oeg|, I11, 3.2, Ex.], Ind(¥) is the quasi-coherent pushforward of ¥; along
the affine map G — S, equipped with a natural Os-linear G-action. The G-action amounts
to an Og-linear automorphism of the pullback of Ind(¥) along G — S. By general nonsense,
Ind carries injectives to injectives, and monomorphisms to monomorphisms. Moreover, the
adjunction morphism .# — Ind(.%) is given by m + (g — g.m); it has trivial kernel since
f+— f(1) is a retraction. Thus, the category of quasi-coherent G-modules on S has enough
injectives (since the category of quasi-coherent s-modules does; recall that S is affine).
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Lemma B.2.2. For affine S and S-flat S-affine G, the d-functor H*(G, -) on quasi-coherent
G-modules is the right derived functor of F ~ F(S)%.

Proof. An elegant argument in [Oes, 111, 3.2, Rem.| (inspired by the proof of acyclicity
of induced modules for ordinary group cohomology) shows that H'(G,Ind(¥)) = 0 for any
quasi-coherent &s-module & and ¢ > 0. For any injective .%# in the category of quasi-coherent
G-modules, the inclusion . — Ind(.%) splits off Z as a G-equivariant direct summand. But
Ind(.%) is acyclic for Hochschild cohomology, so .# is as well. We conclude that H*(G, ) is
erasable on the category of quasi-coherent GG-modules, so on this category it is the desired
right derived functor. U

A fundamental consequence (as in [Oeg, I11, 3.3]) is that for any multiplicative type group
G over an affine S = Spec A, H'(G,-) = 0 on quasi-coherent objects for 7+ > 0. Indeed, by
Proposition it suffices to prove this after a faithfully flat affine base change on A, so
we may assume G = Dg(M). Thus, quasi-coherent G-modules are “the same” as M-graded
quasi-coherent Os-modules F = @,y Fm [Ocs, 111, 1.5], so HY(G, .F) = %, (S). This is
exact in such ., so its higher derived functors vanish.

An important application of Hochschild cohomology is the construction of obstructions
to deformations of homomorphisms between group schemes. This is inspired by the use of
low-degree group cohomology to classify group extensions, and comes out as follows.

Proposition B.2.3. Consider a scheme S and an exact sequence of group functors
1-M—-G—-G —1

for the fpgc topology, with M commutative. Use this exact sequence to make G' act on M
via the left G-conjugation action on M.

Let H be an S-group scheme, and fix an S-homomorphism f': H — G'. Make H act on
M through composition with f'. Assume that f’ admits a lifting to an H -valued point of G.
There is a canonically associated class c(f') € H*(H, M) that vanishes if and only if f' lifts
to an S-homomorphism f : H — G. If such an f exists, the set of such lifts taken up to
conjugation by M(S) on G is a principal homogeneous space for the group H'(H, M).

The result holds with the same proof using any topology for which representable functors
are sheaves (e.g., Zariski, étale, fppf). See [SGA3| III, 1.2.2] for further generality.

Proof. Fix an f € G(H) lifting f’. The obstruction to f being a homomorphism is the
vanishing of the map of ¢ = ¢; € M(H x H) defined by c(ho, h1) = f(hoh1) f(h1) " f(ho)™"
The action of any hg on ¢(hy, hy) is induced by f(hg)-conjugation, so
ho-c(hi,ha) = f(ho)(f(huha) f(ha) ™ f(ha) ™) f (ho) ™

= C(ho, hlhg)_lc<h0h1, hQ)C(ho, hl)

= C(h(]hl, hg) — C(h(], hth) + C(h(), hl)
In other words, the element ¢; € M(H x H) is a Hochschild 2-cocycle (where M is equipped
with its natural H-action through f’). Fixing one choice of f, all choices have exactly the
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form m - f: h+— m(h) - f(h) for m € M(H), and

Cmf(ho, hu) = m(hoha) f(hoha) f(ha) ™" f(ho) ™" (f (ho)m(ln) f (ho) " )m(ho) ™
m(hohi) + cf(ho, h1) — ho.m(hy) — m(hy).

Thus, the class of ¢; in H*(H, M) only depends on f’ and not the choice of f, and as we vary
through all f this 2-cocycle exhausts exactly the members of its cohomology class. Thus,
this class vanishes if and only if we can choose f so that c; = 0, which is to say that f is an
S-homomorphism.

Assume that an S-homomorphism f lifting f’ exists. Fix one such choice of f. The
preceding calculation shows that the possible choices are precisely h +— m(h)f(h) where m
is a Hochschild 1-cocycle on H with values in M. Applying conjugation to such an f by
some mgy € M(S) replaces f with the lifting

hoermo - f(h)-mg' =mo - (f(R)mg " f(R)™") - f(R) = (mo — h.mo) - f(R)

due to the definition of the H-action on M (through the G’-action on M induced by G-
conjugation). It follows that H!'(H, M) acts simply transitively on the set of M (.S)-conjugacy
classes of S-homomorphisms f lifting f’. 0

Corollary B.2.4. Let G — S be a smooth group over an affine scheme S = Spec A, and
let H be an affine S-group. Let J be a square-zero ideal in A, Ag = A/J, Sy = Spec Ay,
Go = Gmod J, and Hy = H mod J. Fiz an Sy-homomorphism fo : Hy — Gq, and let Hy
act on Lie(Gy) via Adg, o fo.

There is a canonically associated class c(fo) € H?(Hy, Lie(Gy) ® J) whose vanishing is
necessary and sufficient for fo to lift to an S-homomorphism f : H — G. If such an f
exists, the set of such lifts taken up to conjugation by the action of ker(G(S) — G(Sy)) is a
principal homogeneous space for the group H'(Hy, Lie(Go) ® J).

See [SGA3| 111, 2.2, 2.3] for generalizations.

Proof. Let i : Sy — S be the canonical closed immersion, so i.(Gy) is the group functor
S" ~» Go(S)) on S-schemes. An Sp-homomorphism fy : Hy — G corresponds to an S-group
functor homomorphism f{j : H — i,(Gy). An S-homomorphism f : H — G lifts f} if and
only if f mod J = fy. Thus, we focus on lifting f;.

By the smoothness of GG, the natural homomorphism ¢ : G — i.(Gy) is surjective for the
Zariski topology (and hence for any finer topology). More specifically, since G is smooth
and Hy — H is defined by a square-zero ideal on the affine scheme H, f, admits a lifting
f{ through ¢ as a scheme morphism. It also follows from the smoothness of G that ker ¢ is
the group functor on S-schemes associated to the quasi-coherent &g -module Lie(Gy) ® J.
(This uses that JOg = J ®4, Og,, a consequence of the A-flatness of G.) The conjugation
action by G on the commutative ker ¢ = Lie(Gy) ® J factors through an action by i.(Gy),
and this “is” the adjoint action of Gy on Lie(Gy). Thus, Proposition applies to the
exact sequence

1 — Lie(Go) ® J = G — i.(Gy) — 1.
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By quasi-coherence of the kernel, naturally H(H, Lie(Gy) ® J) = H(Hy, Lie(Go) ® J). O

B.3. Deformation theory. To relativize results established over fields, it is important to
have “fibral criteria” for properties of morphisms (such as flatness, smoothness, etc.) as
well as deformation-theoretic results concerning the obstructions to lifting problems. In the
direction of fibral criteria, we often need the “fibral isomorphism criterion”:

Lemma B.3.1. Leth : Y — Y’ be a map between finitely presented schemes over a scheme S,
and assume that'Y is S-flat. If hg is an isomorphism for all s € S then h is an isomorphism.

Proof. This is part of [EGAL 1V, 17.9.5], but see Exercise for another proof. O

Theorem B.3.2. Let (A,m) be a complete local noetherian ring with residue field k, S =
Spec A, G an affine S-group of finite type, and H an S-group of multiplicative type that splits
over a finite étale cover of S. Let S, = Spec A/m"*1.

(1) The natural map
(B.3.1) Homg ., (H,G) — @Homgn_gp(Hgn, Gs,)
15 bijective.
(2) If G is S-flat and the special fiber Gy is of multiplicative type then the map
Homg_o,(H, G) — Homy,_g,(Ho, Go)

18 bijective and any isomorphism jo : Hy ~ G uniquely lifts to an open and closed
immersion j - H — G.

The splitting hypothesis on H is temporary in the sense that it will be shown to always
hold (see Proposition . Also, the flatness hypothesis on G in (2) cannot be dropped:
for an integer d > 1 let H = (Z/dZ)r over a discrete valuation ring R such that d € R* and
let G be the reduced closed complement of the open non-identity locus in the generic fiber.

Proof. Let S = Spec A’ be a finite étale cover of S that splits H. We may assume S’ is
connected and Galois over S, so A’ is a complete local noetherian ring with maximal ideal
mA” and descent from S’ to S can be expressed in terms of actions by I' = Aut(S’/S).
The same I'" works for descent from S), to S,. Thus, if the analogue of over S’ is
bijective then I'-equivariance considerations show that is bijective. The same holds
for part (2). We therefore may and do assume H = Dg(M) for a finitely generated abelian
group M. Upon expressing the problem in (1) in terms of maps of Hopf algebras, it is
solved by a clever use of the interaction between completions and tensor products beyond
the module-finite setting. See the proof of [SGA3, IX, 7.1] for this important calculation.

We now prove part (2). In such cases, the bijectivity of “passage to the special fiber” on
homomorphisms is reduced to showing that the reduction map

Homgn_gp(Dsn (M), Gsn) — Homk_gp(Dk(M), Go)

is bijective. That is, upon renaming S as S,,, we may assume A is artin local ring. By descent
we may replace A with a finite étale extension so that Gy ~ Dy(N) for a finitely generated
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abelian group N. Since G is an infinitesimal flat deformation of Dy(INV), by the deformation
theory of split multiplicative type groups we claim that G' must be of multiplicative type
and even that G ~ Dg(N).

To be precise, by induction on n it suffices to show that if J is a square-zero ideal in
a ring R and G = Spec A is an fppf affine R-group such that over Ry = R/J there is a
group isomorphism fy : Gp := G mod J ~ Dg,(N) for a finitely generated abelian group
N then fy lifts to an R-group isomorphism f : G ~ Dg(N). Since H?*(Gy,:) = 0 on
quasi-coherent Gy-modules (as Gy is of multiplicative type), by Corollary fo lifts to an
S-homomorphism f. But any such lift must be an isomorphism because f, is an isomorphism
and the source and target of f are fppf over S. (A more explicit construction of f is given
in [Oes| IV, §1], directly building an obstruction in a degree-2 Hochschild cohomology group
for the multiplicative type Gy.) The desired bijectivity in (2) now follows via duality for
diagonalizable groups (of finite type).

Finally, with general complete local noetherian A, it remains to show that if G¢ is of
multiplicative type and G is flat then for any isomorphism jy : Dy(M) — Gy the unique
S-homomorphism j : Dg(M) — G lifting jo is an open and closed immersion. The preceding
argument over the S,’s shows that j, = j mod m"*! is an isomorphism for all n > 0, so j
is formally flat along the identity section and hence is flat near the identity section. But j,
must be flat for all s € S since a homomorphism between finite type groups over a field is
flat if it is flat near the identity (use translation considerations on a geometric fiber), so by
the fibral flatness criterion j is flat.

Consider the kernel K = kerj, a flat closed S-subgroup of Dg(M) with Ky = 0. It
suffices to prove K = 0. Indeed, then j will be a monomorphism and so even a closed
immersion (Lemma [B.1.3), and a flat closed immersion between noetherian schemes is an
open immersion. To prove that the flat S-group K is trivial, observe that each fiber K
(s € S) is of multiplicative type, due to being a closed subgroup scheme of D(M) (see
Exercise [2.4.1). For n > 1 the n-torsion K|[n| is a finite S-group scheme (as it is closed in
Dg(M)[n] = Dg(M/nM)) with special fiber K[n]y = Ky[n] = 0, so by Nakayama’s Lemma
we have K[n| = 0. Hence, for each s € S the torsion K [n] vanishes for all n > 1, so the
multiplicative type group K over k(s) vanishes [Oes|, II, 3.2]. In other words, the identity
section e : S — K is an isomorphism on fibers over S, so it is an isomorphism by the fibral
isomorphism criterion (Lemma [B.3.1)). U

Corollary B.3.3. Let S be a scheme and H' an S-group of multiplicative type. Any fppf
closed subgroup H C H' is of multiplicative type.

Proof. Passing to an fppf cover, we may assume that H = Dg(M) for a finitely generated
abelian group M. We may reduce to the case when S = Spec A for aring A that is noetherian,
and then local; let k£ be the residue field. Exercise provides a subgroup N C M such
that Hy, = Dg(M/N) inside Dy(M). We claim that H = Dg(M/N) inside Dg(M). It

suffices to check this equality of closed subschemes after the fpqc base change to Spec A, so
we may assume A is complete. Thus, by Theorem the isomorphism Dy (M/N) ~ H
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uniquely lifts to an abstract S-homomorphism j : Dg(M/N) — H that is moreover an open
and closed immersion. The composition of j with the inclusion H «— H' = Dg(M) is an
S-homomorphism Dg(M/N) — Dg(M) that reduces to the canonical inclusion over the
closed point, so by duality for diagonalizable groups it is the canonical inclusion over the
entire connected base S. In other words, j is a containment inside H' = Dg(M); i.e., H
contains Dg(M/N) as an open and closed subscheme inside Dg(M). Now we can pass to the
quotients by Dg(M/N) to reduce to the case that Hj, is the trivial k-group and the identity
section of H is an open and closed immersion. In this case we will prove that H is the trivial
S-group. Since the fppf group scheme H — S has an identity section that is an open and
closed immersion, its fibers are étale, so H is S-étale.

We claim that H — S is killed by some integer n > 0. Since S is noetherian, there is an
n > 0 that is a multiple of all fiber-degrees for H — S. Thus, n Kkills each finite étale fiber
group H,. The locus of equality for the two maps [n],0 : H = H is an open and closed
subscheme since H — S is étale and separated, so n kills the S-group H. We conclude that
the closed subgroup H C H' is contained in the S-finite H'[n|, so the S-étale H is S-finite
and therefore H — S has constant fiber rank (by connectedness of S). This rank must be 1,
due to triviality of Hy. But the identity section e : S — H is an open and closed immersion,
so it is surjective and therefore an isomorphism as desired. 0

Proposition B.3.4. Let H — S be an S-group scheme that becomes diagonalizable (of
finite type) fopf-locally on S. Then H is diagonalizable étale-locally on S; i.e., H is quasi-
isotrivial. More specifically, the functor H ~ Homg_,,(H, Gn) is an anti-equivalence between
the category of S-groups of multiplicative type and the category of locally constant abelian
¢tale sheaves on S whose geometric fibers are finitely generated abelian groups.

If S = Spec A for a henselian local A then H splits over a finite étale cover of S.

This result is used very often, generally without comment. For example, it implies that
the splitting hypothesis on H in Theorem is always satisfied.

Proof. The final assertion concerning local henselian S is a consequence of the rest because
any étale cover of such an S has a refinement that is finite étale over S (due to the equivalent
characterizations of henselian local schemes in [EGA| IVy, 18.5.11(a),(c)]).

Now using general S, the group H is commutative of finite presentation (by fppf descent).
By standard limit arguments (including the descent of quasi-compact fppf coverings Zariski-
locally on the base), we may assume S = Spec A is local noetherian, and even strictly
henselian. Consider the special fiber H,, a group scheme of multiplicative type over the
separably closed k(s). By Lemma [B.1.5 E there is an isomorphism js : Hy ~ Dy(M) for a
finitely generated abelian group M. Let S = Spec A. The map js lifts to an open and closed
immersion of S-groups j : # = Dy (M) — H: = Hg (see Theorem We will prove
that j is an isomorphism, and then then descend it to an isomorphism DS(M )~ H.

The fppf-local hypothesis on H is preserved by base change, so there is an fppf cover 5" — S
such that Hgr ~ Dg/(M') for a finitely generated abelian group M’. Localize S’ at a point
over s, s0 ' — S is a local flat map (hence fpqc). The map jg : Dg/(M) — Dg/(M’) must
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arise from a map u : M’ — M since M and M’ are finitely generated (and S’ is connected),
and passage to the special fiber implies that u is an isomorphism (since D;(us) = j5). Hence,
Jjs» = Dg/(u) is an isomorphism, so j is an isomorphism (by fpqc descent).

Any descent of j to an S-homomorphism Dg(M) — H is necessarily an isomorphism (by
fpqc descent), so it suffices to prove that the natural map

Homg ,,(Ds(M), H) — Homg_gp(Dg(M), Hy)

is bijective. Injectivity is clear, and for surjectivity we will use fpqc descent for morphisms
(inspired by the proof of [SGA3| X, 4.3]).

Since H splits over an fppf covering of S, for each n > 1 the map n : H — H is finite flat
because it can be checked over an fppf covering where H becomes diagonalizable. Hence,
each H[n] is a commutative finite S-group of multiplicative type with étale Cartier dual.
Consider a map ]?: Dg(M) — Hg. For each n > 1, the induced map fn between n-torsion
subgroups uniquely descends to an S- homomorphlsm fn: Ds(M)[n] — Hn| because we can
apply Cartier duality and use that £/ ~ Fg is an equivalence between the categories of finite

étale schemes over S and S (as A is henselian local). To descend fto an S-homomorphism,
by fpqc descent it is equivalent to check the equality of the pullback maps

pl(f) pZ(f) DSXSS(M) = H§><S§'

A homomorphism from a multiplicative type group to a separated group scheme is deter-
mined by its restrictions to the n-torsion subgroups for all n > 1 [Oes| 11, 3.2]. By applying
this over the (typically non-noetherian!) base S xg S, the desired equality pi(f ) = pé(f)
is reduced to the same with Dg(M) replaced by DS(M)[ | = Ds(M/nM) for every n > 1.

Thus, we may assume that M is killed by some n > 1. Since f,, descends, we are done. [J

Corollary B.3.5. Let S = Spec A for a complete local noetherian ring (A, m) with residue
field k. Let G be a smooth affine S-group and H an S-group of multiplicative type. Any
homomorphism fo : Hy — G between special fibers lifts to an S-homomorphism f : H — G,
and if f': H — G 1is another such lift then f and f' are conjugate under ker(G(S) — G(k)).

This corollary is a special case of [SGA3|, X, 7.3].

Proof. Since G is affine, the natural map G(S) — @G(Sn) is bijective. The smoothness
of G implies that G(S,11) — G(S,) is surjective for all n > 0. In view of the bijectivity of
(B.3.1) (which is applicable, due to Proposition [B.3.4] E to prove the existence of f and its
uniqueness up to G(S)-conjugacy it suffices to show that for each n > 1 the maps

Homsn+1_gp(HSn+17 GSn+l) — Homsn_gp(HSn7 Gsn)

are surjective and the fibers are a single orbit under conjugation by ker(G(S,+1) — G(Sy))-

Let J, = m"™ /m"™2. Since G is S-smooth, H is S-affine, and S, < S, is defined by
the square-zero ideal J,, by Corollary the obstructions to surjectivity lie in degree-
2 Hochschild cohomology for Hg, with coefficients in a quasi-coherent Hg -module over
Sp. Since Hg, is of multiplicative type, this cohomology vanishes [Oes, 111, 3.3]. Applying
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Corollary once more, the obstruction to the transitivity of the conjugation action of
ker(G(Sp4+1) — G(S,)) on the non-empty set of homomorphisms Hg,,, — Gg, ., lifting a
given homomorphism f,, : Hg, — Gg, lies in a degree-1 Hochschild cohomology group for
Hg_ with quasi-coherent coefficients, so again the obstruction vanishes. 0

As an illustration of Corollary [B.3.5] if G = GL,, and Hy = Gy, then it just sats that a
decomposition of k(s)"™ into a direct sum of subspaces can be lifted to a decomposition of
A™ into a direct sum of finite free submodules.

Corollary B.3.6. Let S be a normal scheme. FEvery S-group H — S of multiplicative
type is locally isotrivial: there is a Zariski-open covering {U;} of S such that each H|y, is
isotrivial: it splits over a finite étale cover of U;. If S is irreducible (e.g., connected and
locally noetherian) then H — S is isotrivial.

In particular, for irreducible normal S and a geometric point s of S, the functor H ~
Homg_, ,(H, Gn)s is an anti-equivalence from the category of multiplicative type S-groups to
the category of discrete (S, 5)-modules that are finitely generated as abelian groups.

As an example, for connected locally noetherian normal S, the category of S-tori is anti-
equivalent to the category of discrete (95, 5)-representations on Z-lattices (generalizing the
classical case S = Speck for a field k). For instance, all Z-tori are split because m (Spec Z) =
1 (Hermite-Minkowski). Although a connected normal scheme is irreducible in the locally
noetherian case, irreducibility can fail in the non-noetherian affine case; see Exercise [2.4.12]

Proof. We call an étale sheaf on a scheme isotrivial if it becomes constant over a finite étale
cover. By Proposition [B.3.4] our task is to prove that if .% is a finite type locally constant
abelian étale sheaf on a normal scheme S then: .# is isotrivial if S is irreducible, and in
general .# is isotrivial Zariski-locally on S. Each Spec Og is normal and irreducible, and
any finite étale cover of Spec O s spreads out to a finite étale cover of an open neighborhood
of s in S. Thus, by the local constancy and finite type hypotheses on %, the isotriviality
Zariski-locally on S is reduced to the isotriviaity for each .#|gpec Os.s-

Now we may and do assume that S is irreducible. Every connected finite étale S-scheme
S’ is also irreducible. Indeed, the generic points of S’ lie over the unique generic point of the
irreducible S, so there are only finitely many of them. Hence, there are only finitely many
irreducible components of S’. These components are pairwise disjoint (since S’ is normal),
so by finiteness each is open and closed. By connectedness, S” must therefore be irreducible.

Since étale maps are open for the Zariski topology, and .# becomes constant over the
constituents of an étale cover of S, the isomorphism type of the geometric stalk .%5 is locally
constant in s for the Zariski topology on S. Thus, by connectedness of S, there exists a
finitely generated abelian group M so that g ~ Mg for some étale cover S — S. For
each n > 1, we have (% /n%)g =~ M/nMS,. The constant S’-group (M/nM)g is finite
étale (especially affine) over S’; so the descent datum on it relative to S’ — S arising from
F InZ is effective. Hence, .7 /n.% is represented by a finite étale S-group G,, — S. Since
a finite étale map has open and closed image, the connectedness of S and constancy of the
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fiber degree of a finite étale S-scheme E forces any such E to “disconnect” at most finitely
many times; i.e., E is a disjoint union of finitely many connected finite étale S-schemes.
By choosing a single connected Galois finite étale cover of S that dominates all connected
components of such an F, we can split E using a connected finite étale cover S” — S.

Fix n > 3 divisible by the exponent of M, and apply base change to a connected finite
étale cover S’ — S that splits G,,, so GG,, is a constant S-group. We shall prove that % is
constant. First consider the special case that S = Speck for a field k. The category of étale
abelian sheaves on S is the category of discrete Gal(ks/k)-modules, so .# is identified with
an action on M by a finite Galois group Gal(k’/k). To prove that .# is constant we need to
prove the triviality of this action. The constancy of .# /n.% implies that the Gal(k’/k)-action
factors through a finite subgroup of I' = ker(Aut(M) — Aut(M /nM)), so it suffices to prove
that I' is torsion-free.

Recall the classical fact that for any integer d > 0, the kernel of GL4(Z) — GL4(Z/nZ) is
torsion-free for n > 3. (This is most efficiently proved by observing that a torsion element
in the kernel has eigenvalues that are roots of unity, and considering p-adic logarithms
for p|n.) Since M’ := M/M, ~ Z® for some d, and M'/nM’ is a quotient of M /nM,
any finite-order v € T' is trivial on M’; i.e., v(m) = m + h(m) for some h : M — M.
The hypothesis v = id mod nM implies that A is valued in nM (| Myoy C (nM)io;. Non-
canonically M ~ M' & M., so nM is torsion-free. This forces h = 0, so v = id as desired.
For general S, we conclude that %, over Spec k(s) is constant for each s € S.

Next consider the case S = Spec A for an integrally closed local domain A. Let K be the
fraction field of A. Fix an isomorphism f, : M ~ Fg. Let 8" — S be an étale cover
such that Mg ~ .Z7|s. We may assume S’ = Spec A’ is affine, so A’ has only finitely many
minimal primes (due to the finiteness of S}.). The finitely many irreducible components
of S” are pairwise disjoint, so each is open. Hence, there are only finitely many connected
components of S’ and they are irreducible. At least one of these has non-empty special
fiber, and so must cover S (as its open image in the local S contains the closed point and
so is full). Hence, we may assume A’ is a domain, so S} is the generic point 7’ of S’. By
the connectedness of S” and constancy of Fg, (f,), uniquely extends to an S’-isomorphism
0: Mg ~ ZFg. For S” = 5" xg 5, the descent datum pj(Fg) ~ pi(-Fs) is identified via 0
with an S”-group isomorphism ¢ : Mg ~ Mg» whose restriction over S} = Spec(K' ®x K')
is the identity map (due to the descent of 05, = 6,y to f,). But S” is a disjoint union of
finitely many connected components, each of Wthh meets Sy, so ¢ is the identity. Thus, f,
extends to an isomorphism Mg ~ 7.

Finally, we treat the general irreducible case. Fix an isomorphism f, : M, ~ %,. Applying
the preceding over the local rings of S implies that .% is constant Zariski-locally on S. Let
{U;} be a covering of the irreducible S by non-empty open subschemes so that there are
isomorphisms f; : My, ~ Z|y,. BEach U; is connected, so we may uniquely choose each f;
such that (f;), = f;- The overlaps U; (| U; are irreducible with generic point 7, so f; and f;
coincide over U; (| U;. Hence, the f; glue to an isomorphism Mg ~ .Z. O
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Remark B.3.7. A scheme S is unibranched if Spec 0§, is irreducible for all s € S. For
irreducible S, it is equivalent that S,q has normalization S” — S,q that is radiciel (in
which case the integral surjective morphism S’ — S is radiciel). Pullback along a radiciel
integral surjection defines an equivalence between étale sites, so (by the anti-equivalence
in Proposition Corollary is valid with “normal” replaced by “unibranched”.
This fact is also noted at the end of [Oes| II, 2.1]. (See [Oes, IV, §2] for an elegant general
discussion of the “topological invariance” of the theory of multiplicative type groups without
finiteness hypotheses.)

B.4. Fibral criteria. For a finite type group scheme G, over a field k£ and any extension
field K/k, Gy is of multiplicative type if and only if (Go)x is. Indeed, this is a problem
involving compatible algebraic closures of k£ and K, so it suffices to prove that Gy ~ Dy (M)
for a finitely generated abelian group M if and only if (Go)x ~ Dg(M). But Dg(M) =
(Dg(M)) g, so the equivalence is clear (as Gy and Dy(M) are finite type over k); see the
proof of Proposition [3.2.2] for an illustration of the general “spreading out and specialization”
technique for descending results from an algebraically closed field to an algebraically closed
subfield. We conclude that when we consider whether or not the fibers of an fppf affine group
scheme G — S are of multiplicative type, it does not matter if we consider the actual fibers
G5 or associated geometric fibers G for geometric points 5 of S.

Theorem B.4.1. Let S be a scheme and H an fppf affine S-group. Then H is of multiplica-
tive type if and only if its geometric fibers are of multiplicative type and the order of Hg[n]
is locally constant in s for each n > 1. The fibral torsion condition can be dropped if H — S
has connected fibers; e.g., tori.

Before we prove Theorem we note that the torsion-order hypothesis holds if we
assume that the “type” of each Hy (i.e., the isomorphism class of the character group of the
geometric fiber at s) is locally constant in s. Local constancy of the “type” is used in the
formulation of the fibral criterion in [SGA3| X, 4.8]. In the absence of a fibral connectedness
condition it is necessary to impose some local constancy hypothesis on the type or at least
its torsion levels, even if we assume H is commutative.

For example, suppose S = Spec R for a discrete valuation ring R and d > 1 is an integer
not divisible be the residue characteristic. Consider the fppf affine R-group H obtained by
removing the closed non-identity locus from the special fiber of the constant group (Z/dZ)g.
This is quasi-finite flat and not finite flat (due to jumping of fiber-degree), so it is not of
multiplicative type but its fibers are of multiplicative type.

Proof. The necessity is clear, and for the proof of sufficiency we know that each fiber H
is of multiplicative type since we have already noted that the algebraic geometric fibers Hz
(using an algebraic closure of k(s)) must be of multiplicative type.

For any s € S, any étale cover of Spec Og s admits an affine refinement and an affine étale
cover of Spec Os ¢ spreads out to an étale cover over an open neighborhood of s in S. Hence,
it suffices to treat the case when S = Spec A for a local ring A. We may also assume that
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A is strictly henselian (since a strict henselization of A is a directed union of local-étale
extensions of A). Let k be the separably closed residue field of A. By Lemma applied
to the special fiber, there is an isomorphism jj : Dx(M) ~ Hj, for a finitely generated abelian
group M.

We claim that jj, lifts to an A-homomorphism j : Da(M) — H that is an open and closed
immersion. Granting this, we prove that j is an isomorphism as follows. If H — S has
connected fibers then j is fiberwise surjective and hence an isomorphism (as it is an open
immersion). Suppose instead that the order of Hg[n| is locally constant in s € S for each
n > 1. By the connectedness of S this order must be constant, so Ds(M)[n] and Hg[n] have
the same order for all s € .S due to comparison of orders of the closed fibers. Thus, the open
and closed immersion j, : Ds(M) — H, between multiplicative type groups at each s € S is
an isomorphism on n-torsion for all n > 1, so j, is an isomorphism [Oes| II, 3.2]. Thus, the
open immersion j is surjective, so it is an isomorphism.

To construct j lifting jx, we only use the weaker hypothesis that Hj is of multiplicative
type. The reason for weakening the hypothesis is that if we express A as a directed union of its
strictly henselian local noetherian subrings {A;} (with local inclusion maps) then a descent
of H to an fppf affine A;-group H; for large i inherits the multiplicative type hypothesis for
its special fiber but the same for other fibers seems hard to control in the limit process. In
this way, we may assume that A is also noetherian. By Theorem [B.3.2] the isomorphism
Ji : Di(M) ~ Hj, uniquely lifts to an open and closed immersion

J: (Da(M))z = Dz(M) — Hj.

In particular, 3 is an isomorphism between infinitesimal special fibers (so H has commu-
tative infinitesimal fibers). Using fpqc descent for morphisms as at the end of the proof
of Proposition , we shall prove that j descends to an A-morphism j : D 4a(M) - H,
such a descent is necessarily a homomorphism and an open and closed immersion (thereby
establishing what we need), by general results on fpqc descent for properties of morphisms.
To perform for descent for /j, it suffices to show that the two pullback homomorphisms

p1(3),P5(7) : Da(M) g, 7 = Hjg, 2

over the (typically non-noetherian) ring A®y4 A coincide. Arguing via [Oes, 11, 3.2] as near
the end of the proof of Proposition [B.3.4] it suffices to check equality on n-torsion for each
n > 1, which is exactly descent for the restriction j, of j to D(M/nM) 4 for each n > 1.

The scheme morphism f,, : H — H given by h — h" is quasi-finite flat (as may be checked
on fibers, using that each H; is of multiplicative type) and a homomorphism on infinitesimal
special fibers, so H[n] := f1(1) is a quasi-finite flat closed subscheme of H that is a subgroup
scheme on infinitesimal special fibers. By the structure theorem for quasi-finite separated
morphisms [EGA| IV,, 18.5.11(a),(c)], any quasi-finite separated scheme over a henselian
local base Z is uniquely the disjoint union of a Z-finite open and closed subscheme and an
open and closed subscheme with empty special fiber. Let H[n]g, denote the resulting “finite
part” of H[n|. This is a subgroup scheme of H: due to the finiteness of H|[n|s, over the
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base (and the separatedness of H) it suffices to check the subgroup property on infinitesimal
special fibers, where it is clear.

The finite flat group schemes H[nlg, are commutative because we may check on the infin-
itesimal special fibers (where even H becomes commutative). Their Cartier duals are étale,
as this may be checked on the special fiber. Moreover, since the formation of the “finite
part” commutes with local henselian base change, we have (H[nlan) 7 = (Hz[n])an. Since
D4(M/nM) is A-finite, j, factors through (Hz[n))an = (H[n]an) 5. But Da(M/nM) and
H{nlgy, are finite flat commutative A-groups whose Cartier duals are étale (and hence con-
stant) so any homomorphism between their special fibers umquely lifts. The same holds over
A so comparison through the common special fibers over A and A 1mphes that jn descends
to an A-homomorphism Dy (M/nM) — Hnlg, C H for each n > 1. This completes the
proof that 3 descends, and hence the proof that H is of multiplicative type. O

Corollary B.4.2. Let S be a scheme, H — S an affine fppf group scheme.

(1) If H becomes multiplicative type fpqc-locally on S then it is of multiplicative type.
(2) Consider a short exact sequence

1-H - H—H"—>1

of fopf affine S-groups with H' and H"” of multiplicative type. If each Hg is either
connected or commutative then H is of multiplicative type.

Assertion (1) shows that the notion of “multiplicative type” used in [SGA3] (with fpqc-
local triviality) coincides with the notion that we are using (with fppf-local triviality) in
the finite type case. Also, there must be some fibral hypothesis on H in (2), since the finite
constant group over a field of characteristic 0 associated to a non-commutative solvable group
of order p* for a prime p is an extension of one multiplicative type group by another.

Proof. The validity of (1) is immediate from Theorem : the fpqc-locality hypothesis
ensures that each H is of multiplicative type and controls the condition on local constancy
in s for the order of H,[n| for each n > 1.

For the proof of (2) we may assume S = Spec A for a strictly henselian local noetherian
ring A, so H' = DS(M’) and H" = Dg(M") for finitely generated abelian groups M’ and
M" (Proposition [B.3.4]). Granting that the special fiber Hy, is of multiplicative type, we may
conclude as follows (Wlthout using either of the commutativity or connectedness hypotheses
on the fibers of H). The k-group Hj, has the form Dy (M) for an abelian group M that is an
extension of M’ by M" (dual to the given exact sequence on special fibers), and the proof of
Theorem shows that the isomorphism Dy (M) ~ Hj, uniquely lifts to a homomorphism
j: Ds(M) — H that is moreover an open and closed immersion. The composition of j with
the canonical homomorphism Dg(M’) < Dg(M) must be the inclusion Dg(M') = H — H
because the two maps agree on special fibers (and we can appeal to the uniqueness for lifting
in Theorem over the fpqc cover Spec ﬁ) In other words, the open and closed subgroup
Dg(M) C H contains H' = Dg(M’). This forces Dg(M) = H because passing to quotients
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by Dg(M') gives a chain of inclusions
Ds(M)/Ds(M/) C H/Ds(M/) C H = DS(M”>

whose composition is the equality induced by the identification of M’ with M /M".

[t remains to prove (2) when S = Spec k for a field &k, and we may assume k is algebraically
closed. First we show that if H is connected (so H” is also connected) then H must be
commutative. The automorphism functor of H’ is represented by a constant k-group (via
duality for diagonalizable finite type k-groups), so the conjugation action on H' by the
connected H must be trivial. That is, H' is central in H. The commutator morphism for H
therefore factors through a bi-additive pairing H” x H” — H' whose vanishing is equivalent
to the commutativity of H. To prove that the pairing vanishes it suffices to prove that the
only homomorphism of group functors f : H” — Hom,_, ,(H"”, H') is the trivial one. This
Hom-functor is represented by a constant k-group since H” and H' are diagonalizable finite
type k-groups and H” is connected, so f must vanish.

Now working with commutative H in general, note that the subgroup T := H? ; is smooth
and connected without G, as a subgroup, so it is a torus by the classical theory. Let
T" c H" , be the image of T and let G’ = H'(\T,so 1 — H'/G' — H/T — H"/T" — 1 is
a short exact sequence of finite commutative k-group schemes. Both finite quotients H” /T"
and H'/G' are of multiplicative type (since H and H” are; use Exercise [2.4.1)), so by Cartier
duality for finite commutative k-groups we see that H/T has étale Cartier dual. Double
duality them implies that H/T is of multiplicative type. In other words, H is a commutative
affine finite type extension of Dy (M) by a torus T for a finite abelian group M. It suffices to
show that any such extension splits, which is to say that the abelian group Exty(Dy(M),T)
of isomorphism classes of such k-group extensions vanishes. Bi-additivity of this Ext-functor
reduces the problem to the case T'= Gy, and M = Z/nZ for an integer n > 1.

If F is a commutative affine finite type k-group extension of u,, by G, the fppf surjectivity
of [n] : Gy, — Gy, implies (via the snake lemma in the abelian category of commutative fppf
group sheaves over k) that the sequence

(B.4.1) 1 = pn — En| — i, — 1

is short exact for the fppf topology. It suffices to show that this splits. Applying Cartier
duality to , the dual of E[n] must be étale, so it is the constant k-group corresponding
to an n-torsion finite abelian group that is an extension of Z/nZ by Z/nZ. Any such exact
sequence of Z/nZ-modules splits, so by double duality the sequence also splits. [
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APPENDIX C. ORTHOGONAL GROUP SCHEMES

C.1. Basic definitions and smoothness results. Let V' be a vector bundle of constant
rank n > 1 over a scheme S, and L a line bundle on S. A quadratic form q : V — L is a
map of sheaves of sets such that q(cv) = c?q(v) (so ¢ is compatible with Zariski localization
on S) and the symmetric map B, : V x V — L defined by

By(z,y) = q(z +y) — a(z) — q(y)
is Og-bilinear. We call any such (V, L, q) a quadratic triple. Using local trivializations of V'
and L, g(x) = ). ;aigzixj. There is an evident notion of base change for quadratic triples.

Assume ¢ is fiberwise non-zero over S, so (¢ = 0) C P(V*) is an S-flat hypersurface with
fibers of dimension n — 2 (understood to be empty when n = 1). By Exercise [1.6.9] (and
trivial considerations when n = 1), this is smooth precisely when for each s € S one of the
following holds: (i) B,, is non-degenerate and either char(k(s)) # 2 or char(k(s)) = 2 with
n even, (ii) the defect d,, is 1, gs|y2 # 0, and char(k(s)) = 2 with n odd. (By Exercise ,
d4. = dim Vi when char(k(s)) = 2.) In such cases we say (V,L,q) is non-degenerate (the
terminology ordinary is used in [SGAT, XII, §1]). Case (ii) is the “defect-1” case at s.

A quadratic space is a pair (V,q) where ¢ : V' — O is a non-degenerate Og-valued qua-
dratic form. (When we need to consider pairs (V, ¢) with ¢ possibly not non-degenerate, we
may call (V,q) a possibly degenerate quadratic space.) The evident notion of isomorphism
for a non-degenerate quadratic triple (V, Os, q) corresponds to the classical notion of simi-
larity (compatibility up to a unit scaling on the form) for quadratic spaces. We will work
with quadratic spaces rather than non-degenerate quadratic triples below, at least once we
begin needing to consider Clifford algebras, due to difficulties with Clifford constructions for
L-valued g when there is not a given trivialization of L2,

Remark C.1.1. Our notion of “non-degeneracy” is often called “regularity” or “semi-
regularity” (especially for odd n when 2 is not a unit on S); see [Knus, IV, 3.1]. In the
study of quadratic forms g over a domain A, such as the ring of integers in a number field or
a discrete valuation ring, the phrase “non-degenerate” is often used to mean “non-degenerate
over the fraction field”. Indeed, non-degeneracy over A in the sense defined above is rather
more restrictive. Non-degenerate examples over Z (in our restrictive sense) include the qua-
dratic spaces arising from even unimodular lattices, such as the Eg and Leech lattices.

For a non-degenerate quadratic triple (V, L, q), clearly the functor
S~ {g S GL(VS/) ]qgf(gzv) = qg/(x) for all x € Vs/}

on S-schemes is represented by a finitely presented closed S-subgroup O(q) of GL(V). We
call it the orthogonal group of (V,q). This is uy if n = 1. Define the naive special orthogonal
group to be

SO'(q) := ker(det : O(q) = Gun)

(so SO'(q) = 1if n = 1); we say “naive” because this is the wrong notion for non-degenerate
(V,q) when n is even and 2 is not a unit on S. The special orthogonal group SO(q) will
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be defined shortly in a characteristic-free way, using Clifford algebras when n is even. (The
distinction between even and odd n when defining SO(gq) in terms of O(g) is natural, because
we will see that O(q)/SO(q) is us for odd n but (Z/2Z)s for even n. Also, if n > 3 then
SO(q)s will be connected semisimple of type B,, for n = 2m + 1 and type D,,, for n = 2m.)

Definition C.1.2. Let S = SpecZ. The standard split quadratic form ¢, on V = Z" is as
follows, depending on the parity of n > 1:

m m
2
(C-l-l) qom = E T2i—1%2i, Gom+1 = Tg + E T2i—1T2;
i=1 i=1

(SO g1 = Z‘%) We define On = O(qn) and S();1 — SO/(qn)

It is elementary to check that (Z",¢,) is non-degenerate. We do not define a notion of
“split” for general L-valued non-degenerate g because for odd n this turns out not to be an
interesting concept except essentially for cases when L is trivial.

Remark C.1.3. In some references (such as [Bo69, 11.16]) the quadatic forms
T1Zom + *+ + TmTmi1, ToTam + - + Lno1Tmi1 + Lo,

are preferred instead of (C.1.1)), since for such ¢ the split group SO(q) admits a Borel subgroup
contained in the upper triangular Borel subgroup of SL,,.

There is a convenient characterization of non-degeneracy for (V, L,q) when L and V are
globally free, using the unit condition on values of a polynomial associated to ¢ (depending on
the parity of n), as follows. Suppose there is a chosen isomorphism L ~ &g and ordered Os-
basis € = {e1,...,e,} of V (as may be arranged by Zariski-localization on S). Let [B,]e be
the matrix (B,(e;, €;)) that computes B, relative to e. The determinant disce(q) = det([Byle)
is the discriminant of ¢ relative to e (and the chosen trivialization of L). If € is a second
ordered Os-basis of V then disce (¢q) = u*disce(q) for the unit u given by the determinant of
the matrix that converts €’-coordinates into e-coordinates. In more intrinsic terms, disce(q)
computes the induced linear map A"(V) — A"(V*) arising from the linear map V' — V*
defined by v — B,(v,-) = B,(-,v) (when using the bases e; A---Ae, and e; A---Ae)). The
condition disce(q) € G (S) is independent of the choice of e, and it expresses exactly the
property that B, is a perfect pairing on V. Hence, if n is even or if n is odd and 2 is a unit
on S then the condition disce(q) € Gy, is equivalent to the non-degeneracy of g.

To handle the case of odd n in a characteristic-free way, it is convenient to introduce a
modification of the discriminant that was independently discovered by Grothendieck and
M. Kneser. This involves a “universal” construction:

Proposition C.1.4. Let n > 1 be odd and Q = >
universal quadratic form in n variables.

(1) The polynomial dis¢'(Q) := (1/2)disc(Q) € (1/2)Z[A;;] lies in Z[A;].

Aijl’iﬂfj < Z[Al'j”.’lfl, ce ,.’L‘n] the

i<j
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(2) Over the ring Z[A;j, Chi)[1/ det(Chi)] consider the universal linear change of coordi-
nates xp, = Y, Cppx), dual to the universal change of basis e, = Y, Cpre). The
quadratic form Q' in ..., 2!, obtained from Q(xy,...,x,) satisfies disc'(Q') =
disc(Q) det(Chy,)?.

(3) If R is any commutative ring and ¢ =Y ,_. a;jz;x; i a quadratic form in n variables

1<
over R then disc'(q) := (disc (Q))(as;) changes by a unit square under linear change
of variables and it lies in R* if and only if q is non-degenerate over Spec R.

We call disc’(¢q) the half-discriminant of ¢ (since when 2 € R*, it is (1/2)disc(q)). Com-
putation of the half-discriminant when 2 ¢ R* (especially when 2 is a zero-divisor in R)
requires lifting ¢ to a ring in which 2 is not a zero-divisor (e.g., if R = F5 then we can work
with a lift of ¢ over Z), but it will nonetheless be theoretically useful. The non-degeneracy of
G2m+1 in characteristic 2 shows that for odd n the universal half-discriminant in characteristic
2 is not identically zero.

Proof. For (1) it suffices to show that over the fraction field Fy(A;;) of Z[A;;]/(2) the qua-
dratic form @) has vanishing discriminant. Over any field k of characteristic 2, a quadratic
form ¢ on a finite-dimensional vector space V' satisfies §, = dim V' mod 2 (Exercise ,
so the defect ¢, is positive when dim V' is odd. Since d, > 0 precisely when disc(g) = 0, part
(1) is proved. Part (2) is obvious, since we can multiply both sides by 2 to reduce to the
known case of the usual discriminant.

To prove part (3), we may assume R = k is an algebraically closed field and (by (2)) it
is harmless to apply a linear change of variables. The case char(k) # 2 is trivial, so we can
assume char(k) = 2. First we show that disc’(¢) € k* if ¢ is non-degenerate. For such ¢, by
Exercise W(u) we may apply a linear change of variables so that ¢ = 3 + >0 | Z;%im
with n = 2m + 1. This arises by scalar extension from the quadratic form g, over Z given
by the same formula, so disc’(g) is the image of disc’(g,) € Z. Clearly disc(g,) = 2(—1)™, so
disc'(g,) = (—=1)™. Hence, disc'(q) = (=1)™ € k*.

For the converse, we assume ¢ is degenerate and shall prove that disc’(¢) = 0 in k. In
accordance with the definition of disc’(¢), we can compute it by working with a lift of ¢
over the ring W (k) of Witt vectors (in which 2 is not a zero divisor). It is harmless to
first apply a preliminary linear change of variables over k. Consider the defect space V+
on which B, vanishes. This has odd dimension, and ¢|y+ is the square of a linear form
(since k is algebraically closed of characteristic 2). The degeneracy of ¢ implies that either
dimV+ > 3 or dim V+ = 1 with ¢|y+ = 0. Either way, ¢|,,. can be expressed in terms of
fewer than dim V+ variables relative to a suitable basis, so ¢ can be expressed in fewer than
n variables after a linear change of coordinates. Hence, there is a lift ¢ of ¢ to a quadratic
form over W (k) that can be expressed in fewer than n variables after a linear change of
coordinates over W (k), so the discriminant disc(q) attached to (W (k)™,q) vanishes (as we
may check over the field W (k)[1/2] of characteristic 0). Since disc’(¢) is the reduction of
disc’(q) = (1/2)disc(q) = 0, we are done. O
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It is important to note that the discriminant and half-discriminant are attached to a
quadratic triple (V, L, q) equipped with global bases of V' and L, and not to a “bare” degree-
2 homogeneous polynomial. For example, to define the discriminant (or half-discriminant)
of the quadratic form x3 + ;25 over Z, it is necessary to specify whether this is viewed as
a quadratic form on Z? or Z" for some n > 3. The convenience of the half-discriminant is
demonstrated by its role in the proof of:

Theorem C.1.5. Let (V,L,q) be a non-degenerate quadratic triple of rank n > 1 over a
scheme S. The S-group O(q) is smooth if and only if n is even or n is odd with 2 a unit on
S, and the S-group SO'(q) is smooth if and only if n is odd or n is even with 2 a unit on S.

Proof. We use the following smoothness criterion: if X and Y are S-schemes locally of finite
presentation such that X is S-flat, then an S-morphism f : X — Y is smooth if and only
if fo: X, — Y, is smooth for all s € S. To prove the criterion it is only necessary to show
that f is flat when each f, is flat, and this follows from the S-flatness of X (as part of the
fibral flatness criterion [EGAL IV3, 11.3.10]).

Step 1. First we treat the case of orthogonal group schemes. The S-scheme Quad(V, L) of
L-valued quadratic forms on V' is represented by a smooth S-scheme that is an affine space
of relative dimension n(n + 1)/2 Zariski-locally over S, and the subfunctor of such forms
that are non-degenerate is represented by an open subscheme Y C Quad(V, L) given Zariski-
locally over .S by the non-vanishing of the discriminant or half-discriminant depending on the
parity of n. Thus, Y — S is smooth and surjective (since g, is non-degenerate over any field).
There is an evident right action of X := GL(V) on Y over S via (Q, g) — Qog, and the orbit
map f : X — Y through ¢ € Y(5) is surjective because over any algebraically field k& the
non-degenerate quadratic forms on k" are a single GL,, (k)-orbit (Exercise [1.6.9(ii),(iii)). The
fiber of f over a geometric point of Y is the orthogonal group scheme for the corresponding
quadratic form, so by the smoothness criterion we may assume S = Spec k for an algebraically
closed field k.

Now X and Y are k-smooth and irreducible of dimensions n? and n(n + 1)/2, so the
smoothness of f is equivalent to the smoothness of its fibers, and is also equivalent to
the surjectivity of the maps Tan,(X) — Tang,(Y) for ¢ € X (k). By homogeneity it is
equivalent to verify such surjectivity for a single g, such as ¢ = 1, and this in turn is
equivalent to Tan;(f) having kernel of dimension n* — n(n + 1)/2 = n(n — 1)/2. But
f(1) = q and f~'(q) = O(q), so the kernel of Tan,(f) is Tan;(O(q)). Thus, the case of
orthogonal group schemes is reduced to showing that for any quadratic form ¢ : V' — k,
dim Tan; (O(g)) = n(n — 1)/2 precisely when B, is non-degenerate.

Computing with the algebra k[e] of dual numbers, the subspace

Tan; (O(g)) C Tan; (GL(V)) = End(V)

consists of those T': V' — V such that ¢((1 + €T')(v)) = ¢(v) on Viq. Since q(v + €T'(v)) =
q(v) + €B,(v,T(v)) for T = v mod €, the necessary and sufficient condition on 7" is that
B,(xz,T(x)) = 0 for all z € V, which is to say that the bilinear form B,(-,7(-)) on V is
alternating. Let V/ = V/V*, so B, induces a non-degenerate bilinear form B, on V'. When
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B, (v, T(w)) is alternating it is skew-symmetric, so in such cases 7' must preserve V* (because
B,(v,T(w)) =0 for v € V* and any w € V).

Thus, Tan;(O(q)) is the space of T that preserve V1 and whose induced endomorphism
1" of V' makes B;(v',T'(w')) alternating. Since 7" determines 7" up to precisely translation
by Hom(V, V+), by the non-degeneracy of B, on V' we obtain a short exact sequence

0 — Hom(V,V*) — Tan;(O(q)) — Alt*(V/V+) =0
(the second map is T +— BJ(-,7"(-))). Letting § = dim V* denote the defect, we find that
dim Tan; (O(q)) =nd + (n —6)(n — 6 — 1)/2 =n(n — 1)/2 + (6* +6) /2.

This coincides with n(n — 1)/2 precisely when 6 = 0.

Step 2. Now consider the case of SO'(q). By Zariski-localization on S, we may assume
L = Os and may choose an ordered basis of V. For any quadratic form @ on Vg for
an S-scheme S’; relative to the chosen basis let D(Q) denote disc(@)) when n is even and
disc’(Q) when n is odd. For any S-scheme S’ and any quadratic form @ on Vs we have
D(Q(gx)) = (det g)*D(Q(x)) for g € GL(Vs/). Indeed, this is obvious when n is even and
follows from reduction to the Z-flat universal case for the half-discriminant when n is odd.
In particular, orthogonal group schemes for non-degenerate quadratic triples (V, L, q) lie in
det ™" (12). Since the determinant map O(q) — ps restricts to the identity on the central i,
when n is odd, we get O(q) = puz X SO'(q) for odd n. This settles the case of odd n when 2 is
a unit, but below we will give a characteristic-free argument for odd n that does not ignore
characteristic 2.

Let X’ = SL(V) and let Y’ be the scheme of non-degenerate L-valued quadratic forms @
on V such that D(Q) = D(q), so X" acts on Y. Let f': X’ — Y” be the orbit map through
q € Y'(S). Note that SO'(q) = f''(q), so this is S-smooth provided that f’ is smooth.
Since X’ is S-flat (even smooth), by the smoothness criterion it is necessary and sufficient
to treat the case when S = Spec k for an algebraically closed field k.

We claim that f’ is surjective. It suffices to work with k-points. By Exercise [1.6.9]
Proposition [C.1.4[(3), and the behavior of D(Q) under a linear change of coordinates on V,
any non-degenerate Q on k™ with D(Q) = D(q) has the form Q) = go g for some g € GL,, (k)
satisfying (det g)? = 1. Writing n = 2m or n = 2m+1, ¢ = q, 0y with D(q) = (dety)*(—1)™
and Q = ¢, o with D(Q) = (det~')?(—1)™. Hence, det+’ = +dety, so it suffices to check
that O, (k) contains an element with determinant —1. This is obvious by direct inspection
of ¢, depending on the parity of n.

It is harmless to scale ¢ by some ¢ € k*, so we may now assume D(q) = D(q,). Thus, ¢,
lies in the level set of ¢, so to determine whether or not the surjective f’ is smooth we may
assume q = ¢,. Since f’ is either everywhere smooth or nowhere smooth, it suffices to check
whether or not smoothness holds at ¢ =1 € SL,, (k) = X'(k).

Step 3. We first treat the case of odd n, and then even n. Assume n is odd. We
claim that the level set Y’ is smooth (so smoothness of f’ can be checked via surjectivity
on tangent spaces). This amounts to checking that the equation D(Q) = D(g,) defining
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Y’ in the smooth scheme Y of all non-degenerate quadratic forms on V' is non-constant to
first order at ¢,. That is, relative to suitable linear coordinates on V', we claim that the
polynomial D(g, +€Q) — D(g,) in a varying Q € Quad(k™) is nonzero. For Q = cz? we have
D(gn + €Q) — D(q,) = €c by base change from the universal case over Z[C]. This proves the
smoothness of Y.

Since X’ = SL(V) is a smooth hypersurface in X = GL(V), the difference in tangent
space dimensions at 1 € X'(k) and ¢, € Y'(k) is n*> — n(n + 1)/2 = n(n — 1)/2. Thus,
surjectivity of f’ on tangent spaces is equivalent to the kernel Tan;(SO’(g)) of Tan;(f’)
having dimension n(n — 1)/2. But O(q) = us x SO'(q) due to the oddness of n, so we want
Tan; (O(q)) to have dimension dim Tan; (u2) +n(n —1)/2; i.e., n(n —1)/2 when char(k) # 2
and 1+ n(n — 1)/2 in the defect-1 case in characteristic 2. These were both established in
the analysis of smoothness for orthogonal group schemes.

Now assume that n = 2m is even. We claim that the hypersurface Y’ in Y is smooth when
char(k) # 2 (in which case the desired surjectivity on tangent spaces can be proved exactly
as for odd n), and that it is nowhere smooth when char(k) = 2. Such nowhere smoothness
would force all fibers of f’ to be non-smooth (since X’ is smooth), which is to say that SO'(q)
is non-smooth in characteristic 2 when n is even.

Away from characteristic 2 we can diagonalize ¢ as a sum of squares of all variables, so
the smoothness proof for odd n carries over. It remains to show that in characteristic 2, the
polynomial function disc(g, + €Q) = det([B,,] + €[Bg]) of Q = _,; aijziz; € Quad(k™) is
equal to the constant disc(g,) = (—1)™ in k[¢]. The di-entry of [B,,] + €[Bg] is 2a;e = 0, the
(i,7+m) and (i + m,i)-entries are 1 + a;;4m€, and all other off-diagonal entries are of the
form a;;e. Thus, by inspection, all terms in the sum of products that defines the discriminant
as a determinant are divisible by € = 0 except for the term (—1)" ", (1 + a;;+me€)?. Since
char(k) = 2, this term is equal to (—1)™ = disc(g,). O

An alternative proof of the smoothness of orthogonal group schemes for even n is to use
Lemma below to pass to the case of ¢,, for which a direct counting of equations does
the job. This alternative method is worked out in [DGl III, §5, 2.3], based on an equation-
counting smoothness criterion in [DGl II, §5, 2.7]. We have chosen to use the preceding
argument based on another smoothness criterion because it treats even and odd n on an
equal footing (and adapts to other groups; see [GY]).

C.2. Clifford algebras and special orthogonal groups. Consider a quadratic form g :
V — Og with V of rank n > 1. The Clifford algebra C(V,q) is the quotient of the tensor
algebra of V' by the relation 22 = ¢(x) for local sections = of V. This inherits a natural
Z/2Z-grading (as a direct sum of an “even” part and “odd” part) from the Z-grading on the
tensor algebra. By considering expansions relative to a local basis of V' we see that C(V/ q) is
a finitely generated &s-module. For ¢ = 0, this is the exterior algebra of V. We are primarly
interested in the case of non-degenerate q.

There are versions of the Clifford construction for (possibly degenerate) L-valued ¢, but
numerous complications arise; see [Aul, 1.8], [BK], and [PS], §4] for further discussion of this.
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An alternative reference on Clifford algebras and related quadratic invariants is [Knusl, IV],
at least for an affine base. The Dickson invariant that we will use for even n goes back to
Dickson [Di, p.206] over finite fields, and Arf [Arf] over general fields of characteristic 2.

Lemma C.2.1. If (V,q) is a quadratic space of rank n > 1 over a scheme S then it is
isomorphic to (0%, qy) fopf-locally on S. If n is odd or 2 is a unit on S then it suffices to
use the étale topology rather than the fppf topology.

Keep in mind that a “quadratic space” is understood to be non-degenerate (in the fiberwise
sense) unless we say otherwise.

Proof. In [SGAT, XII, Prop.1.2] the smoothness of (¢ = 0) is used to prove the following
variant by induction on n: ¢ is an étale form of g, when n is even and is an étale form of
uz? + qom when n = 2m+1 is odd, with u a unit on the base. Once the induction is finished,
we are done when n is even and we need to extract a square root of u when n is odd. This
requires working fppf-locally for odd n when 2 is not a unit on the base. O

Lemma is very useful for reducing problems with general (non-degenerate) quadratic
spaces to the case of ¢, over Z, as we shall now see. In what follows, we fix a quadratic space
(V,q) of rank n > 1 over a scheme S.

Proposition C.2.2. Assume n is even. The Os-algebra C(V,q) and its even part Co(V, q)
are respectively isomorphic, fppf-locally on S, to Matyn,2(0) and a product of two matrix
algebras. In particular, they are vector bundles whose quasi-coherent centers are respectively
equal to Os and a rank-2 finite étale Os-algebra Z,. Moreover, the natural map V- — C(V, q)
is a subbundle inclusion and Co(V, q) is the centralizer of Z, in C(V,q).

It follows that C(V, ¢) is an Azumaya algebra over S (and Cy(V, ¢) is an Azumaya algebra
over a degree-2 finite étale cover of S). The notion of Azumaya algebra will only arise in

Example [C.6.3]

Proof. By Lemma we may assume that V' admits a basis {e;} identifying ¢ with ¢,. In
C(V, q) we have v'v = —vv' 4 B, (v,v") for v,v" € V, so C(V, q) is spanned by the 2" products
ey =ej, e, for subsets J = {j1,...,5n} C {1,...,n} (with j; <--- < js, and ey = 1 for
h = 0). Thus, if we construct a surjection from C(V, ¢q) onto Matyn/2(€) then it must be an
isomorphism (and the e; must be a basis of C(V, ¢)).

Since n is even, there are complementary isotropic free subbundles W, W' C V of rank n/2,
in perfect duality via Bg; e.g., W = span{ey, ..., e, 2} and W' = span{eijn/a,...,€,}. Let
A = C(W,qlw) = C(W,0) = A*(W), with even and odd parts A, = @ A% (W) and A_ =
@ AZH(W), so A is a vector bundle of rank 2"/2. The endomorphism algebra &nd(A) has
a Z/2Z-grading: an endomorphism of A = A, @ A_ is even if it carries Ay into AL and odd
if it carries Ay into Ax. We will construct a surjective algebra homomorphism p : C(V, q) —
End(A) ~ Matyn2(0) respecting the Z/2Z-grading, so p is an isomorphism and carries
Co(V, q) onto &nd(A;) x End(A-_), completing the proof. (See [KO] for a generalization of
the isomorphism p to the case of certain non-split (V,q).)
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To build p, by the universal property of the Clifford algebra we just need to define a linear
map L : W@ W' =V — &nd(A) such that L(v) o L(v) is multiplication by ¢(v). Define
L(w) =w A (+) and L(w') to be the contraction operator

Ow' T W1 A - /\wJ»—>Z ZlB (wi, wwy AL W A w;

(the unique anti-derivation of A satisfying coinciding with By(-,w’) on W C A_). Induction
on j (or direct calculation) gives d,, o 0, = 0, and clearly L(w) o L(w) = 0, so

Lw+w'") o L(w+w') = L(w) o L(w") + L(w') o L(w).
This is multiplication by B,(w,w’) = g(w + w') because
(L(w") o L(w))(x) = 0y (w A x) = 0y (w)z — w A 0y (z) = By(w,w")x — (L(w) o L(w"))(z).

The resulting map of algebras p : C(V, q) — &nd(A) respects the Z/2Z-gradings since w A ()
and &, are odd endomorphisms. To prove that p is surjective it suffices to check on fibers.
The maps p, are isomorphisms by the classical theory over fields (see the proof of [Chev97,
I1.2.1], or [Knus, IV, 2.1.1}). O

Remark C.2.3. In the special case ¢ = o, the computation of the center Z, of Cy(V,q)
as Og X Ug via an explicit description of a fiberwise nontrivial idempotent z is given in [DGI,
I11, 5.2.4]. (Generalizations for non-split ¢ are given in [Knus, IV, 2.3.1, 4.8.5].) We now give
such a calculations. Consider the standard basis {e1,...,ean}, s0 {€2_1,€9;} for 1 <i < m
is a collection of pairwise orthogonal bases of standard hyperbolic planes. To compute a z
in terms of products among the ¢;’s, we may and do work over Z.

In Cy(V, q), for each such pair {e, e’} = {ea;_1, e2;} we have

l=qgle+¢)=(e+e)2 =+ (e +ee)+ e =ec + e,

so (ee')? = e(ce)e’ = e(1 —ee')e’ = ec’. Hence, the elements w; = ey; e pairwise commute
(signs cancel in pairs) and (1 — 2w;)? = 1, so w = [~ (1 — 2w;) satisfies w? = 1. Direct
calculation shows that e; commutes with 1 — 2w; when j ¢ {2i — 1,2} whereas e; anti-
commutes with 1 — 2w, if j € {2¢ — 1,24}, so e; anti-commutes with w. Hence, all products
eje;; with j < j' commute with w, so w is central in Cy(V, q).

Over Z[1/2] we define

z=(1/2)(1 —w sz_Qszwz +4 Z WWi Wi + ~--+(—2)m1ﬁwi.
i=1

<’ 1< <i"

By inspection, z lies in Cy(V,q) over Z and modulo every prime it is distinct from 0 and
1. Hence, Z @ Zz is a direct summand of Cy(V,¢q) that is a central subalgebra, so it is
Z,. Moreover, by computing over Z[1/2] we see that 2* = z, so z is a fiberwise nontrivial
idempotent of Z, (ie., Z,=2Z -2 xZ- (1 — 2)).

The structure of C(V,q) and Cy(V, q) for odd n is “opposite” that for even n:
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Proposition C.2.4. Assume n = 2m + 1 is odd. The even part Cy(V,q) is isomorphic,
fopf-locally on S, to Matom (O). The center Z, of C(V,q) is a Z/2Z-graded finite locally free
O's-module of rank 2 whose degree-0 part is Os and whose degree-1 part Z(} s an tnvertible
sheaf that satisfies Z; @ Z) ~ Z) = Og via multiplication. In particular, as an Os-algebra
Z, is locally generated by the square root of a unit, so over S[1/2] it is finite étale of rank 2.

The natural Z /2Z-graded multiplication map Z,R45,Co(V, q) = C(V, q) is an isomorphism.
In particular, C(V,q) is a locally free Os-module of rank 2" that is isomorphic to Matem (Z,)
as a Z,-algebra fppf-locally on S. Moreover, V- — C(V, q) is a subbundle inclusion.

This result implies that Co(V,¢q) is an Azumaya algebra over S whereas C(V,q) is an
Azumaya algebra over a degree-2 finite fppf cover of S.

Proof. First consider the special case n = 1 (i.e., m = 0), so by Zariski localization ¢ = uz?

for a unit u on S = Spec R. Then C(V,q) = R[z]/(2*> — u) = R ® Rz with degree-0 part R
and degree-1 part Rz. This settles all of the assertions in this case, so now we may and do
assume n > 3 (l.e., m > 1).

Since the assertions imply that the center is a local direct summand, these assertions are
preserved by base change on S and descend through an fppf base change. Hence, by Lemma
m it suffices to treat the case ¢ = ¢, over any S. This is the orthogonal direct sum of z3
and ¢g,,, so we will be able to apply the known results for even rank 2m > 2 from Propo-
sition More specifically, if (V’,¢') and (V”,¢") are (possibly degenerate) quadratic
spaces over a scheme S then the Clifford algebra of their orthogonal sum (V'@ V", ¢ L ¢”)
is naturally isomorphic as a Z/2Z-graded algebra to the “super-graded tensor product”
C(V',¢") ® C(V",q") which is the ordinary tensor product module equipped with the al-
gebra structure defined by the requirement (1 ® a”)(a’ ® 1) = (—1)d8l@)desl@”)(¢/ @ ") for
homogeneous a’ and a”. (See [Knusl, IV, 1.3.1].) Hence, C(g,) = C(22)®'C(gam), so C(gy,) is a
free Os-module of rank 21+2™ = 27, In particular, the even and odd parts of C(V, q) = C(¢,)
are locally free of finite rank and V' — C(V, q) is a subbundle inclusion.

Multiplication by the standard basis vector ey swaps the even and odd parts of C(Vq)
(since €2 = g(eg) = 1), so each of these parts has rank 2"~! = 22" For any w in the span W
of {e1,..., e} we have (eqw)(eqw) = —e2w? = —qop(w). Thus, w — eqw € Cy(g,) extends
to a homomorphism f : C(W, —ga,n) — Co(g,). The map f is fiberwise injective, since the
geometric fibers of C(W, —qy,,,) are simple algebras with rank 2*™ (in fact, Matgm ), so f is
an isomorphism on fibers over S. The algebra C(W, —ga,,) is a locally free module of rank
22m (in fact, fppf-locally on the base it becomes Matqm (&), by Proposition , so [ is an
isomorphism of algebras. In particular, Cy(V, ¢) has the asserted matrix algebra structure
fppf-locally on S.

Consider the element z = e [, (1—2e2;_1€2;) € C1(V, q). Computing as in Remark|C.2.3|
if 7 > 0 then e; anti-commutes with [ (1 —2eg_1e9;), yet such e; also anti-commutes with
e, 0 e; commutes with z. It is likewise clear that z commutes with ey (since the anti-
commutation of ey with both ey;_1 and eg; implies that ey commutes with ey;_jeq; for all 7),
so z commutes with every e; (j > 0). Likewise, 2 = 1. Thus, {1, z} spans a Z/2Z-graded
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central subalgebra Z of C(V, q) that is a subbundle of rank 2 with odd part spanned by z,
so Z'® Z' ~ Og via multiplication. Since z is a unit, the natural Z/2Z-graded algebra map
Z ® Co(V,q) — C(V,q) defined by multiplication is fiberwise injective and hence (for rank
reasons) an isomorphism. But Cy(V, ¢) has trivial center, so Z is the center of C(V,q). O

Assume n is even. The natural action of O(q) on C(V, q) preserves the Z/2Z-grading and
hence induces an action of O(g) on Cy(V,¢q), so we obtain an action of O(q) on the finite
étale center Z, of Co(V,q). The automorphism scheme Aut %,/05 18 uniquely isomorphic to
(Z/2Z)s since Z, is finite étale of rank 2 over 0s. Thus, for even n we get a homomorphism

D,:0(q) = (Z/27)s

that is compatible with isomorphisms in the quadratic space (V,q), and its formation com-
mutes with any base change on S. This is called the Dickson invariant (and is discussed in
detail in [Knus, IV, §5]).

To analyze properties of the Dickson invariant for even n, it is convenient to introduce
a certain closed subgroup of the S-group C(V,q)* of units of the Clifford algebra. The
following definition for even n will later be generalized to odd n, for which some additional
complications arise.

Definition C.2.5. For even n, the Clifford group GPin(q) is the closed S-subgroup scheme
(C.2.1) GPin(q) := {u € C(V,q)* |uVu' =V}
of units of the Clifford algebra that normalize V inside C(V, q).

Consider (V,q) with even rank n. Since the center of C(V,q) is Og, an elementary cal-
culation (given in [Chev97, I1.3.2] over fields, but working verbatim over any S) shows that
every point of GPin(g) is “locally homogeneous”: Zariski-locally on the base, it is in either
the even or odd part of C(V,¢q) locally on the base. (This is false for odd n, in view of the
structure of Z, in Proposition ) Thus, the S-group GPin(q) agrees with the “Clifford
group” as defined in [Knus, IV, 6.1]. For odd n we will have to force local homogeneity into
the definition of the Clifford group in order to get the right notion for such n; see §C.4

There is a natural action by GPin(q) on V' via conjugation, and the resulting homo-
morphism GPin(q) — GL(V) lands in O(q) because for v € V and u € GPin(gq) we have
quvu™) = (uvu™1)? = ww?u=! = q(v) in C(V,q). However, this action as a drawback: the
intervention of an unpleasant sign for the conjugation action by the dense open non-vanishing
locus U = {q # 0} C V. To be precise, any u € U satisfies u?> = q(u) € Gy, in C(V,q), so
u e C(V,q)* and uv + vu = By(u,v) for any v € V. Hence,

(C.2.2) wvu~! = —v + (By(u,v)/q(u))u €V,

so U C GPin(q) but the conjugation action on V' by any u € U is the negative of reflection
through u relative to ¢. Thus, following Atiyah-Bott—Shapiro (and [Knus, IV, 6.1]), we
define a representation

7, : GPin(q) — GL(V)
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by
(C.2.3) T(u)(v) = (—1)%BaWqq ="

where deg, : GPin(q) — (Z/2Z)s is the restriction of the degree on the subalgebra C(V, ¢)m
of locally homogenous sections of the Z/2Z-graded Clifford algebra C(V, q).

In other words, 7, is the twist of the conjugation action on V' against the S-homomorphism
GPin(q) — po defined by u + (—1)d8™  Since quadratic forms are po-invariant, the
representation 7, lands in O(q) as well, so 7, extends to an action of the Clifford group
GPin(q) on the entire Z/2Z-graded algebra C(V, q). This action coincides with the ordinary
conjugation action when restricted to the intersection of GPin(g) with the even subalgebra
Co(V,q). (The representation u : x + (—1)%&Wyzu= on C(V, )y by the group C(V,q)
of locally homogeneous units is denoted as u + 4, in [Knus, IV, 6.1]. We will not use it.)

Since Z, C Cy(V,q), the action of GPin(q) on C(V,q) via m, on V restricts to ordinary
conjugation on Z,. But Co(V,q) is the centralizer of Z, in C(V,q) (Proposition [C.2.2)), so
D, om, : GPin(q) — (Z/2Z)s computes the restriction to GPin(q) of the Z/2Z-grading of
C(V,q) (for even n).

Proposition C.2.6. Assume n is even. The map 7, : GPin(q) — O(q) is a smooth surjec-
tion with kernel Gy, and D, : O(q) = (Z/2Z)s is a smooth surjection.
In particular, the affine S-group GPin(q) is smooth.

Proof. Since O(q) is smooth (as n is even; see Theorem [C.1.5), to prove that D, is a smooth
surjection it suffices to check surjectivity on geometric fibers. We have already noted that
D, o7, computes the degree on locally homogeneous sections of C(V/ ¢), so for the assertion
concerning D, it suffices to check that on geometric fibers GPin(¢q) does not consist entirely
of even elements. But as we saw above, the Zariski-dense open locus {¢ # 0} C V viewed in
the odd part of C(V, q) consists of units that lie in the Clifford group GPin(q).

Now we turn to the assertion that 7, is a smooth surjection with kernel G,. The kernel
of D, o7, consists of the points of GPin(g) in the even part of C(V,q), and this even part
acts on V through ordinary conjugation under m,, so kerm, is the intersection of GPin(q)
with the part of Co(V,q) that centralizes V inside C(V,q). But V generates C(V,q) as an
algebra, so the centralizer of V inside C(V q) is the center of C(V,¢q). This center is s since
n is even, so kerm, = Gy,. In view of the smoothness of this kernel, to show that 7, is a
smooth surjection it suffices to prove that =, is surjective fppf-locally on the base.

By applying a preliminary base change on S and renaming the new base as 5, it suffices
to show that for any g € O(q)(S), fppf-locally on S there exists a point u of GPin(q)
satisfying m,(u) = g. Consider the automorphism [—g] of the @g-algebra C(V, ¢) induced by
—g € O(q)(S). We claim that this automorphism is inner, fppf-locally (even Zariski-locally)
on S. Since the quotient S-group C(V, q)* /Gy, is a subfunctor of the automorphism scheme
of the algebra C(V,q) via conjugation, it suffices to show that this quotient coincides with
the automorphism scheme. The problem is fppf-local on S, so we can assume ¢ = ¢a,,, in
which case C(V,q) is a matrix algebra over 0g. But for any N > 1, the natural map of
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finite type Z-groups PGLy — Aut(Maty) is an isomorphism (“relative Skolem—Noether”)
by Exercise [5.4.5(1), so C(V, ¢)* /G = Aut(C(V, q)).

Since G, torsors for the fppf topology are automatically torsors for the Zariski topology,
we may now arrange by Zariski localization on S that there exists u € C(V,¢)* such that
[—g](z) = uzu for all z € C(V,q). Setting x = v € V gives [—g|(z) = —g(v), so
u € GPin(q) and 7 (u) = g.

We can finally define special orthogonal groups, depending on the parity of n.

Definition C.2.7. Let (V,q) be a quadratic space of rank n > 1 over a scheme S. The
special orthogonal group SO(q) is SO'(¢) = ker(det |o(,)) when n is odd and ker D, when n
is even. For any n > 1, SO,, := SO(g,).

For odd n the definition of SO(¢) makes sense for any non-degenerate triple (V, L, ¢), and to
achieve the same generality for even n (for which we have not discussed Clifford constructions
in the L-valued case), we just need to work Zariski-locally on the base to trivialize L and
observe that Gy,-scaling of ¢ has no effect on the construction. By definition, SO(q) is a closed
subgroup of O(g), and it is also an open subscheme of O(q) when n is even. (In contrast, we
will see that SOs,, 11 is not an open subscheme of O, 11 over Z because O(q) = SO(q) X p2
for odd n via the central pus C GL(V'), and over SpecZ the identity section of py is not an
open immersion.)

The group SO’(g) is not of any real interest when n is even and 2 is not a unit on the base
(and we will show that it coincides with SO(q) in all other cases). The only reason we define
SO’(q) for all n is because it is the first thing that comes to mind when trying to generalize
the theory over Z[1/2] to work over Z. We will see that SOj,, is not Z)-flat. (Example:
Consider m = 1 and S = SpecZy). We have Oy = Gy, x (Z/2Z) and SO, = Gy, whereas
SO, is the reduced closed subscheme of O obtained by removing the open non-identity
component in the generic fiber.)

Here are the main properties we shall prove for the “good” groups associated to quadratic
spaces (V, q).

Theorem C.2.8. The group SO(q) is smooth of relative dimension n(n—1)/2 with connected
fibers. Its functorial center is trivial for odd n and equals the central ps C O(q) for even n.
Forn > 3, O(q) has functorial center represented by the central jio, whereas the functorial

center of SO'(q) coincides with that of SO(q).

Remark C.2.9. Observe that via the Dickson invariant D,, for even n we have O(q)/SO(q) =
(Z/2Z7)s, so Theorem implies that #my(O(q)s) = 2 for all s € S. In contrast, for odd
n multiplication against the central pus C O(q) defines an isomorphism uy x SO(q) ~ O(q)
because det : O(q) — Gy, factors through ps (due to the half-discriminant, as we saw in the
proof of Theorem [C.1.5)). Thus, if n is odd then O(q) is fppf over S with O(g)/SO(q) =
(so O(gq)s is connected and non-smooth when char(k(s)) = 2).

Since the case of odd rank requires special care in residue characteristic 2, we shall first
analyze even rank, where we can use characteristic-free arguments.
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C.3. Connectedness and center. Let (V,q) be a quadratic space of even rank n > 2.
By Theorem |C.1.5] O(g) is smooth. By Proposition [C.2.6, SO(q) = ker D, is therefore also
smooth. Less evident is the connectedness of SO(g;) for s € S:

Proposition C.3.1. If n is even then SO(q) — S has connected fibers.

Proof. We proceed by 2-step induction on n, and we can assume S = Speck for an alge-
braically closed field k. Without loss of generality, ¢ = ¢,,. In view of the surjectivity of the
Dickson invariant, it is equivalent to show that O(q) has exactly 2 (equivalently, at most 2)
connected components. Since gu = zy, clearly Oy = G, [[ Gt for ¢ = (§4). Now assume
n > 4 and that the result is known for n — 2.

Since ¢ is not a square (as n > 1), it is straightforward to check that the smooth affine
hypersurface H = {q = 1} is irreducible. The points in H(k) correspond to isometric
embeddings (k,z?) — (V,q). (Note that (k,z?) is degenerate when char(k) = 2.) By
Witt’s extension theorem [Chev97, 1.4.1], if @ : W — K is a quadratic form on a finite-
dimensional vector space over a field K and By is non-degenerate (so dim W is even when
char(K) = 2) then O(Q)(K) acts transitively on the set of isometric embeddings of a fixed
(possibly degenerate) quadratic space into (W, Q). Hence, O(q)(k) acts transitively on H (k),
so the orbit map O(q) — H through e, is surjective with stabilizer G’ := Stab,,(O(q)) that
preserves the orthogonal complement V' := ey = 292 ke;. Since H is connected, it follows
that O(q)° acts transitively on H too, so #mo(0(q)) < #mo(G’). Hence, it suffices to show
that G’ has 2 connected components.

The action map G’ — GL(V’) has kernel consisting of automorphisms of V' that fix
{ea,...,e,} pointwise and preserve ¢. Such automorphisms must preserve the orthogonal
complement ke; + key of the span of {es,...,e,}, so it is an elementary calculation that the
scheme-theoretic kernel of G/ — GL(V”) is trivial. Let W = (key 4 kea)" = 3,4 ke;. For
any w € W we have g(cex + w) = *q(e2) + By(cez,w) + g(w) = g(w), so relative to the
ordered basis {es,...,e,} of V' the map G’ — GL(V”) is an isomorphism onto the subgroup
of (n —1) x (n — 1) matrices whose left column is (1,0, ...,0), top row has arbitrary entries
beyond the initial 1, and lower right (n — 2) x (n — 2) block is in O(g|w/). In other words,
G’ is an extension of O(q|lw) by G" 2. By induction we know that O(g|y) has exactly 2
connected components, so the same holds for G'. O

Corollary C.3.2. Assumen is even. Let fs : (Z/27)s — s be the unique S-homomorphism
satisfying f(1) = —1. The determinant map det : O(q) — peo coincides with fgo D,. In
particular, det kills SO(q).

The inclusion SO(q) C SO'(q) = ker(det) is an equality over S[1/2], and SO'(q) — O(q)
1s an equality on fibers at points in characteristic 2.

Proof. By Lemma[C.2.1], we may pass to the case ¢ = ¢, over Z. The equality det = fzo0D,,
can then be checked over Q, where it is immediate from the connectedness of SO,, over
Q and the nontriviality of det on O,, over Q. Since fz[1/9 is an isomorphism, we get the
equality of SO, and SO, over Z[1/2]. Over Fy, the smooth group O,, must be killed by the
determinant map into the infinitesimal py, so SO = O,, over Fy. O
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Remark C.3.3. Assume n is even. Consider the element g € O,(Z) that swaps e; and
eo while leaving the other e; invariant. The section D,(g) of the constant Z-group Z/2Z is
equal to 1 mod 2 since it suffices to check this on a single geometric fiber (and at any fiber
away from characteristic 2 it is clear, as SO,, coincides with SO/, over Z[1/2]). Thus, the
Dickson invariant D, : O(q) — (Z/2Z)s splits as a semi-direct product when ¢ = ¢,.

The induced map H!(S¢, O,) — H (S, Z/2Z) assigns to every non-degenerate (V,q) of
rank n over S (taken up to isomorphism) a degree-2 finite étale cover of S. This is the
discriminant of (V,q). If S is a Z[1/2]-scheme (so (Z/2Z)s = u2) and Pic(S) = 1 then
it recovers the class in H'(S, uz) = Gu(S)/Gm(5)? of the unit ¢ such that the induced
quadratic form on the top exterior power detV of V is locally cx?. (Concretely, if V is
globally free then this is represented by the unit det[B,], where [B,] is the matrix of B,
relative to a basis for V; see [Knusl, IV, 4.1.1, 5.3.2] for affine S.) If S is an Fy-scheme then
it recovers the pseudo-discriminant, also called the Arf invariant when S = Spec k for a field
k/Fy; see [Knus, IV, 4.7] for an explicit formula when S is affine and V' is globally free.

Corollary C.3.4. For evenn, the Z-group SO, is reduced and the open and closed subscheme
SO,, <= SO/, has complement equal to the non-identity component of (O,)r,. In particular,
SO!, is not Z-flat when n is even.

Proof. Corollary gives the result over Z[1/2], as well as the topological description
of the Fo-fiber. It remains to show that SO is reduced. It is harmless to pass to the
quotient by the smooth normal subgroup SO,,, so under the identification of O,,/SO,, with
the constant group Z/2Z via the Dickson invariant we see that G = SO/, /SO,, is identified
with the kernel of the unique homomorphism of Z-groups f : Z/2Z — pus sending 1 to —1.
As a map from the Z-group (Z/2Z)z = SpecZ[t]/(t* — t) to uy = SpecZ[¢]/(¢* — 1), it is
given by ¢ — 1 — —2¢ on coordinate rings, so the kernel G is Spec Z[t]/(—2t,t* —t). This is
the disjoint union of the identity section and a single Fo-point in the Fo-fiber. ([l

Now assume 7 is odd, so SO(q) = SO'(g). This is smooth by Theorem [C.1.5| Also, as we
noted in Remark consideration of the half-discriminant shows that det : O(q) — Gy,
factors through ps, so by the oddness of n the determinant splits off the central s C O(q)
as a direct factor: O(q) = p2 x SO(g). In particular, SO(q) — S has fibers of dimension
n(n — 1)/2, since the dimension of Tan;(SO’(¢,)) was computed in the proof of Theorem
The fibral connectedness will be proved by induction on the odd n:

Proposition C.3.5. Let (V,q) be a quadratic space over a field k, with n = dim V' odd. The
group SO(q) is connected.

Proof. We may assume k is algebraically closed and ¢ = ¢,. The case n = 1 is trivial, so
we assume n > 3. We treat characteristic 2 separately from other characteristics, due to the
appearance of the defect space V* = ke in characteristic 2.

First assume char(k) # 2, so the symmetric bilinear form B, is non-degenerate and py =
(Z/2Z),. Since ps x SO(q) = O(q), O(q) has at least 2 connected components. It has
exactly 2 such components if and only if SO(q) is connected. Since n > 1, the hypersurface
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H = {q = 1} is irreducible, and exactly as in the proof of Proposition we may apply
Witt’s extension theorem (valid for odd n since char(k) # 2) to deduce that the action of
O(q) on H is transitive. The orthogonal complement V' of ey is spanned by {ey, ..., e}
since char(k) # 2, and it is preserved by Stab,,(O(q)). It is straightforward to check that
the action of this stabilizer on V' defines an isomorphism onto O(q|y) ~ Og,,. We already
know that Oy, has 2 connected components whereas H is irreducible, so it follows that O(q)
has at most 2 connected components (hence exactly 2 such components). This settles the
case char(k) # 2.

Now assume char(k) = 2. Since O(q) = u2 x SO(gq), the connectedness of SO(q) is equiva-
lent to the connectedness of O(g). The non-vanishing defect space obstructs induction using
the action on H, so instead we will use an entirely different procedure that is specific to char-
acteristic 2 (cf. [Bo91l 23.6]). When char(k) # 2 we passed to the hyperplane kej spanned
by e1, ..., €2, on which B, restricted to a non-degenerate symmetric bilinear form. In char-
acteristic 2, we will use the quotient V' := V/V+ = V/ke, rather than a hyperplane. More
specifically, because V= is the defect space, B, factors through a non-degenerate symmetric
bilinear form B; on V’. This has an extra property: it is alternating, since char(k) = 2. Any

point of O(gq) preserves the defect space, and the induced automorphism of V' preserves B,.
This defines a homomorphism

h 02m+1 = O(q) - Sp(vla B:;) = Sp2m

from our orthogonal group to a symplectic group.

The kernel is seen by calculation to be iy x aj ' (along the top row of matrices, with
po in the upper left), where py acts on the Frobenius kernel aj ' C G?~! by the usual
diagonal scaling action. Indeed, rather explicitly, since a point 7" of O(¢) must restrict to an
automorphism of the quadratic space V+ = (keg, x2), it has the block form

( a o
T=10 A B
0 C D

for m x m matrices A, B,C, D, a point ( of us, and ordered m-tuples o and /. Writing a
typical ordered (2m + 1)-tuple as (xg, z,2’) for ordered m-tuples x and z’, we see that

q(T (w0, z,2")) = ag + (o, 2)* + (o, 2')? + By(Az + By, Cx + Dy),

where (-, -) is the standard bilinear form (w, z) — > w;z;. Setting this equal to ¢(zo,z, ')
then imposes equations on a, o/, A, B, C, D that define the closed subscheme O(q) C GL,,.
This not only implies the asserted description of ker h, but also shows that h is surjective.
We have shown that h is surjective with infinitesimal fibers, so it suffices to prove the
connectedness of symplectic groups over fields. This is proved by an inductive fibration
argument (using lower-dimensional symplectic spaces). O

Remark C.3.6. Assume n is odd. In the proof of Proposition [C.3.5 over any field k of
characteristic 2 we constructed a surjective homomorphism % : O(q) — Sp(V’, B]) with
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(kerh)z = pg X aj~'. This kernel meets the kernel SO(g) of the determinant map on
O(q) in ay™* over k, so by smoothness of SO(q) we obtain a purely inseparable isogeny
SO(q) — Sp(V’, B;) with kernel that is a form of a5~ (and hence is isomorphic to o ™!, as
oz;f,v has automorphism scheme GLy). This “unipotent isogeny” is a source of many weird
phenomena related to algebraic groups in characteristic 2 (e.g., see [CP, A.3]).

Special orthogonal groups in 2m + 1 variables are type B,, and symplectic groups in 2m
variables are type C,,, and these types are distinct for m > 3. (For m = 1 and m = 2 the
types coincide; see Example and Examplerespectively.) In characteristics distinct
from 2 and 3 there are no isogenies between (absolutely simple) connected semisimple groups
of different types. In characteristic 2 we have just built “exceptional” isogenies between B,,
and C,, for all m > 3. See [SGA3|, XXI, 7.5] for further details.

The remaining task for SO(q) and O(gq) (and SO'(q)) is to determine the functorial center.
Since O(g) is commutative when n < 2, we will assume n > 3. For odd n, the central ps
in O(q) has trivial intersection with SO’(¢), and hence with SO(g). If n is even then the
central pio is contained in SO'(q), and we claim that it also lies in SO(g). In other words,
for even n we claim that the Dickson invariant D, : O(q) — (Z/2Z)g kills the central p.
It suffices to treat the case of ¢ = ¢, over Z, in which case we just need to show that the
only homomorphism of Z-groups puy — Z/2Z is the trivial one. By flatness, to prove such
triviality it suffices to check after localization to Z). But over the local base Spec Z) the
scheme p5 is connected and thus it must be killed by a homomorphism into a constant group.

Proposition C.3.7. Assume n > 3. The functorial centers of SO(q) and SO'(q) coincide.
This common center is represented by po in the central Gy, C GL(V) when n is even, and
it 1s trivial when n is odd.

Proof. By Lemma [C.2.1] it suffices to treat g, over S = Speck for any ring k. We will use
a method similar to the treatment of Zg,, —in Exercise : exhibit a specific torus T that
we show to be its own centralizer in G := SO’(q) (so T its own centralizer in SO(q)) and
then we will look for the center inside this 7.

First suppose n = 2m, so relative to a suitable ordered basis {ey, €], ..., en, €., } we have
qg= > x;x;. In this case we identify GL{" with a k-subgroup T of SO'(q) via

j : (tl, c. 7tm> — (tl, 1/t1, c. 7tm; 1/tm)
The action by 7" on k™ = k?™ has each standard basis line as a weight space for a collection

of 2m fiberwise distinct characters over Spec k. Hence, Zgr, (T') is the diagonal torus in GL,,,
so clearly Zo(g,)(T) =T and hence Zg(T) =1T.

Now suppose n = 2m—+1 with m > 1. Pick a basis {eg, e1,¢€], ..., en, €., } relative to which
m
q=x5+ Z T
i=1
If we define T" in the same way (using the span of ey, €], ..., en, €., ) then the same analysis

gives the same result: T is its own scheme-theoretic centralizer in SO’(g). The point is that
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there is no difficulty created by ey because we are requiring the determinant to be 1. (If we
try the same argument with O(g) then the centralizer of T is pus x T'.)

We are now in position to identify the center of SO'(¢q) when n > 3. First we assume
n > 4 (ie., m > 2). In terms of the ordered bases as above, consider the automorphism
g; obtained by swapping the ordered pairs (e;, €;) and (e}, e;1) for 1 < i < m. (Such i exist
precisely because m > 2.) These automorphisms g; lie in SO’(g) since the determinant is
(—=1) - (=1) = 1, and a point of T centralizes g; if and only if t; = t;. Letting i vary, we
conclude that the center of SO’(¢) is contained in the “scalar” subgroup GL; < T given by
ty =--- =tp,. This obviously holds when n = 3 as well.

Letting A denote the common value of the ¢;, to constrain it further we consider more
points of SO’(q) that it must centralize. First assume m > 2. Consider the automorphism
f of V' which acts on the plane ke; @ ke, by the matrix w = (§}) for exactly two values
ip,i1 € {1,...,m} (and leaves all other basis vectors invariant), so det f = 1. Clearly f
preserves ¢, so f lies in SO’(¢)(k). But f-conjugation of t € T viewed in SO'(q) (or GL(V))
swaps the entries ¢; and 1/t; for i € {ig,4;}. Thus, the centralizing property forces A € s,
S0 Zso/(q) is contained in the central ji; in GL(V') when n > 4. This inclusion is an equality
for even n > 4, since the central py C GL(V) is contained in SO’(q) for even n. If n is odd
then the central g in GL(V) meets SO’(¢) = SO(q) in 1, so Zgor(g) = 1 for odd n > 5.

Next, we prove that Zso, = 1. The action of PGLy on sl via conjugation defines an
isomorphism PGLy >~ SOj; see the self-contained calculations in Example|[C.6.2] By Exercise
[2.4.6(1i) the scheme-theoretic center of PGL, is trivial for any » > 2 (and for PGL, it can
be verified by direct calculation), so SOz has trivial center.

We have settled the case of odd n > 3, and for even n > 4 we have proved that SO'(q)
has center uy that also lies in SO(g). It remains to show, assuming n > 4 is even, that the
functorial center of SO(q) is no larger than this 5. We may and do assume ¢ = ¢,. The torus
T constructed above in SO lies in the open and closed subgroup SO, for topological reasons,
and Zso, (T) = T since T has been shown to be its own centralizer in SO!,. Thus, it suffices
to show that the central ps is the kernel of the adjoint action of 7" on Lie(SO,,) = Lie(O,,).
The determination of the weight space decomposition for 7" acting on Lie(O,,) is classical,
from which the kernel is easily seen to be the diagonal . U

Corollary C.3.8. Forn > 3, the functorial center of O(q) is represented by the central ps.

Proof. If n is odd then the identification O(q) = ps x SO(q) yields the result since SO(q)
has trivial functorial center for such n. Now suppose that n is even. In this case the open
and closed subgroup SO(q) contains the central ps is its functorial center. To prove that s
is the functorial center of O(gq) we again pass to the case ¢ = ¢,. It suffices to check that
the diagonal torus 7" in SO,, is its own centralizer in O,,, and this was shown in the proof of

Proposition [C.3.7] O

C.4. Spin groups and related group schemes. For any n > 1 we shall use unit groups
of Clifford algebras to “explicitly” construct a degree-2 central extension Spin(q) of SO(q)
by ps that is the simply connected central cover when n > 3. For even n the Clifford algebra
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has center Os (Proposition whereas for odd n the center is a finite locally free Os-
algebra of rank 2 that is non-étale in characteristic 2 (Proposition . Thus, we shall
first consider even n. In such cases we will use the Clifford group GPin(g) from Definition
to construct Spin(q) — SO(q) by relativizing arguments over fields in [Chev97, 11.3.5].
(In [Chev97, 11.3.5], spin groups are called reduced Clifford groups.)

Assume n = 2m > 2 is even. The S-group GPin(q) is a central extension of O(q) by G,
(Proposition [C.2.6), so GSpin(g) := GPin(q)° is a central extension of SO(g) by G,, and

(C.4.1) GPin(q)/GSpin(q) ~ O(q)/SO(q) = (Z/2Z)s

for even n. In view of the link between D, and the Z/2Z-grading on GPin(q) at noted imme-
diately before Proposition we see that GSpin(q) = Co(V, ¢) () GPin(q) (so GSpin(q) is
open and closed in GPin(q)). For this reason, GSpin(q) is called the even Clifford group.

The extension structure on GSpin(g) implies that it is a smooth affine S-group with
connected reductive fibers, so it is a reductive S-group. For n = 2, if Z, denotes the degree-2
finite étale center of Co(V, ¢) then the containment Rz, /5(Gr) C GSpin(g) of smooth affine
S-groups is an equality for fibral connectedness and dimension reasons. When n = 2m > 4
the S-group SO(q) is semisimple (with geometric fibers of type D,,, where Dy := A; X A;),
so the derived group

Spin(g) := Z(GSpin(q))

(in the sense of Theorem [5.3.1]) is a central extension of SO(q) by an S-subgroup pu C Gy,
that must be finite fppf (Proposition |6.1.10]). Since we saw that GSpin(q) is an extension of
SO(q) by Gy, it follows that GSpin(q) = Gy, x* Spin(q).

Lemma C.4.1. For even n > 4, the intersection p = Gy, () Spin(q) is equal to ps C Gy,.

Proof. We shall use the anti-involution « of C(V,¢q) induced by the anti-involution of the
tensor algebra of V via v1 ® - ® v; — (—1)7v; ® - - - ® v1. Note that « restricts to negation
on V and the identity on the center Og, and the intervention of the sign is not seen on
the even subalgebra Cy(V, q). (The effect of a on the rank-2 étale central Os-algebra Z, in
Co(V, q) is the identity when 4|n and is the unique fiberwise nontrivial algebra automorphism
when n = 2 mod 4. We will not need this, but to prove it we can pass to the case ¢ = ¢,, over
Z and then use the decomposition Z, = Osz X Os(1 — z) in Remark |C.2.3| for a fiberwise
nontrivial idempotent z described over Z[1/2] in terms of an auxiliary explicit element w to
show that a(z) = 1 — z over Z by checking that a(w) = (—1)"?w.)

For v € GPin(g), the operator h = m,(u) € O(q) as in (C.2.3) satisfies uv = g,h(v)u in
C(V,q) for all v € V, where ¢, = (—1)%8(® as in plying a gives —va(u) =
ewa(u)(—h(v)). Hence, a(u)uv = e,a(u)h(v)u = va(u)u, so the point a(u)u in GPin(q)
centralizes V in C(V, ¢) and thus is central in C(V, ¢). In other words, a(u)u € Gy,. Since «
is an anti-automorphism, so

a(uu ) uu' = a(u)a(u)un = (a(u)u)(a(u')u'),
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the map v — a(u)u is an S-homomorphism
(C.4.2) vy : GPin(q) = Gy

(called the Clifford norm) whose restriction to the central Gy, is ¢ — ¢*. The Clifford norm
must kill the semisimple Spin(q), so p := G, [)Spin(g) C pa. We claim that this inclusion
between finite fppf S-groups is an isomorphism. It suffices to check on fibers.

That is, with S = Speck for a field k£, we must rule out the possibility G,, N Spin(gq) = 1.
If this happens then 7w, : Spin(q) — SO(q) is an isomorphism. This map is equivariant for
the natural actions by O(q) = GPin(q)/Gy, on each side, so if 7, were an isomorphism then
Spin(g) would contain a g, that is centralized by GPin(q) (lifting Zo,) = po C SO(g)) and
is not contained in the central G, C C(V,q). But GPin(q) generates the k-algebra C(V,q)
(since GPin(q) contains the Zariski-dense open U = {q # 0} C V) and this algebra has
center k, so Gy, = Zapin(g)- Hence, no such py subgroup can exist. O

Remark C.4.2. In [Chev97, 11.3.5], the Clifford norm is defined by replacing a with the
anti-involution o’ defined without the sign (—1)7. This yields a different Clifford norm. We
choose the convention for a extending negation rather than the identity on V' so that its
effect on the center Z, C C(V,q) is as described in the proof of Lemma ; this choice
agrees with [Knus, IV, 6.1]. For odd n, the same definitions of a and v, as in the preceding
proof carry over, but in such cases Z, is a rank-2 finite flat &g-algebra that is not contained
in the even part. This leads to some complications when n is odd.

We conclude that for even n = 2m > 4, the semisimple S-group Spin(q) is a central
extension of SO(q) by pa. Since # Zgpin(g) = 2 - #Zso(q) = 4 and the fundamental group for
D,, (m > 2) has order 4, Spin(g) must be simply connected. Thus, Spin(q) is the simply
connected central cover of SO(g). (By construction, the central pushout of Spin(q) along
ta — Gy, is the relative identity component GSpin(q) of GPin(q) inside C(V, ¢)*.)

Since GSpin(q) = Gy, x*? Spin(q), we see that Spin(q) is the kernel of the Clifford norm
v, : GSpin(q) — Gy,. This description of Spin(q) via the Clifford norm on GSpin(q) makes
sense even when n = 2 (whereas the “derived group” definition of the spin group for n > 4 is
not suitable, due to the commutativity of GSpin(q) = Rz,/s(Gm) when n = 2). Using it as
the definition of Spin(q) when n = 2, direct calculation with go shows that if n = 2 then the
Clifford norm v, : GSpin(q) = Rz,/5(Gm) — Gy, arises from the &g-algebra norm on Oy, .
Thus, Spin(g) is the group of norm-1 units in the rank-2 torus Rz, ,5(Gmw) and the resulting
map Spin(q) — SO(q) is a degree-2 isogeny with kernel equal to s C Gy, so Lemma
also holds for n = 2. Likewise, by inspection we still have GSpin(q) = Gy, x*2 Spin(q) when
n = 2 as well.

Now we turn to spin groups and other related groups for odd n =2m +1 > 1. As in the
case of even n, we abuse notation by letting C(V, ¢)* denote the “S-group scheme of units of
C(V,q)”. Recall from the discussion following Definition that for even n, all points of
this unit group are locally homogeneous. For odd n this fails, as we can already see with the
Z/2Z-graded center, so the definition of the Clifford group GPin(q) for odd n will require
the insertion of a local homogeneity condition that is automatically satisfied for even n.
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The Zariski-closed subgroup scheme C(V,q);; of locally homogeneous units in C(V,¢q)*
meets the unit group Z) = Rz, /s(Gn) in the group (Z)m of locally homogeneous units
of Z;. The S-group (Z)n is an extension of (Z/2Z)s by G, consisting of sections that
locally lie in either Gy, or the Gy,-torsor of local generators of the degree-1 line of Z,. Thus,
the isomorphism Z, ®4, Co(V, q) = C(V, q) from Proposition shows that C(V, ¢);;, is an
extension of (Z/2Z)s by Co(V,q)* for the Zariski topology. In particular, C(V,q);; is smooth
with relative identity component Cy(V, ¢)* that is a form of GLam (n = 2m + 1). Note that
7y is a rank-2 torus over S[1/2] but it has non-reductive fibers at points in characteristic 2.
The local homogeneity condition in (Z, )y, eliminates the intervention of such non-reductivity
in what follows.

Definition C.4.3. For odd n > 1, the naive Clifford group over S' is
GPin'(q) = {u € C(V,¢)* |uVu ' =V}
and the Clifford group over S is
GPin(q) = GPin’(q) ﬂ C(V,q);, = GPin'(q) m C(V, q)m.

Remark C.4.4. Note that for even n, Definition makes sense and we have seen in
the discussion after Definition that the two resulting groups coincide. For odd n they
are fiberwise distinct (see Lemma [C.4.5)). It is GPin'(g) rather than GPin(g) that is called
the Clifford group in [Chev97, 11, §3]. For odd n both groups will yield the same “Spin” and
“GSpin” groups, but the associated “Pin groups” (see §C.5|) will only agree when n = 3 mod 4
and S is a Z[1/2]-scheme. In [Chev97, II, §3], the case of odd n is essentially defined out of
consideration in characteristic 2 and Pin groups are not considered.

By the same calculation as with even n in the proof of Proposition [C.2.6] for odd n and
any point u of GPin’(g) the induced linear automorphism v — uvu~t of V lies in O(q), and
Zx C ker(GPin'(¢q) = O(q) = p2 x SO(q)).

Lemma C.4.5. For odd n, the inclusion Z x (Zim GPin(q) ¢ GPin'(q) is an equality. In
particular, GPin’(q)/GPin(q) is smooth with geometric fiber Gy, away from characteristic 2
and G, in characteristic 2.

Proof. Let u’ be a point of GPin’(¢q) valued in some S-scheme S’, so we may rename S’ as
S. Consider the global decomposition «/, + u’ of v’ as a sum of even and odd parts in
C(V,q). We claim that Zariski-locally on S, at least one of v/ or u_ is a unit in C(V,q).
To prove this we may and do assume S = Speck for an algebraically closed field k. By the
classical theory over fields (see [Chev97, 11.3.2]), ' = zu where u is an element of GPin(q)
and z € Z,. It follows that z € Z*. Since C(V,q) = Z, ® Co(V, q), we can scale z and u by
reciprocal elements of Z; — {0} if necessary to arrange that u has degree 0. In particular,
uw!y = (z+)u, where z1 are the homogeneous components of z. But a nonzero homogeneous
element of Z, is a unit, and u lies in GPin(g), so one of uy is a unit in C(V, q).



256 BRIAN CONRAD

Over the original S, locally scale u’ by a generator of Z; if necessary so that v/, is a unit.
For every local section v of V, the local section ¥ := w/vu' ™" of V satisfies v v+uv=uv=
vu’ = vu/, + vu’ . Comparing odd-degree terms on both sides gives that v/, € GPin(g), so
we may assume v/, = 1. Writing u = 1+ with « of degree 1, the relation uv = vu forv € V
and v := uvu~! € V says v + xv = ¥ + vx. Comparing odd-degree parts implies ¥ = v, so u
centralizes V' and hence is central in C(V,q) (i.e., u € Z). O

Fix an odd n > 1. The locally constant degree homomorphism deg, : GPin(q) — (Z/2Z)s
has restriction to (qu)lh that kills the degree-0 part G,, and induces the unique isomorphism
(Z )m/Gm = (Z/2Z)s. Hence, the subgroup

GSpin(q) := ker(deg,) C GPin(q)

is open and closed, with GPin(q)/GSpin(q) = (Z/2Z)s. Since (Z, ) () GSpin(q) = Gy, we
have

(Z; ) x Sm GSpin(q) = GPin(q).
In particular,
GPin(q)/GSpin(q) = (2, )n/Gm = (2/2Z)s

for odd n, just as we saw for even n in (C.4.1)).

For odd n, the calculation ((C.2.2) carries over without change and so leads us to define
7, : GPin(q) — GL(V) by m,(u)(v) = (—1)%8®ypu~" as for even n (so foru € V- C C1(V, q)
such that ¢(u) is a unit, the automorphism 7, (u) : V' =~ V is the reflection through u relative
to ¢, not the negative of the reflection). This is the twist of the conjugation action by the
po-valued character given by exponentiating deg,. Since pg-scaling has no effect on g, we
see that 7, is valued in O(gq). Also, since GSpin(q) C Cy(V, ¢) by definition, the restriction
of m, to GSpin(q) is the action on V' through conjugation inside C(V/ q).

Proposition C.4.6. Fix an odd n > 1.

(1) The representation GPin'(¢) — GL(V) defined by the conjugation action u.v = uvu~
on V inside C(V, q) is valued in SO(q), and defines a diagram of S-groups

1 — Z — GPin'(¢q) — SO(q) — 1

1

that is short exact for the Zariski topology. In particular, GPin'(q) is S-smooth with
connected fibers that are reductive over S[1/2] and non-reductive in characteristic 2.

(2) The homomorphism m, : GSpin(q) — O(q) = p2 x SO(q) factors through SO(q) and
defines a diagram of S-groups

1 — G,, — GSpin(¢q) — SO(q) — 1

that is short exact for the Zariski topology on the category of S-schemes. In particular,
GSpin(q) is S-smooth with connected reductive fibers.
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(3) The natural map
(2/2Z)s x SO(q) = ((Z, )m/Gwm) x (GSpin(q)/Gm) — GPin(q)/Gn

is an isomorphism (so GPin(q) is S-smooth). The composition of its inverse with the
canonical homomorphism (Z/2Z)s — o recovers the homomorphism GPin(q) /G —
pe x SO(q) = O(q) induced by m,. In particular, over S[1/2] the S-group GPin(q) is
an extension of O(q) by Gy,.

Keep in mind that the representation 7, of GPin(g) on V' is the twist of the conjugation
action by the quadratic character u — (—1)d8s(®.

Proof. Rather than directly show that GPin’(g¢) is carried into SO(q) as desired in (1), we will
first show that all points g of SO(q) Zariski-locally lift to GPin’(¢) under the conjugation
action on V' (without the quadratic twist). Since SO(q) C O(g), by the functoriality of
Clifford algebras there exists a unique algebra automorphism [g] of C(V,q) extending g on
V. Consider the induced automorphism of Z,. We claim that this is trivial, due to the
condition that g lies in SO(g). The construction g — [g]|z, defines a homomorphism of
S-groups SO(q) — Aut, ;¢ and we are claiming that this is trivial. By Lemma it
suffices to consider ¢ = ¢, over S = SpecZ. Since SO,, is Z-flat, it suffices to treat the
problem over Z[1/2], or even over Q. We have reduced to the case when Z, is étale over S,
so its automorphism scheme is (Z/2Z)s. Since SO(q) — S is smooth with connected fibers,
Homg.,,(SO(q), (Z/2Z)s) = 1.

Now returning to the original base S, since [g] is an automorphism of the Z,-algebra
C(V,q) that becomes a matrix algebra over Z, fppf-locally on S, by the relative Skolem-
Noether theorem (as in the proof of Proposition we may Zariski-localize on the base
so that [g] is inner. That is, there exists a unit u of C(V, q) such that [¢g](z) = uzu™" for all
points z of C(V, ¢). Clearly u is a point of GPin’(¢) that lifts g.

Since we have already proved that all points of SO(q) Zariski-locally lift into GPin’(q),
and O(q) = pa x SO(q), to show that GPin’(g) is carried into SO(q) it suffices to check that
if ¢ € pe(S’) for an S-scheme S’ and it arises from u € GPin(q)'(S’) then ¢ = 1. We may
and do rename S’ as S. The automorphism v — (v of V uniquely extends to an algebra
automorphism f of C(V,q) that is the identity on Cy(V,¢) and is multiplication by ¢ on
C1(V, q). By hypothesis, the inner automorphism x +— uzu™! of C(V,q) agrees with f on V,
so it agrees with f (since V' generates C(V,q) as an algebra). In particular, f is trivial on
the Z/2Z-graded central subalgebra Z,. But the odd part Z ql is an invertible sheaf on which
f acts as multiplication by ¢, so ¢ = 1. This completes the proof of (1).

The representation 7, of GSpin(¢) = GPin'(q) (Co(V,¢)* on V is via conjugation inside
C(V; q) (the quadratic twist is trivial in even degree), so since Z has degree-0 part G, we
can deduce (2) from (1) once we show that the quotient map GPin’(¢) — SO(q) in (1) carries
GSpin(q) onto SO(gq) locally for the Zariski topology on S. By Lemma GPin(q) is
carried onto SO(g) under the Zariski-quotient map in (1). Since scaling by a Zariski-local
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generator of Z; swaps GSpin(q) with the fiber of GPin(q) — (Z/2Z)s over 1, it follows that
GSpin(q) is also carried onto SO(g) as required in (2).

The initial isomorphism assertion in (3) is now clear, and for the rest it remains to analyze
the S-homomorphism

(Z)m =% O(q) = p2 x SO(q).
The kernel is Gy, so it induces an S-homomorphism
(2/2Z)s = (Z] )/ Gm — p2 X SO(q).

Our problem is to show that the second component of this map is trivial and that the first
component is the canonical S-homomorphism (Z/2Z)s — po. In other words, we have to
show that a local generator of Z, is carried to —1 € O(g)(S) under 7,. But this is obvious,
since m, on GPin(q) is defined as the quadratic twist of conjugation inside C(V,q) against
u s (—1)%8a(), O

For odd n, Proposition shows that GSpin(q) is the relative identity component of
the smooth S-group GPin(g) (which we took as the definition of GSpin(q) for even n), and
our definition GSpin(q) = Cy(V, ¢) [ GPin(q) for odd n was earlier seen to be valid for even
n. Hence, our descriptions of the relationships between GPin(q) and GSpin(q) for even and
odd n are consistent.

The fibral connectedness of the naive Clifford group GPin’(¢) for odd n forces us to use
the grading if we wish to define GSpin'(q) for any n > 1: it is Co(V,¢q) () GPin’(¢). But this
is GSpin(q), so it provides nothing new.

Corollary C.4.7. Assume n > 1 is odd. The subgroup GSpin(q) C GPin(q) is a central
extension of SO(q) by G, and

GPin(q) = (Z, ) x % GSpin(q), GPin'(q) = Z,; x» GSpin(q).

q
This result is a relative version of [Chev97, 11.3.2].

Proof. Since Z) has degree-0 part Gy, and local bases of Z; are units, Lemma and
Proposition yield the assertions immediately. O

For any n > 1, the main anti-involution « of C(V,q) is defined as in the proof of Lemma
it is the unique anti-involution that restricts to negation on V', which is to say that it
carries vy - - - v, to (—1) v, - - v;. For any v € GPin'(gq), the same calculation as in the proof

: _ _ -1
of Lemm@ (but setting &, = 1 and h(v) = wvu™") shows that a(u)u € Z and that
the resulting the S-morphism
v, : GPin'(q) — Z;
is a homomorphism of S-groups; it is called the naive Clifford norm. When n is even, so
Zy = 0g, 1/(’1 restricts to the squaring map on Z. When n is odd, we have:

Lemma C.4.8. For oddn > 1, a : Z; — Z; is the identity map when n = 3 mod 4 and
is the canonical algebra involution z — Try ;6.(2) — z when n = 1 mod 4. In particular, v,
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is the squaring map on Z; when n = 3 mod 4 and it is the restriction of the algebra norm
Zy — Os when n =1 mod 4.

Proof. By working fppf-locally on S, we may assume ¢ = ¢, with n = 2m + 1. Hence, if
{eg, ..., eam} denotes the standard basis, then we saw in the proof of Proposition that
Z,= Os® Osz = Os[t]/(1* — 1), where
Zo = €9 H(1 — 2e9;_1€3;)
i=1
and eg;_1€g;+e€g;€9,1 = 1. The main anti-involution « carries e; to —e;, so a(1—2ey;_1e9;) =
—(1 — 2e9;_1€9;). Hence, a(zy) = (—1)™ 2, so « is the identity on Z, when m is odd and
is the canonical involution x +— Tryz 6, (2) — 2 when m is even. O

Similar calculations (using Remark show that for even n, the effect of o on the
rank-2 finite étale center of Cy(V,¢q) is the identity when 4|n and is the unique fiberwise
nontrivial automorphism when n = 2 mod 4.

We are primarily interested in the restriction v, of v}, to the subgroup GPin(q) of locally
homogeneous points u for any n > 1. For such u, v,(u) is the product of the locally

homogeneous points u and «(u) of the same degree, so v,(u) is valued in the degree-0 part
Gy, of Z . This is the Clifford norm

(C.4.3) vy : GPin(q) = Gy,

for any n > 1.

Now assume n = 2m+1 > 3 (som > 1). The group SO(q) is semisimple of type B,,, so the
derived group Spin(q) := Z(GSpin(q)) is a semisimple S-group that is a central extension
of SO(q) by a finite fppf subgroup of Gy, (Proposition [6.1.10). The group SO(g) is adjoint
since n is odd, and calculations with B,, show that the simply connected central cover of
SO(q) has degree 2. We can now adapt arguments in the proof of Lemma to show that
the central isogeny 7, : Spin(q) — SO(g) has kernel equal to po C Gy, so this is the simply
connected central cover:

Proposition C.4.9. Assume n > 3 is odd. The map 7, identifies Spin(q) with the simply
connected central cover of SO(q).

Proof. By Lemma it suffices to treat the case ¢ = ¢, over Z. The finite multiplicative
type kernel ker 7, must be flat and so has constant degree that must be 1 or 2, so we just
have to rule out the possibility of degree 1. Equivalently, it suffices to prove that over a
field k of characteristic # 2 (or even just algebraically closed of characteristic 0), the central
subgroup pe C Gy, in GSpin(q) is contained in the derived group Spin(q).

The first step is to reduce to the case n = 3. We may assume q¢ = ¢, withn =2m+1 > 3.
Let V3 € V = k™ be the span of {eg,e1,e2} (so qly; = ¢3) and let V' be the span of
{e3,...,eam} (s0o V! = 0 if n = 3). The inclusion (V3,¢3) — (V,q) induces an injective
homomorphism of Z/2Z-graded algebras j : C(g3) — C(V, q). Since V3 is orthogonal to V',
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the even subalgebra Cy(gs) centralizes C(V', q|v+) C C(V,q). Hence, a unit in Cy(g3)* whose
conjugation action on Cg(gs) preserves Vj is carried into the group GSpin(g) of even units in
C(V, q) whose conjugation action on C(V, q) preserves V. In other words, j carries GSpin(gs)
into GSpin(g), so on derived groups it carries Spin(gs) into Spin(g). But j carries Gy, to G,
via the identity map, so to prove that pus C Spin(q) it suffices to treat the case of ¢g3. That
is, we may and do now assume n = 3.

If Spin(g) does not contain the central ps then the natural map Spin(q) — SO(q) is
an isomorphism. The inverse would provide a section to GSpin(q) — SO(q) that identifies
GSpin(q) with G, xSO(g). In particular, the kernel of the Clifford norm v, : GSpin(q) = G,
would equal s x SO(q), which is disconnected (since char(k) # 2). Hence, it suffices to prove
that the kernel of v, on GSpin(q) is irreducible.

For the standard basis {eg, €1, €2} of V3, let e = egeq, € = epea, €’ = ejeq, so {1,¢e,¢’,e"} is
a k-basis of Cy(g3). We claim that the inclusion GSpin(gs) C Co(g3)* between k-groups is
an equality. Since GSpin(gs) is smooth and connected of dimension 4 (a central extension of
SO; by Gy,), it suffices to show the same for Cy(gs)*. For any finite-dimensional associative
algebra A over a field F', the associated F-group A™ of units is defined by the non-vanishing
on the affine space A of the determinant of the left multiplication action of A on itself. In
particular, A* is smooth and connected of dimension equal to dimg A. Hence, Cqy(g3)™ is
smooth and connected of dimension 4 as desired.

The algebra structure on Cy(q3) is determined by the relations

(Ca4) 2=e?=0,"=¢"ec =—c" de=¢"—1,e" =¢,¢"¢ =0,ec" =0,e"e = e,
and the restriction to Cy(g3) of the main anti-involution « of C(g3) is given by
u="t+ae+be +ce" — (t+c)—ae—be —ce" = u".

Using (C.4.4) we compute that v(u) := u*u = ab + t* + ct. By inspection, v — 1 is an
irreducible polynomial in k[t, a, b, | and hence its non-unit restriction over the open subset
GSpin(gs) in the affine 4-space Cy(g3) (which has zero locus Spin(gs)) has irreducible zero
locus. U

Fix an odd n > 1. If n > 3 then uy C Spin(g) and this must exhaust the order-2 center,
so GSpin(q) = Spin(q) x** G, (by Proposition [C.4.6{2)) and hence Corollary gives

GPin(q) = Spin(q) x* (Z, )m, GPin'(q) = Spin(q) x"* Z,*.
These hold for n = 1 by defining Spin(q) := po inside GSpin(q) = Gy, when n = 1.
C.5. Pin groups. For any n > 1, the Pin group Pin(q) is the kernel of the Clifford norm

v, : GPin(q) — Gy, defined by u — a(u)u as in (C.4.3). For odd n > 1, the naive Pin group
Pin’(g) is the kernel of the naive Clifford norm v} : GPin'(¢q) — Z (so Pin(q) C Pin'(q)).

Remark C.5.1. If we use the modified Clifford norm as in Remark then we obtain a
subgroup of GPin(q) distinct from Pin(g) in general.
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Suppose n is even, so (as we saw early in GSpin(q) is an open and closed subgroup
of GPin(q). The kernel of the Clifford norm on GSpin(g) is the smooth S-group Spin(q)
(as we saw below Remark [C.4.2)), so Spin(g) is an open and closed subgroup of Pin(q). But
GPin(g) maps onto O(q) with kernel G,, and this G,, subgroup is carried onto Gy, under
v, via t — ¢, so the kernel Pin(q) of v, fits into an fppf central extension

1 — py — Pin(q) — O(q) — 1.

The subgroup Spin(g) C Pin(q) is compatibly a central extension of SO(q) by u2 (by Lemma
[C.4.1) when n > 4, and direct arguments with the definition of Spin(q) when n = 2), so
Pin(q)/Spin(q) = O(q)/SO(q) = (Z/2Z)s when n is even. Hence, Pin(q) is a smooth affine
S-group for even n. For odd n the analogous assertions will be more subtle to prove, due to
complications in characteristic 2 (as we shall see).

Next, suppose n > 1 is odd. By Lemma [C.4.8] if n = 3 mod 4 then

(C.5.1) Pin(q) = Spin(q) x** (Z;)w[2], Pin'(q) = Spin(q) x"* Z;[2],

whereas if n = 1 mod 4 then

(C.5.2)  Pin(q) = Spin(gq) x"2 ker(NZq/S\(qu)lh), Pin’(¢) = Spin(q) x*? ker(NZq/S|qu).
Hence, if n = 3 mod 4 then Pin(q)/Spin(q) = (Z)m[2]/p2 and Pin’(q)/Spin(q) = Z[2]/p2
whereas if n = 1 mod 4 then Pin(q)/Spin(q) = ker(Ngz,/s|4x),)/12 and Pin’(q)/Spin(q) =

7 )
ker(NZq/S]qu )/ 1o
The norm map Nz /s : Z — Gy, is an fppf surjection whose kernel is a torus over
S[1/2] and has geometric fiber G, in characteristic 2. Hence, if n = 1 mod 4 then Pin’(q)
is smooth. We will see later that if n = 3 mod 4 then Pin’(g,) is not even Z-flat (due to
dimension-jumping of the fiber at SpecF5).

Proposition C.5.2. Fiz an odd n > 1. The quotient Pin(q)/Spin(q) is identified with
(Z/2Z)s (so Pin(q) is smooth) and there is a natural central extension

1 — py — Pin(q) — (Z/2Z)s x SO(q) — 1

whose restriction over S[1/2] recovers m, : Pin(q) — O(q) as a central extension by jis.

The quotient Pin’(q)/Spin(q) has geometric fiber G, in characteristic 2, and its restriction
over S[1/2] is (Z/27)s when n = 3 mod 4 and is a rank-1 torus when n = 1 mod 4. In
particular, for odd n, Pin(q) = Pin'(q) if and only if n = 3 mod 4 and S is a Z[1/2]-scheme.

In view of the preceding observations for even n, we conclude that Pin(q)/Spin(q) =
(Z/2Z)s for all n. (This is also proved in [Knus, IV, (6.4.1)].) Since O(q)/SO(q) = us for
odd n, this explains why 7, : Pin(q) — O(q) = p2 x SO(q) is not an fppf quotient map on
characteristic-2 fibers when n is odd.

Proof. First assume n = 3 mod 4. The exact sequence

1— Gm — (qu)lh — (Z/QZ)S —1
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for the fppf topology (for any odd n) identifies (Z, ) [2]/p2 with (Z/2Z)s, so if n = 3 mod
4 then Pin(q)/Spin(q) = (Z/2Z)s by (C.5.1). Likewise, Pin’(q)/Spin(q) = ZX[2]/p2 =
(Z)/Gm)[2], and over S[1/2] this is uniquely isomorphic to the constant group (Z/2Z) but
its geometric fibers in characteristic 2 are G,.

Next assume n = 1 mod 4. Under the identification of (Z )i, with Gy, x (Z/2Z)s as in the
proof of Lemma , Nz, /s: (Z - Jim — Gy is identified with the product of the squaring
map on Gy, and the canonical map (Z/2Z)s — p2 = Gu, so ker(Nz, /s|(zx ) is identified
with the subgroup of G, X (Z/2Z)s consisting of points (¢, ¢) such that (> = (—1)¢. Hence,
the finite subgroup scheme

Pin(q)/Spin(g) C (a/p) X (Z/2Z)s ~ i x (Z/22)s
is (uniquely) isomorphic to (Z/2Z)g since pi4/ j12 = i via ¢ — 2. In contrast, Pin’(q)/Spin(q)
ker(Nz,/s|zx)/ 12 is a rank-1 torus over S[1/2] and has geometric fiber G, in characteristic
2 since Z, is étale of rank 2 over S[1/2] and has geometric fiber algebra k[z]/(z* — 1) in
characteristic 2. O

Remark C.5.3. The jumping of fiber dimension implies that for n = 3 mod 4 the naive
Pin group Pin), := Pin’(g,) over Z is not flat at Spec Fy (whereas we have seen that Pin/, is
smooth when n = 1 mod 4).

C.6. Accidental isomorphisms. The study of (special) orthogonal groups provides many
examples of accidental isomorphisms between low-dimensional members of distinct “infinite
families” of algebraic groups. This is analogous to the isomorphisms between small members
of distinct “infinite families” of finite groups. For example, using the hyperplane H =
{3 x; = 0} C A™ over Z, the quadratic form ¢ = >_ 22 on H over Z[1/2], and the line
L={xy=---=ux,} C H over F, with p|n, the S,-action on A™ yields isomorphisms:
o S5~ SLy(Fy) (use H C A3),
o Sy~ PGLy(F;3) (identify Py, with the smooth conic {q = 0} in P(H*) for H C Ag,),
¢ S5 ~ PGLy(F5) (identify Py with the smooth conic {g = 0} in the plane P((H/L)*),
where H C A} and L is the defect line for ¢ on H),
o As ~ SLy(Fy)/(—1) (for H C A}, and the defect line L of ¢ on H, (H/L,q) =~
z? 4+ y* 4+ 2% — t? and the Sg-action on the projective quadric {g = 0} C P((H/L)*)
defines a map S¢ — O(q)(F3)/(—1) C (O(q)/u2)(F3) that must be injective and carry
the simple Ag into the normal subgroup Spin(q)(Fs)/Zspin(g) (F3) that is identified
with SLy(Fg)/(—1) in Remark [C.6.4),
o Sg >~ Spy(F2) (use (H/L,v) where H C A, . L is the defect line for Q = D i TiTj
on H, and v is induced by the symplectic form Bg(z,y) = Z#j z:Y;),
e Sy ~ Og(F5) (use the non-degenerate quadratic space (H/L,Q) where H C A%, ,
Q= >, ;zizj, and L is the defect line for Q|p).

When accidental isomorphisms among algebraic groups are applied to rational points
over finite fields one obtains some of the accidental isomorphisms among small finite simple
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groups. This is seen in the discussion of Ag above. As another illustration, in Example
we will see that SLy/us >~ SOg¢ as Z-groups, so by passing to Fo-points and using the
vanishing of H'(Fy, ytp) (fppf Kummer theory) we see that SLy(Fy) = SOg(F3), an index-2
subgroup of Og(F3) = Sg. The only such subgroup is As, so SLy(Fy) = As.

The case of Ag above can be pushed a bit further. First, we note that S % PGLy(Fy),
despite the isomorphism between their index-2 perfect commutator subgroups, since Sg has
no element of order 8. More interesting is that we can interpret the nontrivial outer auto-
morphism of Sg. (For n > 2, Out(S,,) is trivial for n # 6 and has order 2 for n = 6.) This
rests on an isomorphism associated to any non-degenerate quadratic space (W, Q) of rank 4

over a finite field k: by Example below, for some degree-2 étale k-algebra k’,
O(Q)/p2 >~ Autg, 1)1 = Rijn(PGLy) % (=1)

by using the nontrivial k-automorphism of &’ to define the action of (—1). On identity
components this gives SO(Q)/ 2 =~ Ry (PGLs), so if @ is not k-split (so SO(Q)/pe is not
k-split) then & must be a field. We conclude that Sg is a subgroup of PGLy(Fg) x (—1) such
that Ag is the index-4 image of SLy(Fy). Thus, Sg is an index-2 subgroup of PGLy(Fg) x (—1)
(it is the unique one distinct from PGLy(Fy) that does not contain the Galois involution).
This index-2 inclusion defines the nontrivial outer automorphism of Sg.

Just as isomorphisms among small finite groups are due to the limited possibilities for
finite groups of small size, accidental isomorphisms between low-dimensional semisimple
groups are due to a limitation in the possibilities for a “small” case of the root datum that
governs the (geometric) isomorphism class of a connected semisimple group. We now work
out the accidental isomorphisms for SO,, with 2 < n < 6; for 3 < n < 6 these correspond
to equalities between distinct classical infinite families of root systems, as we will explain.
(See [KMRT, TV, §15] for further discussion over fields, using algebras with involution, and
[Knusl, V] for further discussion over rings.) In what follows, (V] ¢) is a quadratic space (so ¢
is Og-valued and non-degenerate); some aspects go through with little change for L-valued
q, especially when the odd part of the Clifford algebra does not intervene.

Example C.6.1. Suppose n = 2. In this case, Lemma and calculations with ¢ = xy
imply that SO(q) is a rank-1 torus and Z := {q¢ = 0} = Proj(Sym(V)/(¢)) C P(V*) is a
degree-2 finite étale S-scheme. (There is also a natural isomorphism between GSpin(g) and
the Weil restriction torus Rz s(Gm).)

By using the left action of PGL(V') on P(V*) we can interpret the torus SO(q)/u2 in an
interesting way, as follows. Consideration of the relative homogenous coordinate ring shows
that the PGL(V)-stabilizer G, of Z is GO(q)/Gwm = O(q)/(0(q) () Gm). Calculation with ¢,
shows that the intersection O(q) () Gy with the central G, in GL(V') is po. We claim that
the resulting map

ag: O(q) = O(q)/p2 = Gy = Autg(Z) = (2/2Z)s

is the Dickson invariant (e.g., it is fiberwise nontrivial). It would then follow that the
subgroup SO(q)/p2 C SL(V')/u2 = PGL(V) is identified with the kernel of G, — Aut¢(Z).
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To check the comparison with the Dickson invariant we may assume q¢ = ¢y over Z. Since

ngTHT((l] é) forT:{(g 19@)}:Gm,

it is clear that oy is fiberwise nontrivial. Hence, connectedness considerations over QQ imply
a, = D,. (We also recover from the explicit description of Oq that if char(k(s)) = 2 then
SO'(gs) coincides with the disconnected O(gs), since visibly det(9{) = —1 =1 mod 2.)

Example C.6.2. Suppose n = 3. This case corresponds to the equality A; = B, for adjoint
groups. Consider the zero scheme C, = {¢ = 0} € P(V*). This is a smooth conic in a P?-
bundle (as we see by fppf-local calculation with ¢3), so it is a P!-bundle. The automorphism
scheme Autc, /s is therefore a form of Autpy/g = PGL>. Under the action of PGL(V) on
P(V*), the stabilizer G, of C; is GO(¢q)/Gm = SO(q), and we claim that the action map

ag : SO(q) = Autg, /s

to a form of PGL, is an isomorphism. (In the split case, this is a map SO3 — PGLs.)

The source and target of o, are smooth with fibers that are connected of the same dimen-
sion, and it is easy to check that a, is injective on geometric points (since a smooth plane
conic over an algebraically closed field contains many triples of points in general position).
Thus, «, is a purely inseparable isogeny on fibers over each s € S, so by Proposition
(and Definition [3.3.8) it is finite flat as an S-morphism. To prove that a, has constant degree
1, we may first pass to ¢ = ¢3 over Z (by Lemma and then check over Q. A purely
inseparable isogeny in characteristic 0 is an isomorphism, so we are done.

In the special case ¢ = g3, an isomorphism in the opposite direction can be described by
the following alternative procedure. Consider the linear “conjugation” action of PGLy, =
GL2 /Gy, on the rank-3 affine space sly. This action preserves the non-degenerate quadratic
form @ on sl, given by the determinant. Explicitly, Q(% %) = —(2? +yz) is, up to sign, the
quadratic form g3. Preservation of g3 is the same as that of —gs3, so the sign does not affect
the orthogonal group. Thus, we obtain a homomorphism PGLy; — O3 = s x SO3 over Z
with trivial kernel. By computing over Q, the map to the ps-factor must be trivial. Thus,
the map PGLy; — O3 factors through SOj3. Since PGLs is smooth and fiberwise connected
of dimension 3, it follows that the monic map PGLy — SOj3 is an isomorphism on fibers and
hence is an isomorphism (Lemma [B.3.1)). We leave it to the interested reader to relate this
isomorphism to a_! (relative to a suitable isomorphism Cy, ~ P').

Example C.6.3. Suppose n = 4. This case corresponds to the equality of root systems
Dy = A; x A;. More specifically, in this case SO(q) is not “absolutely simple”; i.e., on
geometric fibers it contains nontrivial smooth connected proper normal subgroups. (This is
the only n > 3 for which that happens.) In more concrete terms, we claim that
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with M = pus diagonally embedded in the evident central manner. As in Example [C.6.2]
there is also a geometrically-defined isomorphism in the opposite direction from SO(q)/ 2
onto an adjoint semisimple group of type A; x A; for any q.

First we explain the concrete isomorphism for ¢ = qq, since the relative geometry
underlying the isomorphism in the opposite direction for general ¢ is more complicated
than in Example [C.6.2] Apply a sign to the third standard coordinate to convert g, into
Q) = r1x9 — 1314, Which we recognize as the determinant of a 2 x 2 matrix. The group SLs
acts on the rank-4 space of such matrices in two evident commutating ways, via (g,¢').z =
grg "', and these actions preserve the determinant by the definition of SLy. This defines a
homomorphism SLy x SLy — SO'(Q) ~ SO, whose kernel is easily seen to be M. This map
visibly lands in SO, since SLy is fiberwise connected and O,/SO4 = Z/2Z. Hence, we obtain
a monomorphism (SLy x SLy)/M — SO, that must be an isomorphism on fibers (as both
sides have smooth connected fibers of the same dimension), and therefore an isomorphism.

Passing to general ¢ with n = 4, we now build an isomorphism ¢ : SO(q)/pu2 ~ Rg//s(G")
for a canonically associated degree-2 finite étale cover S" — S and S’-form G’ of PGLy. (For
q = q4 we will have §" = S]S and G’ = PGL; over S’, yielding a canonical isomorphism

SO4/[L2 ~ PGLQ X PGLQ

that the interested reader can relate to the isomorphism of adjoint groups induced by )
There are two methods to construct (S’ — S,G’,¢): an algebraic method via Clifford
algebras and a geometric method via automorphism schemes. The algebraic method is
simpler, so we explain that one first (see [Knus, V, 4.4] for a related discussion).

By Proposition (and its proof), the even part Co(V, q) of the Clifford algebra C(V, q)
is a quaternion algebra (i.e., rank-4 Azumaya algebra) over a rank-2 finite étale &g-algebra
Z,. Denote by Cy(V,q)* the associated unit group over Z,. This is an inner form of GLy
over Z,, and GSpin(q) is a reductive closed subgroup of Rz, /5(Co(V, ¢)*). The derived group
Spin(g) has fibers of dimension 6, yet the reductive Ry, ;5(Co(V, ¢)*) also has derived group
with fibers of dimension 6, so the containment

Spin(q) € 2(Rz,;s(Co(V, q)*))

is an equality. Passing to adjoint quotients, we get

SO(9)/ 2 = Spin(q)/Zspin(g) = Rz,/s(Co(V,4)" /Gm)-
Thus, we take S’ = Z, and G' = Cy(V, ¢)* /G-
The geometric method rests on the zero scheme ¥, = {¢ = 0} C P(V*), a smooth

proper S-scheme with geometric fibers over S given by a ruled quadric P! x P! in P3. The
PGL(V)-stabilizer of 3, is GO(q)/Gm = O(q)/ 12, so we get an action map

fq:0(q)/p2 — Auty, /s

We claim that for any smooth proper map X — S whose geometric fibers are P! x P! (e.g.,
¥,), there is a unique triple (8" — S, C", ¢) consisting of a degree-2 finite étale cover S" — S,
a P*-bundle " — ', and an S-isomorphism ¢ : X ~ Rg/,5(C"). Here, “unique” means that
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if (S”,C" 1) is second such triple then there is a unique S-isomorphism « : S’ ~ S” and
isomorphism C” ~ C" over a such that the induced S-isomorphism Rg,s(C’) ~ Rgr/s(C")
coincides with 1) o ™1,

To prove the existence and uniqueness of (S’, C’, ¢), by limit arguments and the uniqueness
assertion we may assume S = Spec A for a noetherian local ring A. Uniqueness allows us
to work fppf-locally, so we may increase the residue field k by a finite amount to make the
special fiber isomorphic to Pi x P}. Since H' (P} x P}, ) = 0, by standard cohomological
and deformation theory arguments the Isom-functor Isom(X, P! x P!) is formally smooth.
Hence, by formal GAGA this functor has an A\—point. In view of the uniqueness assertion,
by fpqc descent it suffices to solve the existence and uniqueness problems over A, so we may
assume X = P! x P!, It therefore suffices to prove that the map of Z-groups

(PGL2 X PGLQ) X (Z/QZ) — Autplxpl

is an isomorphism, and this is part of Exercise [1.6.3{iv).
Now that (S,, Cy, f;) has been constructed, we have an S-homomorphism

(C.6.2) O(q)/p2 = Autrg ,g(c,)/s-

This automorphism scheme is an étale form of (PGLy x PGLs) x (Z/2Z)g, so it is a
smooth affine S-group and the natural map Rg,  s(Autc,/s,) — AutRSq/S(cq)/s is an open
and closed immersion onto the open relative identity component. Thus, we get an induced
S-homomorphism

(C.6.3) SO(q)/pz2 — Rs, /s(Aute, /s,)

between adjoint semisimple S-groups with the same constant fiber dimension. To prove it is
an isomorphism we can argue similarly to the treatment of o, in Example (by passing
to q4 over Z). It also then follows that is an isomorphism.

To link the algebraic and geometric methods, we claim that the composite S-group iso-
morphism

Rs,/s(Autc,/s,) = SO(q)/p2 ~ Rz,/s(Co(V,9)* /Gm)

arises from a unique pair (S, h,) consisting of an S-isomorphism S, : S, ~ Z, and isomor-
phism hq : Aute, /s, ~ Co(V, q)*/Gm over f;. Since PGLy x PGL; is its own automorphism
scheme, the claim follows from a descent argument similar to the general construction of
(8" — S,C", ) in Example . Thus, S, — S corresponds to the center of Cy(V,¢q), and
the map ¢ : H'(Z,, PGLy) — Br(Z,)[2] carries the class of C, to the class of the quaternion al-
gebra Cy(V, ¢). However, ker  can be nontrivial (e.g., when S is Dedekind and Pic(Z,) # 1),
and working with cohomology only keeps track of torsors and Azumaya algebras up to an
equivalence. Hence, it is better to express the link between geometry and algebra via the
canonical 3, and h,.

Remark C.6.4. The abstract considerations in Example become concrete when S =
Spec k for a finite field k. Since central simple algebras over finite fields are matrix algebras,
and P*-bundles over finite fields are trivial, we get an isomorphism SO(q)/p2 =~ Ry /x(PGLy)
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for a quadratic étale k-algebra k’. Assume that ¢ is non-split, so SO(q) is not k-split and
hence k" must be a field. The isomorphism SO(q)/p2 ~ Ry /x(PGLs) lifts uniquely to an
isomorphism Spin(q) ~ Ry /x(SL2) between the simply connected central covers, so

Spin(q)(k)/Zspin(a) (k) ~ Rk (SL2) (k) /Ry ji(p2) (k) = SLa (k') / 2 (k')
for non-split ¢ of rank 4 over a finite field k£ (with £’ a quadratic extension field).

Example C.6.5. Suppose n = 5. This case corresponds to the accidental isomorphism
By, = G, for adjoint groups, which says that SOj5 is isomorphic to the quotient of Sp, by
its center pp. We will construct this isomorphism even in the absence of a “split” condition
on the groups (so this incorporates some descent data, in addition to an equality of root
systems). To that end, consider a rank-4 symplectic space (V,wp) with wy € A2(V)* = A2(V*)
the given symplectic form. The rank-6 vector bundle A?(V) contains the rank-5 subbundle
W of sections killed by wp, and on A*(V) there exists a natural non-degenerate quadratic
form g valued in L = det(V') defined by g(w,n) = wAn. The action of SL(V) clearly preserves
q, the restriction ¢|y is non-degenerate (by calculation), and Sp(wy) preserves W (due to the
definition of W). Thus, the Sp(wyp)-action on W defines a homomorphism Sp(wg) — O(q|w)
that factors through SO(q|w ) (pass to the standard symplectic space (V,wy) of rank 4 over
Z and consider connectedness over Q), and it kills the center .

We claim that the resulting map h : Sp,/us — SOs is an isomorphism. A computation
shows that ker h has trivial intersection with the “diagonal” maximal torus, so ker h is quasi-
finite and hence h is surjective for fibral dimension reasons. This forces h to be finite flat
(Proposition [6.1.10)), so h has locally constant fiber degree that we claim is 1. By base
change, it suffices to treat the standard symplectic space of rank 4 over Z, for which it
suffices to compute the fiber degree over Q. In characteristic 0, isogenies between connected
semisimple groups of adjoint type are necessarily isomorphisms.

Example C.6.6. Suppose n = 6. This case corresponds to the equality D3 = Ag for groups
that are neither adjoint nor simply connected: we claim that SOg is the quotient of SL, by the
subgroup p in the central uy. To construct the isomorphism, we again use the natural action
of SL(V) on the rank-6 bundle A*(V') equipped with the non-degenerate quadratic form
¢(w,n) = w An valued in the line bundle det V. The homomorphism SL(V') — O(q) defined
in this way clearly kills the central us, and it factors through SO(q) (as O(q)/SO(q) = Z/27Z).

To prove that the resulting map h : SL(V)/us — SO(gq) is an isomorphism, by Lemma
[C.2.1]we may pass to g over Z. As in Example[C.6.5, we reduce to the isomorphism problem
over Q. Isogenies between smooth connected groups in characteristic 0 are always central,
and f14/pe is not killed by h, so we are done.
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APPENDIX D. PROOF OF EXISTENCE THEOREM OVER C

In this appendix, we prove the Existence Theorem over C. The main difficulty is the
construction of connected semisimple groups whose semisimple root datum is simply con-
nected and has irreducible underlying root system. (See Definition and Lemmal6.3.1])
Over any algebraically closed field k of characteristic 0, algebraic methods can easily settle
the case of semisimple reduced root data that are adjoint (see Proposition . From
that case, one can bootstrap to simply connected semisimple reduced root data via an ex-
istence theorem for projective representations (modeled on the Borel-Weil construction for
semisimple complex Lie groups). This method is explained in [BIBLE, 15.3, 23.1], and is
cited in [SGA3, XXV, 1.4]. In this appendix, we present an alternative analytic argument
via covering space methods over the ground field C, linking up the analytic viewpoint with
algebraic techniques. The references we shall use are [BtD] for the “algebraicity” of compact
Lie groups and [Ho65| for general facts related to complex Lie groups and maximal com-
pact subgroups of Lie groups with a finite component group. An elegant summary (without
proofs) of much of this analytic background is given in [Ser01l, VIII].

But first, we sketch another algebraic proof based on enveloping algebras, which can be
extracted from [Ho70] and was pointed out by P. Polo. Let g be a semisimple Lie algebra over
k having the desired root system (this exists, by [Hum'72, 18.4(a)]). Consider the universal
enveloping algebra U(g), an associative k-algebra whose representation theory coincides with
that of g. As J varies through the 2-sided ideals of finite codimension in U(g), the dual
spaces (U(g)/J)* exhaust the k-algebra generated by the “matrix coefficients” (on U(g)) of
the finite-dimensional representations of g. This equips H(g) := lim(U(g)/J)" with a natural
commutative k-algebra structure and a compatible Hopf algebra structure that defines an
affine k-group scheme G(g) = Spec H(g) (see [Ho70, §3]). Every dominant integral weight
for g is a Z>o-linear combination of the finitely many fundamental weights (dual basis to the
coroots), so by highest-weight theory for g the k-algebra H(g) is finitely generated (see the
end of [Hob9, §5]). The linear dual of U(g) is naturally a k-algebra that contains H(g) as a
subalgebra, so H(g) is a domain since U(g)* is a formal power series ring (see [Ho59, §2]).
Hence, G(g) is connected and smooth.

By [Ho70l 3.1] (or [Ho70, 6.1]), g is identified with Lie(G(g)) (so G(g) is semisimple; see
Exercise[6.5.6]). But every finite-dimensional g-representation is naturally an H (g)-comodule,
which is to say a G(g)-representation, and this is inverse to applying the Lie functor to a
G(g)-representation. Since every representation g — gl(V’) has just been “integrated” to
a representation G(g) — GL(V'), an argument with highest-weight theory for g (as in the
proof of “=" in Proposition shows that G(g) has a simply connected root datum.

D.1. Preliminary steps. By the self-contained (and rather formal) Lemma , to prove
the Existence Theorem over C it suffices to consider semisimple root data R that are simply
connected. We will approach such R through preliminary consideration of the adjoint case,
beginning with a basic existence result over any algebraically closed field k£ with char(k) = 0.
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Proposition D.1.1. Let R = (X, ®, XV, ®Y) be an adjoint semisimple reduced root datum.
There exists a connected semisimple k-group (4,7 such that R(Y,7) ~ R.

Proof. By [Hum72, 18.4(a)], there exists a semisimple Lie algebra g over k and a Cartan
subalgebra t such that the root system ®(g, t) (see [Hum72, 8.5, 15.3]) coincides with (Xq, ®).
By Ado’s theorem [Boull I, §7.3, Thm.2|, there exists an injective map of Lie algebras
g — gl,, over k. Since g is its own derived subalgebra (due to semisimplicity) and char(k) = 0,
it is an “algebraic” subalgebra of gl,, in the sense that there exists a (unique) connected linear
algebraic k-subgroup G C GL,, satisfying Lie(G) = g inside gl, [Bo91, 7.9]. The k-group G
is necessarily semisimple, since the Lie algebra Lie(Z(G)) of the radical is a solvable ideal
in the semisimple g and hence vanishes (so Z(G) = 1).

Let T C G be a maximal torus, so the abelian subalgebra Lie(T) C g is its own Lie-
theoretic centralizer (as T"= Z(T') and char(k) = 0). Hence, Lie(T") is a Cartan subalgebra
of the semisimple Lie algebra g (i.e., it is maximal among commutative subalgebras whose
elements have semisimple adjoint action on g). All Cartan subalgebras of g are in the same
Aut(g)-orbit [Hum72, 16.2], so we get an isomorphism of root systems

(X(T)q, (G, T)) = (g, Lie(T)) ~ @(g, t) = (Xq, D).

This identifies the Weyl groups W (®(G, T')) and W (®) since the root system determines the
Weyl group (without reference to a Euclidean structure). The roots determine the coroots via
the axioms on the reflections s, : v — v — (v, a")a [CGP], Lemma 3.2.4], so the isomorphism
X(T)q ~ Xq identifies (G, T)" with &V as well.

Since X(T'/Z¢) = Z®(G,T) by Corollary [3.3.6(1), and Z® = X by our hypothesis that
R is adjoint, the equality ®(G,T) = & via X(T)q ~ Xq forces the compatible iden-
tification X*(T/Zg) ~ X. This yields an isomorphism of root data R(G/Zg,T/Zg) =~
(X,®, XY, 0V) = R. Set (4, 7) = (G/Za,T/Zs). O

Fix a semisimple reduced root datum R = (X, ®, XV, ®V) that is simply connected. Let
R = (Z®, ®, (Z®)*, ®V) denote the associated adjoint semisimple root datum. Let k be an
algebraically closed field of characteristic 0. By Proposition there exists a connected
semisimple k-group (G, T) such that R(G,T) ~ R*. We seek a connected semisimple k-
group G’ and an isogeny h : G’ — G such that for the maximal torus 77 = h~(T) in
G’ there exists a (necessarily unique) isomorphism R(G’,T") ~ R over the isomorphism
R(G,T) ~ R via the central isogenies R(G',T") — R(G,T) and R — R*.. Over C we can
build covers via topology, so now we set k = C and pass to the analytic theory.

D.2. Compact and complex Lie groups. For a connected semisimple C-group G, the
group G(C) is connected for the analytic topology (since for an open cell 2 C G around 1,
Q(C) is visibly connected and g2(C) meets Q(C) for any g € G(C), due to the irreducibility
of G). Thus, G(C) is a connected Lie group. To build isogenous covers of G, we will use
maximal compact subgroups of G(C) and topological facts from the theory of Lie groups.

Proposition D.2.1. The functor G ~ G(C) from connected reductive C-groups to complex
Lie groups is fully faithful. More generally, if G is a connected reductive C-group and G’
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is a linear algebraic C-group then every analytic homomorphism f : G(C) — G'(C) arises
from a unique C-homomorphism G — G'.

The essential image of the functor in Proposition is identified in Example [D.3.3]

Proof. First we treat semisimple G, and then we allow a central torus. Assume G is semisim-
ple, so the Lie algebra g is semisimple (Exercise . The graph I'f is a connected closed
complex Lie subgroup of G(C) x G'(C), so its Lie algebra is a subalgebra of g€ ¢’ that
projects isomorphically onto the semisimple g and hence is its own derived subalgebra. But
in characteristic 0, a Lie subalgebra b of the Lie algebra of a linear algebraic group arises
from a connected linear algebraic subgroup provided that b is its own derived subalge-
bra [Bo91l, 7.9]. We thereby get a connected linear algebraic subgroup H C G x G’ such
that Lie(H) = Lie(I'y) inside g ¢’. The connected closed Lie subgroups H(C) and I'y in
G(C)xG'(C) must therefore be equal. Thus, the algebraic projection H — G induces a holo-
morphic isomorphism on C-points, so it is an isomorphism. It follows that the C-subgroup
H in G x G is the graph of a C-homomorphism G — G’, and this clearly analytifies to f.
Now consider the general case, so G = (Z x Z(G))/u for the maximal central torus Z,
connected semisimple derived group Z(G), and a finite central subgroup u C Z x 2(G).
The algebraic theory of quotients by finite subgroups over C analytifies to the analogous
theory on the analytic side, so it suffices to treat the cases of T' and Z(G). We have already
settled 2(G), so we may now assume G = T', and more specifically G = Gy,. Our problem is
to prove the algebraicity of any holomorphic homomorphism C* — G’(C). Using a faithful
representation G' — GL,,, we are reduced to checking the algebraicity of any holomorphic
action of C* on a finite-dimensional C-vector space V. The action of each finite subgroup
C*[n| = u, diagonalizes, and the C*-action preserves each pi,,-isotypic subspace of V. Thus,
by induction on dim V' we can assume that every u, acts through a character x,, : p, — C*.
This says that the given holomorphic map p : C* — GL(V') carries each p, into the central
Z = C*, so p does as well (since the complex-analytic subgroup p~'(Z) C C* contains all
In, SO it is infinite and thus exhausts the connected 1-dimensional C*). In other words, we
are reduced to showing that a holomorphic homomorphism x : C* — C* must be y(z) = 2"
for some n € Z. Since C* = C/2miZ with C simply connected, this clearly holds. 0

Remark D.2.2. The analogue of Proposition over R fails, even for semisimple groups
whose set of R-points is connected. For example, the natural isogeny SLo, 1 — PGLg, 1 of
degree 2n + 1 induces an isomorphism on R-points, the inverse of which is non-algebraic.

Corollary D.2.3. For a connected reductive C-group G, the finite-dimensional holomorphic
representations of G(C) are completely reducible.

Proof. By Proposition[D.2.1] it suffices to prove the analogous result for the finite-dimensional
algebraic representations of G. As in the proof of Proposition [D.2.1], we immediately reduce
to the separate cases of tori and semisimple GG. The case of tori is clear (weight spaces), so
we can assume that G is semisimple. Let p : G — GL(V') be a finite-dimensional represen-
tation, and let g — End(V') be the associated Lie algebra representation. Since we are in
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characteristic 0 and G is connected, a linear subspace of V is G-stable if and only if it is
g-stable. Hence, it is sufficient to prove complete reducibility of the representation theory of
g. This in turn follows from the fact that g is semisimple (Exercise |6.5.6]). U

The mechanism by which we will keep track of algebraicity when working on the analytic
side is to use maximal compact subgroups of complex Lie groups and the “algebraicity” of
the theory of compact Lie groups:

Theorem D.2.4 (Chevalley-Tannaka). The functor H ~~ H(R) is an equivalence from the
category of R-anisotropic reductive R-groups whose connected components contain R-points
to the category of compact Lie groups.

The R-group H is connected if and only if the Lie group H(R) is connected, and H is
semisimple if and only if the Lie group H(R) has semisimple Lie algebra.

Proof. The semisimplicity criterion for H follows from Exercise since Lie(H(R)) =
Lie(H) (which is semisimple over R if and only if the complex Lie algebra Lie(H )¢ = Lie(H¢)
is semisimple). It is not at all obvious that H(R) is compact when H is R-anisotropic,
nor that H(R) is connected when H is moreover connected. We begin by proving the
compactness of H(R), by a variant of the method used by G. Prasad in his elementary proof
of the analogous result over non-archimedean local fields in [Pr].

Fix a faithful finite-dimensional representation p : H — GL(V) over R (i.e., kerp = 1).
By Exercise , Ve is completely reducible as an Hc-representation. Let @ W; be a
decomposition of V¢ into a direct sum of irreducible subrepresentations of H(C). Since
H(R) is Zariski-dense in H, it is also Zariski-dense in Hg. Thus, each W; is irreducible
as a representation of H(R). If H(R) has compact image in each GL(WW;) then H(R) is
compact. The image H; of H in Rg/r(GL(Wj)) is necessarily R-anisotropic, and H;(R)
must be Zariski-dense in H; since even the image of H(R) in H; is Zariski-dense. We may
therefore replace H with each H; to reduce to the case that H is a closed subgroup of
Re/r(GL(W)) with W irreducible as a C-linear representation of H(R).

For any h € H(R), all eigenvalues A for h on W must satisfy |A\| = 1. Indeed, Jordan
decomposition in H(R) allows us to consider only semisimple A, and it is harmless to replace
h with A" for n > 0. Thus, we can assume that A lies in the identity component of its
commutative semisimple Zariski closure. That identity component must be an R-torus 7'.
All R-tori in H are R-anisotropic and hence have a compact group of R-points, so the
eigenvalues of the integral powers of h are bounded in C. This forces the eigenvalues to lie
on the unit circle.

Since H(R) acts irreducibly on W, its image in GL(W) must generate the C-algebra
End(W) (Burnside), so H(R) spans End(W) over C. Choose {h;} in H(R) that is a C-
basis of End (W), and consider the dual basis {L;} under the perfect C-bilinear trace pairing
(I, T") = Tr(ToT") on End(W). The eigenvalue condition forces |Tr(hh;)| < n := dim W for
all h € H(R), so (exactly as in the proof of finite generation of integer rings of number fields)
the coefficients of p(h) relative to {L;} are bounded in C independently of h. Hence, the
closed set p(H(R)) in GL(W) is bounded in End(WV). It is also closed in End(W') because
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| det(p(h))| =1 for all h € H(R) (due to the eigenvalues of p(h) lying on the unit circle), so
p(H(R)) is compact.

To establish the desired equivalence of categories between anisotropic reductive R-groups
and compact Lie groups (including the connectedness aspect), we shall now proceed in reverse
by constructing a functor from compact Lie groups to reductive R-groups. This rests on
the “real representation algebra” R(K) of a compact Lie group K: the R-algebra generated
by the matrix entries of the finite-dimensional continuous representations of K over R.
Let R(K,C) denote the analogue defined using continuous linear representations over C.
The operation of scalar extension of R-linear representations to C-linear representations
defines an R-algebra injection R(K) — R(K, C). There is a natural involution ¢ of R(K, C)
over complex conjugation on C (using scalar extension through complex conjugation on
C-linear representations of K), and this acts trivially on R(K). Galois descent gives that
R(K,C) = C®gr R(K,C)", so the natural map of C-algebras

(D.2.1) C ®r R(K) — R(K,C)

is injective. But every C-linear representation can be viewed as an R-linear representation,
so (via a choice of i = v/—1 € C) if f = u +iv € R(K,C) with R-valued u and v then
u,v € R(K). In other words, is an isomorphism.

By [BtDl| III, 4.1] (which rests on the Peter—Weyl theorem), there exists a faithful repre-
sentation p : K — GL,(R). Upon choosing one, we get an R-algebra map R|xz;;][1/ det] —
R(K). The representation algebra is generated by the matrix functions from any single faith-
ful representation [BtDl ITI, 1.4(iii), 2.7(i)], so this map is surjective. In particular, R(K) is
finitely generated over R, and likewise R(K, C) is finitely generated over C. There is a natu-
ral Hopf algebra structure on R(K) that is contravariantly functorial in K (see [BtD III, §7]),
and by Tannaka duality [BtD| III, 7.15] the natural map K — (Spec R(K))(R) defined via
evaluation is an isomorphism of Lie groups. The linear algebraic R-group K8 := Spec R(K)
may be disconnected, but we can detect its connected components using R-points:

Lemma D.2.5. The locus K = K*8(R) is Zariski dense in K%, and (K*8)° is R-
anisotropic reductive. In particular, each connected component of K& contains an R-point
and hence is geometrically connected over R.

Proof. By definition R(K) is a subalgebra of the R-algebra of continuous R-valued functions
on K, so every element of the finite type R-algebra R(K) is uniquely determined by its
restriction to the set K of R-points. This exactly encodes the Zariski density property in
the affine algebraic R-scheme K?®#.

To prove reductivity, assume to the contrary. Any nontrivial connected unipotent group
over a perfect field contains the additive group as a closed subgroup, so K*# contains G, as
a closed R-subgroup. Hence, R = G,(R) is a closed subgroup of the group K*$(R) = K
that is compact, a contradiction. The same reasoning shows that the connected reductive
group (K*#)% is R-anisotropic. O
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Every continuous homomorphism f : K — K’ between compact Lie groups gives rise to
a map of Hopf algebras R(K') — R(K) via composition of K'-representations with f. The
corresponding R-group homomorphism f28 : K& — K’ recovers f on R-points, and it
is uniquely determined by this condition since K is Zariski-dense in K*#&. In particular, for
any R-group map ¢ : K8 — K& necessarily ¢ = 22 where f is the restriction of ¢ to
R-points. Also, if K is a closed subgroup of K’ then R(K') — R(K) is surjective [BtDl III,
4.3], so f¥& a closed immersion when f is injective.

Lemma D.2.6. K° = (K%8)°(R) and (K2)? = (K°)%e,

Proof. Let j : K° — K be the natural map, so j8 is a closed immersion since j is injective.
The dimensions of (K°)#8 and K®# coincide because the Lie algebra of a linear algebraic
R-group can be naturally computed using the Lie group of R-points. Thus, j# is an open
and closed immersion, so the identity component of K®# is the same as that of (K°)%e.

We claim that (K°)%% is the identity component of K®#: i.e., (K°)® is connected. Since
(K*8)°(R) is an open and closed subgroup of K8(R) = K, it contains K° But we just
saw that (K*8)° C (K%)e, so

KO C (K9)(R) C (K°)"5(R) = K",

forcing the containment (K#8)° C (K°)8 to be an equality on R-points and hence an
equality of R-groups (due to the Zariski-density of R-points in K2 and (K°)#). O

To summarize, we have defined a fully faithful functor K ~» K®# from the category of com-
pact Lie groups into the category of anisotropic reductive R-groups all of whose connected
components contain R-points, and this functor is compatible with identity components (i.e.,
K is connected if and only if K is connected).

It remains to show that if G is an anisotropic reductive R-group whose connected com-
ponents have R-points then for the compact Lie group K := G(R) (which is Zariski-dense
in G) there exists an R-group isomorphism G ~ K22 extending the equality of R-points.
(Such an isomorphism is unique if it exists, due to the Zariski-density of R-points in these
R-groups, and likewise it is necessarily functorial in ).

Since O(G) is exhausted by finite-dimensional G-stable R-subspaces, we get a restriction
map from O(G) to the real representation algebra R(K'). This map is injective, due to the
Zariski density of K in G. To complete the proof of Theorem [D.2.4] we just have to check
that the map 0(G) — R(K) = O(K™8) of R-algebras is an isomorphism of Hopf algebras.

The corresponding R-scheme map K% — G induces a group isomorphism between R-
points, so it is an R-group map. In other words, (G) — R(K) is a map of Hopf algebras. To
check surjectivity, we note that a choice of faithful representation G — GL,, over R defines
a faithful representation KX — GL,(R). The induced pullback map €¢(GL,) — R(K) is
surjective, as we noted in the discussion preceding Lemma so this forces the map
O(G) — R(K) to be surjective. O

Now it is time to review some more facts from the theory of compact Lie groups. For
a connected compact Lie group K, let K®8 denote the associated R-anisotropic connected
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reductive R-group via Theorem [D.2.4, We will use this algebraic structure to establish
a finiteness property for the universal cover of K" when K is sufficiently non-commutative.
Recall that for any connected Lie group H, the universal covering space ¢ : H — H (equipped
with a marked point over the identity of H) has a unique compatible structure of real
Lie group, and the discrete closed normal subgroup kerq = m(H, 1) is central (as in any
connected Lie group). This recovers the fact that 7y (H, 1) is abelian, so kerq = Hy(H, Z).
In the compact case this universal covering has finite degree:

Proposition D.2.7 (Weyl). If K is a connected compact Lie group and Lie(K) is semisimple
then the universal cover K — K is a finite-degree covering. In particular, K is compact.

The hypothesis on the Lie algebra cannot be dropped; consider K = S*.

Proof. The kernel of the covering map is the group H;(K,Z) that is finitely generated (as
K is a compact manifold), so this group is finite if and only if its finite-order quotients have
bounded cardinality. In other words, we seek an upper bound on the degree of isogenies f :
K’ — K from connected compact Lie groups K’ onto the given group K. By Theorem [D.2.4]
f “algebraizes” to an isogeny of connected semisimple R-groups K’ ey prale, By extending
scalars to C, we are reduced to checking that for any connected semisimple C-group G there
exists an upper bound on the degree of all connected isogenous covers f : G' — G.

Such a bound is obtained from the root datum of G, as follows. Let T' C G be a maximal
torus and 7" = f~1(T') the associated maximal torus in G, so the centrality of ker f forces
ker f = ker(T” — T'). Hence, to bound the degree of f it is equivalent to bound the index of
the inclusion of lattices X(7') — X(7"). The centrality of ker f implies that the isomorphism
X(T)q ~ X(1T")q identifies ®(G,T) with ®(G',T") and the dual isomorphism identifies
O(G,T)Y with ®(G',T")Y. (This is seen most concretely by using that f even identifies g’
with g, as we are in characteristic 0.) Thus, by we have

Z3(G,T) € X(T) € X(T') € (Z8(G,T)")".

Hence, an upper bound on deg f is the index of Z®(G,T) in (Z®(G,T)Y)* (i.e., the absolute
determinant of the non-degenerate pairing between Z&(G,T') and ZO(G,T)Y). O

The following result lies very deep but is fundamental in the general theory.

Theorem D.2.8. Let 77 be a Lie group with finite component group. Fvery compact
subgroup of F 1is contained in a mazximal one, and all mazrimal compact subgroups K of
JC are conjugate to each other. Moreover, for any K there are closed vector subgroups
Vi,..., Vi, € A such that the multiplication map K x Vi x - x V,, — FH is a O
isomorphism. In particular, K is a deformation retract of J, so my(K) = mo(S) and
7T1(K, ]_) = 71(%, 1)

Proof. This is [Ho65, XV, 3.1]. (We only need the case of connected 5. The connected case
does not seem to formally imply the general case.) 0
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D.3. Complexification. To go further, we need to link up compact Lie groups and complex
Lie groups. For any Lie group H, the complexification of H is an initial object among C*°
homomorphisms from H to complex Lie groups; i.e., it is a C* homomorphism jgz : H — H¢
to a complex Lie group such that any C'*° homomorphism f : H — ¢ to a complex Lie
group has the form F o jg for a unique holomorphic homomorphism F : Hc — 5. We
emphasize that this definition is intrinsic to the C*° and holomorphic theories, having no
reliance on the algebraic theory. In particular, if H = G(R) for a linear algebraic R-group G
then it is not at all clear whether or not the canonical map H — G(C) is a complexification
in the sense we have defined it, nor is it clear if ker j; = 1 (or if dimker jz = 0).

Here is a basic example of complexifications (whose verification is easy): if we denote by
expg(h) the unique connected and simply connected real Lie group H such that Lie(H) is
equal to a given real Lie algebra b, and similarly for complex Lie algebras, then expg(h) —
expe(he) is a complexification. In the commutative case, this says that if V' is a real vector
space then the inclusion V — C ®g V' is a complexification.

If a Lie group H admits a complexification H — H¢c and A is a discrete central subgroup
of H whose image A’ in H¢ is discrete then H/A — Hg/A' is a complexification. (For
example, the inclusion S = R/Z — C/Z ~ C/2miZ ~ C* given by 0 — exp(2mif)), where
i? = —1, is a complexification.) A formal argument using the settled simply connected case
(and a pushout construction when H is disconnected) shows that a complexification exists
for any H [Boull, III, 6.10, Prop. 20| (also see [Ho65, XVII, §5]). The construction gives that
Hc is connected when H is connected and that the C-linearization C ®g Lie(H) — Lie(H¢)
is surjective, but in general ker jz can have positive dimension, as the following example
from [OV], Ch.1, §4.1, Thm. 7.2] shows.

Example D.3.1. Since SLy(R) has maximal compact subgroup SOz(R) = S*, the universal
cover G of SLy(R) fits into an exact sequence

1-Z—G—SLR)—1

and the induced natural map G — SL2(C) is the complexification of G (since SLy(C) is
simply connected; i.e., SLy(C) = exp(sla(C))). Consider the central pushout H of G along
an injection j : Z < S, so H = (S* x G)/Z. Then Hc is the quotient of C* x SLy(C)
modulo the unique minimal complex Lie subgroup containing the central subgroup j(Z) in
the first factor. In other words, Hg = SLy(C), so ker(H — Hg) = S*.

Fortunately, in the compact case the pathological situation dim ker ji; > 0 does not arise:

Proposition D.3.2. If K is a compact Lie group then ji : K = K*$(R) — K8(C) =: K
is a complexification and K is a maximal compact subgroup of K*". In particular, ji is
a closed embedding and the C-linearization of Lie(jx) is an isomorphism (so Lie(K¢) is
semisimple when K has finite center).

See Example for a discussion of examples and counterexamples related to complex-
ification beyond the compact case. The main difficulty in the proof of Proposition is
that we are demanding the universal property for maps into arbitrary complex Lie groups;
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the weaker version of Proposition that only asserts the universal property relative to
maps to complex Lie groups arising from linear algebraic groups over C (which is entirely
sufficient for our needs) is much easier to prove (see [BtD, III, 8.6]).

Proof. Every connected component of K meets K = K*8(R) (as the connected components
of K& have R-points and are geometrically connected), and (K#8)° = (K%)#&, Thus, by a
translation argument it suffices to treat the connected case, so now assume K is connected.

Let K’ correspond to Z(K®#), and let T correspond to the maximal central torus in K##,
so K’ and T are connected and K’ x T" — K is surjective with finite central kernel u. (Here
we have used that K is connected.) It is clear that the finite C-group associated to the finite
abelian group p is a complexification of y, and that a complexification of K = (K’ x T')/u
is given by (K¢ X Tc)/uc where pc is a finite C-group. Thus, it suffices to treat K’ and
T rather than K. The case of T = (S')" is elementary, so now we may assume that K2 is
semisimple. Equivalently, Lie(K) is semisimple.

Let jix : K — K¢ be the complexification. The natural map j : K — K" uniquely factors
as f o jk for a holomorphic map f : K¢ — K®" between connected complex Lie groups, and
f is an isomorphism on Lie algebras since C ®@g Lie(K) — Lie(K®") is an isomorphism and
C ®gr Lie(K) — Lie(K¢) via jg is surjective. Hence, the C-linearization of Lie(jx) is an
isomorphism and f is a quotient map modulo a discrete subgroup. Thus, the real Lie group
K¢ has dimension 2dim K and to show that f is an isomorphism it suffices to show that
f is injective. Note that jg is necessarily injective (and so is a closed embedding) since we
have factored it through the injective map K — K*®".

By Proposition . the universal covering 7 : K — K has finite degree. Let ¢ : Kols
K8 be the correspondmg map between R-anisotropic connected reductive R-groups, and let
i = ker ¢ be its finite central kernel, so K" = Koo /p(C). The induced map ¢ : K¢ — K¢
is an isomorphism on Lie algebras, so it is surjective between the connected complexifications
and has discrete central kernel. If we can handle the simply connected case (i.e., if K¢ — K"
is an isomorphism) then m¢ has degree dividing deg 7" = #u(C) with equality if and only
if K¢ — K®*" is an isomorphism.

Thus, to reduce to the case that K is simply connected we just need to show that ker m¢
has size at least #u(C). But if T C K is a maximal (compact) torus and T' = 7~ 1(T) is the
preimage maximal torus in K then ker 7 = ker(T — T') and hence ker 7¢ has size at least
that of ker(fc — Tc). Compact tori are powers of S, so by inspection T¢ — T2 is an
isomorphism and similarly for T. Thus, TC — T¢ is the map on C-points arising from the
map T*e — T2l& induced by q : K& —s K2 hetween maximal R-tori. This map between
maximal R-tori has kernel y as well, so p(C) is identified with the kernel of Te — Tc.
Hence, now we can assume K is simply connected.

In view of how the complexification is constructed in the simply connected case, it suffices
(for the isomorphism property of f) to show that if K is simply connected then so is K.
The group K*#(R) = K is a compact subgroup of K® and any connected Lie group has a
deformation retract onto its maximal compact subgroups (and so has their homotopy type).
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It now suffices to prove that if K is any connected compact Lie group (not necessarily
simply connected) then it is maximal as a compact subgroup of K®". Since the maximal
compact subgroups of K?" are connected, it suffices to show that the common dimension of
the maximal compact subgroups of K*" is dim K.

To control the possibilities for the maximal compact subgroups of K*", we need to con-
sider its finite-dimensional holomorphic representations. The group K®' has a faithful
finite-dimensional holomorphic representation (using a faithful representation of the C-group
K élg ) and the finite-dimensional holomorphic representations of K" are completely reducible
(Corollary . Thus, the connected complex Lie group K®" is “reductive” in the sense
of [Ho65, XVII, §5]. It then follows from [Ho65, XVII, 5.3] that K" is the complexification
of its maximal compact subgroups. That is, if J# is a maximal compact subgroup of K"
then the map #c — K®*" induced by the inclusion % — K?" is an isomorphism. But we
already know that complexification of a compact Lie group has twice the real dimension in
general, so applying that to the abstract # and using the equality #¢c = K* = K*8(C)
gives that dim ¢ = (1/2) dimg K*#(C) = dim K*# = dim K. O

Example D.3.3. In the proof of Proposition we saw that every connected compact
Lie group is a maximal compact subgroup of its complexification, so the same holds without
a connectedness requirement. Turning this around, let K be the maximal compact subgroup
of a complex Lie group ¢4 with finite component group, and assume Lie(¥) is semisimple
(over R or C; these are equivalent). The inclusion j : K — ¢ factors through a unique
holomorphic homomorphism K¢ — ¢, and we claim that this latter map is an isomorphism.

In other words, we claim that every complex Lie group with semisimple Lie algebra and
finite component group is the complexification of its maximal compact subgroups. (In par-
ticular, using Proposition [D.2.1, G ~» G(C) is an equivalence from connected semisimple
C-groups to connected complex Lie groups with semisimple Lie algebra. The analogous
equivalence for connected reductive C-groups is onto the category of connected complex Lie
groups & such that Lie(J#) is reductive and Z9, ~ (C*)" for some r > 0.)

To prove that ¢ is the complexification of K, we use the criterion in [Ho65, XVII, 5.3]:
it suffices to prove that ¢ has a faithful finite-dimensional representation (i.e., an injective
holomorphic homomorphism ¢ — GL(V) for a finite-dimensional C-vector space V') and that
the holomorphic finite-dimensional representations of ¢ are completely reducible. Complete
reducibility is inherited from semisimplicity of Lie(%) (and finiteness of my(%)), as in the
proof of Corollary [D.2.3] The existence of a faithful finite-dimensional representation of ¢
lies deeper (and its analogue in the R-theory is false; e.g., the universal cover of SLy(R)).
We only need the C-points of a connected semisimple C-group, for which the existence of a
faithful finite-dimensional representation is obvious. The general case is [Ho65, XVII, 3.2].

D.4. Construction of covers and applications. Returning to the connected semisimple
C-group G at the end of we now use to build an isogeny G' — G from
a connected semisimple C-group G’ such that the semisimple root datum of G’ is simply
connected. Let H be the connected Lie group G(C) whose Lie algebra is semisimple, and let
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K be a maximal compact subgroup of H, so K¢ is an R-anisotropic connected reductive
R-group. By Proposition and Example , K¥8(C) ~ H = G(C). It follows that
K®8(C) has finite center, so the connected reductive R-group K is semisimple. By Propo-
sition , the analytic isomorphism K#¢(C) ~ G(C) arises from a C-group isomorphism
K& ~ @ i.e., K is an R-descent of G (the “compact form”).

Since K¥# is an R-descent of G, we will now convert our problem for isogenous covers of G
over C into an analogous problem for isogenous covers of K over R. Inspired by Theorem
we will make constructions in the category of compact connected Lie groups, and then
pass back to the algebraic theory over R (and finally extend scalars to C). To this end, we
will use the connected compact universal covering space K-> K (see Proposition [D.2.7)).

Passing to the corresponding R-anisotropic connected semisimple R-groups, we get an
isogeny K& — K& Extending scalars to C defines an isogeny

fG =KX S K¥E—-@

between connected semisimple C-groups. Let 7" = f~'(T) be the maximal torus of G’
corresponding to the choice of maximal torus 7" of GG, so we get an isogeny of root data

R(G", T = R(G,T) = R™.

We will prove that R(G’, T") is simply connected (i.e., the coroots span the cocharacter group
of T"), so R(G',T') = R compatibly with the initial identification R(G,T) = R*. This will
complete the proof of the Existence Theorem over C.

We saw in the proof of Proposition that the Lie group G/(C) = K*£(C) contains
K = K*(R) as a maximal compact subgroup, so G/(C) inherits the simply connected-

ness property from K (Theorem . Our problem is therefore reduced to verifying a
relationship between combinatorial and topological notions of being “simply connected”:

Proposition D.4.1. If (G',T") is a connected semisimple C-group then G'(C) is topologi-
cally simply connected if and only if R(G',T") is simply connected in the sense of root data.

Proof. We will use an “existence theorem” (for highest-weight representations) in the rep-
resentation theory of semisimple Lie algebras over C and exponentiation of Lie algebra
representations to Lie group representations in the topologically simply connected case.

Note that the Q-vector space (Z®'")q = X.(T")q has complexification that is naturally
identified with ¢ = Lie(7”) (by identifying A € Hom(G,,,7") with d\ := Lie()\)(z0,) € t).
The set & of coroots spans X, (1") over Z provided that every Z-linear form ¢ : Z&"" — Z is
Z-valued on X, (T") (i.e., arises from X(7”)) when ¢ is viewed as a Q-linear form on X, (7")q,
or equivalently when ¢ is viewed as a C-linear form on X,(7")c = t. This integrality
property of £ is invariant with respect to the action of We/ (T"), so to check it always holds
for a particular (G', T") there is no loss of generality in picking a positive system of roots
®'* and imposing the additional requirement on the element ¢ € X(T)q that it lies in the
associated Weyl chamber of X(T)g (i.e., (¢,a") > 0 for all a € ®'™).
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Letting d¢ = Lie(¢) : ' — Lie(Gy) = C be the associated linear form on t', we have
(de,d(a")) = (¢,a") € Zsy for all a € &' = P(g',t'). Thus, by the existence theorem
for highest-weight representations of semisimple Lie algebras over C (Theorem [1.5.7)), there
exists a (unique) irreducible representation

(D.4.1) g — gl(V) = Lie(GL(V))

having d/ as its highest weight (relative to the Cartan subalgebra ' and & C ®(g’, t')).

Now assume that G’(C) is simply connected, so every finite-dimensional representation of
g’ over C exponentiates to a holomorphic representation of G’(C) on the same vector space.
By Proposition[D.2.1], any finite-dimensional holomorphic representation of G'(C) arises from
a unique algebraic representation of G’ on the same vector space, due to the semisimplicity
of G'. Thus, arises from a C-group representation p : G' — GL(V), and the highest
weight vector v € V for (g, ¥) (which is unique up to C*-scaling) is a T"-eigenvector since it
is a t’-eigenvector. The corresponding weight homomorphism w : 77 — Gy, via the T"-action
on Cv induces d¢ on Lie algebras, so w = ¢ in X(7T")¢. In particular, ¢ € X(7"). That is,
X(T") = (Z®"")*, or equivalently X, (T") = Z®"", so R(G',T") is simply connected.

For the converse, assume that R(G’,T") is simply connected. Let K be a maximal compact
subgroup of G'(C), so Kélg ~ G'(C) by Proposition and Example . Hence, K8
is an R-descent of G', by Proposition [D.2.1,  Consider the finite-degree universal cover
f: K — K. In the proof of Proposition we saw that K*%(C) is simply connected in
the topological sense. Since [ “algebraizes” to an isogeny K& —s K& hetween connected
semisimple R-groups, K8(C) is the universal cover of K»%(C) = G'(C). (This covering
map is the complexification of f.) The description of the effect of central isogenies at the
level of root data (see Example shows that any isogeny onto G’ from a connected
semisimple C-group is an isomorphism because R(G’,T") is simply connected. Thus, fc
must be an isomorphism, so G'(C) is topologically simply connected. U

Example D.4.2. As an application of our work with complex Lie groups and the Existence
Theorem over C, we now relate the Lie group notion of complexification to the algebraic
notion of scalar extension from R to C for Lie groups arising from semisimple R-groups,
going beyond the R-anisotropic case. This is not used elsewhere in these notes.

Let H be a connected semisimple R-group (so Hc denotes the associated semisimple C-
group, not to be confused with the complexification H(R)¢c of the Lie group H(R)). Even
when H(R) is connected, it can happen that the natural map H(R) — H(C) is not the com-
plexification. For example, the isomorphism SL3(R) ~ PGL3(R) provides a homomorphism
PGL3(R) — SL3(C) to a degree-3 connected cover of PGL3(C). This problem disappears if
we require the root datum for Hc to be simply connected, as we now explain.

Consider any homomorphism f : H(R) — ¢ to a complex Lie group ¢. The map
Lie(f) is a homomorphism from h = Lie(H) into the underlying real Lie algebra of Lie(¥),
so it linearizes to a map of complex Lie algebras f : hc — Lie(¥4). But he = Lie(H)c =
Lie(Hc) = Lie(H(C)), and H(C) is simply connected in the topological sense by Proposition
(whose proof relied on our work in the proof of the Existence Theorem over C). Hence,
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f exponentiates to a holomorphic homomorphism F' : H(C) — ¢. The maps F o j, f :
H(R) = ¢ agree on Lie algebras by construction of F, so they coincide on H(R)". Likewise,
by Lie algebra considerations, F is uniquely determined on H(R)° by the equality Foj = f.

[t remains to prove that H(R) is connected when H¢ has a simply connected root datum.
The connectedness of H(R) in such cases is a deep result of E.Cartan, originally proved
by Riemannian geometry (going through the theory of compact groups, for which the main
connectedness ingredient is proved in [He, VII, Thm. 8.2]).

Here is a sketch of a proof of Cartan’s connectedness theorem using an algebraic connected-
ness result of Steinberg. The real Lie group underlying H(C) is connected and has an involu-
tion 6 (complex conjugation) with fixed-point locus H(R). By a result of Mostow [Mos, §6],
there exists a f-stable maximal compact subgroup K’ of H(C) such that K := K'(VH(R) is
a maximal compact subgroup of H(R). (Mostow’s proof gives more: K’ — K'(JH(R) is a
bijection from the set of f-stable maximal compact subgroups of H(C) to the set of maximal
compact subgroups of H(R), with H any connected reductive R-group.)

Fix such a K’, so K’ is connected (as H(C) is connected) and mo(H(R)) = mo(K) for the
maximal compact subgroup K = K'(VH(R) = K" in H(R). To prove the connectedness
of H(R), it suffices to prove the connectedness of K, so we are reduced to proving more
generally that the fixed-point locus of any involution 6 of K’ is connected. Note that the
C-group (K'™¢)¢ = Hc has a simply connected root datum.

The involution @ of the connected compact Lie group K’ arises from an involution ## of
K'™8 s0 (K'8)%™ is a closed R-subgroup of K¢ whose group of R-points is K'?. The fixed-
point subgroup for an involution of a connected reductive R-group has reductive identity
component (see [PY02, 2.2], or [PY02, 2.4] for an algebraic proof), so (K'™¢)"* has R-
anisotropic reductive identity component. (This identity component may not be semisimple;
e.g., for K’ = SUy we have K = S'.) Thus, by Theorem , if (K'*8)%™ is connected for
the Zariski topology then its group K of R-points is connected for the analytic topology.

We are reduced to an algebraic assertion over R: for any R-anisotropic connected semisim-
ple R-group G such that the semisimple C-group G¢ has a simply connected root datum
(e.g, G =K' alg) and any involution ¢ of G (e.g., #28), the linear algebraic R-subgroup G* of
G is connected for the Zariski topology. We can reformulate this assertion over any field k:
if G is a connected semisimple k-group such that the root datum for G is simply connected
and if € is an automorphism of G that is semisimple (i.e., the induced automorphism of the
coordinate ring is semisimple, such as an involution when char(k) # 2), then the closed fixed-
point scheme G? is connected for the Zariski topology. It suffices to consider algebraically
closed k and to work with k-valued points, in which case the connectedness assertion is a
theorem of Steinberg [Stl 8.1] (which was partially motivated by the desire for an algebraic
version of Cartan’s connectedness theorem).
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