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1. INTRODUCTION

The aim of this paper is to rework [GZ, Ch III] based on more systematic deformation-theoretic methods so
as to treat all imaginary quadratic fields, all residue characteristics, and all j-invariants on an equal footing.
This leads to more conceptual arguments in several places and interpretations for some quantities which
appear to otherwise arise out of thin air in [GZ, Ch III]. For example, the sum in [GZ, Ch III, Lemma 8.2]
arises for us in (9.6), where it is given a deformation-theoretic meaning. Provided the analytic results in
[GZ] are proven for even discriminants, the main results in [GZ] would be valid without parity restriction on
the discriminant of the imaginary quadratic field. Our order of development of the basic results follows [GZ,
Ch III], but the methods of proof are usually quite different, making much less use of the “numerology” of
modular curves.

Here is a summary of the contents. In §2 we consider some background issues related to maps among
elliptic curves over various bases and horizontal divisors on relative curves over a discrete valuation ring.
In §3 we provide a brief survey of the Serre-Tate theorem and the Grothendieck existence theorem, since
these form the backbone of the deformation-theoretic methods which underlie all subsequent arguments.
Due to reasons of space, some topics (such as intersection theory on arithmetic curves, Gross’ paper [Grl]
on quasi-canonical liftings, and p-divisible groups) are not reviewed but are used freely where needed.

In §4 we compute an elementary intersection number on a modular curve in terms of cardinalities of
isomorphism groups between infinitesimal deformations. This serves as both a warm-up to and key ingredient
in §5-§6, where we use cardinalities of Hom groups between infinitesimal deformations to give a formula (in
Theorem 5.1) for a local intersection number (z.T,,(z%)),, where x € Xo(N)(H) is a Heegner point with
CM by the ring of integers of an imaginary quadratic field K (with Hilbert class field H), o € Gal(H/K)
is an element which corresponds to an ideal class & in K under the Artin isomorphism, and T, is a Hecke
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correspondence with m > 1 relatively prime to N. An essential hypothesis in Theorem 5.1 is the vanishing
of the number r,(m) of integral ideals of norm m in the ideal class 7. This corresponds to the requirement
that the divisors = and T,,(x”) on Xo(N) are disjoint. Retaining the assumption r.(m) = 0, in §7 we
develop and apply a construction of Serre in order to translate the formula in Theorem 5.1 into the language
of quaternion algebras. The resulting quaternionic formulas in Corollary 7.15 are a model for the local
intersection number calculation which is required for the computation of global height pairings in [GZ],
except the condition r(m) = 0 in Corollary 7.15 has to be dropped.

To avoid assuming r.(m) = 0, we have to confront the case of divisors which may contain components in
common. Recall that global height pairings of degree 0 divisors are defined in terms of local pairings, using
a “moving lemma” to reduce to the case in which horizontal divisors intersect properly. We want an explicit
formula for the global pairing (¢, T}, (d?)) g where ¢ = z — 0o and d = x — 0, so we must avoid the abstract
moving lemma and must work directly with improper intersections. Whereas [GZ] deal with this issue by
using a technique from [Gr2, §5] which might be called “intersection theory with a tangent vector”, in §8
we develop a more systematic method which we call “intersection theory with a meromorphic tensor”. This
theory is applied in §9 to give a formula in Theorem 9.6 which expresses a global height pairing in terms of
local intersection numbers whose definition does not require proper intersections.

In §10 we use deformation theory to generalize Corollary 7.15 to include the case ry(m) > 0, and
Appendix A (by W.R. Mann) recovers all three main formulas in [GZ, Ch III, §9] as consequences of the
quaternionic formulas we obtain via intersection theory with meromorphic tensors. The appendix follows the
argument of Gross-Zagier quite closely, but explains some background, elaborates on some points in more
detail than in [GZ, Ch III, §9], and works uniformly across all negative fundamental discriminants without
parity restrictions. This parity issue is the main technical contribution of the appendix, and simply requires
being a bit careful.

SOME CONVENTIONS. As in [GZ], we normalize the Artin map of class field theory to associate uniformizers
to arithmetic Frobenius elements. Thus, if K is an imaginary quadratic field with Hilbert class field H, then
for a prime ideal p of K the isomorphism between Gal(H/K) and the class group Clg of K associates the
ideal class [p] to an arithmetic Frobenius element.

Following [GZ], we only consider Heegner points with CM by the maximal order Ok in an imaginary
quadratic field K. A Heegner diagram (for Ok) over an Of-scheme S is an Ok-linear isogeny ¢ : E — E’
between elliptic curves over S which are equipped with &k-action which is “normalized” in the sense that
the induced action on the tangent space at the identity is the same as that obtained through &g being a
sheaf of Ok-algebras via the Ok -scheme structure on S. For example, when we speak of Heegner diagrams
(or Heegner points on modular curves) over C, it is implicitly understood that an embedding K < C has
been fixed for all time.

Under the action of Clg ~ Gal(H/K) on Heegner points Xo(N)(H) C Xo(N)(C), with N > 1 having

all prime factors split in K, the action of [a] € Clx sends the Heegner point ([b],n) Lef (C/b— C/n"1tb) to

([6][@] 71, n). The appearance of inversion is due to our decision to send uniformizers to arithmetic (rather
than geometric) Frobenius elements. This analytic description of the Galois action on Heegner points will
play a crucial role in the proof of Corollary 7.11.

If = is a Heegner point with associated CM field K, we will write u, to denote the cardinality of the group
of roots of unity in K (so u, = 2 unless K = Q(v/—1) or K = Q(v/-3)).

If S is a finite set, we will write either |S| or #5 to denote the cardinality of S.

If (R, m) is a local ring, we write R,, to denote R/m™*!. If X and Y are R-schemes, we write Hompg, (X,Y)
to denote the set of morphisms of mod m”*! fibers.

If B is a central simple algebra of finite dimension over a field F', we write N: B — F and T: B — F to
denote the reduced norm and reduced trace on B.

It is recommended (but not necessary) that anyone reading these notes should have a copy of [GZ] at
hand. One piece of notation we adopt, following [GZ], is that r,(m) denotes the number of integral ideals of
norm m > 0 in an ideal class & of an imaginary quadratic field K which is fixed throughout the discussion.
Since r, = r -1 due to complex conjugation inducing inversion on the class group without chaging norms,
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if we change the Artin isomorphism Gal(H/K) ~ Clk by a sign then this has no impact on a formula for
(¢, Tynd?), in terms of r, where &/ € Clg “corresponds” to o € Gal(H/K).

2. SOME PROPERTIES OF ABELIAN SCHEMES AND MODULAR CURVES

We begin by discussing some general facts about elliptic curves. Since the proofs for elliptic curves are
the same as for abelian varieties, and more specifically it is not enough for us to work with passage between
a number field and C (e.g., we need to work over discrete valuation rings with positive characteristic residue
field, etc.) we state the basic theorem in the more natural setting of abelian varieties and abelian schemes.
Theorem 2.1. Let A, B be abelian varieties over a field F.

(1) If I is separably closed and F' is an extension field, then Homp (A, B) — Homp: (A, pr, B/pr) is an
isomorphism. In other words, abelian varieties over a separably closed field never acquire any “new”
morphisms over an extension field.

(2) If F = Frac(R) for a discrete valuation ring R and A, B have Néron models </, B over R which
are proper (i.e., A and B have good reduction relative to R), then

Homp(A, B) = Homp(o/, B) — Homy, (2, Bo)

is injective, where k is the residue field of R and (-)o denotes the “closed fiber” functor on R-schemes.
In other words, (+)o is a faithful functor from abelian schemes over R to abelian schemes over k. In
fact, this latter faithfulness statement holds for abelian schemes over any local ring R whatsoever.

Proof. The technical details are a bit of a digression from the main aims of this paper, so although we do not
know a reference we do not give the details. Instead, we mention the basic idea: for £ invertible on the base,
¢-power torsion is “relatively schematically dense” in an abelian scheme (in the sense of [EGA, IV3, 11.10]);
this ultimately comes down to the classical fact that such torsion is dense on an abelian variety over an
algebraically closed field. Such denseness, together with the fact that ¢™-torsion is finite étale over the base,
provides enough rigidity to descend morphisms for the first part of the theorem, and enough restrictiveness
to force injectivity in the second part of the theorem.

|

We will later need the faithfulness of (-)g in Theorem 2.1(2) for cases in which R is an artin local ring, so
it is not adequate to work over discrete valuation rings and fields.

Let’s now recall the basic setup in [GZ]. We have fixed an imaginary quadratic field K C C with
discriminant D < 0 (and we take Q to be the algebraic closure of Q inside of C). We write H C Q for the
Hilbert class field of K, and we choose a positive integer N > 1 which is relatively prime to D and for which
all prime factors of N are split in K. Let X = Xo(N),z be the coarse moduli scheme as in [KM], so X
is a proper flat curve over Z which is smooth over Z[1/N] but has some rather complicated fibers modulo
prime factors of N. We have no need for the assumption that D < 0 is odd (i.e, D = 1 mod 4), whose main
purpose in [GZ] is to simplify certain aspects of calculations on the analytic side of the [GZ] paper, so we
avoid such conditions (and hence include cases with even discriminant).

Let z € X(H) C X(C) be a Heegner point with CM by the maximal order Ok. Because of our explicit
knowledge of the action of Gal(H/Q) on Heegner points, we see that the action of Gal(H/Q) on x € X (H)
is “free” (i.e., non-trivial elements in Gal(H/Q) do not fix our Heegner point z € X (H)), so it follows that
the map x : Spec(H) — X q is a closed immersion. For each closed point v of Spec g, by viewing H as the
fraction field of the algebraic localization Oy, we may use the valuative criterion for properness to uniquely
extend z to a point in X (O ,). A simple “smearing out” argument involving denominator-chasing shows
that all of these maps arise from a unique morphism z : Spec(0p) — X.

It is not a priori clear if the map z is a closed immersion (in general it isn’t). More specifically, if Z, — X
is the scheme-theoretic closure of z (i.e., the scheme-theoretic image of z), then Z, — Spec(Z) is proper,
flat, and quasi-finite, hence finite flat, so it has the form Z, = Spec(A,) with Q ®z A, = H. Thus, A, is an
order in O, but it isn’t obvious if A, = Og. This is an important issue in subsequent intersection theory
calculations because the intersection theory will involve closed subschemes of (various base chages on) X.
For this reason, we must distinguish Spec A, — X and z : Spec 0y — X.
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To illustrate what can go wrong, consider the map Z,[T] — Z,[(,2] defined by T' — p(,2. Over Q,
this defines an immersion ¢, : Spec(Qyp((p2)) — Alzp C P%p which is a closed immersion since Q,((,2) =
Qy[p¢p2], and ¢, comes from a map ¢ : Spec(Z,[(2]) — Plzp which is necessarily the one we would get from
applying the valuative criterion for properness to ¢;,.

The “integral model” map ¢ is not a closed immersion because Z,[T| — Z,[(y2] defined by T +— p(,2
is not a surjection. In fact, the generic fiber closed subscheme of P(l;zp defined by ¢, has scheme-theoretic
closure in Plzp given by Spec(A) where A = image(¢) = Zy, +pZ,[(,2] is a non-maximal order in Zy[(y2]. The
moral is that even if we can compute the “field of definition” of a point on a generic fiber smooth curve, it is
not true that the closure of this in a particular proper integral model of the curve is cut out by a Dedekind
subscheme or that it lies in the relative smooth locus. It is a very fortunate fact in the Gross-Zagier situation
that this difficulty usually does not arise for the “horizontal divisors” they need to consider.

Here is the basic result we need concerning Heegner divisors in the relative smooth locus.

Lemma 2.2. Let x € X(H) be a Heegner point and A, denote the valuation ring of the completion H, at a
place v over a prime p. The map Spec(A,) — X,z corresponding to the pullback x, € X(H,) of x factors
through the relative smooth locus, and the induced natural map z,, : Spec(A,) — X Xz A, arising from x,, is
a closed immersion into the relative smooth locus over A, (and hence lies in the regular locus).

Proof. Using smoothness of X over Z[1/N] when p doesn’t divide N and [GZ, Ch III, Prop 3.1] when p|N,
we see that the image of the closed point under z,, lies in the smooth locus over A,. Since z, is a section to

a separated map, it is a closed immersion and necessarily lands inside of the relative smooth locus over A,,.
[ ]

Remark 2.3. One reason for the importance of Lemma 2.2 is that the curve X, = X xz A, is usually not
regular, so to do intersection theory one must resolve singularities. A minimal regular resolution X*°® =

X;ng( | can be obtained by means of successive normalizations and blow-ups over the non-regular locus
P

(thanks to a deep theorem of Lipman [L]), so the resolution process doesn’t do anything over the relative
smooth locus.

Thus, even though we can’t expect to do intersection theory on X,, we are assured by Lemma 2.2 that
the intersection numbers among properly intersecting Heegner divisors will be computable directly on X,.
We need to keep track of smoothness because regularity is often destroyed by ramified base change, such as
Z(,) — On, when p is ramified in K (in such cases the relative curve X' xz (» v can be non-regular, but
some Heegner divisor intersection numbers may still be computed on this curves, such as happens in [GZ,
Ch III, Prop 3.3]).

With v fixed as above, let W denote the completion of a maximal unramified extension of A, (if p ramifies
in K, this is not a Witt ring). The section z, € X i (W) lies in the relative smooth locus. Although Xy
is not a fine moduli scheme, the point z, does arise from a I'g(N)-structure over W. This is an important
point. Before we prove it, as a preliminary step recall that from the classical CM theory we can find an
algebraic model ¢ : E — E’ over H which represents our Heegner point in X (H). It is not true in general
that E and E’ have to admit everywhere good reduction over &y. But what is true, and suffices for us, is
that we can always find such good models over W. This is given by Theorem 2.5, but before proving this
we recall a general lemma concerning good reduction for CM elliptic curves.

Lemma 2.4. Let R be a complete discrete valuation ring with fraction field F' of characteristic 0, and let
E/p be an CM elliptic curve with CM field K C F (so the CM-action is automatically defined over F). If
K = Q(v-1) or K = Q(v/-3), assume moreover that E,r actually has CM by the full ring of integers of
K. Then there exists a “twist” E' of E over an unramified extension of F' (so E' is CM with the same CM
ring) such that E' has good reduction over R.

When E begins life over a number field (which is the only case we really need for treating Heegner points),
this lemma follows from Corollary 2 to Theorem 9 in [ST]. Since the argument in [ST] rests on class field
theory, we prefer the argument below which uses only general principles concerning abelian varieties. The
argument in [ST] has the merit of treating more cases when K = Q(v/—1) and K = Q(/-3).
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Proof. Since End(E,p) = Ok, so End(E,p,) = Ok and hence Aut(E,p,) = OF = Aut(E,p), twisted
forms are described in terms of Galois cohomology H'(Gal(F,/F), 05) with O} given a trivial action by
Gal(F/F). Passing to completions on a henselian discrete valuation ring doesn’t affect the Galois group in
characteristic 0, so without loss of generality we can assume that R has a separably closed residue field k
(i.e., pass to the completion of the maximal unramified extension). Now we seek to find a twist E’ of F over
F with good reduction over R.

A priori E has potentially good reduction (as does any CM type abelian variety over F'), so there exists
a finite Galois extension F’/F such that E,p has good reduction. Let R’ be the integral closure of R in
F' and let &)p denote the Néron model of E,p/. Note in particular that the residue field extension &'/k
is purely inseparable (since k is separably closed), so Aut(k’/k) = {1}. Let I' = Gal(F’'/F), so for each
o € T there is (by the Néronian property of abelian schemes over R) a unique isomorphism ¢, : & ~ o*(&)
of elliptic curves over R’ which extends the evident descent data isomorphism E,p ~ o*(E,p/) of elliptic
curves over F’. In particular, we have the cocycle property o*(¢;) o ¢, = ¢y, and also ¢, commutes with
the CM actions by K on source and target, as this can all be checked on the generic fibers.

Since o induces the identity on k' (as Aut(k’/k) = {1}!), on the closed fiber we therefore get an auto-
morphism ¢, of &)y which defines an anti-homomorphism p : I' — Auty/ (&) landing in the commutator
of the K-action. But an imaginary quadratic field acting (in the isogeny category) on an elliptic curve is
necessarily its own commutator in the endomorphism ring of the elliptic curve (even in the supersingular
case!), so we deduce that p(I') C 0 and in particular p is actually a homomorphism since &} is abelian.
Let x(0) € 05 be the unique (cf. Theorem 2.1(2)) unit inducing the same action as p(c) on the closed fiber
of &/ (recall our initial assumption that when @' is larger than {£1}, then the whole ring Ok acts on E
and hence on the Néron model of E,p/). Clearly x is a homomorphism.

For each 0 € T' we see that (o) ef ¢s 0 x(0)7' : E/rr ~ 0% (&) r/) makes sense and induces the identity
on the closed fiber. Since passage to the closed fiber is a faithful functor for abelian schemes (see Theorem
2.1(2)), we conclude that o — (o) satisfies the Galois cocycle condition on the generic fiber over F’ (indeed,
to check this condition we may work over R’, and even on closed fibers over R’ by faithfulness). Thus, by
Galois descent we obtain a twist E’ of E over F and an isomorphism E} = E/pof elliptic curves which
carries the canonical descent data on E;  over to the “twisted” descent data 1.

I claim that E’ has good reduction over F. To prove this, by Néron-Ogg-Shafarevich it suffices to pick a
prime ¢ distinct from the residue characteristic of R and to show that the I'-action on the ¢-adic Tate module
of E;  is trivial (note that the Galois action on this Tate module certainly factors through I', since at least
over F’ we know we have good reduction for E; =~ E;p/). But this triviality is equivalent to the natural
action of I" on the closed fiber of the Néron model of E’ over R’ being the identity. This in turn follows from

how E’ was constructed.
|

Recall that W denotes the completion of the maximal unramified extension of the algebraic localization
Op o of Oy at the place v over p.

Theorem 2.5. In the above notation, the point in X (W) arising from a Heegner point in X (H) is necessarily
induced by a Heegner diagram over W.

It seems likely that Theorem 2.5 is false if we try to replace W with &, (or its completion A,); we
almost surely have to pass to some extension of H unramified over v.

Due to the properness (even finiteness) of the fine moduli scheme of Drinfeld I'g(NV)-structures on a
given elliptic curve over a base, it follows that a diagram over W as in Theorem 2.5 is automatically a
To(N)-structure (i.e., a cyclic N-isogeny) since this is true on the generic fiber of characteristic 0.

Proof. Let’s begin with a Heegner diagram ¢ : E — E’ over H which induces the given point in X (H). It
is generally not true that this necessarily admits good reduction over W (e.g., make a ramified quadratic
twist), but Lemma 2.4 (whose additional hypothesis for K = Q(v/—1) or K = Q(v/=3) is satisfied because
of our general assumption of CM by the maximal order for our Heegner points) shows that over the fraction
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field F' of W there exists a twist of E with good reduction. More specifically, such a twist is given by an
element x € H'(Gal(F,/F), 05) = Homeont(Gal(Fs/F), 0). Since ¢ is Ok-equivariant, we can use the
same Galois character x to twist E’, and the resulting &'-valued twisted descent data automatically has to
commute with the &x-compatible ¢.

Consequently, we can twist the entire given Heegner diagram relative to y and thereby obtain a Heegner
diagram over F' for which the two elliptic curves have good reduction over W and the induced geometric
point in X (Fs) coincides with the original Heegner point. Using Néron functoriality we can extend the
twisted ¢ over W and thereby get a Heegner diagram over W inducing the point in X (W) arising from our
given Heegner point in X (H) (recall that X (W) — X (F) is bijective).

|

In all that follows, we will fix a Heegner diagram x over W inducing a given Heegner point in X (W)
(or rather, inducing the W-section of Xy arising from an initial choice of Heegner point in X(H)). The
existence of such a diagram follows from Theorem 2.5. It is important to note that the data of x is determined
up to non-unique isomorphism by the corresponding section in X (W), so this section will also be denoted
x. This uniqueness up to isomorphism follows from the following result, applied to R = W:

Theorem 2.6. Let R be a complete discrete valuation ring with separably closed residue field k and fraction
field L. Let Ay and As be two abelian schemes over R. Then for any field extension L' of L, the natural
map Hompg (A1, A2) = Homp (Ay /1, Aayr) — Homyp/(Ayp, Az/p) s an isomorphism.

In other words, there are no “new” geometric morphisms between Ay and As over an extension of L which
don’t already show up over L (or equivalently, over R).

Proof. By the first part of Theorem 2.1, we are reduced to the case in which L’ is a separable closure of L,
and by direct limit considerations we can even assume L’ is a finite separable extension of L which we may
moreover suppose to be Galois. Let I' = Gal(L'/L). By Galois descent, it suffices to show that o*(f) = f
for any f: A1/, — Az and any o € T'. Let A; denote the Néron model of A, /1 Over the integral closure
R of Rin L' (so R’ is a Dedekind domain which is finite over R), so A’ = A; xg R'. Let F': A} — Aj
denote the map induced by f on Néron models, so it suffices to prove o*(F) = F for any o € I'. The crucial
role of the hypothesis that R is complete is that it ensures R’ is again local (i.e., a discrete valuation ring).

By the second part of Theorem 2.1, it suffices to check equality on the closed fiber over R’. But since
R’ has residue field which is purely inseparable over R (so o reduces to the idenity!), it is immediate that

o*(F) and F coincide on closed fibers over R'.
]

Throughout all that follows, the prime p will be fixed and we will write F' to denote the fraction field of
W. We will also write X to denote Xy, and 7 to denote a uniformizer of W.

We now record an important immediate consequence of the above considerations (upon recalling how
correspondences act on rational points, via pushforward and pullback).

Corollary 2.7. Fix a positive integer m relatively prime to Np. Consider the Hecke divisor Tm(g/F) mn
X/ p. Its scheme-theoretic closure in Xy is a sum of sections lying inside of the relative smooth locus.

By “sum of sections” we mean in the sense of relative effective Cartier divisors, which is to say that
we take products of ideal sheaves (all of which are invertible, thanks to the sections lying in the relative
smooth locus). It is immediate from the corollary, that the closed fiber of this closure is computed exactly by
the habitual “Hecke correspondence” formula on the level of geometric points. Thus, this scheme-theoretic
closure may be denoted T,,(x) without risk of confusion.

Proof. We have to prove that all points in T}, (z / ) are F-rational with corresponding W-point in the smooth
locus of X over W. It is here that one uses that m is prime to Np, the crux of the matter being that all
prime-to-p torsion on elliptic curves over W is finite étale and hence constant (since W has separably closed
residue field) and all prime-to-N isogenies induce isomorphisms on level N-structures over any base. Thus,
all level structures of interest can be defined over W and we just have to show that if z is a T'g(V)-structure
over W which is m-isogenous to z, then the resulting section Spec(W) — X lands in the smooth locus.
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If p 1 N then X is W-smooth, so we're done. If p|N, then by [GZ, Ch III, Prop 3.1] the closed point
zo € X(W/m) is an ordinary point in either the (0,n) or (n,0) component of the closed fiber X, (where
n = ord,(N) > 1). Since z, is m-isogenous to z, with ged(m, N) = 1, we see that the I'o(IV)-structure z,
is another ordinary point on the same component as x, and in particular is a smooth point. Thus, z lies in

the relative smooth locus.
[ ]

The analogue of this corollary when p|m is much more subtle, and will be treated in §6.

3. THE SERRE-TATE THEOREM AND THE GROTHENDIECK EXISTENCE THEOREM

The main technical problem in the arithmetic intersection component of [GZ] is to compute various
intersection numbers by means of counting morphisms between deformations of elliptic curves. We will have
two elliptic curves E and E’ over a complete local noetherian ring (R, m) (often artin local or a discrete
valuation ring) and will want to count the size of the finite set H,, = Hompg, (E,, E!,), where (-),, denotes
reduction modulo m"*1. By the last line of Theorem 2.1(2), the natural “reduction” map H,y1 — H,
(corresponding to base change by R,+1 — R,) is injective for every n > 0, so we can view the H,’s
as a decreasing sequence of subgroups of Hy = Homy(Ey, Ej) (where k¥ = R/m). When k has positive
characteristic p, the Serre-Tate theorem (to be stated in Theorem 3.3) will “compute” these Hom groups H,,
between elliptic curves in terms of Hom groups between p-divisible groups. In fact, the Serre-Tate theorem
does much more: it essentially identifies the deformation theory of an elliptic curve with that of its p-divisible
group. It will turn out that p-divisible groups are more tractable for our counting purposes, by means of the
theory of formal groups (a theory which is closely connected to that of p-divisible groups in the situations
of interest).

Once we have a way to work with the H,,’s by means of p-divisible groups via the Serre-Tate theorem, it
will still be important to understand one further issue: what is the intersection of the H,,’s inside of Hy?
For example, the faithfulness at the end of Theorem 2.1(2) yields a natural inclusion

Homp(E, E') C (| H, ~ lim H,,

inside of Hy. Using a special case of the Grothendieck existence theorem, to be recorded in Theorem 3.4,
this inclusion is an equality.

Let us now set forth the general context in which the Serre-Tate theorem takes place. Since the specificity
of elliptic curves leads to no essential simplifications on the argument which is used for abelian schemes, we
will work in the more general setting of abelian schemes (although only the case of elliptic curves intervenes
in [GZ]). We recommend [Mum] as a basic reference for abelian varieties and [GIT, Ch 6] as a basic reference
for abelian schemes. Let S be a scheme, and A, A’ two abelian schemes over S. Assume that a prime number
p is locally nilpotent on S (i.e., every point of S has residue field of characteristic p). The case of most interest
will be S = Spec(W/n"*1) where W is either a ring of Witt vectors or some finite discrete valuation ring
extension thereof (with uniformizer 7), though more general base rings are certainly needed for deformation
theory arguments.

Let T' = A[p™>] and IV = A’[p*°] denote the p-divisible groups arising from the p-power torsion schemes
on A and A’ over S. The problem considered by Serre and Tate was that of lifting morphisms of abelian
schemes through an infinitesimal thickening of the base. More specifically, let Sy < S be a closed immersion
with defining ideal sheaf .# satisfying .#" = 0 for some positive integer N. Consider the problem of lifting
an element in Homg, (Ao, Af) to an element in Homg (A4, A’). Let’s first record that this lifting problem has a
unique solution if it has any at all, and that a similar uniqueness holds for p-divisible groups (not necessarily
coming from abelian schemes):

Lemma 3.1. Let Sy — S be as above. Let A and A’ be arbitrary abelian schemes over S, and let T
and TV be arbitrary p-divisible groups over S. Then the natural maps Homg (A, A") — Homg, (Ao, 4j) and
Homg(T',T) — Homg, (I'0,I'y) are injective.
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Proof. In both cases we may assume S is local. By the last line of Theorem 2.1(2), base change to the
residue field is a faithful functor on abelian schemes over a local ring, so the case of abelian schemes is
settled by means of base change to the residue field. For p-divisible groups, use [K, Lemma 1.1.3(2)] (which
also handles the abelian scheme case).

|

As was mentioned above, one aspect of the Serre-Tate theorem is that it identifies solutions to the
infinitesimal lifting problem for morphisms of abelian schemes with solutions to the analogous problem for
their p-divisible groups. In order to put ourselves in the right frame of mind, we first record the fact that
abelian scheme morphisms can be safely viewed as morphisms between p-divisible groups:

Lemma 3.2. If A and A’ are abelian schemes over a base S, and I' and T are the associated p-divisible
groups for a prime number p, then the natural map Homg(A, A’) — Homg(T',T") is injective.

Note that this lemma does not impose any requirements on residue characteristics at points in S. We call
amap I' — I algebraic if it arises from a (necessarily unique) map A — A’.

Proof. We can assume S is local, and by the last line in Theorem 2.1(2) we can even assume S = Spec(k) for
a field k£ which we may assume is algebraically closed. If p is distinct from the characteristic of k, then the
injectivity can be proven by a relative schematic density argument (this is needed in the proof of Theorem
2.1, and uses results from [EGA, IV3, 11.10]). If p coincides with the characteristic of k, then under the
equivalence of categories between connected p-divisible groups over k and commutative formal groups of finite
height over k, the connected component of the p-divisible group of an abelian variety over k is identified with
the formal group of the abelian variety. Thus, if f,g : A — A’ satisfy f[p>°] = g[p™°] then f and g induce
the same maps o A7 0 — o 4,0 on formal groups at the origin. Thus, f = g.

|

As an example, if E is an elliptic curve over Q,, with good reduction over Z, and & is the Néron model
of I/, then Endq, (F) = Endgz, (&) C Endz, (&[p>]). We want to describe the image of this inclusion. More
generally, suppose we are given a map f : I' — I between the p-divisible groups of two abelian schemes
A and A’ over S, and assume its reduction fy over Sy is algebraic (in the sense that it comes from a map
Ay — A which is then necessarily unique). The theorem of Serre and Tate asserts that f is also algebraic
(and more):

Theorem 3.3. (Serre-Tate) The natural commutative square (with injective arrows)

Homg(A, A’y ——— Homg (T, T")

l |

Homg, (Ag, Ajy) — Homg, (I'g, T')

is cartesian. In other words, a map fo: Ay — A} lifts to a map f: A — A’ if and only if the induced map
folp™] : To — T, lifts to a map h: T — TV, in which case f and h are unique and f[p*>] = h.

Moreover, if the ideal sheaf & of Sy in S satisfies IN =0 for some N and we are just given an abelian
scheme Ao over Sy and a p-divisible group T' over S equipped with an isomorphism o : Tg ~ Ag[p®™], then
there exists an abelian scheme A over S and an isomorphism ¢ : I' >~ A[p*>] lifting to. The pair (A1) is
unique up to unique isomorphism.

Proof. For an exposition of Drinfeld’s elegant proof of this theorem, see [K, §1]. This proof uses the point

of view of fppf abelian sheaves.
|

In words, Theorem 3.3 says that the infinitesimal deformation theory of an abelian scheme coincides
with the infinitesimal deformation theory of its p-divisible group when all points of the base have residue
characteristic p. We stress that it is crucial for the Serre-Tate theorem that all points of S have residue
characteristic p and that we work with infinitesimal deformations. For example, p-divisible groups are étale
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away from points of residue characteristic p, so there are no obstructions to infinitesimal deformations of p-
divisible group maps at such points, whereas there can certainly be obstructions to infinitesimally deforming
abelian scheme maps at such points (e.g., supersingular elliptic curves over k = Fp always lift to W (k), and
it follows from Corollary 3.5 below that some of the endomorphisms in characteristic p cannot lift through
all infinitesimal levels of the deformation to W (k)).

One reason for the significance of Theorem 3.3 for our purposes is that if A and A’ are abelian schemes
over a complete local noetherian ring R of residue characteristic p > 0 (the case of elliptic curves being the
only one we’ll need), then Hompg, (4,, A’,) is naturally identified with the group of “algebraic” elements in
Homy (Tg, T')) which lift (necessarily uniquely) to Hompg, (I's,I',). This is particularly interesting when & is
algebraically closed and we are working with A = A’ equal to a supersingular elliptic curve Fy over k. In
such a case, 'y “is” the unique commutative formal group over k of dimension 1 and height 2, so Endg(Ty)
is identified with the maximal order in the unique quaternion division algebra over Q,. Thus, problems in
the deformation theory of endomorphisms are transformed into problems in quaternion algebras (and some
such problems are solved in [Grl], as we shall use later on).

The Grothendieck existence theorem addresses the problem of realizing a compatible family of infinitesimal
deformations of a proper variety as the reductions of a common non-infinitesimal deformation.

Theorem 3.4. (Grothendieck) Let R be a noetherian ring which is separated and complete with respect to
the I-adic topology for an ideal I. Let X and Y be proper R-schemes, and R,, X,,Y, the reductions modulo
I"*Y. The natural map of sets Homp(X,Y) — lim Homp, (Xn,Yn) is bijective.

Moreover, if {X,} is a compatible system of proper schemes over the R, ’s and % is an ample line bundle
on Xo which lifts compatibly to a line bundle £, on each X,,, then there exists a pair (X, L) consisting of
a proper R-scheme and ample line bundle which compatibly reduces to each (X,,-%,), and this data over R
is unique up to unique isomorphism.

Proof. See [EGA, I1I;, §5] for the proof and related theory.
|

The first part of Grothendieck’s theorem identifies the category of proper R-schemes with a full subcate-
gory of the category of compatible systems {X,,} of proper schemes over the R,,’s, and it is really the second
part of the theorem which is usually called the existence theorem (as it asserts the existence of an R-scheme
giving rise to specified infinitesimal data over the R,,’s).

It is not true that all compatible systems {X,} of proper schemes over the R,’s actually arise from a
proper scheme X over R, and those which do are usually described as being algebraizable. Since the setup
in Grothendieck’s theorem is compatible with fiber products, to give compatible group scheme structures on
the X,,’s is equivalent to giving a group scheme structure on X. Also, various fundamental openness results
from [EGA, IV3, §11-12] ensure that for many important properties P of morphisms, a map X — Y of
proper R-schemes has property P if and only if each X,, — Y,, does. For example, if each X, is R,,-smooth
of pure relative dimension d, then the same holds for X over R.

Since elliptic curves possess canonical ample line bundles (namely, the inverse ideal sheaf of the iden-
tity section), we see that Grothendieck’s theorem provides the conceptual explanation (i.e., independent of
Weierstrass equations) for why a compatible system of elliptic curve deformations over the R,,’s uniquely lifts
to an elliptic curve over R. In higher relative dimension, formal abelian schemes need not be algebraizable.
However, when given two abelian schemes A and A’ over R we conclude from Grothendieck’s theorem that

Homp(A, A') = ﬂHomRn (A,,Al) C HomR/m(Ao,Ag).

Combining the Grothendieck existence theorem with the Serre-Tate theorem, we arrive at the following
crucial result (to be applied in the case of elliptic curves over a complete discrete valuation ring W).

Corollary 3.5. Let (R, m) be a complete local noetherian ring with residue field k = R/m of characteristic
p >0, and let A, A’ be abelian schemes over R with associated p-divisible groups T' and T”. Then

Homp(A, A') = Homy. (A, Ap) () (ﬂ Homg, (T, r;))
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inside of Homy (I, T'().

Let (R, m) be as above, with perfect residue field k of characteristic p > 0. Let Ay be an ordinary abelian
variety over k. Since k is perfect, the connected-étale sequence 0 — I'§ — I'g — I'§t — 0 of Ty = Eg[p™] is
uniquely split. One lifting of T'y to a p-divisible group over R is the split form, namely a product of the unique
(up to unique isomorphism) liftings of I'Y§ and T'§¢ to multiplicative and étale p-divisible groups over R. Such
a split lifting involves no ambiguity in the splitting data. More precisely, if the connected-étale sequence of
a p-divisible group I over R is a split sequence, then the splitting is unique. Indeed, any two splittings differ
by a morphism from the étale part to the connected part, so it suffices to show Hompg(I'1,I'2) = 0 for an étale
p-divisible group I'; and a connected p-divisible group I'; over R. We may make a local faithfully flat base
change on R to get to the case where R has algebraically closed residue field, in which case I'; is a product
of Q,/Z,’s, so it suffices to show that Np™ - T'2(R) = 0. Since I'y is a formal Lie group in finitely many
variables, with multiplication by p given by T; — T? + p(-) in terms of formal parameters T;, Np™ - I'y(R)
vanishes because Nm™ = 0 (as follows from Krull’s intersection theorem for noetherian local rings). With
this uniqueness of splittings in hand, we can make a definition:

Definition 3.6. A Serre-Tate canonical lift of Ag to R is a pair (A4,:) where A is an abelian scheme over
R, ¢ is an isomorphism between A, and Ag, and the connected-étale sequence of A[p™] is split.

It is immediate from the above theorems of Serre-Tate and Grothendieck that a Serre-Tate canonical lift
is characterized by the condition that it is a lift of Ay whose p-divisible group has a split connected-étale
sequence over R, and that it is unique up to unique isomorphism (as a lift of Ag). Moreover, if Aj is
another ordinary abelian variety with Serre-Tate canonical lift (A’,¢'), then Homp(A, A") — Homy, (Ao, A)
is a bijection. In general, when R is not artinian one cannot expect a Serre-Tate canonical lift to exist; the
best one can do is get a formal abelian scheme. However, in the case of elliptic curves the existence is always
satisfied.

4. COMPUTING NAIVE INTERSECTION NUMBERS

We are interested in computing the local intersection pairing (z — (00), Ty (2%) — T (0))y, with x €
X(H) C X (W) a Heegner point and o € Gal(H/K). Serious complications will be caused by the possibility
that z is a component of T;,, (7). By [GZ, Ch III, Prop 4.3], the multiplicity of = as a component in T, ()
is r7(m), the number of integral ideals of norm m in the ideal class o7 associated to o € Gal(H/K) ~ Clk.
Thus, we will first concentrate on the case r,(m) = 0, so all divisors of interest on X intersect properly.
The formula we wish to establish will relate local intersection numbers with Iso groups and Hom groups
for infinitestimal deformations of Heegner points. This section is devoted to some general preliminaries
concerning the simplest situation: intersecting two sections y,y" in X (W) whose generic fibers are distinct
and whose closed points Yo and Q’O are assumed to be disjoint from the cuspidal divisor and supported in the
smooth locus. Heegner points will play no role here.

Recall that a section through the regular locus on a proper flat curve over a field or discrete valuation
ring is automatically supported in the smooth locus, so we could equivalently be assuming that the closed
points of our two sections lie in the (non-cuspidal part of the) regular locus of the closed fiber or that the
sections lie in the (non-cuspidal part of the) regular locus on X. The most important instance of this setup
is given by sections arising from Heegner points or components of prime-to-p Hecke divisors obtained from
such points (as in Corollary 2.7).

For such sections y and 3’ we need to make an additional assumption that there exist I'g(NV)-structure
diagrams over W which actually induce y and 3’. This is an additional assumption because X is not a fine
moduli scheme (but we’ll prove in a moment that in many cases this additional assumption is satisfied). Note
in particular (thanks to Theorem 2.6) that such models over W are unique up to non-unique isomorphism,
so it is easily checked that subsequent considerations which use such models (e.g., Theorem 4.1 below) are
intrinsic to the given sections y and y’ in X(W).

In this setting it makes sense to consider the intersection number

(4.1) (y-y') = length(y Ny)
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where y Ny’ denotes a scheme-theoretic intersection inside of X. Although general intersection theory on
arithmetic curves usually works with degree 0 divisors and requires passing to a regular resolution of X and
using a moving lemma there, the regular resolution process can be carried out without affecting the relative
smooth locus. Thus, the geometric input needed for an intersection calculation on a regular resolution is
the length as in (4.1). Taking the point of view of the right side of (4.1) avoids general intersection theory
and hence makes sense with no assumption of regularity /smoothness. Thus, we could contemplate trying to
establish a formula for this length with no regularity assumptions at all. However, we’ll see that a regularity
assumption is crucial if we want to avoid restrictions on automorphism groups at closed points. Here is the
formula we wish to prove:

Theorem 4.1. Let y,y' € X (W) be sections which intersect properly and reduce to reqular non-cuspidal
points in the special ﬁbgr (and hence are supported in the relative smooth locus over W). Assume moreover
that these sections are induced by (necessarily unique) respective I'o(N)-structures denoted y and y' over W.
Then length(y Ny') = 3 3~ #lsomw, (v, y), where W,, = W/a" 1,

Before we prove Theorem 4.1, we should record the following result which explains why the condition of
existence of “W-models” for y,y" € X (W) is usually automatically satisfied.

Lemma 4.2. Ify € X(W) is a section which is disjoint from the cuspidal locus and has Aut(y ) = {£1},
then, there exists a Lo(N)-structure over W which induces y. Moreover, with no assumptions on Aut(yo)
the complete local ring of X at the closed point Yo of y is the subring of Aut(y, ) invariants in the universal
deformation ring of Yo and {£1} acts trivially on this ring.

Since W/ is algebraically closed, every non-cuspidal point in X (W/m) is actually represented by a
L'o(N)-structure over W/ (unique up to non-unique isomorphism). Thus, the concept of Aut(y,) makes
sense prior to the proof of the lemma (and the existence of a universal deformation ring follows from the
theory of Drinfeld structures on elliptic curves).

Proof. (of Lemma 4.2) Since formal deformations of I'g(/N)-diagrams are algebraizable (thanks to Theorem
3.4), it suffices to prove the assertion concerning universal deformation rings.

If one looks at how the coarse moduli scheme X is constructed from a fine moduli scheme X (¢) (away from
the cusps) upon adjoining enough prime-to-p level structure ¢, and one notes that formation of coarse moduli
schemes in our context commutes with flat base change (such as Z — W), it follows that the complete local
ring at y, on X is exactly the subring of I' = Aut(y ) invariants in the complete local ring on X (1) at a point
correbpondmg to y, with supplementary ¢- structure added. The justification of this assertion is a standard
argument in deformatlon theory which we omit.

Since X(¢) is a fine moduli scheme away from the cusps, its complete local rings are formal deformation
rings. Combining this with the fact that étale level structure ¢ is “invisible” when considering formal
deformations, we conclude that the complete local ring in question on X really is naturally identified with
the I-invariants in the universal deformation ring of y (with the natural action of I'!). It therefore remains to
check that —1 € T" acts trivially on this deformation rlng But since inversion uniquely lifts to all deformations
of a T'y(IV)-structure (other closed fiber automorphisms usually don’t lift!), the triviality of the action of —1
on universal deformation rings drops out.

Proof. (of Theorem 4.1) If y  # y;, then both sides of the formula are 0 and we're done. If these closed
points coincide, s0 Y, = ¥y as I'o(N)-structures over W/, we at least see that the automorphism groups of
y, and y (by which we mean the automorphism groups of representative I'o(N)-structures over W/x) are
abstractly isomorphic.

Let z € X(W/x) be the common non-cuspidal point arising from y, and %. For later purposes let’s
also fiz choices of isomorphisms of I'o(NV)-structures y =~ z and y; ~ z in order to view y and y’ (or more
specifically fized choices of W-models for these sections) as W-deformations of the I'g(N)-structure z.

Let A, denote the universal deformation ring for z. This ring is regular of dimension 2 (as is proven in
[KM]) and has a unique structure of W-algebra (compatibly with its residue field identification with W/), so
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by commutative algebra the existence of a W-section (such as coming from y or y’) forces A, to be formally
W-smooth, which is to say of the form W[[T]] as an abstract local W- algebr?i B

By Lemma 4.2, the complete local ring ﬁX - is exactly the subring AL, where T' = Aut(z)/{£1} acts
naturally. Let d = |T'| denote the size of T'. A crucial point is that T acts faithfully on A, (i.e., the only
elements of Aut(z) acting trivially on the deformation ring are the elements +1). This amounts to the
assertion that +1 are the only automorphisms of z which lift to all deformations of z. That is, the generic
deformation cannot have automorphisms other than +1. This follows from the 1-dimensionality of modular
curves and the existence of elliptic curves with automorphism group {£1}.

The finite group T’ of order d now acts faithfully on the formally smooth - algebra A, ~ W[T], and if
we define the “norm” ¢ = Normg(7T") = J[,cr7(T) then by [KM, p. 508] the subring ﬁx 2 of T-invariants
is exactly the formal power series ring W[t] and [Mat, Thm 23.1] ensures that the resulting finite map
Wt] — W[T] between 2-dimensional regular local rings is necessarily flat. Moreover, using Artin’s theorem
on the subfield of invariants under a faithful action of a finite group on a field (such as I' acting on the
fraction field of W[T]) we see that @Lz — A, is finite flat of degree d = |T|. XC The two sections
v,y 5’&2 — W both arise from specified deformations and hence (uniquely) lift to W-sections of A,. We
can choose T without loss of generality to cut out the section corresponding to the deformation y, and we
let T' correspond likewise to the deformation y/. Define ¢ to be the T-norm of 7" in & x,-- By definition,
we have (y.y') = length(ﬁx 2/ (&, t) = (1/d)length(A,/(¢,t')) since 5’)( . — A, is finite flat of degree d.

By 1nduct10n and short exact sequence arguments with lengths, one shows that if A is any 2-dimensional
regular local ring and a,a’ € A are two non-zero elements of the maximal ideal with A/(a,a’) of finite length
and prime factorization a = [[p;, ' =[] ¢; (recall A is a UFD), then A/(p;,q;) has finite length for all 4, j
and length(A/(a,a’)) = Z” length(A/(pi,q;)). Thus, in our setup we have

length(A./(t,t")) = > length(A./(v(T),y'(T"))) = d Y _ length(A./(T,7(1"))).

vy’ €l ~'eT

Consequently, we get

(4.2) (y-y') = length(A./(T,y'(T")))
y'el’

We have A, /T = W corresponding to the deformation y, and A./(T,~/(T")) is of finite length and hence
of the form W/n*+ for a unique positive integer k.. If we let 4'(y’) denote the deformation obtained from
the 'g(IV)-structure 3 by composing its residual 1somorphlsm with z with a representative automorphism
v € Aut(z) for v/ € T = Aut(z)/{£1}, then 7'(y') corresponds to A./v'(T') and hence there exists a
(unique!) isomorphism of deformations y mod 7k~ (y') mod 7% if and only if k < k... Equivalently, there
exists a (unique) isomorphism y mod 7" ~ y’ mod 7" lifting 7' € Aut(z) if and only if k < ko

Any isomorphism y mod 7k~ y' mod 7% merely as abstract ['o(N)-structures (ignoring the deformation
structure with respect to z) certainly either lifts a unique f;’ or else its negative does (but not both!). Since
passage to the mod 7 fiber is faithful (Theorem 2.1(2)), so any I'o(/V)-structure isomorphism between y
and 3’ modulo ¥ is uniquely detected as a compatible system of isomorphisms modulo 7"’s for n < k, we
conclude from (4.2) that (y.y') counts exactly the sum over all n > 1 of the sizes of the sets Isomw, (y,y') up
to identifying 1somorphlsms with their negatives. This is essentially just a jazzed-up way of mterchangmg
the order of a double summation. Since no isomorphism can have the same reduction as its negative, we

have completed the proof of Theorem 4.1 by purely deformation-theoretic means.
|

5. INTERSECTION FORMULA VIA HOM GROUPS

The link between intersection theory and deformation theory is given by:
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Theorem 5.1. Let o € Gal(H/K) correspond to the ideal class &/ of K, and assume that the number ro(m)
of integral ideals in &7 of norm m vanishes, where m > 1 is relatively prime to N. Then

(5.1) (2T (27)) = 5 3 | Homuy, (2%, 2)acern-
n>0

Remark 5.2. Recall that the hypothesis r.(m) = 0 says that z and T, (z%) intersect properly, so Theorem

4.1 is applicable (thanks to the description of T}, (z%) as a sum of Cartier divisors in Corollary 2.7).

In order to prove Theorem 5.1, we have to treat three essentially different cases: p not dividing m, p|m
with p split in K, and p|m with p inert or ramified in K. The first case will follow almost immediately from
what we have already established, while the second case amounts to a careful study of ordinary elliptic curves
and Serre-Tate canonical liftings, and the third case is a subtle variant on the second case where we have
to deal with supersingular reduction and must replace Serre-Tate theory with Gross’ variant as discussed
in [Grl]. In particular, the phrases “canonical” and “quasi-canonical” liftings will have different meanings
depending on whether we are in the ordinary or supersingular cases (for p|m).

In this section we take care of the easy case p  m and the less involved case where p|m but p splits in
K (i.e., the ordinary case). Our proof will essentially be the one in [GZ], except we alter the reasoning a
little bit to avoid needing to use explicit Hecke formulas on divisors. The supersingular case (i.e., p not
split in K') will roughly follow the same pattern as the ordinary case, except things are a bit more technical
(e.g., it seems unavoidable to make explicit Hecke computations on divisors) and hence we postpone such
considerations until the next section.

Let’s now take care of the easy case p f m. In this case, all m-isogenies are finite étale, so by Corollary 2.7
we see that if {C} denotes the (finite) set of order m subgroup schemes of 27, each of which uniquely lifts to
any deformation of 27, (thanks to the invariance of the étale site with respect to infinitesimal thickenings).
As relative effective Cartier divisors in the relative smooth locus of X over W we get the equality

Tna’ =Y 2%
C

where 27~ denotes the quotient I'g(N)-structure on z7 by the unique order m subgroup scheme over W
lifting C' modulo 7 (this makes sense since m is relatively prime to N).
By Theorem 4.1 and the symmetry of intersection products, we obtain the formula

(52) (£ Ta?) = Y (@ac) = Y 3 4 lsomw, (27 )|

C n>0 C

with all sums implicitly finite (i.e., all but finitely many terms vanish). Since any non-zero map between
elliptic curves over W, is automatically finite flat (thanks to the fiber-by-fiber criterion for flatness), we
conclude that the inner sum over C’s is equal to %|Hom, (2%, Z)degm|. This gives Theorem 5.1 in case
pfm.

Now assume p|m, so we have m = p'r with ¢t,r > 1 and p { r. In particular, this forces p f N, so the
To(N)-structures are étale and X is a proper smooth curve over W. Hence, we have a good theory of Cartier
divisors and intersection theory on X without needing to do any resolutions at all, and we can keep track
of compatibilities with I'g(IV)-structures merely by checking such compatibility modulo 7. Also, we can
work with Hecke correspondences directly on the level of “integral model” Cartier divisors (rather than more
indirectly in terms of closures from characteristic 0 on abstract regular resolutions). These explications are
important because much of our analysis will take place on the level of p-divisible groups and deformations
thereof (for which level N structure is totally invisible) and we will have to do very direct analysis of
Hecke correspondences on relative effective Cartier divisors in characteristic 0, characteristic p, and at the
infinitesimal level. The a priori knowledge that a deformation of a I'g(/V)-compatible map is automatically
To(N)-compatible will be the reason that we can focus most of our attention on p-power torsion and not
worry about losing track of morphisms within the category of T'g(N)-structures.
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In X we have the equality of relative effective Cartier divisors Tp,,(z7) = Tt (T-(27)) with T,-(z7) a sum
of various W-sections z, thanks to Corollary 2.7. Thus,

(5.3) (@ T (2%) =Y (2T (2)).

z

Before we focus our attention on the proof of Theorem 5.1 when p|m, we make one final observation. Using
the connected-étale sequence for finite flat group schemes over W,, (such as the kernels of dual isogenies
z — 27 of degree m) and the fact that finite flat group schemes of prime-to-p order in residue characteristic
p are automatically étale (and therefore constant when the residue field is algebraically closed), we see that
both sides of Theorem 5.1 naturally break up into into sums over all 2’s. It suffices to establish the equality

(54) (2T (2) = 5 3 | Homw, (2, Dhacey|
n>0
for each irreducible component z € X (W) of T,.(z7).

We now prove (5.4) when p is split in K, which is to say that all the Heegner points (such as z and z7)
have ordinary reduction. The key observation is that the WW-models corresponding to all such Heegner points
must be (Serre-Tate) canonical lifts of their closed fibers, which is to say that the connected-étale sequences
of their p-divisible groups over W are split (and non-canonically isomorphic to Q,/Z, x G,[p*]). To prove
this, we first note that by Tate’s isogeny theorem for p-divisible groups over W it suffices to check that on
the generic fiber, the p-adic Tate modules underlying Heegner points over W are isomorphic to Z, x Z,(1)
as Galois modules.

What we know from ordinary reduction and the fact that W has algebraically closed residue field is that
these p-adic Tate modules must be extensions of Z,, by Z,(1). In order to get the splitting, we use the fact
that for any elliptic curve E over F' with CM by K, the CM-action by K is defined over K and hence also
over F', so the Galois action commutes with the faithful action of

Zp Rz ﬁK = Zp Rz HomF(E,E) — HOIDF(TP(E),TP(E>)

Thus, when p is split in K and E has good ordinary reduction then the action of the Z,-algebra Z, ®z Ok ~
Z, x Z, gives rise to a decomposition of T,(E) into a direct sum of two Galois characters which moreover
must be the trivial and p-adic cyclotomic characters, as desired. This proves that our Heegner points are
in fact automatically the Serre-Tate canonical lifts of their ordinary closed fibers. Note that each section
z € X(W) of T,.(z%) has p-adic Tate module isomorphic to that of the Heegner point 27 and hence all
such z’s are Serre-Tate canonical lifts of their closed fibers (even though such z’s generally are not Heegner
points).
By the Serre-Tate theorem, we conclude

(55) Homyp, (ﬁ) @) — HomW/Tr (ﬁa &)

is an isomorphism because on the p-divisible groups side it is obvious the endomorphisms of Q,,/Z, x G, [p™]
over W/z uniquely lift to W (and recall that for the level N-structure we don’t have to check anything once
the residual level respects this data).

The assumption r,(m) = 0 says that there are no degree m isogenies on generic geometric fibers between
27 and z, so there are no such isogenies over W thanks to Theorem 2.6. Since (5.5) is an isomorphism, there
are no such isogenies modulo 77 *! for each n > 0. This renders the right side of Theorem 5.1 equal to 0.
Thus, to prove the theorem we must prove that (2.7, (z)) = 0 for any point z € X(W') which is prime-to-p
isogenous to 2. In more explicit terms, we need to show that a I'g(N)-structure (over some finite extension
F' of F') which is p-power isogenous to z JF (and hence has to have good reduction) must have corresponding
closed subscheme in X which is disjoint from z.

Assuming the contrary, suppose that z actually meets T):(z). Thus, some point in Tj:(z) (viewed as a
Ty (N)-structure over a finite extension W’ of W) would have to admit z /w as the canonical lift of its closed
fiber. We have just seen that z is not one of the component points of Tp:(z), yet z as a I'g(IN)-structure
is the Serre-Tate canonical lift of its (ordinary) closed fiber. To get a contradiction, it therefore suffices
to check that for any non-cuspidal generic geometric point z on X which has good reduction and is the
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Serre-Tate canonical lift of its closed fiber, every point in the geometric generic fiber of of Tt (z) has the
Serre-Tate canonical lift of its closed fiber (with lifted T'g(V)-structure) as one of the (geometric generic)
points of Tyt (z). Due to the level of generality of this claim (with respect to the hypotheses on z), we can
use induction on ¢ and the recursive formula Tpi+1 = T}, T, — pT,¢—1 to reduce to the case t = 1.

By the very definition of T}, we break up T},(z) 7 (viewed on the level of Néron models of “elliptic curve
moduli” over a sufficiently large extension of W) into two parts: the quotient by the order p connected
subgroup and the p quotients by the étale order p subgroups. Since z is a Serre-Tate canonical lift, it has
two canonical quotients (one with connected kernel and one with étale kernel) which are visibly Serre-Tate
canonical lifts of their closed fibers. Moreover, these two quotients yield the two distinct geometric points
which we see in T}, (z) on the closed fiber divisor level. This completes the case when p is split in K.

6. SUPERSINGULAR CASES WITH 7(m) =0

We now treat the hardest case of Theorem 5.1: p|m with p either inert or ramified in K. All elliptic curves
in question will have (potentially) supersingular reduction. For as long as possible, we shall simultaneously
treat the cases of p inert in K and p ramified in K. We will prove (5.4) for z in T,.(z7).

Let K, = K ®q Q, be the completion of K at the unique place over p, so K, is a quadratic extension
field of Q,, with valuation ring 0 = Ok ®z Z,. The p-divisible groups of our Heegner points over W are
formal &-modules of height 1 over W. Instead of the Serre-Tate theory of canonical lifts, we will have to use
Gross’ theory of canonical and quasi-canonical lifts for height 1 formal &-modules. In this theory, developed
in [Grl], the role of canonical lifts is played by the unique (up to non-canonical isomorphism) height 1 formal
O-module over W, namely a Lubin-Tate formal group. The formal groups of z, 2, and z all admit this
additional “module” structure (replacing the property of being Serre-Tate canonical lifts in the ordinary case
treated above). The points in the T (z)’s will correspond to various quasi-canonical lifts in the sense of
[Gr1], and working out the field/ring of definition of such I'g(IV)-structures will play an essential role in the
intersection theory calculations in the supersingular case.

Our first order of business is to give a precise description of T):(z) for any section z € X (W) which
is supported away from the cuspidal locus and is represented by a I'g(N)-structure ¢ : E — E’ over W
for which the “common” p-divisible group of E and E’ is endowed with a structure of Lubin-Tate formal
O-module over W (note ¢ is an N-isogeny and p t N, so ¢ induces an isomorphism on p-divisible groups).
The z’s we care about will be known to have such properties due to their construction from Heegner points,
but in order to keep straight what really matters we avoid assuming here that z is a CM point or even that
2 has any connection to Heegner points at all.

Since W is the completion of the maximal unramified extension of K, by Lubin-Tate theory (or more
specifically local class field theory for K at the unique place over the ramified/inert p) we know that the
Galois representation y : Gg — 0 on the generic fiber p-divisible group associated to a Lubin-Tate formal
O-module of height 1 is surjective and (due to the uniqueness of such formal &-modules up to non-unique
isomorphism) this character is independent of the specific choice of such formal group. That is, by thinking
in terms of this character y we are dealing with a canonical concept. One may object that the data of the
O-action on the p-divisible group of z is extra data which we have imposed, but we’ll see that the “counting”
conclusions we reach will not depend on this choice. Note also that in local class field theory it is shown that
X is the reciprocal of the reciprocity map for K, (if one associates local uniformizers to arithmetic Frobenius
elements; if one adopts the geometric Frobenius convention of Deligne then x is the reciprocity map). This
will lead us to the connection with local ring class fields over K, a connection of paramount importance in
the proof of Theorem 6.4 below.

In order to describe T (z) where z = (¢ : E — E') )y, we first determine the geometric generic points of
T, (z), which is to say that we consider the situation over F. By definition as a divisor on X JE

T (2) 5 = Tp(z5) = Y _(¢c : B/C — E'[$(C))
C

where C runs over all order p* subgroups of E and ¢¢ is the naturally induced map (still an N-isogeny since
pt N). We break up the collection of C’s into collections based on the largest « > 0 for which C contains
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E[p*]. We have the natural isomorphism E/E[p*] ~ E which carries C' over to a cyclic subgroup of order
p'~2", and we note that ¢ carries E[p“] isomorphically over to E’[p“]. Letting s =t — 2u > 0, we therefore
get
To(2)p= Y, Y (¢c: E/C— E'[$(C))
s=t mod 2,0<s<t |C|=p*
with the inner sum now taken over cyclic subgroups of order p*.
We wish to determine which of the F-points on X in this sum correspond to a common closed point on X .

By Galois theory, this amounts to working out the Gal(F/F)-orbits on these points, where o € Gal(F/F)

acting through functoriality on X(F) carries a point ¢c to the point ¢,y where o acts naturally on

C C E(F) (and o(¢(C)) = ¢(c(C)) since ¢ is a morphism over F'). Fortunately, o(C) is something we
can compute because C C E[p>®](F) and G acts on E[p™](F) through the character x! Since x is a
surjective map onto &, the problem of working out Galois orbits (for which we may fix s) is exactly the
problem of computing orbits for the natural ¢*-action on the p*~!(p + 1) cyclic subgroups of order p* in
O/p® ~ (Z/p*)®? when s > 1 (the case s = 0 is trivial: in this case ¢ is even and there is a single orbit
corresponding to the subgroup E[p!/?], which is to say the point z).

First suppose p is inert in K, so &/p is a field (of order p?). Every element of additive order p® in &/p® is
a multiplicative unit, so there is a unique orbit. This orbit is a closed point whose degree over F' is 1 when
s=0and p*"1(p+ 1) when s > 0 (since for s > 0 we just saw that the orbit contains p*~!(p + 1) distinct
geometric points). This yields

(6.1) Tpe(2) = > y(s)

0<s<t,s=t mod 2

with each “horizontal divisor” y(s) having its generic fiber equal to a single closed point in X /P of degree
p* +p*~! over F for s > 0 and of degree 1 over F for s = 0.

From the local class field theory interpretation of the preceding calculation, we see that the generic point
of y(s) is defined over an abelian extension of F' which is obtained from the abelian extension of K, whose
norm group has image in (€ /p®)* which is spanned by the stablizer (Z/p*)* of a “line”. This corresponds to
the subgroup Z5 - (1+p*0) = (Z,+p*0)* of index (p+1)p*~" in 6. If F(s)/F denotes the corresponding
finite extension (abelian over Kj,), we see see that the field of definition of y(s),r is exactly Spec(F'(s)).
We let W (s) denote the corresponding valuation ring and let 75 be a uniformizer, so y(s) corresponds to an
element in X (W (s)). It is clear from the construction that the p-divisible group underlying y(s) is exactly
a level s quasi-canonical deformation (in the sense of [Grl]) of the formal ¢-module underlying gép RS Zo-
Moreover, by taking scheme-theoretic closure from the generic fiber (in conjunction with the generic fiber
description of quasi-canonical deformations in [Grl]) we see that the point y(s) € X(W(s)) arises from a
Lo (N)-structure defined over W (s). We stress that from the point of view of coarse moduli schemes this is
a slightly surprising fact (for which we will be very grateful in the proof of Theorem 6.4). By Theorem 2.6
such a W (s)-model is unique up to non-unique isomorphism.

Meanwhile, when p is ramified in K then if 7 € & is a uniformizer (recall W is unramified over &, so
this is not really an abuse of notation), we see that &'/p is a non-split &-module extension of &/ = F, by
70 /7?0 ~ O/n. For s > 0, among the p® + p*~1 cyclic subgroups of order p® in &/p® we have a natural
decomposition into the p*~! such subgroups whose generators map to non-zero elements in 70 /w260 C 0 /p
and the p* others whose generators have non-zero image in &' /7. In the first case the generators are unit
multiples of 7 and in the second case the generators are units. Thus, both such clumps are orbits, so for
each s > 0 with s = t mod 2 we get an orbit of size p* and an orbit of size p*~!. When ¢ is even, the case
s = 0 also gives rise to another singleton orbit corresponding again to the point z. For both options of the
parity of ¢, we arrive at ¢ 4- 1 distinct closed points y(s),r on X/p of degrees p® over F for 0 < s <t¢. In
other words, we get

(6.2) Tu(z)= Y yls)
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with the generic fiber of y(s) of degree p* over F'. These generic fiber closed points of X /r have residue field
identical to the finite abelian extension F(s) of F' corresponding (via local class field theory for Kj) to the
subgroup (Z, + 7°0)* in *. Once again we recover level s quasi-canonical deformations in the sense of
[Gr1], and the points y(s) € X (W (s)) are represented by I'g(V)-structures over W (s).

The identities (6.1) and (6.2) are precisely the inert and ramified cases in [GZ, Ch III, (5.2)]. In both
the inert and ramified cases, for s > 0 the point y(s) € X (W (s)) is represented by a I'g(IV)-structure over
the valuation ring W(s) of the local ring class field of level s, with its p-divisible group endowed with a
natural structure of formal module of height 1 over a suitable non-mazimal order in & (depending on s and
the O-structure specified on z). More specifically, the explicit description above shows that for s > 0 these
formal modules are quasi-canonical deformations (in the sense of [Grl]) which are not “canonical” (i.e., not
formal modules over ©).

When ¢ is even, the point y(0) is z (use the isogeny p'/?), corresponding to a “canonical” deformation
of the closed fiber. When s = 1 in the inert case (so ¢ is odd), the I'g(N)-structure y(1)o over W/ is the

quotient of z, by its unique order p subgroup scheme, which is to say that it is the Frobenius base change g(()p )

of the I'g(V)-structure z, over W/z. Finally, when s = 0 with odd ¢ in the ramified case, then y(0) ~ 27»
as o (IN)-structures, where 0, € Gal(H/K) is the arithmetic Frobenius element at the unique prime p of K
over p. To see this assertion in the ramified case, we just have to construct a p-isogeny between z and z7»
(and then compose it with p(*=1)/2 to realize 2°% as the unique W-section y(0) in T,¢(z). Since oy lies in
the decomposition group at p and is the restriction to H of the arithmetic Frobenius automorphism of the
completed maximal unramified extension F' of K, the existence of a p-isogeny z7» — z as I'g(IV)-structures
follows from Theorem 6.2 below (which does not depend on the preceding discussion).

The next two basic results will help us to construct elements of Hom groups. This is essential in the proof
of (5.4) when p|m.

Theorem 6.1. Let E and E’ be elliptic curves over W with supersingular reduction and CM by Ok, so p
is inert or ramified in K. Let f : E;Wn — Ew, be an isogeny, with n > 0.

o Ifn >1 in the inert case and n > 2 in the ramified case, then the map f has degree divisible by p?
if and only if f mod "+ /p = [p] o g for some other isogeny g : E' jwani1p) = Eywy(entt ) -

e For any n > 0 the map [p] o f always lifts (uniquely) to an isogeny over W/pn"+1.

o Ifpisinertin K, n=20, and f has degree pr for r > 1 not divisible by p, then f does not lift to an
isogeny over W/n2.

Note that the uniqueness of liftings follows from the second part of Theorem 2.1 over the artinian quotients
of W. The last part of the theorem is crucial for success in the inert case with ¢ odd, and it is not needed
for any other cases. It should also be noted that Theorem 6.1 rests on the fact that W is the completion
of a maximal unramified extension of & = Z, ®z Ok (i.e., has algebraically closed residue field and no
ramification over &), as otherwise the theorem is generally false.

Proof. Since W is the completion of the maximal unramified extension of &, we may (and do) take our
uniformizer m of W to come from &.

For the first part of the theorem, we first want to prove that if f has degree divisible by p?, then
f mod 7" /p factors through the isogeny [p] on E' mod 7! /p. Let 'y, denote a fixed Lubin-Tate formal
O-module of height 1 and let R = End, (I')w, ), a maximal order in a quaternion algebra over Q,. We can
(and do) fix isomorphisms of formal ¢-modules E[p>] ~ T" and E’[p>°] ~ T". By means of these isomorphisms,
the map f[p>] induced by f on p-divisible groups is converted into an endomorphism of 'y, as a formal
group (not necessarily respecting the &-structure). It is proven in [Gr1] that the endomorphism ring of I' /yy,
is exactly the subring & + 7™ R inside of the endomorphism ring R of the closed fiber of I'. In this way, f
gives rise to an element o € & + 7™ R with reduced norm N(«) divisible by p?. By the Serre-Tate theorem
relating the deformation theory of elliptic curves with that of their p-divisible groups, as well as the fact that
infinitesimal deformations are automatically compatible with T'g(N)-structures when p 4 N (provided such
compatibility holds over the residue field), the condition that f mod 7"*!/p factor through [p] is exactly the
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statement that o as an element of & + (7™ /p)R be divisible by p (note that 7" /p € & in the ramified case
since we require n > 2 in this case). Now we are faced with a problem in quaternion algebras.

For the factorization aspect of the first part of the theorem, we aim to show for any n > 1 in the inert
case and any n > 2 in the ramified case, p(& + (7" /p)R) = p0 + ©™ R contains the elements a € &+ 7" R of
reduced norm divisible by p?. Any element of R lies inside of the valuation ring €, of a quadratic extension
L of Q, which lies inside of R ®z, Q,. Moreover, the reduced norm of such an element coincides with its
relative norm from L down to Q,. An element of & with norm down to Z, divisible by p? is certainly
divisible by p in 0}, so we can definitely write a = pf3 for some g € R. Thus, for § € R with p8 € 0+ "R
we must prove § € & + (7" /p)R. Choose an element r € R such that R = & @ Or, so if § = a + br with
a,b € O then pb € "¢ and we want b € (7" /p). This is obvious.

Now consider the assertion that [p] o f lifts to W/pn™*! for any n > 0. Using the Serre-Tate theorem and
the description in [Grl] of endomorphism rings of T' over W,.’s as recalled above, we wish to prove that any
element « € & + 7™ R has the property that pa € & + pr™R. This is obvious.

Finally, consider the last part of the theorem. Once again using Serre-Tate and [Grl], we want to show
that if @ € R has reduced norm in Z, equal to a unit multiple of p, then « does not lie in the subring & +7R.
Suppose that o € € + wR. Since « is not a unit in R (as its norm down to Z, is not a unit), its image in
R/pR is not a unit. When p is inert in K, so we may take m = p, the non-unit image of « € & +pR in R/pR
lies inside of the field &'/p and hence « has vanishing image in R/pR. We conclude that « € pR, so « has
reduced norm divisible by p?, contrary to hypothesis.

|

The case of ramified p and odd ¢ will also require the following theorem.

Theorem 6.2. Let E and E’ be as in Theorem 6.1, but assume p is ramified in K. Let ¢ denote the
Frobenius endomorphism on the completion W of the mazimal unramified extension of €. Let (-)¥ denote
the operation of base change by @ on W-schemes. For any positive integer d and any non-negative integer n
there is a natural isomorphism of groups

(6.3) Homy, (E', E)dega ~ Homw, ,, (E'%, E) degpa-

Moreover, if we endow E and E' with To(N)-structures and give E'? the base change T'o(N)-structure, then
this bijection carries To(N)-compatible maps to T'o(N)-compatible maps.

Proof. As usual, we may (and do) choose a uniformizer of W to be taken from a uniformizer of 0 = Ox®zZ,.
Consider the p-torsion E'[p], a finite flat group scheme over W with order p?. The action of Ok on this
factors through an action of Ok /p = O /p? ~ O /7%, where p is the unique prime of O over p. Thus, the
torsion subscheme E’[p] coincides with the kernel of the multiplication map by 7 on the formal ¢-module
E'[p*]. In particular, this torsion subscheme is finite flat of order p over W. Let E” = E’/E’[p], so there is
a natural degree p isogeny E’ — E’ whose reduction is uniquely isomorphic to the relative Frobenius map
on the closed fiber of E'. Since p{ N there is a unique I'g(V)-structure on E” compatible via £/ — E’ with
any given I'o(N)-structure on E’. Consider the degree p dual isogeny v : E” — E’. Let v, = 1 mod 7¢*!
for any e > 0.

We claim that if f : E;Wn — B, is an isogeny then f o, lifts to W41 (with degree clearly divisible
by p), and conversely every isogeny over W, 11 of degree divisible by p arises via this construction (from a
necessarily unique f). This will establish the theorem with E” in the role of E'¥ (with the T'o(V)-aspect easily
checked by unwinding the construction process), and we will then just have to construct an isomorphism of
elliptic curves E” ~ E'? over W compatible with the recipe for I'g(N)-structures induced from E’. Using
Serre-Tate, our problem for relating E” and E is reduced to one on the level of p-divisible groups.

If T = E'[p>], so I' is a formal &-module of height 1 over W and we write R for Endy, (T'), then
multiplication by m makes sense on I' (whereas it does not make sense on the level of elliptic curves in case
p is not principal). Since all formal &-modules of height 1 over W are (non-canonically) isomorphic, so
there exists a W-isomorphism E[p>] ~ T, by using [Grl] as in the proof of Theorem 6.1 we can reduce our
lifting problem to showing that any element o € & + 7" R has the property that arV € ¢ + 7" "' R (with

¥ corresponding to the dual isogeny to 7 with respect to the Cartier-Nishi self-duality of the p-divisible
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group of any elliptic curve, such as E;W), and conversely that any element of & + 7"+ R with reduced norm

divisible by p necessarily has the form anV for some o € & + 1" R.

The self-duality of E’ induces complex conjugation on €, and hence induces the unique non-trivial
automorphism on € as a Z,-algebra. We conclude that 7" is a unit multiple of 7 in ¢. Thus, we are
reduced to the algebra problem of proving that (¢ + 7" R)m C R is exactly the set of elements in & + 7" 1R
with reduced norm divisible by p. Since 7R = Rm (due to the uniqueness of maximal orders in finite-
dimensional division algebras over local fields), we need to prove that m& + 7" "1 R is the set of elements in
O + 1R with reduced norm divisible by p. Since 7 has reduced norm p and an element of & + 7"t!'R
not in 7@ + 7”1 R is a unit in R and hence has unit reduced norm, we’re done.

It remains to construct a W-isomorphism E” ~ E'¥ compatible with T'o(NN)-recipes from E’. Over W/x

we have a canonical isomorphism E ~ E' / ker(Frob) ~ F/(p) ~ (E'¥) which is visibly “T'q(V)-compatible”

(with respect to E’). Thus, we just have to lift this isomorphism to W. By Serre-Tate, it suffices to make
a lift on the level of p-divisible groups. For I' = E’[p>®] we have E"[p*] ~ I'/T[x] and E'¥*[p>=] ~ T'¥,
so we seek a W-isomorphism I'/I'[r] ~ I'? lifting the canonical isomorphism T'/T[r] ~ T over W/m. In
other words, we seek to construct a p-isogeny I' — I'¥ over W which lifts the relative Frobenius over W/.
This assertion is intrinsic to I'. Since I' is, up to non-canonical isomorphism over W, the unique formal
O-modules of height 1 over W, it suffices to make such a p-isogeny lifting the relative Frobenius for one
formal &-module of height 1 over W. By base change compatibility, it suffices to do the construction for a
single formal &-module over &. Since O residue field is F,,, as p is ramified in Ok, over & we seek a suitable
endomorphism of a formal &-module of height 1. Using a Lubin-Tate formal group %, ; for a uniformizer
7 of & and the polynomial f(X) = nX + XP, the endomorphism [r] does the job.

|

The nonzero contributions to (5.4) require some control on closed fibers, and this is provided by:

Lemma 6.3. For z in T,(z7), the closed fiber of Ty (z) is supported at a single point in X (W/x), corre-

sponding to the T'o(N)-structure z, when t is even and gép) when t s odd.

Proof. First consider the inert case. When ¢ is even then y(0) makes sense and we have seen that its

closed fiber is z,. When ¢ is odd then y(1) makes sense and we have seen that its closed fiber is gép ).

Thus, for the inert case we just have to check that y(s)o in X(W/x) only depends on s mod 2. From the
explicit construction, we get y(s)o from z as T'o(N )—st_ructures over W/m by s-fold iteration of the process of
passing to quotients by the unique order p subgroup scheme (i.e., the kernel of the relative Frobenius) in our
elliptic curves. But over a field (such as W/m) of characteristic p, going through two steps of this process is
exactly the same as passing to the quotient by p-torsion, so it brings us back to where we began! Thus, the
construction only depends on s mod 2.

Now consider the ramified case. This goes essentially as in the preceding paragraph (where we barely
used the property of p being inert). The only difference is that our divisor has contributions from both even
and odd values of s. Looking back at where y(s) came from, we see that the contribution for s = ¢ mod 2

is z, for t even and gép ) for t odd. Meanwhile, for s # ¢ mod 2 our setup is obtained from an order p*+!

quotient on the I'g(IN)-structure z,, so this again corresponds to z, for ¢ even and to g(()p ) for ¢ odd.
[ |

One important consequence of Lemma 6.3 is that the intersection number (z.7T):(2)) in (5.4) is non-zero
if and only if x, =~ z, for even ¢ and if and only if z, ~ g(()p ) for odd t (or in perhaps more uniform style,
t

To ggp )). Here, isomorphisms are as T'g(N)-structures.
We need one more result before we can prove (5.4). The following theorem rests on the fact that the
points y(s) € X(W(s)) in the support of Ty, (z) are quasi-canonical liftings (in the sense of [Grl1]).

Theorem 6.4. For a point z in T, (%) and a point y(s) in the divisor Ty (z) with s > 0, we have

(zy(s)) = (1/2)[Isomyy /7 (y(s)o, 2o)|-
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This result is [GZ, Ch III, Prop 6.1]. Our (very different) proof uses deformation theory.

Proof. We can assume that there exists an isomorphism ¢ : 2, ~ y(s)o as I'o(IV)-structures over W/m, as
otherwise both sides of the desired equation vanish. Now fiz such an isomorphism ¢.

Since the p-divisible group underlying z is a “canonical” lifting of its closed fiber (i.e., its endomorphism
ring is a maximal order in a quadratic extension of Z,) while the p-divisible group underlying y(s) for s > 0
is merely a level s quasi-canonical lifting in the sense of [Grl] (so its endomorphism ring is a non-maximal
order), by [Grl, Prop 5.3(3)] we see that for s > 0 the p-divisible group of y(s) over W(s) is not isomorphic
modulo 72 to the p-divisible group of Z /(s S deformations of x, (i.e., in a manner respecting the map
induced by ¢ on p-divisible groups). Consider the universal formal deformation ring A for z,, on the category
of complete local noetherian W-algebras with residue field W/.

Abstractly A ~ W[¢], and we get Spec(W) — Spec(A) and Spec(W(s)) — Spec(A) corresponding to
z and y(s) respectively. A key technical point is that both of these maps are closed immersions (i.e., the
ring maps are surjective). In fact, the corresponding ring maps A — W and A — W(s) send t to a
uniformizer (using Lubin-Tate theory for  and [Grl, Prop 5.3(3)] for y(s)). Since the subscheme of Spec(A)
cut out by z corresponds to the principal ideal generated by t — wu for some unit v € W* and the map
A — W(s) corresponding to y(s) sends ¢ to msus for a unit us € W(s)*, we compute that the scheme-
theoretic intersection of our two closed subschemes in Spec(A) is Spec(W (s)/(msus —mu)) ~ Spec(W (s)/ms)
since /7 lies in the maximal ideal of W (s). In geometric terms, the closed subschemes z and y(s) in X
are tranverse. B

Let T' = Aut(zy)/{%1}, so we want d ef IT| to equal (z.y(s)) (assuming this intersection number is
non-zero). From Lemma 4.2 and the proof of Theorem 4.1, we see that I acts faithfully on A ~ W[T] and
that ¢ Xz, is naturally identified with the subring of invariants A" ~ Wt], where ¢ = Normp(T"). Consider
the map A — W(s). This map depends on ¢, and we showed above that it is surjective. The action of T on
A is compatible with making permutations on the choices of ¢, so the given map A — W (s) sends v(T') to
a uniformizer of W (s) for all ¥ € T. In particular, the map W[t] ~ o Xz, — W(s) corresponding to y(s)
sends ¢ to an element of normalized order in W (s) equal to |T'| = d, whence we see that the closed subscheme
y(s) — X is not generally Spec(W(s)) but rather corresponds to the order of index d in W (s). Likewise,
the surjective map W[¢] — W corresponding to z sends ¢ to an element of normalized order d in W. Thus,
the scheme-theoretic intersection z Ny(s) in X is the spectrum of the artinian quotient
(6.4) W (s)/(x%(unit) — 7%u).

S

Since W (s) is totally ramified over W of degree p* + p*~! > 1 in the inert case and of degree p* > 1 in the
ramified case, we see that 7% has strictly smaller order than ¢ in W (s), so the artinian quotient (6.4) has
length d, as desired.

|

We are now in position to prove Theorem 5.1 when p|m.

When s = 0 occurs, we have z # x when ¢ is even. Indeed, since z is p'-isogenous to itself (via pt/Q) and
hence occurs as a point in Ty, (2) C T3, (27), the vanishing of 7. (m) forces z # z. Thus, y(0) = z in X (W)
is distinct from z for even ¢. Likewise, when ¢ is odd and the s = 0 case occurs (i.e., p is ramified in K),
then y(0) = 2% is again distinct from z. The reason is that 27 is p-isogenous to z, whence (by multiplying
against p(*~1)/2) is p'-isogenous to z, so if y(0) = x then z would occur in Ty (z) € T (27), contradicting
that r.,(m) = 0. Theorem 4.1 therefore gives us a formula for (z.y(0)) in all cases when s = 0 occurs.

Combining this with Lemma 6.3 and Theorem 6.4, we can compute (x.Tpt(2)) as a sum of various terms,
with the contribution from s = 0 being treated separately. We get: for inert p,

3 Y onso # Homyy, (2,2)deg1 + 5 - 5# Homyy (2, 2) deg1, ¢ even
(6.5) (2.Tm(2)) =

% : %#HomW/ﬂ' (27 Z)degpa t odd
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and for ramified p,

3 Ym0 # Homyy, (2, 2)deg1 + - 5# Homyy (2, ) deg1, t even
(6.6) (x.Tn(2) = ) )
5 ano # HOHan (§g7 Q)degl +t- §# HomW/ﬂ— (ZOP , Q)degla t odd

with the ) _(...) term corresponding to s = 0 contributions. For odd ¢ in the ramified case, note also

that z9¢ has closed fiber ggp).
One aspect of (6.5) and (6.6) which perhaps requires some further explanation is in the case of odd ¢t and
inert p, for which we need to explain why a degree p map z, — z, as I'g(IN)-structures is the “same” as an

isomorphism g(()p ) ~ z, of T'o(IN)-structures; this latter isomorphism data is what one naturally gets when

applying Lemma 6.3 and Theorem 6.4 with y(s)o ~ gép) for odd s. The point is that there is a unique order p

subgroup scheme in a supersingular elliptic curve over a field of characteristic p, the quotient by which is the

Frobenius base change. Thus, there is only one possible kernel for a degree p map z, — z,, so the passage

between degree p maps z, — z, and isomorphisms gép ) ~ zo (respecting I'o(INV)-structures) is immediate.

It remains to identify (6.5) and (6.6) with the right side of (5.4) in all four cases (depending on the
parity of ¢ and whether p is inert or ramified in K). For even ¢ and inert p, use multiplication by /2 to
lift isomorphisms to p'-isogenies over thicker artinian bases by repeated application of the second part of
Theorem 6.1, and use the first part of Theorem 6.1 to ensure that iteration of this construction gives the
right side of (5.4). A similar argument using multiplication by pt=1/2 and the third part of Theorem 6.1
takes care of odd t and inert p; the role of the final part of Theorem 6.1 is to ensure that the sum on the
right side of (5.4) in such cases has vanishing terms for n > (¢ —1)/2. The case of even t and ramified p goes
by an argument as in the case of even ¢ and inert p, upon noting that the second part of Theorem 6.1 causes
[p] o f to lift from W,, to W42 since ordg (p) = 2 in the ramified case. The most subtle case of all is odd ¢
and ramified p, for which Theorem 6.2 (and Theorem 6.1) provides the ability to translate this case of (6.6)
into the form on the right side of (5.4).

7. APPLICATION OF A CONSTRUCTION OF SERRE

With Theorem 5.1 settled, the next task is to explicate the right side of (5.1) in terms of quaternion
algebras (still maintaining the assumption r,(m) = 0; that is, the ideal class & corresponding to ¢ under
class field theory contains no integral ideals of norm m). The simplest case is when p is split in K, for then
x and z? are Serre-Tate canonical lifts of their closed fibers, so

Homyy, (27, z) = Homyy (27, z) = Homp (27, )

for all n > 0 (see (5.5)). Thus, the right side of (5.1) vanishes since 7.(m) = 0. Thus, for the purpose of
explicitly computing the right side of Theorem 5.1 in terms of quaternion algebras, we lose no generality
in immediately restricting to the case in which p is not split in K, so p{ N, 0 = Z, ®z Ok is the ring of
integers of a quadratic extension of Q,, and z has supersingular reduction (as does z7).

We need the following classical result (which is noted below [GZ, Ch III, Prop 7.1] and for which we give
a non-classical proof).

Lemma 7.1. The ring R = Endyy,(z) is an order in a quaternion division algebra B over Q which is
non-split at exactly p and oo. More specifically, Z, ®z R is the mazimal order in the division algebra

Q, ®q B and for £ # p the order Zy ®z R is conjugate to the order { (CCL Z) € Ms(Zy) | c =0 mod N} n
Q ®q B ~ M>(Qy)

Proof. By the classical theory of supersingular elliptic curves, we know the first part. Thus, the whole point
is to work out the local structure, and for this we use Tate’s isogeny theorem for abelian varieties over finite
fields. Let ko be a sufficiently large finite field over which there is a model g, of the Heegner diagram z mod =
for which all “geometric” endomorphisms of the underlying elliptic curve (ignoring the étale level structure)
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are defined, so in particular R = Endy,(z,). By Tate’s isogeny theorem (with the trivial adaptation to keep
track of the level structure), for £ # p the natural map

(7.1) 7,2z R — Endzg[GkU]@o[foo]))

is an isomorphism, where the right side denotes the ring of ¢-adic Tate module endomorphisms which are
Galois-equivariant and respect the f-part of the level structure. Since the left side has Z,-rank equal to 4
and the right side is an order inside of My(Zy), we conclude that the Galois group acts through scalars (this
only requires injectivity of the Tate map, and this is completely elementary, so we haven’t yet used the full
force of Tate’s theorem). Thus, we can replace Z¢[Gg,] with Z, on the right side of (7.1), and this yields the
desired matrix description for all ¢ # p.

Now consider the situation at p. Since there is no level structure involved, the claim is that if F is a
supersingular elliptic curve over a finite field kg such that all “geometric” endomorphisms of E are defined
over ko, then Z, ®z Endy,(E) is the mazimal order in a quaternion division algebra over Q,. The crucial
point is that the action of a Frobenius element ¢, on E is through an integer. Indeed, since Z is a direct
summand of the endomorphism algebra of E it follows that ¢, acts as an integer on E as long as it acts as
an f-adic integer on an f-adic Tate module of E. This integrality property follows from the fact that (7.1)
is an isomorphism, since Q, is the center of Q; ®q B.

It follows that on the height 2 formal group I' = E[p*] /Fo of E over an algebraic closure kg, every
endomorphism commutes with the kg-Frobenius and hence is actually defined over ky. By the theory of
formal groups over separably closed fields, the endomorphism ring of I' is a maximal order in a quaternion
division algebra over Q,. But we have just seen that this endomorphism ring coincides with that of the
p-divisible group of E over ky. Thus, it suffices to prove that the natural map

(7.2) Z, @z Endy, (E) — Endy, (E[p™])

is an isomorphism. Notice that if we replace p with ¢ # p then this is exactly the usual statement of Tate’s
isogeny theorem (up to the identification of the category of ¢-divisible groups over kg with a certain category
of Zy|Gj,]-modules).

This “¢ = p” case of Tate’s theorem is proven by essentially the same exact method as Tate’s theorem: the
only change in the proof is that one has to use Dieudonné modules to replace the use of Tate modules. Nearly
every theorem in [Mum] concerning Tate modules also works (usually with the same proof) for Dieudonné
modules, and this enables one to extend various results (such as computing the characteristic polynomial of

Frobenius over a finite field) to the p-part in characteristic p.
|

Using the “closed fiber” functor, we have a natural injection 0k = Endw (z) — Endw/ﬂ(g) = R which
gives rise to a Q-linear injection K — B. By Skolem-Noether, there exists j € B such that jaj—*
all @ € K, where a +— @ is the non-trivial automorphism of K over Q. In particular, j2 € K* and any other

= a for

such element j' of B lies in K*j (as K is its own centralizer in B). Thus, B_ = K is intrinsic to K — B,
so the decomposition B = K @ B_ is intrinsic. Observe that B_ = Kj can also be intrinsically described as
the set of elements b € B such that ba = @b for all a € K — B.

If b € B is written as b = by + b_ according to this decomposition then b_ = ¢j for some ¢ € K. Since

(cj)? = co(c) € Q, when b_ # 0 it generates a quadratic field over Q in which its conjugate is —b_. Thus,
we can compute the reduced norm N(b) as

N(b) = N(b4)N(L+ (e/b4)j) = N(bs) (1 + (¢/b3)) (1 — (¢/b4)j) = N(bs) + N(b)

when by # 0, and the case by = 0 is trivial. In other words, the reduced norm is additive with respect to
the decomposition B= K & B_.
Just as the decomposition B = K @ B_ is intrinsic, for our p which is non-split in K (so Gal(K/Q) =~

Gal(K,/Q,)) it follows that tensoring with Q,, gives the analogous decomposition for the non-split Q, ®q B.

If we define R, def Z, ®z R ~ Endy,,(Z) (the isomorphism being Tate’s isomorphism (7.2)), then by

[Grl, Prop 4.3] we see that the subring of p-divisible group endomorphisms lifting to W,, is given by those



GROSS-ZAGIER REVISITED 23

b=by +b_ € R, satisfying DN(b_) = 0 mod pN(v)", where N(v) denotes the ideal-theoretic norm of the
unique prime of Ok over p. Thus,

Endw, () = {b € R, | DN(b_) = 0 mod pN(v)"}.

The Serre-Tate lifting theorem ensures that Endyy, (2) consists of those elements of R = Endy, (z) lifting to
a W,,-endomorphism of the p-divisible group Z of x. Thus,

(7.3) Endw, (z) = {b€ R|DN(b_) = 0 mod pN(v)"}.

Describing Homyy, (27, x) is more subtle, since it rests on an interesting tensor construction of Serre’s
which unfortunately appears to not be explained adequately in the literature outside of the context of
abelian varieties over a field (which is inadequate for applications such as our present situation where we
have to work over artin local rings). There is a more general discussion of Serre’s construction in [Gi], but
that is also not adequate for our needs. We now develop Serre’s tensor construction in a general setting,
essentially to make functorial sense of an isomorphism z° ~ Hom(a,z) ~ a~! ®4, z in a relative situation,
where a represents the ideal class &7 associated to o under the Artin isomorphism. From a more algebraic
point of view, the problem is that we do not yet have a recipe over W for constructing z? in terms of x
(unless 0 € Gal(H/K) lies in the decomposition group at v). It is this recipe that we must intrinsically
construct; see Corollary 7.11 for the answer. The basic idea is to construct z7 as an “Ok-tensor product”
of x against a suitable fractional ideal of Ok .

To motivate things, if S = Spec(C) and E*" ~ C/b for a fractional ideal b of Ok, then we expect to have
an O-linear analytic isomorphism

(7.4) (a®, E)™ < a®g, (C/b) ~ C/ab.

This sort of construction on the analytic side does describe Galois actions x — x% on Heegner points when
viewed as C-points of a modular curve (if a is a prime ideal and o is a geometric Frobenius at this prime),
but if we are to have any hope of working with such Galois twisting on the level of W-points (or anything
other than C-points), we have to find a non-analytic mechanism for constructing C/ab from C/b.

The device for algebraically constructing “a ®4, E” is due to Serre, and involves representing a functor.
Rather than focus only on &'x-module objects in the construction, we prefer to give a construction valid for
more general coefficient rings, since abelian varieties of dimension > 1 (or in positive characteristic) tend to
have non-commutative endomorphism algebras and Drinfeld modules are naturally “module schemes” over
rings such as F,[¢]. To include such a diversity of phenomena, we will construct a scheme M ® 4 9 for an
arbitrary associative ring A, a finite projective right A-module M, and an arbitrary left A-module scheme
M over any base scheme S (i.e., M is a commutative S-group scheme endowed with a left A-action).

In the interest of saving space, we will omit most of the proofs of the assertions we make below concerning
Serre’s tensor construction; we hope to provide a more detailed development elsewhere. Many proofs are
mechanical, though one must carry them out in the correct order to avoid complications, and a few arguments
require input from Dieudonné theory. Here is the setup for the basic existence result.

Let S be a scheme and let A be an associative ring with identity. Let M be a finite projective right

A-module with dual left A-module MY = Hom 4 (M, A) of right A-linear homomorphisms (with (a.¢)(m) def
ap(m) for € MV, a € A, m € M). By using the analogous duality construction for left modules, there is
a natural map M — M"Y which is an isomorphism of right A-modules (use projectivity of M).

Theorem 7.2. Let M be a left A-module scheme. The functor T ~ M ®4 M(T) ~ Homa (M"Y, M(T))
on S-schemes is represented by a commutative group scheme over S, denoted M @4 9 or Homa (M"Y, 9N),
and M ®4 () carries closed immersions to closed immersions, surjections to surjections, and commutes with
formation of fiber products.

For each of the following properties P of S-schemes, if M satisfies property P then so does M ® 4 IM:
quasi-compact and quasi-separated, locally finitely presented, finitely presented, locally finite type, separated,
proper, finite, locally quasi-finite, quasi-finite and quasi-separated, smooth, €étale, flat. In particular, if MM is
finite locally free over S then so is M @4 IN.
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In Theorem 7.7, we’ll see some nice applications of this result in the context of finite flat group schemes
(beware that without an additional constancy condition on the “A-rank” of M, appropriately defined, the
functor M ® 4 (-) may have a slightly funny effect on the order of a finite locally free group scheme).

By considering left A-modules as right A°PP-modules and vice-versa, the property of being a finite projec-
tive module is preserved and everything we say below carries over with trivial modifications upon switching
the words “left” and “right”.

Proof. First we establish representability, and then will consider flatness; the rest is left as an exercise in
functorial criteria, etc. When M is a finite free right A-module, it is clear that an r-fold fiber product of 9t
does the job. In general, choose a finite presentation of the finite projective left A-module MV:

(7.5) AP A% MY 0.

Applying Hom 4 (-, 9(T)) yields a left exact sequence, so by representability of scheme-theoretic kernels we
deduce representability in general.

I am grateful to Serre for suggesting the following argument for the flatness property; this is much simpler
than my original argument. Since M is projective, it is a direct summand of some A®" as a right A-module.
Thus, M ® 4 9 is a direct factor of the S-flat 9™ as an S-scheme. It therefore suffices to check that if X
and Y are S-schemes with Y (S) non-empty and X xg Y is S-flat, then X is S-flat. We may assume S is
local and X is affine, and can replace Y by an affine open neighborhood of the closed point of the identity
section. We thereby get two commutative ring extensions R — B,C with B ® g C' flat over R and R — C'
having a section, so C = R® I as A-modules. Thus, B is a direct summand of the R-flat B ® g C as an
R-module and hence is R-flat.

|

Now we wish to study fibers and exact sequences. This requires us to first define what it means to say
that a finite projective right A-module M has constant rank r over A. When A is commutative, the meaning
is clear (i.e., the vector bundle M on Spec(A) has constant rank) and can be formulated by saying that
for any ring map ¢ : A — k to a (commutative) field k, the base change M ®4 4 k is r-dimensional as a
k-vector space. Moreover, it suffices to demand this condition for algebraically closed fields k. The correct
notion in the non-commutative case is unclear in general. However, rings acting on (reasonable) schemes
are special. For example, if 9 is locally finite type over S then A acts on the tangent spaces at geometric
points of M, and hence we get many maps from A to matrix algebras (or more conceptually, central simple
algebras of finite dimension) over residue fields at geometric points on S. This example suggests a definition
which, while surely “wrong” for finite projective modules over general associative rings, works well for the
situations we really care about (i.e., module schemes locally of finite type over a base).

Definition 7.3. We say that a finite projective right A-module M has constant rank r if, for every map
¢ : A — C to a finite-dimensional central simple algebra over an algebraically closed field k = Z(C), with
dimy, C = d%, the finite right C-module M ®4 4 C has length dcr. In other words, as a right C-module
M ®4.,4 C is isomorphic to an r-fold direct sum of copies of C.

Remark 7.4. When A is commutative, this is equivalent to the more familiar notion from commutative
algebra (i.e. a rank r vector bundle on Spec(A)) since a finite projective module over a local ring is free and
C in Definition 7.3 is isomorphic to a direct sum of d¢ copies of its unique simple module I¢. Dropping
the commutativity assumption, since dimy Ic = d¢ in the notation of Definition 7.3, the k-length of a
finite C-module is equal to d¢ times its C-length. Thus, in Definition 7.3 one could equivalently require
dimy M ® 4,4 C = r dimy(C) where k is the center of C. This latter formula provides a definition that works
without requiring k£ to be algebraically closed, shows that the quantifiers in Definition 7.3 involve no set
theory or universe issues, and makes it clear that the finite projective dual left A-module MV is of constant
rank r (defined in terms of C' ®4 4 M) if and only if M is of constant rank r (in the sense of Definition
7.3). One sees this latter compatibility with the help of the natural isomorphism of left C-modules

C®¢7A MY ~ (M RA.¢ C)V
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(with the right side a C-dual) defined by ¢ ® £ — (m ® ¢’ — cp(€(m))c’). This is particularly useful when
considering (Picard or Cartier) duality for left and right A-module schemes which are abelian schemes or
finite locally free.

In order to apply Serre’s tensor construction to abelian schemes and their torsion subschemes, we need
to record some more properties.

Theorem 7.5. Let 9 — S be a locally finite type left A-module scheme, and let M be a finite projective
right A-module.

o [If the S-fibers of M are connected, then so are the S-fibers of M ® 4 M. In particular, if M is an
abelian scheme over S then so is M ® 4 IN.

o If9M has fibers over S of dimension d and M has constant rank r over A then M ® o 9 has fibers
of dimension dr.

e Let 0 — M — M — M’ — 0 be a short exact sequence of locally finitely presented S-flat left
A-module schemes. Then applying M ® 4 () yields another short exact sequence of such A-module
schemes, and in particular the map M @4 M — M @ 4 M is faithfully flat.

We will be particularly interested in the case that A is the ring of integers of a number field and M is a
fractional ideal (corresponding to the case of rank 1), so M ® 4 F is an elliptic curve for F — S an elliptic
curve (with S = Spec(W), Spec(W/z"+1)  etc.).

Before we address the special case of the behavior of Serre’s construction on finite locally free commutative
group schemes, we digress to study an important example which recovers (7.4).

Suppose that 9t is an abelian variety over C and A is an associative ring acting on 9t on the left. By
the analytic theory, we functorially have 9t*" ~ V/A where V' = Tang(9®") is the universal covering and
A =H;(9*",Z). In particular, there is a nature left A-action on V' commuting with the C-action and with
respect to which the lattice A is stable. It then makes sense to form M ® 4 V and M ® 4 A, and it follows
by using a right A-linear isomorphism M @ N ~ A®" for suitable N that M ®4 V is a finite-dimensional
C-vector space and M ® 4 A is a finitely generated closed subgroup which is co-compact and hence a lattice.
Thus, the quotient (M ®4 V) /(M ® 4 A) makes sense as a complex torus, and it is only natural to guess that
this must be (M ® 4 99t)®" (which we know to be a complex torus, since M ® 4 M is already known to be an
abelian variety). This guess is of course correct, and is crucial for the usefulness of Serre’s construction (see
the proof of Corollary 7.11).

Theorem 7.6. With notation as above, there is an natural A-linear isomorphism of C-analytic Lie groups
(M@aV)/(M®aA) = (MM which is functorial in both M and M.

We will use this theorem in the case dim9t = 1 (i.e., elliptic curves).

If z is a “level N” Heegner diagram over an Ok[1/N]-scheme S (such as W or C), it makes sense to
apply Serre’s tensor construction Homg, (a,-) to this diagram, provided that this construction carries cyclic
isogenies of degree N to cyclic isogenies of degree N. While such a property is easily checked over C by
means of the preceding theorem, in order to work over a base which is not a subfield of C (such as a non-field
ring like W or an artinian quotient of W) we need to do some more work.

First we record a general result, the proof of which requires Dieudonné theory.

Theorem 7.7. Let M be a left A-module scheme which is finite locally free over S, so its Cartier dual IV
is a right A-module scheme. Then M ®4 M is also finite locally free over S, of rank d” if 9N has constant
rank d over S and M has constant rank r over A.

Quite generally, in terms of Cartier duality there is a natural isomorphism (M ® 4 M)V ~ MY @4 MVY.

Using the above theorems and some additional arguments, one can deduce the following two consequences.

Corollary 7.8. Let S be a henselian local scheme. The functor M ® 4 (-) respects formation of the connected-
étale sequence of a finite locally free commutative group scheme over S.

Moreover, if S is an arbitrary scheme with all points of positive characteristic p and M — S is a left
A-module scheme which is an abelian scheme having ordinary (resp. supersingular) fibers, then M@ 49 — S
has the same property.
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Corollary 7.9. Let f : 9 — N be an isogeny (i.e., finite locally free map) of constant rank d between left
A-module schemes which are flat and locally finitely presented schemes over S. Then

1M®ftM®Am—>M®Am

is an isogeny, and the natural map M @4 ker(f) — ker(1p ® f) is an isomorphism.

When f has constant degree d and M has constant rank r over A, then 1 ® f has constant degree d'.
Likewise, when f is étale then so is 1py ® f.

The applications to Heegner points require that we keep track of cyclicity of kernels of isogenies. This
amounts to:

Corollary 7.10. Let M be a finite projective right A-module of constant rank 1 and let M be a left A-module
scheme whose underlying group scheme over S is finite étale and “cyclic” of constant order d. Then the

same holds for M ® o IN.

An important corollary of these considerations is that for a Heegner diagram z of level N over any
Ok [1/N]-scheme S and any fractional ideal a of K, applying Homg, (a,-) to this diagram yields another
Heegner diagram. Now we can finally prove the main result:

Corollary 7.11. Let x be a Heegner diagram over W arising from a Heegner diagram x over H, and
let 0 € Gal(H/K) correspond to the ideal class represented by a fractional ideal a of K. There exists an
isomorphism x% ~ Homg, (a,z) ~ a"! ®e,  as Heegner diagrams over W.

Proof. Note that the assertion only depends on the isomorphism classes of the Heegner diagrams, and by
Theorem 2.6 two Heegner diagrams over W are W-isomorphic if and only if they become isomorphic over
some extension field of the fraction field of W. Since Serre’s tensor construction is of formation compatible
with arbitrary base change, by using an embedding W < C as Ogy-algebras (which exists by cardinality
considerations on transcendence degrees over H) it suffices to prove the result with W replaced by C. From
the analytic description of Galois action on Heegner points, if  over C is analytically isomorphic to

C/b — C/bn~!

then 2% over C is analytically isomorphic to the analogous diagram with b replaced by a='b. Since
Homg, (a,M) ~ a~! @4, M for an A-module scheme M, if we use functoriality then Theorem 7.6 en-
sures that applying Homg, (a,-) to x over C yields a Heegner diagram which is analytically and hence (by
GAGA) algebraically isomorphic to the diagram of 2% over C, using (a ®¢, C)/(a ®g, A) ~ C/aA for any
Ok-lattice A in C (with this isomorphism functorial in A — C).

[ ]

Having explored the properties of Serre’s tensor construction, we’re ready to apply it:

Theorem 7.12. Let a be an ideal in the ideal class &/ and let 0 € Gal(H/K) correspond to this ideal class.
Then there is an isomorphism of groups

(7.6) Homw, (2%, z) ~ Endw, (z) -a C B
under which an isogeny ¢ : % — x corresponds to an element b € B with N(b) = deg(¢)N(a) as ideals in Z.

In addition to needing the preceding theory to justify the isomorphism in (7.6), particularly over an artin
local base such as W,,, we will need to work a little more to keep track of degrees. Postponing the proof of
Theorem 7.12 for a short while, note that by using an abstract isomorphism 2% ~ Homg, (a,z) over W (and
hence over any W-scheme, such as W,,) as follows from Corollary 7.11, we obtain for any W-scheme S that

(7.7) Homg (2%, z) ~ Homg(Homg, (a,2),2) ~ a ®g, Endg(z)

where Ok acts on Endg(z) through “inner composition” and the second isomorphism arises from:

Lemma 7.13. Let A be an associative ring and M a finite projective left A-module. For any left A-module
scheme M over S and any commutative S-group scheme G, view the group Homg (I, G) as a right A-module
via the A-action on 9. Then the natural map &y : Homg (M, G) ® 4 M — Homg(Hom 4 (M, 9N), G) defined

functorially by Ep(d @ m) : f — &(f(m)) (on the level of points in S-schemes) is well-defined and an
isomorphism.
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This lemma is a simple exercise in definition-chasing (keep in mind how we defined the A-action on
Homg (M1,91)), using functoriality with respect to product decompositions in M and the existence of an
isomorphism M @ N ~ A®" to reduce to the trivial case M = A.

Strictly speaking, this lemma does not include the case of Hom groups between the Heegner diagrams
z and 27, since these are data of elliptic curves with some additional level structure. Since a is typically
not principal, we need to be a bit careful to extract what we wish from Lemma 7.13. The simple trick to
achieve this is to observe that the &x-module Hom groups of I'g(N)-structures which we really want to work
with are described as kernels of certain Ok-linear maps of Hom modules to which Lemma 7.13 does apply.
By exactness of tensoring against a flat module (commuting with formation of kernels), we get the second
isomorphism in (7.7) as a canonical isomorphism.

Let’s now record an easy mild strengthening of a special case of Lemma 7.13, from which we’ll be able to
compute Endy, (%) in terms of Endw, (z).

Lemma 7.14. Let A be an associative ring, M and M’ two finite projective left A-modules. Let M"" denote
the right module of left-linear maps from M’ to A. For any two left A-module schemes MM and M’ over a
base S, view the group Homg (M, M') as a right A-module via the A-action on MM and as a left A-module
via the action on M. Then the natural map

IYRE M"Y @4 Homg (MM, M) 4 M — Homg(Hom 4 (M, M), Hom 4 (M’,0N))
defined functorially by (Ear (00 @ ¢ @ m))(f) : m/ — £ (m")p(f(m)) (on the level of points in S-schemes)

is well-defined and an isomorphism.
In particular, there is a natural isomorphism MY @4 Endg(9M) ® 4 M ~ Endg(Homa (M, 9M)) given by
L@p@m— (f—Ll() &(f(m))), and this is an isomorphism of associative rings.

As a consequence of this lemma, we get a natural ring isomorphism
(7.8) Ends(z?) ~ o' ®¢, Ends(z) ®oy a

for any W-scheme S, where the ring structure on the right is the obvious one obtained via the pairing
a~! x a — Ok. Now we have enough machinery to prove Theorem 7.12.

Proof. (of Theorem 7.12). Specializing the preceding preliminary considerations to the case S = W,, and
identifying Endw, (z) with a subring of Endw,(z) = R, if we view €k = Endw(z) as embedded in R
via reduction it follows that making Ok act on Endy, (z) through “inner composition” as in Lemma 7.13
corresponds to making it act by right multiplication in R (since multiplication in R is defined as composition
of morphisms and all modern algebraists define composition of morphisms to begin on the right). This
therefore yields an isomorphism of groups Homwy, (27, z) ~ Endw, (z) ®¢, a where Ok C R acts through
right multiplication on Endyw, () C R. Since a is an invertible €x-module and B is torsion-free, the natural
multiplication map Endw, (z) ®, a — B is an isomorphism onto Endyw,, (z) - a.

It remains to chase degrees of isogenies. Since the degree of an isogeny over W,, can be computed on the
W /m-fiber, it suffices to work over the field W/ and to show the following: given the data consisting of

e a supersingular elliptic curve F over an algebraically closed field k whose positive characteristic p is
a prime which is non-split in K/Q,

e an action of Ok on E (i.e., an injection of O into the quaternion division algebra B = Q ®z
Endk (E))a

e a fractional ideal a of K,

under the isomorphism
(7.9) Endg(F) - a ~ Homg (Hom(a, F), E)

defined by ¥ - a — (f — ¥(f(a))) we claim that an isogeny ¢ : Hom(a, E) — FE corresponds to an element
b € B with reduced norm deg(¢)N(a). The delicate point here is that a might not be a principal ideal in
Ok . The trick by means of which we will “reduce” to the principal ideal situation is to investigate what

happens on the level of ¢-divisible groups for every prime ¢, since Ok def Zy ®z O is semi-local (either a
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discrete valuation ring or a product of two discrete valuation rings) and hence every invertible ideal in this
latter ring is principal.

To make things precise, fix an arbitrary prime £ of Z. The ¢-part of deg(¢) is exactly the degree of the
isogeny ¢y induced by ¢ on ¢-divisible groups. To keep matters simple, note that everything depends only on
the isomorphism class of a as an &x-module, or in other words everything is compatible with replacing this
ideal by another representative of the same ideal class. More specifically, if ¢ — b under (7.9) and ¢.. is the
composite of ¢ with the isomorphism ¢~! : Hom(ca, F) ~ Hom(a, E) then deg(¢) = deg(¢.) and ¢. — cb,
with Nb = deg(¢)Na < N(cb) = deg(é.)N(c - a). Thus, we may assume without loss of generality that a
is an integral ideal and hence elements of this ideal act on E. If we replace k with a sufficiently big finite
subfield kg down to which E descends and over which all “geometric” morphisms among F and Homg, (a, E)
are defined, we can consider the isomorphism Endy,(E) - a ~ Homy, (Hom(a, E), E). We now apply Tate’s
isogeny theorem at any prime ¢ to both sides. Using the language of ¢-divisible groups so as to treat all
primes on an equal footing, tensoring both sides with Z, yields an isomorphism

Endyg, (E[¢*°]) - a¢ ~ Homy, (Hom(a, E)[¢°], E[¢>°])

with a; = a0k ¢ an invertible ideal of Ok ¢ = Z; ®z Ok.
By functoriality, it is clear that

Hom(a, E)[™] = lim(a~! @0, E[¢")) = lim(a; ' @0, , E[").

Corollary 7.9 ensures these tensored group schemes really do form an ¢-divisible group (of height 2). If we
write a;l ® E[€>°] to denote this ¢-divisible group, then we have an isomorphism

(7.10) Endg, (E[¢*]) - ag ~ Homy, (a, ' @ E[(>°], E[(>])

defined in the obvious manner. If 7 € Ok ¢ is a generator of the invertible (principal!) ideal a, then every
element by of the left side of (7.10) can be written in the form b, = v, - 7w for a unique endomorphism ),
of E[¢>°] and b, corresponds under (7.10) to the composite morphism ¢, : a, ' ® E[(*] ~ E[(>] — E[(>],
where the first step is the isomorphism of multiplication by 7 and the second step is 1,. Thus, ¢, has degree
equal to that of 1y, which in turn is just the reduced norm of ¢, (in the ¢-adic quaternion algebra Q, ®q B).
But since by = 7, this reduced norm is equal to N(by)/N(mw) = N(bs)/N(ay), thereby giving the ¢-part
deg(¢¢) = N(be)/N(ap) of the desired “global” equality of Z-ideals Nb = deg(¢)Na.

|

Corollary 7.15. Assume ro(m) = 0 and ged(m, N) = 1. Choose a representative ideal a for of which is
prime to p.
(1) If p is inert in K and v is a place of H over p, then g, = p? and

(7.11) (2T (7)) = > %(1 + ord,(Nb_)).
bERa/+1,Nb=mNa

(2) If pOx = p? and v is a place of H over p, then q, = p* where k € {1,2} is the order of [p] in the
class group of K and

(7.12) (z.Tn (7)) = > ord,(DNb_)).
beRa/+1,Nb=mNa

Proof. This result is [GZ, Ch III, Cor 7.4], for which the main inputs in the proof are Theorem 5.1, (7.3),
and Theorem 7.12. We refer the reader to [GZ] for the short argument to put it all together (which requires
that a be prime to p). The only aspect on which we offer some further clarification is to explain conceptually
why b_ is always non-zero for the b’s under consideration and why ord,(Nb_) is odd when p { D.

The non-vanishing of b_ is simply because an element b € Ra with b_ = 0 is an element of which lifts
to Homyy, (27, x) for all n > 0, and hence corresponds to an element in Homyy (2%, z) by Serre-Tate and
Grothendieck’s existence theorem. But this latter Hom module vanishes due to the assumption r. (m) = 0.
Thus, since b # 0 (as its reduced norm is mNa # 0) we have b_ # 0. Meanwhile, when our non-split p
satisfies p 1 D, so p is inert K, the choice of j (as in the unramified case of [Grl]) may be made so that



GROSS-ZAGIER REVISITED 29

j? € K* is a uniformizer at the place over p. Thus, any b_ = ¢j € Kj satisfies N(b_) = NK/Q(C)N(jz)
where Ny /q(c) has even order at p and N(j?) is a uniformizer at p (as p is inert in K). Hence, ord, (N(
is odd.

‘0‘
~—
~— 5

|
This completes our consideration of cases with r,(m) = 0.
8. INTERSECTION THEORY VIA MEROMORPHIC TENSORS
In order to go beyond the local cases with ry(m) = 0, we need a stronger geometric technique for

computing intersection pairings without using a moving lemma. This section is devoted to developing the
necessary generalities in this direction, so modular curves and Heegner points play no role in this section.
Unfortunately, the letters K, D, F have already been assigned meaning in our earlier analysis, with F' being
the fraction field of W. Since W and the discriminant of K/Q will make no appearance in this section, for
this section only we reserve the letter F' to denote a global field and D to denote a divisor on a curve. We
fix a proper smooth geometrically connected curve X ,p (having nothing to do with Xo(N)). Let D, D’ be
degree 0 divisors on X whose common support |D|N|D’|, if non-empty, consists entirely of F-rational points.
The example of interest to us is Xo(N),g, D = (x) — (0) (resp. D = (z) — (00)) for some Heegner point
x € Xo(N)(H) (note the two cusps are H-rational too), and D’ = T,,,((x7)—(00)) (resp. D' = T,,,((xz7)—(0)))
for o € Gal(H/K), with gcd(m, N) = 1. In this case, we see that any overlap of supports between D and D’
certainly consists entirely of non-cuspidal H-rational points, and moreover such non-empty overlap occurs
exactly when rp(m) > 0.
In our general setup, we wish to define a local symbol (D, D'}, for each place v of F' with the properties:
e it is bilinear in such pairs {D, D’} (note the hypothesis |D| N |D’| € X(F) is preserved under
formation of linear combinations),
e it agrees with the canonical local height pairing of D, and D! when |D|N|D’| =0,
e the sum ) (D, D’), is equal to the canonical global height pairing.

We recall that in the case of disjoint support, the local height pairing was uniquely characterized by abstract
properties (including functorial behavior with respect to change of the base field) and for non-archimedean
v is explicitly constructed via intersection theory using any regular proper model over the local ring OF,, at
v. For the generalization allowing |D| N |D’| to consist of some F-rational points, the local terms (D, D'},
will not be canonical, but rather will depend on a certain non-canonical global choice. Happily, the product
formula will ensure that this global choice only affects local terms by amounts whose total sum is 0. This
will retain the connection to the global height pairings (which is what we really care about).

In order to clarify the local nature of the construction, we will carry it out entirely in the context of a
local field, only returning to the global case after the basic local construction has been worked out. Thus,
we now write F, to denote a local (perhaps archimedean) field with normalized absolute value | - |,. Feel
free to think of this as arising from completing a global field F' at a place v, but such a “global” model will
play no role in our local construction. Let O, denote the valuation ring of v in the non-archimedean case.
We fix X, ,p, a proper smooth and geometrically connected curve. The following definition is considered in
[Gr2, §5].

Definition 8.1. If z € X, (F,) is a point, f € F,(X,)” is a non-zero rational function, and t, is a fized
uniformizer at x, we define

fla) = fulr] & tgri:m

(z) € .

This definition clearly depends on ¢, only through its non-zero image w, in the cotangent line Cot, (X,)
at x, so we may denote it f,_[z] instead. For non-archimedean v the absolute value | f[z]|, only depends on
this non-zero cotangent vector up to & I?U—multiple. For technical reasons (e.g., the fact that various Hecke
divisors do not have all support consisting of rational points), it is convenient to extend the definition in the
absolute value aspect to the case in which € X, is merely a closed point and not necessarily F,-rational
(this mild generalization does not seem to appear in [Gr2]).
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For any such z, the residue field x(z) at « is a finite extension of F,, and hence for a cotangent vector w,
represented by a uniformizer ¢, at x, the value

Fla] = fu, [2] < (F/1259 D) (@) € r(2)*

makes sense (depending again only on wy), and when ord,(f) = 0 this is just f(z). Thus, the absolute value
| fu. [2]|s make sense, where we write | - |, to also denote the unique extension of |- |, to an absolute value on
k(zx), and it is just |f(x)|, when ord,(f) = 0. Extending by Z-linearity and multiplicativity, we can define

the symbol
|fw U H |f |ord = (D)
z€|D|

for any divisor D on X, for which we have fized a set w of non-zero cotangent vectors at each « € |D|N|div(f)]
(keep in mind that |f,[z]|, does not depend on w € Cot,(X,) when z ¢ |div(f)|, so the choice of cotangent
vector at such s really should be made when defining | f,,[D]|, but actually doesn’t matter). We will write
|f[D]|, instead of | f,,[D]|, when the choice of cotangent vectors is understood from context. We do not claim
to define f,[D], as this would make no sense if the support |D| contains several non-rational points (whose
residue fields are not canonically identified with each other).

We trivially have |(fg)[D]|, = |f[D]|v - |9[D]|v with both sides depending on choices of cotangent vectors
at points of |D| where either f or g has a zero or pole, and we also have |f[D + D'||, = |f[D]lo - | f[D']lv
(assuming the same cotangent vector has been chosen relative to D and D’ at any common point in their
support). Now we are ready for the main definition, which we will justify shortly.

Definition 8.2. Let D, D' be degree 0 divisors on X, /g, with [D|N|D'| = {z1,...,2,} € X,(F,). Choose a
set of cotangent vectors w = {w1,...,wy} at each such point. For f € F,(X,)” such that |[D+div(f)|N|D’| =
(0, define

(8.1) <DaD,>v,g =(D+ diVXv(f)vD/>v —log |f£[D,]|’Ua

where the first term on the right side is the canonical local height pairing for disjoint divisors of degree 0.

It is clear that this definition does not depend on the auxiliary choice of f, thanks to properties of the
canonical local height pairing, so when D and D’ have disjoint supports we see via the case f = 1 that this
definition coincides with the canonical local height pairing for disjoint divisors of degree 0. The bilinearity
in D and D’ (relative to consistent choices of cotangent vectors) is clear.

A crucial observation is that if we begin in a global situation X,p with degree 0 divisors D, D’ on X
whose supports overlap precisely in global rational points {z1,...,z,} C X(F), then by choosing a set of
global cotangent vectors w at the z;’s and choosing a global f € F(X)* for which D + div(f) and D’ have
disjoint support, we get

> Dy, D)y = > (D+div(f) Zlog|fw lo

v v

(D +div(f),D') = > ordy ZZlogUw, Nv.js

2/€|D'|

where the inner sum is over all factor fields x(z) of the reduced ring x(z) ®r F,, (on which the unique
multiplicative norm extending | - [, corresponds to an absolute value |- |, ; on x(z})) and z; runs over all
points on X, over &’ € X. If ¢,/ is a uniformizer representing w,s then

Zlog|fw ' |U] - log‘Nn(w /F(fw /[ ,])|Uv

so by the product formula for Ny, p(fo,, [2]) € F* we get

> Dy, Dy)uw = (D +div(f), D') = (D, D),

v

recovering the canonical global height pairing.
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It is very important for later purposes to observe that the local construction of (-,-), ., is unaffected by
replacing the choices of the w,’s in the local theory with & ;U—multiples. Somewhat more generally, if two
degree 0 divisors D, D’ on X, p, satisty [D| N [D'| = {x1,...,2,} C X\(F,), and we define wj, = ajws;,
then since ord,(f) = —ord, (D) for all x € |D|N|D’| in (8.1) we get

(8.2) (D, D)y = (D, D'}y — Y ordy, (D)ord,, (D') log |,

J
This follows immediately from the definitions, using the fact that uniformizers t, and ¢, representing w, and
w!. = aw, are related by ¢, = at, + (...). Note that (8.2) is exactly in accordance with [GZ, (5.2), p. 250]
(which treates the case of a one-point overlap), since our « is the reciprocal of that in [GZ].

An explication of (8.1) which plays an essential role in calculations at complex places is briefly described in
[GZ, Ch 11, §5.1] (in which the normalized absolute value |- |, on C is denoted |- |? for the usual reasons). Due
to its importance, we want to justify that this alternative description really matches (8.1), and in particular
really works for any local field at all (not just C). The starting point for this alternative description is the
observation that since X, is Fy,-smooth, for any = € X,,(F,,) there is a small open neighborhood of x in X2
which is analytically isomorphic to an open unit disc (so there is a plentiful supply of rational points near
x in the sense of the topology on F),), and the ordinary local height pairing has nice continuity properties
with respect to slightly modifying a divisor variable.

Theorem 8.3. Let D, D’ be degree 0 divisors on X, with |D| N |D'| = {x1,...,2,} C X,(F,). Choose
y; € Xy(Fy) near (but not equal to) z; in the topological space X,(F,). Define D, to be the degree O divisor
obtained from D by replacing all appearances of x; with y;. Then

(D, D/>v,£ = E; <Dga Dl>v - Zordmj (D)Ordzj (D/) log ‘titj (yj)‘v )

li
Yy
where t,, is a uniformizer representing w,, . In particular, this limit actually exists.

It is clear that the term in the limit is independent of the choice of uniformizer lifting each w, ;.

Proof. Subtracting the left side (as defined in (8.1)) from the right side, we get the limit as y — z of

(Z ord,, (D)y; — Z ord,( Z ordg, (D)ord,, (D")log |ta, (y;)]v
J

zeldiv(f)|-z

f
+ Z ord,/(D") log | f(x |U+Zord% log|m(mj)\v )

z'€|D'|—z :t]

where the sum of the last two terms is log|f,[D']|,. Since ord,, (D) = —ord,,(f), after some cancellation
and noting that

ordf (f)( ):ylg%’

th 7 tzj (yj) ’
we are left with the limiting value of —(divx,(f)y, D')v + (D, divx,(f))» as y — z. Thus, it suffices to
prove the general claim that if D, D’ are two degree 0 divisors on X, with overlap at the set of rational
points z, and y is a slight deformation of this set of points, then (D£7 D", — (D, D;}v — 0 as y — z (with
both terms ordinary canonical local height pairings). -

By choosing a rational point P away from these (which we avoid in the limiting process) and expressing D
and D’ as Z-linear combinations of differences Q — [x(Q) : F,]P for closed points Q € X, we reduce to the
following general situation. Let x1,z2 € X, be two closed points distinct from P € X, (F,), with x; = k(z;)
the residue field at x;. Define Z; = x; if x; is not a rational point, and otherwise define z; to be a rational
point near x;, with the requirement that z; # x; for both j’s when z; = x2. Note in particular that =; has
residue field degree over F, equal to [k; : F,] in all cases. The main claim is that

(X1 — [k1: Fy]Pywa — [k : By P)y — (21 — [R1 2 By P, 2o — [ka : Fy]P)y — 0
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as £ — « (the condition Z; — xz; being a tautology if «; is not a rational point).

If neither 1 nor z, is a rational point, there’s nothing to say. If x; is a rational point but z2 is not (or
vice-versa), then by bilinearity we reduce to the continuity of the local height pairing when rational points
within a fixed divisor are moved around in X, (F,). Thus, we may now assume 1,22 € X, (F,). By treating
separately the cases in which we have ; = z; for some j and when this does not hold for either j (and in
the latter case, distinguishing x; = x2 from the case x1 # x2), one can use related continuity/bilinearity

arguments.
]

Now we turn to explicating our modified local intersection pairing in the non-archimedean case. Two
natural questions arise for non-archimedean F:

(1) Can we carry out the local construction using a pairing on the level of (suitable) divisors not neces-
sarily of degree 0, somewhat generalizing the use of intersection theory for regular proper models in
the case of disjoint effective divisors?

(2) Are there ways to package the ﬁﬁv—multiple class of a non-zero cotangent vector by using higher
(meromorphic) tensors?

Thanks to bilinearity, in order to address the first question, the central issue is to properly define (z.x), for
x € X,(F,) when a non-zero cotangent vector w,, is chosen at x. More specifically, suppose that X, /O, is a
regular proper model for X,,, and let z € X, (OF,) be the section arising from x via scheme-theoretic closure.
Since X, is regular, this section z lies in the relative smooth locus over &r,. We have the natural linear
isomorphism among cotangent spaces Cot,(X,) ~ F, ®¢,, Cot,(X,), so given a non-zero w, € Cot,(X,)
there exists an a, € F, unique up to & ;U—multiple such that a,w, € Cot,(X,) is a basis of the rank 1
lattice Cot, (X, ). In particular, we see that ord,(c,) depends only on the data of w, (not ¢,) and X,. We'll
now see that the choice of X, doesn’t matter.

Theorem 8.4. Fir a cotangent vector w, at every v € X,(F,), and let w = {ws}rex,(r,) denote the
corresponding indezed collection. Define (x.z),, = ordy,(ay) for each x € X, (F,) as above. For distinct
closed points ', 2" € X, define (2'.2")y 0 = (2'.2"), as in (4.1) applied to the regular proper model X .
Extending these definitions to define (D.D’), , via Z-bilinearity for divisors D, D’ on X, with |D|N|D’| C
X,(F.), we get

(8.3) (D,D")y 0 =—(D.D"), o log gy

whenever D and D' have degree 0 (defining the left side as in (8.1) via the same choices w) and the “closure”
of either D or D' in X, has intersection 0 with every irreducible component of the closed fiber of X,,.
Remark 8.5. Our « is the reciprocal of the « in [GZ], so the lack of a minus sign in [GZ, (8.1), p. 263] is
consistent with our formula with a minus sign. Beware that ord,(a;) is very dependent on the particular
choice of regular model X, so (z.x)y, depends on X, (but we omit such dependence from the notation
so as to avoid tediousness). Such dependence is reasonable to expect in view of the fact that the ability to
compute (D, D'), ,, in terms of intersection theory on X is also heavily dependent on a hypothesis involving
X, (namely, that the closure of either D or D’ in X, has intersection 0 with all irreducible components of
the closed fiber of X ).

Remark 8.6. It is immediate from the definitions that if ¢ € F* then

(8.4) (2.2)p,00 = (T.2) 0 — ordy(c).

Proof. By symmetry, we may assume the closure of D in X, has intersection 0 with all closed fiber irreducible
components. We wish to use the limit formula from Theorem 8.3. For y “near” z as in that theorem, we
first claim that D, satisfies the same property which we just imposed on D. This will enable us to compute
the term (D,, D’); via intersection theory on X, since D, and D’ are certainly disjoint divisors on X,.
When taking the closure of D, in X, we get essentially the same divisor as the closure of D in X except
for possibly the contributions of the sections y; € X, (F,,) = X, (OF,). It suffices to check that if z € X, (F,)
is a given point and y € X,(F,) is sufficiently close to z in the topological space X,(F,), then for any
irreducible component A of the closed fiber of X, we have (Z.A) = (g.A), where T and § are the unique
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sections of X, — Spec(Op,) extending = and y respectively (which, when viewed as closed subschemes of
X, are the scheme-theoretic closures of the respective closed points z,y in the open subscheme X, C X ).
Since X, is regular with smooth generic fiber, the section T must factor through the relative smooth locus.
Moreover, if zq is the closed point of Z then the preimage B(zg) of 2y under the reduction map

Xo(Fy) =X, (OF,) — X,(OF, /m,)

is an open neighborhood of . Thus, we consider only y in this neighborhooAd, so ¥y has closed point zq.

If T is a generator of the ideal sheaf of Z in a neighborhood of zg, then Ox ., ~ OF,[T] and y — T(y)
sets up a topological isomorphism between B(xg) and the open unit disc in F), around the origin. Thus, if
the ideal sheaf of A is generated by the regular element f € O [T], then f has non-zero constant term
(as otherwise the Cartier divisor A would contain Z and so would not be a closed fiber component) and
(.A)y = ord(f(T(y))). We have to show that ord(f(t)) = ord(f(0)) for ¢t € F, sufficiently near 0. Since
f(0) # 0 and f has integral coefficients, it suffices to take |t[, < |f(0)],. This completes the justification
that we may compute (D,, D), using intersection theory on X, when y is sufficiently close to z and the
closure of D in X, has intersection 0 with all closed fiber irreducible components of X v-

We conclude from the limit formula in Theorem 8.3 that it suffices to prove

_<x'x)v,wz 1Og Qv = ?}Eg(_(yf)v IOg Qv — 10g |tm (y)|v)
where y € X, (F,) — {z}. In other words, we must prove that this limit not only exists, but is equal to

—ord, (a) log ¢, = log ||y
(and so in particular only depends on w, and not the specific representative uniformizer ¢,, which is a priori
clear). Since t, is a regular function in a Zariski neighborhood of z, it can be viewed as an “analytic”
function 2" on a small disc centered at & with parameter T as in the preceding paragraph (the domain of
this analytic function might not be the entire open unit disc: ¢, might have a pole near x). If 7 = T'(y) then
—(9.T)y log ¢y = —ord, (1) log ¢, = log|7|, and t,(y) = 3" (7). We therefore have to compute

lig})(log |7]o — log [t3"(7)]v)

where t, = (1/a,)T + ... in F[T] with T as defined above serving as a parameter on an open unit disc (so
this also gives the expansion of the analytic function #3").

Since t3" = (1/a )T - h where h is an analytic function near 0 with h(0) = 1, we conclude that t2"(7) =
(1/a)Th(T), so log|7|, —log [t3"(T)| = log |y |, —log |h(T)|w, and as 7 — 0 we have log |h(7)|, — log|1|, = 0.
Thus, we conclude that lim,_,,(—(7.T), log ¢, — log|t.(y)|v) = log |az|,, as desired.

[ ]

As the above proof shows, in order to compute (D.D’), ., we may make a base change to the completion

of the maximal unramified extension of F),, and we note that X X gp, ﬁ;}: is still regular.

With these preliminary constructions settled, we turn to the question of computing self-intersection num-
bers with the help of an auxiliary tensor. Fix an integer k (we allow k£ < 0) and fix a non-zero rational section
0 of (Qﬁ(u/Fv)(@’C with 7, % ord, () # —k. When k = 0 we are requiring the non-zero rational function 6 to
have a zero or pole at x, so the situation is always “abstract”. We may write

(8.5) 0 = (Cptl 4 ...)(dt,)%F,

where C, € F) and t, is a uniformizer lifting w, (so C, only depends on w,, not ¢;). If we use ), = cw,
with ¢ € F*, then upon using the representative uniformizer ¢/, = ct, we obtain the transformation formula

C
r T
(8.6) C= %

Note that when 6 is given then w, determines C, up to & ;ﬂ—scaling and vice-versa, but when k+r, # +1
then because of (8.6) we certainly cannot expect to find w, realizing an arbitrary desired C, € F,* for
a given 6. In general, the best we can do is determine w, up to ﬁ;ﬂ—multiple in terms of 6, by the
requirement that 0 < ord,(Cy) < |ry + k|. When k =1 and r, = 0 this recovers the normalization used for
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intersection theory via tangent vectors, but in general we cannot expect to make C, a unit at v. Although
this milder normalization does give us a way to use 6 to single out a “preferred” w, up to & ;v—multiple (since
ord,(0) # —k), and hence the choice of  is “all” the input we need to make sense of C,, it will actually be
convenient to not minimize the choices in this way. Rather, we prefer to think of fixing # in advance and
still retaining the freedom to pick whatever w, we like at the point x.

Observe that if a,w, induces a basis of Cotz(X,), then there is a generator T, of the height 1 prime ideal
pz of the section z in Ox . such that a,t, =T, in Cot,(X,). Thus,

C

(8.7) 0 = (2T + ... )(dTy) %,
(e 7%

so (af=*/C,)0 is a basis of the invertible Op, -module (Q% 10 Ok (—py ")y, /P2 Consequently, we can
now recast the entire discussion in terms of a fixed choice of 6.
More specifically, let us now fiz a choice of non-zero rational section 6 of (ka / Fv)®k (in practice this

will arise from a global rational tensor). For v { co and any = € X, (F,) with r, o ord,(0) # —k, we

choose a uniformizer ¢, at x (in practice arising from a global uniformizer at a global rational point), and
let C, € F be the leading coefficient of the t,-adic expansion of 6 (this coefficient transforms by the
reciprocal multiplier when the non-zero cotangent vector w, € Cot,(X,) attached to t, is replaced with an
F-multiple). If 5, € F,* is chosen so that (3,0 is a basis of (QI&,/WFU ) (=1y - ), /Mg, then 3, is unique

up to ﬁ’;ﬂ—multiple, B does not depend on w,, and via (8.7) we see

ord, (Cac ﬂx )

(8.8) "

= ordy (o) = (2.2)y w0, € Z.
In this way, we can compute (z.x),,,, at any « for which r, def ord,(0) # —k.

9. SELF-INTERSECTION FORMULA AND APPLICATION TO GLOBAL HEIGHT PAIRINGS

We wish to apply the theory in §8 to generalize Corollary 7.15 to cases with 7. (m) > 0. This amounts to
finding systematic (non-canonical!) local definitions of self-intersection numbers for rational points in such
a way that one still recovers the canonical global height pairing as a sum of local terms. In [GZ] this is
carried out with the help of a tangent vector. Unfortunately, the application of this method in the proof
of [GZ, Ch III, Lemma 8.2] uses the 1-form 7*(¢)dq/q which doesn’t actually live on Xo(N), but only on
a degree 6 covering X’ — Xy(N). At points of ramification for this covering (i.e., elliptic points) one gets
the zero map on tangent spaces, and elsewhere at points away from the branch locus there is no reason
why global H-rational points on Xo(N) have to lift to H-rational points on X’. Without the ability to
work with H-rational points, and hence with H-rational tangent vectors, one encounters complications when
formulating a global formula over H in terms of local tangent vector calculations: there has got to be some
link between all of the local tangent vectors (e.g., they all come from a global one) in order for the sum of
non-canonical local terms to recover canonical global height pairings in the case of degree 0 divisors with
non-disjoint supports. Our alternative approach will also have to confront the issue of what to do at elliptic
points, but the merit of using deformation theory is that we will be able to treat all points in a uniform
manner without needing to use specialized arguments for the elliptic case.

Our method might be called “intersection theory with meromorphic tensors”. The motivation is that
although n*(q)dq/q only lives on a cyclic covering of Xo(N), A(q)(dg/q)®® makes sense as a meromorphic
tensor on Xo(INV),q. More importantly, A has a functorial interpretation and so makes sense within the
context of deformation theory. For our purposes, the special role of A is that (via the relative Kodaira-
Spencer isomorphism) on universal deformation rings for elliptic curves (without level structure), the leading
coefficient of A as a 6-tensor is always a unit. After we have carried out our approach, we will revisit the
method used in [GZ] and see how it can be understood as a special case of our approach, at least if one
avoids the quadratic fields K = Q(v/—1) and K = Q(v/=3). An added bonus of our approach via A and
meromorphic tensors is that we will be able to argue with abstract local deformation theory instead of relying
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on the global geometry of modular curves. This allows us to avoid complications traditionally caused by
small primes and special j-invariants.

The main result of this section is really Theorem 9.6, which gives a rather general formula (9.16) for global
height pairings. The proof of this global formula will require a formula for certain self-intersection numbers.
In the global formula, the local junk terms in Theorem 9.2 essentially all cancel out, and we are left with
something that is computable. In §10 we will take up the problem of computing the non-archimedean terms
(denoted (z, T}, (27))5% in (9.16)) in terms of quaternionic data.

We will have to do some hard work in the special case of coarse moduli schemes, whereas the general
intersection theory discussion in §8 took place on rather general smooth curves over local fields. Let us return
to our earlier standard notation, with X = Xo(NV) 1, where W is the completion of a maximal unramified
extension of the local ring O, at a place v of H over a prime p of Q. Also, F' denotes the fraction field of
W and X denotes the generic fiber of X. We do not make any assumptions on the behavior of p in K: it
may be inert, split, or ramified.

Let x € X(W) be a section disjoint from the cuspidal locus, and assume there exists a I'o(N)-diagram
over W which represents z. We emphasize that z need not come from a Heegner point, though by Theorem
2.5 our hypotheses are satisfied for sections arising from Heegner points over H, and by Theorem 2.6 such
a W-diagram realizing a specified F-diagram is unique up to canonical W-isomorphism (such uniqueness
having nothing to do with Heegner points). When the F-diagram is not specified (i.e., only the F-point
of the coarse moduli scheme is specified) then we lose the canonicalness of the W-diagram. We write z to
denote a Heegner diagram over W (unique up to non-canonical isomorphism) representing a given section
z € X(W) for which some such diagram exists. For our present purposes, the connection with Heegner
points is not relevant; the isomorphism class of the diagram over W is all that matters. We first focus on a
purely local assertion concerning diagrams over W (viewed as certain sections of X /W).

Let z € X(F) denote the generic fiber rational point corresponding to z. Fix an arbitrary integer k& and

a rational section 6 of (Q&/F)Q@k such that r, ef ord,(#) # —k. Taking k = 0 and 6 a non-zero rational

function with divisor having a zero or pole at x is one option, for example. Another option of interest is the
case k =6 and 8 = A, but it doesn’t matter what choice we make. In practice the choice we make will have
to arise from the global model over H. For conceptual clarity, we avoid specifying a particular choice of &
or § at the outset.

Choose a cotangent vector w, at z on X /p, with ¢; a uniformizer representing w,. We let C; denote the
leading coefficient of the t,-adic expansion of the rational section @ (relative to the basis (dt,)®*), so C,
depends only on w,. This data allows us to define (x.x), ., in accordance with the recipe of the previous
section (see (8.8))

The group Autp(z) concides with the “geometric” automorphism group of z (by Theorem 2.6), and hence
has order 2u, with u, € {1,2,3} (as F has characteristic 0). For example, if  came from a global point over
H, then by Theorem 2.1(1) the value of u, would actually be of global nature (i.e., it would depend only on
the resulting Q-point or C-point) and not at all depend on v. We now introduce an auxiliary quantity which
intuitively measures the fact that we are trying to do intersection theory on a (regular model of a) coarse
moduli scheme rather than on a Deligne-Mumford stack. To get started, we require a preliminary lemma in
deformation theory.

We state the lemma in the specific context we need (i.e., T'o(N)-structures), but the reader will see that
the method of proof works much more generally. The basic point is to provide a mechanism for passing
between deformation rings of objects in characteristic 0 and objects in characteristic p (in cases for which
the universal deformations are algebraizable, so it actually makes sense to base change a formal deformation
from residue characteristic p over to residue characteristic 0; e.g., there is a map Spec(Q,) — Spec(Z,) but
there is no map Spf(Q,) — Spf(Z,)).

Lemma 9.1. Let z be a I'o(N)-structure over W, with generic fiber x over F. Let %y be the universal
deformation ring of x, on the category of complete local noetherian W -algebras with residue field W/m. Let
Iy C Ry be the ideal of the section corresponding to the W-deformation . The F Q@w S5 -adic completion
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of the algebraized universal deformation over F Qw %y is the universal deformation of x on the category of
complete local noetherian F-algebras with residue field F'.

Let us explicate the meaning of the lemma in the case N = 1 (which, strictly speaking, is not a case we
have ever been considering. but for which the lemma is true). Let E be an elliptic curve over W with closed
fiber Ey over W/m, and let Z be the universal deformation ring of Ey. Let & — Spec(Z) be an elliptic curve
lifting Ey which algebraizes the universal formal deformation. By abstract deformation theory &% is formally
smooth over W of relative dimension 1, and the ideal cutting out the W-section of Spec(Z) arising from the
special deformation £,y is a height 1 prime. By choosing a generator T" of this we can identify % ~ W[TT]
such that reduction modulo T" recovers E,y. The content of the lemma is that the elliptic curve &, ppry is
an (algebraized) universal deformation of the generic fiber E,p of our original elliptic curve £ over W. In
this way, we have a precise link between universal deformation rings of the generic and closed fibers of E yy .

To see the general meaning of the lemma (with N > 1 allowed), suppose z actually occurs in a universal
algebraic family over an affine finite type W-scheme Spec(R). Let m denote the maximal ideal associated
to z, and let p, denote the prime associated to xz. Note that the p,-adic completion of R is naturally
isomorphic to ﬁm with a slightly weaker topology, since R/p, ~ W is max-adically complete. For example,
if Ry ~ W[T] with its maximal-adic topology (and T corresponding to the section z), then the p,-adic
completion would be isomorphic to W[T'] with just the T-adic (rather than (7, T)-adic) topology.

If we let R, = F @w R, then the above lemma is just the obvious commutative algebra assertion that
the completion of R, along the section x is naturally isomorphic to the completed tensor product F @Wﬁm
where F' and W are given the discrete topology and Em is given its topology as p,-adic completion of R. In
even more concrete terms, this is a jazzed-up version of the assertion that if we form the T-adic completion
of F @w (W][T]) then we naturally get F[T] (beware that we're not actually assuming formal smoothness
over W for the deformation ring %, in the lemma, though such smoothness does hold in the cases to which
we’ll be applying this lemma later on).

Proof. Although we could give a proof using universal algebraic families, for aesthetic reasons we prefer
to give a proof entirely within the framework of deformation theory, as this clarifies the general nature of
the argument (i.e., the role of elliptic curves and level structures is rather inessential to the argument).
Essentially, the same method will apply “whenever” one is studying a moduli problem which is finite over
one whose deformation rings are formally smooth, whose Isom-schemes are finite unramified, and whose
universal deformations are algebraizable over the base. First, we remove the appearance of I'yg(N)-structures
(which we view as pairs consisting of an elliptic curve and an auxiliary subgroup scheme with T'g(V)-
structure). Let the complete local noetherian W-algebra Ry denote the universal deformation ring for the
elliptic curve underlying z,, and let I, denote the ideal corresponding to the WW-section given by the elliptic
curve underlying z.

The functor of I'g(IN)-structures on an elliptic curve is finite, so if R{, denotes the finite Ry-algebra
classifying such structures on deformations of the elliptic curve underlying z,, then R{ is the product of
finitely many local rings (as Ry is local henselian), and the ring %, is the unique local factor ring of R}
corresponding to the I'g(N)-structure z, or equivalently is the unique local factor ring of Rf, supporting the
W-section arising from z. It follows that the F'®yy .#;-adic completion of F' @y % is a factor ring of the ring
of T'o(N)-structures on the “universal” elliptic curve over the F' ®yy I -adic completion of F'®yw R. Moreover,
this completion of F' @w %, also supports the F-section corresponding to z. Since F Qw (R/I;) = F and
F®w (%o/I3) = F are local, so the indicated completions of F' ®w Zo and F ®w R are also local, it follows
that the F' ®w Sp-adic completion of F' @w %y (along with the I'o(N)-structure over it!) is the desired
universal deformation of = provided that the F Qw I -adic completion of F ®w R (along with the elliptic
curve over it!) is the universal deformation of the elliptic curve underlying x. This latter statement is exactly
the original problem for elliptic curves without the interference of level structures.

Throwing away the level structures, we begin with an elliptic curve Ey over W/m and a deformation E of
Ey to W. Let R denote the universal deformation ring of Ey and let J C R be the ideal of the W-section
corresponding to E. Define R, = F @w R and J,, = F @w J, so J, is a maximal ideal in R, (with residue
field F). We need to prove that the Jy-adic completion of R, (along with the elliptic curve over it) is the
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universal deformation of E,p (on the category of complete local noetherian F-algebras with residue field F).

Let En be the universal deformation ring of E,r, so we have a natural map

(9.1) Ry — ()

n

which we want to prove to be an isomorphism.

From the deformation theory of elliptic curves, we know that both source and target in (9.1) are formal
power series rings over F of the same dimension (which happens to be 1, but we ignore this fact to maintain
conceptual understanding of the situation). Thus, it suffices to prove that the map is surjective. More
specifically, it suffices to prove that the map

(9.2) R, — R,/J2 = F @w (R/J?

is surjective. The whole point is to prove surjectivity onto the maximal ideal F @y (J/J?), with J/J? a finite
free W-module. Assuming failure of surjectivity, we can choose an appropriate codimension 1 lattice in J/J?
which eats up the entire image of the maximal ideal of En under (9.2) (after tensoring with F'). Thus, we
can find a W-algebra quotient of R = W & J of the form W{e| (with (¢) the image of J) so that the resulting
elliptic curve deformation over F[e] is trivial. In other words, we will have a non-trivial deformation & of
Ew to We] which induces a trivial deformation of £, over Fle]. We now show that such a deformation
cannot exist.

Consider the Isom-scheme I = Isom(&’, E ) over We] which classifies elliptic curve isomorphisms
over variable W{e]-schemes (not necessarily respecting structures as deformations of E,y!). This is a finite
unramified Wie]-scheme (by the deformation theory of elliptic curves), and we just have to prove that
I(W(e]) — I(F[g]) is surjective, since an isomorphism & ~ E (] over W(e] which induces an isomorphism
of Fe]-deformations of E,p is automatically an isomorphism of deformations of E,y, (as the “generic fiber”
functor from flat separated W-schemes to F-schemes is faithful). Since W/e| is a henselian local ring, any
finite unramified We]-scheme can be realized as a closed subscheme of a finite étale W [e]-scheme. But since
W e] is even strictly henselian, it follows that the only finite étale We]-algebras are finite products of copies
of Wle]. Thus, I is a finite disjoint union of spectra of quotients of Wie]. But the ideal theory of Wie] is
sufficiently easy that we see by inspection that the only quotient of Wle| which admits a We]-algebra map
to Fle] is We] itself. Thus, I(Wle]) — I(F[e]) is surjective (and even bijective).

|

Now we return to our original situation with the universal deformation ring % of z,. We have a natural
map Ox , = Ox », — %o which computes the subring of invariants in % under Autyy/(z,). After inverting

m and passing to completions along the sections defining x, the source ring becomes Ox , while the target
ring becomes the universal deformation ring %, of x, thanks to Lemma 9.1. Moreover, by chasing universal
(algebraized) objects in Lemma 9.1 (and projecting to artinian quotients of %,), we see that this induced
natural map

(9.3) Ox.» — Ry

is indeed the canonical isomorphism of & x,» onto the subring of Autp(x)-invariants in the universal defor-
mation ring %, of x. Since the group Autp(x)/{%1} of order u, acts faithfully on the universal deformation
ring %, ~ F[T], so the totally (tamely) ramified extension (9.3) has ramification degree u,, we conclude

that the generator 6, of (ﬁ% )®k(—r,) maps to a generator of (ﬁ;,,]/F)®k(—(r$u$ + k(u, — 1))), where
X .

«/F
the twisting notation “(n)” denotes tensoring with the nth power of the inverse of the maximal ideal; this
amounts to nothing more than the calculation that if 7 = unit - 7" then

(9.4) T (dT")®% = unit’ - T k=1 (g7)®k
in QF[[T]]/F (since u € F*).

If we let # denote the (invertible!) height 1 prime ideal of the W-section z of the formally smooth
deformation ring %, and let _#, denote the ideal of the F-section x of Z,, then for any integer m we have
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a natural isomorphism of 1-dimensional F-vector spaces

()% (m)) Fy = F ow (@) (m)/ 7 ),

where on the right side we are twisting relative to the invertible ideal _#. The left side is a 1-dimensional
F-vector space and the “integral” differentials on the right side provide a natural rank 1 lattice in this vector
space. In this way, taking m = —(ru, + k(uy — 1)) enables us to define an integer ord, ,(#) which measures
the extent to which 6, mod _¢#, fails to arise from a generator of the lattice of “integral” differential tensors.
In more explicit terms, if we compute the formal expansion of the tensor 6 relative to a formal parameter
along the section z of the “integral” deformation ring %, of z,, then we get a leading coefficient in F'* which
is well-defined up to unit, and ord, ,(6) is just the ord, of this coefficient.
With these preliminary considerations settled, we are now in position to state the main local formula:

Theorem 9.2. With notation as defined above, including C, defined as in (8.5), we have

1

(9-5) (@.0)uw, = 5 3 (| Autw, (2)] — | Autw (2)]) +
n>0

ord, (Cpuk) — ord, ..(0)
Ty + k

Remark 9.3. Despite possible appearances to the contrary, we will see in §10 that (9.5) with 6 = A recovers
[GZ, Ch III, Lemma 8.2] at non-elliptic points.

Remark 9.4. If x arises from a global point over H and we choose a global # and a global w,, then C;,
Uy, and 7, all have global meaning independent of v (e.g., 2u,, is the order of the geometric automorphism
group of x, which can be computed over Q, C, or an algebraic closure of the fraction field of W). We regard
the first term on the right side of (9.5) as the interesting part, and the rest as “junk”. The only junk term
which is somewhat subtle is ord, . (6), since it is defined via formal deformation theory at v and hence is not
obviously ord,, of some globally defined quantity when z, w,, and 6, are globally defined at the start. Thus,
we will need to do a little work to explicate the “global” meaning of ord, ,(6) in such situations. When we
take k = 6 and § = A, then typically r, = 0 and ord, ,(¢) = 0. However, at elliptic points we may have
ry # 0 and when v|N we may have ord, ,(6) # 0. The choice # = A is the one we will use later on in order
to explicate formulas for global height pairings.

For our purposes the extra local “junk” terms will not be problematic because when we form the sum over
all places v of H (in the context of Heegner points), then by the product formula these terms will essentially
add up to zero once the archimedean analogue is adapted to our method of computation and once we have
found a more conceptual interpretation of ord, ;(#) for a well-chosen 6 (namely, § = A). It is crucial for
such an application of the product formula that the denominator r, + k& in (9.5) does not depend on v when
x € X(F) arises from a global point over H and 6, w, are globally chosen over H.

Now we prove Theorem 9.2.

Proof. Although X need not be regular, as usual it suffices to work with this model for our intersection
theory calculations because g lies in the W-smooth locus on this model (cf. (8.8)). We also observe that
both sides of (9.5) transform the same way under a change of w,. Indeed, if we use w), = cw, for some ¢ € F¢
and if a,w, is a basis of Cot,(X,), then o, = o, /c makes o/ w), = azw, an O, -basis of the cotangent line
along zx, so

(2.2) 0 = ordy(al) = —ordy(c) + ord, (o) = —ordy(c) + (2.2)y,w, ,

while by (8.6) we have ord,(C%)/(ry + k) = —ord,(c) + ord,(Cy)/(ry + k). Since u, and ord, (#) and
the Aut-terms on the right side of (9.5) do not depend on w,, we conclude that indeed both sides of (9.5)
transform in the same way under change in w,.. Thus, it suffices to prove the result for one choice of w,,. We
will make the choice later in the proof.

Let G = Auty/r(z,)/{£1}, a quotient of the group of automorphisms of x, as a I'g(V)-structure. Let
Ro denote the universal deformation ring of z, so there is a natural injective W-algebra action map

[] : G — Autw(%()),
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an abstract isomorphism %y ~ W[To], and an isomorphism o Xz, = %’g , where Ty cuts out the deformation

x over W. The norm T, def Normg(Tp) = ngc[g] (Tp) is a formal parameter of Z§ ~ E’L% ~ g&@ over
W, so T, serves as a formal parameter along x on X.
We now give a deformation-theoretic interpretation of

(96) 5 3 Autuy, (@)] ~ | Autuy ()]

n>0

The method we use applies to a rather more general class of deformation problems with formally smooth
deformation rings of relative dimension 1 (as the following abstract argument makes clear). Since a repre-
sentative in Auty,,(z) of g € G lifts to W), (as an automorphism of I'g(/N)-structures) if and only if its
negative lifts, it makes to speak of an element of G lifting to W,,. Thus, by including the factor of 1/2
we see that the nth term in (9.6) counts the number of ¢ € G which lift to W,, but don’t lift to W. But
g € G lifts to W, if and only if Ty and [g](Tp) generate the same ideal in the universal deformation ring
Ro /7" 1 of x mod 7T over W,-algebras (with residue field W/r). Since the quotients %o /(7" 1, Tp) and
Ro/ (w1 [g](Ty)) are abstractly W,-isomorphic (via [g]) and hence have the same finite length, a surjection
of Ho-algebras Zo /(7" L, [9](To)) — %o/ (71, Tp) is necessarily an isomorphism. Thus, we conclude that
g lifts to W, if and only if [¢g](Tp) is a multiple of Ty in %Zo/7" L. By viewing [g](Ty) € %o ~ W|[Ty] as a
formal power series in Tp, to say that [g](Tp) is a multiple of Ty modulo 7"*! amounts to saying that the
constant term [g](Tp)(0) (i.e., the image of [g](Ty) in %o/(Ty) =~ W) is divisible by 7"+

We conclude that g € G doesn’t lift to W if and only if [g](Tp) has non-zero constant term [g](7p)(0),
in which case g lifts to W, if and only if n + 1 < ord,([¢9](T0)(0)). It follows that (9.6) is exactly the
sum of the ord,’s of the non-zero constant terms among the [g](Tp)’s. Equivalently, when we consider the
formal parameter 7, = Normg(Tp) = [[,c5[9](T0) along z as an element in the universal deformation ring
Ry ~ W[Tp], the ord, of its least degree non-zero coefficient is exactly equal to (9.6).

Since the G-norm T of Tj formally cuts out € X(W), it also induces a uniformizer in the complete
local ring at € X (F). Thus, when T, is viewed as an element in W[Tp] C F[Ty] (with the latter ring
naturally identified with the universal deformation ring of x, by Lemma 9.1), it has the form

with b, # 0 and u, = (1/2)] Autp(x)| the ramification degree of the universal deformation ring F[Ty] over

Ox .. We have seen already that when the G-norm T, of Tj is expanded as a product of [¢](Tp)’s, the
product of the non-zero constant terms among the [g](7p)’s (taken with respect to Tp-adic expansions) has
ord, equal to (9.6). This product of constant terms is b, up to W*-multiple (arising from the ¢’s lifting to
W, for which [¢](Tp) is a unit multiple of Tp), so we conclude that (9.6) is exactly ord, ().

We will take w; to be represented by the formal parameter t, = T}, in Ox , (an inspection of our definition
of (x.2)y,., and the calculation (8.8) makes it clear that we may work with formal uniformizers that don’t

necessarily arise from rational functions in Ox . on the algebraic curve X ). In (ﬁ}f’x,z/F)®k(7Tx -x), by
(9.7) we have
0 = (C,Toe +...)(dT)®* = (Cpbyhaby= =1 1y (aTy) =",
Thus, by definition we have
(9.8) ordy ¢ (0) = ord, (Coblr T uf) = ord, (Coul) + (ry + k)ord, (by).

Now let’s consider the main identity (9.5). Since 6 has its T-adic expansion with leading coefficient Cy,
where T}, is a formal parameter along the W-section z on X, we take 5, = 1/C, in (8.8), so (.2)yw, = 0.
Meanwhile, by (9.8) the right side of (9.5) is equal to

ordq,(Cxui) —ordy . (6)
ry + k

ord, (b)) + =0=(2.2)vw,-
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Before we move on to establish formulas for (z.75,(27)), — when properly defined — in cases with 7 (m) >
0, it is convenient to introduce some convenient shorthand so as to avoid having to carry out the “junk”
local terms from (9.5). For a T'g(N)-diagram z over W whose associated section in X (W) lies in X*™ (W)
(and is not assumed to arise from a Heegner point, though Heegner points do satisfy these hypotheses), we
define

1
G
(9.9) (w.2),” = 5 > ([ Autw, ()] — | Autw (2))).

n>0
We emphasize that (9.9) is in general not equal to our self-intersection pairing, but we now explain why it
does coincide with the one used in [GZ, Ch III, §8] away from elliptic points and characteristics dividing N.
This requires a definition.
Definition 9.5. For z as above which is non-elliptic (i.e., uy = 1, so ord,(A) = (6/uy)(uy — 1) = 0) and
factors through the relative smooth locus, let w denote a 1-form near z lifting a non-zero cotangent vector
denoted w, at z. Let g, = w®%/A, a non-zero rational function with no zero or pole at x. Define

(ﬂc.gc)”4 = (x.x)¥" + éordv(gw(ﬂc)).

This is independent of the choice of w (and w,).

To see the independence of the choice of w (and w, ), we note that using w’ = hw with a rational function
h requires h to not have a zero or pole at & and hence the equalities w/, = h(z)w, and g, = hSg,, force

(z.2)% + %ordv(h(x)Ggw(x)) = (z.2)** — ord,(h(zx)) + ord, (h(x)) + %ordv(gw(x)).

The reason for the notation (x.a;)"4 is that if % actually made sense as a meromorphic 1-form on Xo(N) and
were non-vanishing and regular at  then we would recover the old definition of “intersection theory with a
cotangent vector” (based on n%). To see this, if we pretend n* lives on X then we can write A = (*)% and
hence formally

1 w
gordv(gw(x)) = Ordv(nj(x))a
(9.10) (m.x)"4 = (z.2)** + ord,((w/n*)(x))

and since w, = n - (w/n?)(z) we could use (8.4) to thereby “recover” the definition of self-intersection at =
using the hypothetical cotangent vector ;.

In any case, to actually compute the intrinsic (x.:c)"4 we may work formally at z and so can choose
w = dT with T a formal parameter along the section z € X*"(W). In terms of earlier notation from (8.5)
with § = A we have g,(z) = 1/C,. Combining this with the equalities u, = 1 and r, + k = 6, we conclude
from Theorem 9.2 that

(:r.gc)”4 = (x.x)¥" — %ordv(C’z) = (z.2)%% — %ordﬂ’m(A).

But we will prove in Lemma 10.1 that under the above hypotheses, ord, ,(A)/6 = ord,(n). Thus, as long
as v { N, we have (z.2)" = (z.2)%%. It is the modified intersection pairing based on Definition 9.5 which
is used in the intersection theory considerations in [GZ, Ch III, §8] (so Theorem 9.2 with v { N really does
recover [GZ, Ch III, Lemma 8.2]), but now that we have seen how to recover the point of view in [GZ] at
non-archimedean places via our perspective if one avoids elliptic points, we won’t make any further reference
to Definition 9.5 because when v|N or v|oo our local terms seem different from the ones in [GZ] (but of
course the global sums coincide).

We define (z,z)5? ef —(z.2)$%1log(g,). Since ord, (T}, (2°)) = 7.(m), by Theorem 9.2 this definition
then yields

or uk) — or
(w-Tm(:v"))v,ww=(a:.Tm(x0))§Z+W(m)( do(Coul) dm(e))

re + k
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where we define (.)5% to be essentially the usual intersection pairing except with (9.9) replacing the self-
intersection formula, and

0 = (Cpti= +...)(dt,)®"
with ¢, a uniformizer representing w, (and C, only depends on w,, not t,). We also define

(9.11) (@, T (7))5% = — (2. Tin(27))5 log(q0)

using (9.9) and the canonical local height pairing.
Define ¢ = x — 00, d = x — 0. Using Theorem 8.4 and Theorem 9.2, for non-archimedean places v of H

log |Cpuk|, — log 162,
ry + k

(9.12) (¢, T (A7)0, = (2, T (27))S2 + 17 ()

where [0|z.4 def Qv ordvs () enotes the v-adic absolute value of the leading coefficient of # when expanded
relative to a formal parameter along x in the universal deformation ring at z,. Here we have used that the
closure of T,,,(0) is o1(m).0 and that z and T, (z%) are disjoint from the cuspidal locus since CM points are
everywhere potentially good reduction.

We define

(9.13) a, = [ pgrde=.

vfoo

By Lemma 10.1, when # = A and u, = 1 then a, = 7°. We conclude that for every non-archimedean place
vof H,

log |Cpufazt,

(9.14) (e T A7), = (@ Do) () 22

where the factor C,uf on the right side is an element in H* and a, is a fractional ideal. This puts us in
excellent position to use the product formula to check that the junk terms will (almost) globally sum to 0
(and hence we can ignore them). What we need to do is work out the appropriate archimedean analogue of
the calculation (9.14).

Fix a complex place v of H and let C,, denote H,, (with C, non-canonically isomorphic to C). Fix a choice
of /=1 € C, to define an orientation on C,-manifolds, so we may realize the associated upper half-space b,
as the base of a universal C,-analytic family of elliptic curves with trivialized (oriented) relative homology.
We thereby get a canonical C,-analytic “uniformization” m, : b, — Xo(N)jg, = Xo(N)(Cy) and we may
(and do) choose z, € b, lifting x,, € Xo(N)(C,). The pullback tensor 7;(62") has order ryu, + k(u, — 1)
at z, because of a calculation such as in (9.4) and the fact that b, is the base of a universal family for an
analytic moduli problem which is étale over the I'g(/V)-moduli problem in the C,-analytic category (so m,
computes the same ramification degrees u,). Let g, be a local analytic uniformizer at z, on b, which enjoys
the property that the g, -adic analytic expansion

(9-15) m3(0,) = (gizvethla=l ) (dg., )"

has a leading coeflicient of 1. Such a g,, exists since C, is algebraically closed. We will use this g,, shortly
(and we do not care if g., extends meromorphically to all of h,).
By Theorem 8.3, we have
(¢, Tin(d?))vw, = ;g“cyv Tn(d7))o — 1o (m) log [tz (y)]w),
where y € Xo(N)(C,) — {x} converges to « and ¢, is the divisor obtained from ¢ by replacing = with y.
Combining this identity with (9.14), we may sum over all places v of H and exploit the product formula for
C,uf € H* and the identity

Zlog lag [, = log [Ny /q(as)]

vfoo
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(with this fractional ideal norm viewed as a positive rational number) to obtain a formula for the global
height pairing: (¢, T,,(d?)) is equal to

D vtoo (@ T (27)) 57 + T (m) loilf;/Q(am

 apoe limy o (g, Ton(d?)) = 2472 (10 + k) log [ta ()], + log | Cik.))
In order to put this into a more useful form, we need to examine the term
(s + k) log [tz (y)]w + log |Catiz o
for vjoo. We may write
T (t5") = vzl gz

for some a, , € CX and h,, analytic near z, with h, ,(z,) = 1. Since 0, = (Cyt"= +...)(dt%¥), we get
R(O3) = (Coalzubglem 0 1) (dg,, )"

We conclude via (9.15) that Cpufar=+% = 1. Thus, (r, +k)log |y »|» = — log |Cpuk|,. Taking y, in b, near

xr—v,T

z, and lying over y € X,,(C,), we obtain

(rz + k) log [tz (y)|v + log |Ca:u:];‘v = (re +k)(log|awz|o +10g A (Yol + us log gz, (Yu)]o) + log |Cxu:];‘v
= (ra +k)uglog|gz, (Yo)|o + (rz + k) log [hv,o (yo)]o

where hy (y,) — 1 as y, — 2z, in h,. Thus, when forming the limit as y — = in X,,(C,) we can drop the
hy.«(y) term and hence arrive at the main result:

Theorem 9.6. Let © € Xo(N)(H) be a Heegner point, and let u, be half the size of the geometric au-
tomorphism group of x (so uy = (1/2)|0%|). Choose a non-zero rational section 6 of (Q%Q)(N)/H)@c with
Ty def ord,(0) # —k. Let a, be the fractional ideal of H constructed via deformation theory as in (9.13).
Define c=x — 00, d =z —0.

The global height pairing {(c, T,,(d?)) is equal to
77 (m) log [N Qo
re + k

)

(9.16) Z<x, T (2 GZ + Z y}lgé (yys Trn(d7))o — uarer (m)log gz, (Yo)lv) +

vtoo v|oco
where

e the local term (z, T, (2°))S% for v{ oo is defined by (9.9) and (9.11),

o for v|oo, z, € b, projects onto £ under the analytic uniformization m, : b, — XO(N)/H ,

e g, s an analytic uniformizer at z, with respect to which the local analytic expansion of the mero-
morphic k-tensor 7} (02") has leading coefficient equal to 1.

e for v|oo, the limit runs over y, € b, — {z,} converging to z,,

As we have seen above, the local factors of a, are determined by the incarnation of # in local deformation
theory on good models for x. There is a particularly nice choice to be made in our situation, namely k = 6
and § = A. Since A over C is nowhere vanishing away from the cusps, this choice renders

(9.17) rety + k(uy —1) =0

for all z (cf. (9.15)). In particular, r, + k # 0 for all = (so we may indeed use A as the basic tensor in the
preceding considerations). Consequently, since A(q)(%q)®6 = ((27mi)n*(2)dz)®8, with this choice it is trivial
to check that at any (fixed) point z, € b, we may take the analytic uniformizer g., (') = (27i)n*(2,)(2' — 2,)
for varying 2’ € b,. With this choice, the contribution from v|oco in (9.16) is an “explicit” limit involving
archimedean local heights and certain analytic functions g,, on the upper half-plane over H, ~ C, and is
exactly the archimedean height contribution which is computed in [GZ, Ch II, (5.3), (5.5)]. Since log p’s for
distinct rational primes p are Q-linearly independent, it follows that Theorem 9.6 in this case must agree



GROSS-ZAGIER REVISITED 43

place-by-place (over Q) with the global formula used in [GZ], where the contribution in (9.16) over a prime
p comes from the first and third pieces of the formula (upon factoring out a — log g, using Theorem 8.4):

(9.18) (¢, T, d?), def Z((:ch(x”))SZ - %ordvymw)) log ¢y.-

v|p
The aim of §10 is to make the v-term on the right side of (9.18) explicit when § = A; see Theorem 10.5. The
appendix uses this to give an explication of (9.18) depending on the splitting behavior of p in K.

The method we have outlined is of fairly general nature for computing global height pairings on coarse
moduli schemes. The real problem in any given situation is to make the archimedean height pairings and
analytic functions g., explicit enough to carry out computations, and to compute the ideal a, (this latter
data being the non-archimedean aspect which is sensitive to the choice of #). The trick is to find a single
well-understood € that will satisfy ord,(6) # —k at all Heegner points. For our purposes, the choice § = A
works best.

10. QUATERNIONIC EXPLICATIONS

We are now in position to carry out the computation of the local term

(10.1) (2. Tpn(27))5% — %orduw(e)
from (9.18) for any value of r,(m) but with # = A. The difference (10.1) is the main geometric local
contribution to the non-archimedean contribution (9.18) to the global height pairing formula in Theorem
9.6, with the intersection pairing (x.7,,(2°))$% computed by means of usual local intersection pairings for
disjoint divisors and the modified self-pairing (z.2)$% given by (9.9). In particular, we see that (z.2)5% = 0
whenever Auty (z) = Autyy,(z,).

Since the set Isomyy (z,y) of W-isomorphisms is empty when the corresponding generic geometric points
x,y are distinct (thanks to Theorem 2.6), we conclude trivially that the identity

1 new
(10.2) (z.y)5% = 5 D [Tsomiy (z, )|
n>0

holds for all (possibly equal) pairs of points x,y € X (F) whose associated W-points come from (necessarily
unique up to isomorphism) I'g(V)-diagrams over W, where we define a “new” isomorphism as one not lifting
to W. Keep in mind that when x # y we are using Theorem 4.1, and in this formula the local intersection
pairing on the left side is computed on the W-scheme X = X, (), (which is often non-regular, but points
arising from Heegner data and Hecke correspondences thereof lie in the relative smooth locus, so there is no
ambiguity concerning these local intersection numbers).

Consequently, the ezact same method which we used to prove Theorem 5.1 in the case p 1 m carries over
to give the (finite) formula

g 1 new g
(103) (0T (27)5% = 5 7 [ Homii (7, acstm)
n>0

whenever v t m, where a “new” homomorphism is one not lifting to W. Once again, z € X (W) can be any
non-cuspidal section which is represented by a I'g(N)-diagram over W (and every W-point coming from a
Heegner point over H has been seen to have this property), with x the generic fiber of x over W.

In order to make progress toward computing (10.1) explicitly when 6 = A, we need to compute ord, ,(A).
This is provided by:

Lemma 10.1. Let z € X(W) be disjoint from the cuspidal locus and represented by a I'g(N)-diagram. When
v{ N orvn, then ord, ;(A) = 0. When v[a then ord, ,(A)/(ry + 6) = ugord,(N). In other words, for all
v 100 ordy 5 (A) = g (ry + k)ord, (/) = k - ord, (), so a, =" = @°.
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Remark 10.2. The method of proof is fairly abstract, so the same method should give a formula for a, in
terms of x : Spec(Ox) — 1,1 if 6 merely comes from level 1 (over O). Since we have to choose a specific
0 eventually, it seems simplest to just prove Lemma 10.1 for § = A and to leave more general considerations
to the reader’s imagination.

Proof. By (9.17), we have (r, + 6)u, = 6, so when v|n we really want to prove ord, ,(A) = ord,(N®). The
exponent of 6 will arise from the fact that A is a 6-tensor. Let R denote the universal deformation ring of the
elliptic curve Ey underlying xo, equipped with universal (algebraized) elliptic curve E,g, and let R' denote
the universal deformation ring of the I'g(IV)-structure xg, with ¢ the corresponding universal structure on the
base change E/p/ (with closed fiber ¢o recovering the level structure xo enhancing Ey). By the general theory,
since the I'g(N)-moduli problem is finite flat over the moduli stack of (smooth) elliptic curves it follows that
R’ is a finite flat R-algebra: it is simply the factor ring of the finite flat universal T'o(N)-structure algebra
over R corresponding to the residual structure xg on Fjy.

The crucial point is that when v { N or v|n then R — R’ is an isomorphism. Indeed, in the case v { N
the N-torsion on deformations of Fjy is étale and hence is invisible from the point of view of deformation
theory. For the same reason, when v|N then the prime-to-p part of the I'g(N)-structure lifts uniquely to
any deformation of Fy. All the action therefore happens in the p-part. If v|n then the residual p-part of
the level structure is multiplicative and more specifically is selected out functorially by the connected-étale
sequence on the p®* (V) _torsion of deformations of Fy. Hence, we once again only have to deform Fy and
the level structure uniquely compatibly deforms for free, so again R — R’ is an isomorphism. The case
v[n is more subtle (the entire T'o(NV)-structure is étale, but specifying the p-part on a deformation amounts
to splitting the connected-étale sequence, so this imposes genuine extra data on deformations, leading to a
bigger deformation ring than the one for E; alone).

Recall that in general ord, ;(#) is defined as follows: we have an isomorphism R’ ~ W[T] with T = 0
corresponding to the W-structure = (recall that R’ is regular and W-flat of dimension 2 by the general theory
as in [KM], and it has a W-section arising from x and hence really does have to have the form W[T]), and
ord, ,(0) is defined to be ord, of the leading coefficient of the T-adic expansion of the k-tensor 6. It makes
a big difference whether R’ coincides with the universal deformation ring of Ey or if it is genuinely bigger.

We first dispose of the cases v 4 N and v|n, and then will settle v[n. As long as v 1 1, we have just seen
that R’ = R. Thus, if we write W[T] for the universal deformation ring of Fy (with T = 0 cutting out the
elliptic curve over W underlying x) then we must show that the 6-tensor A has T-adic expansion with unit
leading coefficient. The crux of the matter is that A is a generator of the line bundle w®'? on the (open)
moduli stack .#} 1, and the Kodaira-Spencer map KS;; : w — Q}% /7 is what converts it into a 6-tensor on
this stack. This is the usual recipe that converts even weight modular forms into tensors on modular curves.
The general theory of the Kodaira-Spencer map ensures that KS; 1 is an isomorphism (we are working away
from the cuspidal substack) precisely because the deformation theory of an elliptic curve (with the marked
identity section!) coincides with the deformation theory of its underlying “bare” curve (as we can always
lift the identity section, thanks to smoothness, and can then translate it via the group law to put it in the
correct position). Consequently, the image of A in the invertible R-module (ﬁ};z /W)®6 is a generator and
hence it has unit leading coefficient.

There remains the case v[n. Since v|N, so p is split in K, the elliptic curve underlying z is the Serre-
Tate canonical lift of Fy. Moreover, the deformation theory of Ey coincides with that of its p-divisible
group. Thus, we may identify R with W[T] where ¢ = 1 + T is the so-called Serre-Tate parameter. The
deformation theory of the I'g(IN)-structure only matters through its p-part (as the other primary components
deform uniquely). Let p® be the p-part of N (with e > 0). We claim

(10.4) R =R[T)/(1+T) —(1+T))~W[T'].

Once this is shown, then T' = p(T" + ...) + T, so A = unit/(dT)®® = unit’(p¢)®(dT")®5. More intrin-
sically, A in the invertible R-module Q}%, W is (p°)8 times a generator, whence ord, ,(A) = ord,((p°)%) =
ord, (N®) = ord,(N°) as desired.
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To establish (10.4) (and thereby complete the proof), recall that the deformation aspect of the level
structure only matters through its p-part. More specifically, we are not just imposing an arbitrary I'o(p®)-
structure on deformations of Fy but rather one which is étale (here is where the condition v|n is used). Hence,
our task is really one of deforming splittings of the connected-étale sequence on p®-torsion of deformations
of the ordinary Ey. Upon choosing a generator of the étale part of Ey[p°], we uniquely identify Fy[p®] with
Z/p°® X ppe compatibly with the scheme-theoretic Weil pairing. For any infinitesimal deformation E’ of Ey
we can uniquely write its connected-étale sequence as 0 — ppe — E'[p®] — Z/p® — 0 in a manner lifting the
corresponding canonical sequence for Fy[p°]. Let m denote the projection map from E’[p°] onto its maximal
étale quotient. Thus, the deformation problem is equivalently one of choosing a section of the fiber 7=1(1)
on deformations E’ of Ey. In the universal situation over W[T] (with ¢ = 1 + T the Serre-Tate canonical
parameter and T = 0 cutting out the Serre-Tate canonical lift which is the elliptic curve underlying z), the
torsion levels are described by rather explicit group schemes considered in [KM, §8.9ff]. This description
rests crucially on the fact that ¢ = 1+ T is the Serre-Tate canonical parameter, and in any case explicates
the scheme 7~(1) by means of the equation X?* = 1+ T. Thus, if we define 7 = X — 1 then we obtain
the desired description R’ = R[T']/((1+ T')?" — (1 +T)) for the (local) ring R’ as a finite R-algebra.

|

As an application of (10.3), since maps between ordinary elliptic curves always uniquely lift to maps
between Serre-Tate canonical deformations, we see that if p splits in K and p f mN (so (10.3) can be
applied and maps between level N-structures uniquely deform) then the Hom"*"-terms on the right side of
(10.3) vanish. This yields the following generalization of the vanishing observation which was noted at the
beginning of §7:

Lemma 10.3. If p is split in K, gcd(m, N) =1, and p{ mN, then (z.T;,(2%))5% = 0 for any place v of H
over p, without restriction on rq(m).

How about the case in which p|N (so p splits in K and p f m, but the N-torsion schemes need not be
étale)? This is answered by:

Theorem 10.4. Assume that v|N and ged(m, N) = 1. Let x € X(W) be a Heegner point. Then

ez To(m) fo0 if vln
(2T (22))y™ = re + kord“’x(A) o { —uyry(m)ord,(N) if v|n
Proof. There are two cases to consider, depending on the prime factor n of N over p which kills the level
structure on z. If v|n, then the p-part of the level structure on x (and hence also on z7) is connected and
in fact multiplicative. Since infinitesimal deformations of ordinary elliptic curves possess unique connected
multiplicative subgroups of a specified order and any map between such deformations respects the specifi-
cation of such a subgroup (thanks to the functoriality of the connected-étale sequence), we can conclude by
the same argument as for p t mN split in K that the right side of (10.3) vanishes when v|n. This gives the
v|n case of Theorem 10.4, since ord, (A) = 0 by Lemma 10.1 for such v.

The case v|n, for which the p-part of the I'g(N)-structure is étale, has the property that the p-part of
the I'g(IV)-structure on z and 2% amounts to giving (non-canonical) splittings of connected-étale sequences
over W so as to single out the p-part of the étale level structures. General elements in Homyy (27, z) have
no non-trivial compatibility condition imposed on the p-part of the level structure because connected-étale
sequences uniquely and canonically split over W/mw. However, when such a map is uniquely lifted to a map
of the (Serre-Tate canonical) deformed elliptic curves underlying z and % over W it is generally not true
that such a lifted map must respect chosen splittings of the connected-étale sequences over W (and hence
generally does not give a map of I'o(IV)-structures over W). But our situation is special because the p-part
of the level structure coincides with the piece of the n-divisible group of order equal to the p-part of N. Since
there are no non-zero maps from an étale p-divisible group to a connected one (over a local noetherian base),
we conclude that the argument used for v|n actually still works for v[n. Thus, we get (2.7, (7))$% = 0 even
when v[, so we must prove ord, »(A)/(rz + k) = ugord,(IN) = ugord, (N) (the latter equality holding since
p is unramified in H). This is provided by Lemma 10.1.

|
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Now we compute (10.1) when v{ N and § = A. By Lemma 10.1, the ord, ;(A) term vanishes for such v.
Thus, our task comes down to computing (x.T, (x%))S%.

Theorem 10.5. Assume vt N, ged(m,N) =1, and z € X (W) is a Heegner point as usual. Let a represent
the ideal class o/ and be prime to p, and let o € Gal(H/K) correspond to «/. Let v be a place of H over p.

(1) If p is inert in K, then

1 1
(2. T (27))5% = > (L4 ordy(N(b-))) + Juarey (m)ord,(m).
beRa/+1,Nb=mNa,b_#0

(2) If p is ramified in K then

(2. T (27))5% = > ord,(DN(b_)) + uyre(m)ord,(m).
beERa/+1,Nb=mNa,b_#0

(3) If p=yp-p is split in K and v lies over p then
(2. T (%) = ey

where Ky, and Ky are non-negative integers which are intrinsic to the prime ideals p and p (e.g., they
are defined without reference to x) and satisfy ky + Kk = 7.5 (m)ord,(m).

This theorem is [GZ, Ch III, Prop 8.5]. Our proof is longer, but more conceptual.

Proof. The supersingular cases (i.e., p not split in K) will be treated by essentially the exact same method
which we used when r.(m) = 0, but the ordinary case (i.e., p split in K) will require some new work.

It follows from (10.3) that the quaternionic formulas from Corollary 7.15 carry over to the general case
(i.e., ror(m) > 0 is allowed) to compute (2.7}, (27))5?% when we also assume v { m, provided one augments
the condition on the summation to require b_ # 0 (as we recall that this is the quaternionic translation of the
condition that a morphism not lift to W). This gives the first two cases of the theorem when ord,(m) = 0.
Note that Corollary 7.15 only occurs when p { N (as p|N puts us in the split cases). The more interesting
case of Corollary 7.15 is v|m, or equivalently p|m.

Before considering the modifications needed to get the theorem when p|m (so p{ N) and r(m) > 0, we
first note that if p is inert in K (so p? is the norm of the unique prime p&y over p) then the positivity of
ro(m) forces ord,(m) to be even, with (1/2)ord,(m) = (1/2)ord,(m). Meanwhile, if p is ramified in K then
ord,(m) is even with (1/2)ord,(m) = ord,(m). Thus, the “extra” term on the right side of the inert and
ramified cases of the theorem can be uniformly described by the formula

(10.5) (1/2)ur g (m)ord,(m),

where u = u(K) = uy.

Let m = ptr with p{r and ¢t > 0. The first two cases of the theorem require nothing beyond our earlier
work on the analogues when r,(m) = 0. The condition v { N is crucial throughout, since the deformation
theory analysis uses quite critically that N-torsion is étale (and hence deformations of elliptic curves maps
over any W, are automatically T'g(N)-compatible when this is true over Wy). Also, the condition ry(m) =0
played essentially no role in our earlier treatment of supersingular cases. The only relevance of this condition
was to ensure that when cases with s = 0 arise then the various W-structures z = y(0) which show up in
T (z%) for z in T,.(z%) are never equal to z. If we allow r,(m) to perhaps be positive, then the analysis
of the y(s)’s for s > 0 goes through completely unchanged (since the value of r,(m) was never relevant in
that analysis) and the associated closed points y(s),r on X, were shown to have residue field F(s) strictly
bigger than F'. In particular, such points cannot contribute to an appearance of the F-rational point z in
the divisor T, (27). Thus, for r,(m) > 0 we get almost the exact same formulas for (z.7,,(27))$? as in
(6.5) and (6.6) with the two modifications that the case of p inert in K only gives rise to cases with even
t = ord,(m) — as we have seen in the deduction of (10.5) — and the summation terms

1
5 Z # Homw,, (2, T)deg1

n>0
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which arise as formulas for (z.z) must be replaced with their “new” counterparts in accordance with (10.2).
This latter modification causes the >, o ,(...) terms in the “r,(m) = 0" formula for (.1}, (z%))$% in (6.5)
and (6.6) to be replaced with “new” counterparts as well.

If we look back at our argument which used Theorem 6.2 and Theorem 6.1 to translate (6.5) and (6.6)
into the language of cardinalities of Hom-groups as in Theorem 5.1, we see that those arguments never used
any hypothesis concerning the value of r.(m). Thus, when converting the terms

t 1

1 1
(106) 5 ! §#H0mW/Tr(£7 Q)dcgrv t- E#HomW/Tr(ﬁ, @)dcgr; t- §#HomW/7r((£)o’p;£)dcgr

into various (1/2)# Homyy, (2%, z)’s for small e, we just have to account for that fact that we now want
to break up such terms into a “new” part and a “non-new” part. As we see from (10.6), there are t/2 =
(1/2)ord,(m) such terms when p is inert in K and there are ¢t = ord,(m) such terms when p is ramified in
K. We thereby pick up a “non-new” contribution of

(t/2) - (1/2)| Homw (27, &) degm| = (t/2)uro(m) = %urﬂ(m)ordp(m)
when p is inert in K and
£+ (1/2)| Hompy (27, 2)egm| = urss (m)ord, (m)

when p is ramified in K, with the remaining “new” part of (2.7}, (27))5% given by the right side of (10.3).
We compute the right side of (10.3) in our supersingular situation by the exact same quaternionic method as
before, and this yields the summation terms given in the first two parts of the theorem, the extra condition
b_ # 0 simply reflecting the fact that we're only counting the number of “new” homomorphisms (i.e., those
not lifting to W) at each infinitesimal level. This completes the justification of the first two parts of the
theorem.

Now we turn to the third part of the theorem, with p = pp split in Ok (and p  N), so the Heegner
data have underlying elliptic curves with ordinary reduction. We have already seen via (10.3) that when
ptmN is split in K then (2.T,,(27))5% = 0, exactly in accordance with the asserted formula in the split
case. Thus, from now on we may (and do) assume ord,(m) > 0 (which forces p{ N anyway). We cannot use
(10.3) in such cases, so we will give a more explicit analysis of the situation. The goal is to get a formula for
(2.1, (27))SG% which agrees with the one we want for p|m split in K.

As a first step toward computing (2.7}, (2°))5% when p is split in K and v { N (but p|m), we need to
determine which order m subgroup schemes C' C 27 have the property that the quotient 2z, by C has
closed fiber isomorphic to the closed fiber of z (with the isomorphism respecting the level structures). That
is, we want to know when Cj is the kernel of an isogeny ¢ : 7, — x, respecting the I'g(N)-structures.
By the Serre-Tate theorem, we have Homyy /. (2%, z,) = Homy (27, ) since v { N (so compatibility with
To(N)-structures does not impose any additional condition when deforming maps). In particular,

(10,7 (r.0)5% = 5 S (| Autay, (2)] — | Autuy (2))) = 0.
n>0

Any map 2?9 — z is automatically Ok-compatible (as can be checked by showing that the &'y-module
tangent “lines” of z and x“ have the same (canonical) @k-structure through action of @k on the elliptic
curve, and this is trivial to check since o € Gal(H/K) acts as the identity on K C H). It follows that ¢¢ as
above is Ox-compatible, so Cp is an Ox-submodule scheme of z%,.

Let a be an integral ideal in the ideal class &/ with norm m. Consider the unique degree m isogeny

pral®r=2" >z

lifting ¢, so ¢ € a and N(¢) = deg(#)N(a) = m? (as one checks using the same arguments with ¢-divisible
groups that we employed in our earlier degree calculations during the quaternionic considerations). In other
words, in Ok we have an equality of ideals ¢k = a- b with b an integral ideal of norm m in the ideal class
o/ ~1. Conversely, it is clear that when we are given an integral ideal in &/ ~! with norm m then we get a
map ¢ as considered above. Thus, up to composing ¢ (or ¢p) with a unit of Ok we see that the set of order
m subgroups Cy C 27, of interest to us is of cardinality equal to r,-1(m) = ro(m). We fix such a b and
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a representative generator ¢, of ab, and we seek to determine all order m subgroups C C z% /F for which

Co = ker((¢p)o), written more loosely as “C' = ker((¢p)o)” (changing ¢p by an ¢'-multiple doesn’t matter).

To find all order m subgroups C C :1:7? such that C' = ker((¢p)o), note that on the prime-to-p part
everything is uniquely determined, so we focus our attention on the p-part. Let ¢t = ord,(m) > 0. There is
an evident inclusion b- (a~*®z[p]) C ker(¢y ), inside of the p-part of ker(¢) and this is an equality for order
reasons. Because of the 0 -compatibility of ¢, and the canonical splitting of the p-divisible groups of x and
27 into p-divisible and p-divisible parts (where p&x = pp), with the p denoting the prime under v, we have
a decomposition ker(¢p), = (b (a7! ®z[p']))5 x (b- (a™! @ z[p'])), which expresses ker(¢y), as the product
of étale and connected pieces over W (the first factor is étale and the second is connected because p is the
prime under v, and everything is really finite flat because of Raynaud’s scheme-theoretic closure trick which
is particularly well-behaved in the context of multiplicative and étale group schemes without ramification
restrictions). The analogous decomposition of a™! @ z[p'] = 27[p'] into a p-part and a p-part reflects the
decomposition arising from the unique splitting of the p-divisible group of 7 into étale and connected pieces.

By the Serre-Tate theorem, we conclude (by considering deformations of endomorphisms of the p-divisible
groups Q,/Z, and its dual G.,,[p™] separately) that the condition that a deformation of (¢p)o to some
W’ /7" not lift to W’ (with W’ a finite discrete valuation ring extension of W) is ezactly that its kernel
not split as a product of connected and étale pieces in accordance with the splitting of the p-divisible group
of 27 (reduced modulo 7"*1). Thus, contributions to the points in the divisor T}, (z%) (aside from 7. (m)-x)
which “reduce to (¢p)o” correspond on the level of geometric points to subgroups C inside of the geometric
generic fiber of the finite flat W-group scheme a=! ® z[p!] with (b- (a=! ® z[p'])), € C and the cokernel of
this inclusion projecting isomorphically onto (b- (a7 ® z[p']))p, yet with this quotient map not being split
compatibly with the natural (Serre-Tate “canonical”) splitting of the connected-étale sequence of a=1 @ z[p'].
The analysis of such C’s (e.g., finding Galois orbits, etc) as F-points takes places entirely in the p-divisible
group of 27 = a~! ® x, so since this p-divisible group only depends on a through the &-module a ®g, €
which is free of rank 1, we can drop the appearance of the functor “a=! ® (-)” without any harm.

As we run over all -1 (m) = r,(m) possibilities for b, only the p-part p'p’ ™" of b matters for the analysis
of possible C’s (with a harmlessly removed). This p-part sequence is 0 — z[p!] — C — g[ﬁt_i] — 0. Upon
trivializing the étale part of the p-divisible group of z, we may naturally identify z[p°] with p,e x Z/p®, with
ppe = z[p€] and Z/p® = z[p°], all this compatible with change in e. Thus, we really have

0 — fipi —C = p'Z/p'Z —0

inside of p1,r x Z/p'Z. Passing to the quotient by s, on C' and taking the part of z[p’] lying over p'Z/p'Z C
Z/p'Z, upon using the canonical isomorphisms jipe /fuy ~ pyi—i and p'Z/p'Z ~ Z/p'~'Z we see that the
specification of C' (now collapsed to its étale quotient) amounts to giving a non-trivial splitting over F' of the
base change of the connected-étale sequence of fi,i—i x Z/ p'~* (the trivial splitting contributes to the point
x in T, (27), but (z.2)$% = 0).

The possible C’s are given by subgroups generated by elements ((,1) € (py—i x Z/p'~")(F). Up to
Gal(F/F)-conjugacy such C’s are classified by the order p* of ¢ (as W =~ W(F,) is absolutely unramified,
so it’s cyclotomic theory is “as big” as possible), with 1 < s < t — i (the case s = 0 corresponds to
the point z in the support of T,,(z%) which we're not considering). The associated divisor point on X /F

has residue field F(s) Lef F(Cps), and it is represented by a I'g(IV)-structure y(s) over the valuation ring

Wi(s) = W(Cps]. Let g = (ps — 1, a uniformizer of W(s). Note that y(s) mod n2 is not the Serre-Tate lift of
its closed fiber z,, as a “bare” elliptic curve, since (,= # 1 mod 72 (in other words, y(s) is a quasi-canonical
lifting in the Serre-Tate sense, as is alluded to at the very end of [Grl]). Thus, under the canonical map
W[To] — W (s) from the universal deformation ring of the I'o(N)-structure z, (with Ty = 0 corresponding
to ) we have to have that Tp maps to a uniformizer of W(s). Beware that this does not imply in general
that natural map Spec(W(s)) — X over W (sending the closed point to ;) is a closed immersion, let alone
that the corresponding closure of the closed point Spec(F(s)) in X /F s transverse to the closed subscheme
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x = Spec(W). The problem is that the complete local ring at z, on X might not be the universal deformation
ring (as a I'g(IN)-structure).
To keep track of what is really happening on the scheme X, recall from (9.7) that the natural map

WT] ~ Ox 4, — WITo]

is Ty — b, Ty'* +... with ord,(b;) = (z.2)$% = 0. Thus, W[T,] = 5’L% — W (s) arising from y(s) sends T}
to the u, th power of a uniformizer of W (s). Hence, the closure of y(s) : Spec(F(s)) < X in X is the order
of level u, in W(s) and (2.y(s)), = u, for 1 < s < t—i. We conclude that b contributes u, (t —i) = u ordg(b)
to (2.7, (27))SG%. Consequently, we get

(10.8) (2. T (2°))5% = u, - Z ordg(b)
b

when v lies over p|m which is split in K (with p|p the prime of &k under v). The sum in (10.8) is taken
over all integral ideals of norm m in the ideal class of &/ !, and will be called x, (it clearly is intrinsic to p
and in general is not divisible by 7.(m)). Since ordg(b) + ord,(b) = ¢ for each of the r,(m) different b’s,
we conclude that k, + ki = ro/(m)t = ry(m)ord,(m).

[ |

APPENDIX A. ELIMINATION OF QUATERNIONIC SUMS (BY W.R. MANN)

We wish to explicitly compute (¢, T),(d?)), as defined in (9.18) with § = A and = € X(H) a Heegner
point (with CM by the ring of integers of K). Recall that K is the imaginary quadratic field we have fixed
from the outset, D < 0 is its discriminant, and H is the Hilbert class field of K. Also, the level N has prime
factors which are split in K.

Our approach will build upon the results in §10 and use further arguments with quaternion algebras. The
results will be expressed in terms of the arithmetic of K, with the answers separated according to whether p
is split, inert, or ramified in K (and keep in mind that we allow the discriminant of K to be even). Combining
Theorem 8.4, Lemma 10.1, Theorem 10.4 (if p|N), and Theorem 10.5 (if p t N), we obtain the split case
[GZ, Ch III, Prop 9.2]:

Theorem A.1. If p is split in K, then (¢, T, (d?))p = —uzro(m)hxord,(m/N)log(p).

The appearance of hg log p in Theorem A.1 is due to the identity hx logp = Z,U‘p log g, where g, is the
size of the residue field at the place v of H and p is a choice of either prime over p in K.

Now we may assume p is non-split in K, so in particular p f N. Let p be the unique prime of K over p.
By Theorem 8.4 and Lemma 10.1, we have

(. Tn(27))p = = Y (2. T (27))* log g,
vlp
where the intersection number for the v-term is given by Theorem 10.5(1) (resp. Theorem 10.5(2)) when p
is inert (resp. ramified) in K. Since Zv‘p log g, = hx log Np in the non-split case, with g, = p? in the inert
case since the principal prime p = pOk is totally split in H (Principal Ideal Theorem), Theorem 10.5(1)
implies

(A1) (¢, Tnd?)p = —ury(m)hgord,(m)logp —logp - Z Z (14 ord,(N(b-)))

v|p bERya/+1
Nb=mNa,b_ #0

in the inert case, with R, = Endyy, /, (z,). Meanwhile, in the ramified case we get

(A.2) (¢, Tnd?)p = —ury(m)hgord,(m)logp —logp - Z fo Z ord,(DN(b_)),
vlp Nbbzegf\}g,/bjil#o
where ¢, = p/ and R, = Endy, /., (z,).
Our aim is to find an expression for the inner quaternionic sums in (A.1) and (A.2) depending solely
on the arithmetic of K, and we will see that no small effort is required to combine and manipulate these
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quaternionic formulae. These local sums are ezactly the local sums which are analyzed in [GZ, Ch III, §9],
and are computed in terms of the arithmetic of K in [GZ, Ch III, Prop 9.7, Prop 9.11]. Since the explanations
there are sometimes a bit terse, in order to clarify what is happening and moreover to show that the results
work for even D, the rest of this appendix is devoted to explaining the analysis of these quaternionic sums
and deriving the formulas obtained by Gross-Zagier. The additional burden of treating even discriminants
will be a slight nuisance, but will not require any essentially new ideas.

Before getting into the details, let us briefly outline the argument. The sums of interest from Theorem
10.5 involve sums which extend over certain elements inside a quaternionic order isomorphic to the order
Endyy/x(z). The first task is to find a convenient model for the quaternion algebra in question (this algebra
is the unique one over Q ramified at precisely p and oo, as we saw in Lemma 7.1), paying careful attention
to the specification of an embedding of K into this model. We will then have to find a model for the order
of interest within this algebra, but it turns out that Lemma 7.1 fails to identify this order up to Ok-algebra
isomorphism. Specifically, when one takes into account the embedding of & into the order, there are finitely
many non-isomorphic orders which satisfy the conditions of Lemma 7.1. We will see that as Gal(H/K) acts
on the places over p, it also serves to simply transitively permute the isomorphism classes of these orders (as
O'k-algebras). This is precisely what enables us to obtain a formula depending only on the arithmetic of K
when we sum over all places v of H over the unique prime p of K over p in (A.1) and (A.2).

Though we retain the notation K with the same meaning as throughout this paper, in this appendix we
will use F to denote an arbitrary field of characteristic 0 (though only characteristic 2 requires extra care).
This will pose no risk of conflict with the use of F' to denote the fraction field of W in the main paper, since
that fraction field will never show up in this appendix.

To get started, we review some terminology in the theory of quaternion algebras. Recall that a quaternion

algebra B over a field F' is a 4-dimensional central simple F-algebra. If E is an extension of F', then

Bg e g ®p B is a quaternion algebra over E. An important example of a quaternion algebra is the matrix

algebra Ms(F'). Another family of examples is provided by the following, which we will use (keep in mind
we assume F' has characteristic 0):

Example A.2. Pick e, f € F*. There is a unique quaternion algebra B with basis 1,1, j,7j satisfying the
requirements that i2 = e, j2 = f, and ij = —ji (so (ij)> = —ef). This algebra is denoted (%)

It is a basic fact that a quaternion algebra B over F is either a division algebra or is a matrix algebra over
F, and in the latter case the isomorphism B ~ M5(F') is unique up to inner automorphism. This latter case
is called split, and the division algebra case is called non-split. It is a subtle algebraic problem to determine
whether or not the construction in Example A.2 is split (for a given pair e, f € F*). An extension field F of F
is called a splitting field of B if B is split. In general there exists a finite Galois extension E of F' which splits
B. Since the trace and determinant on M (E) are invariant under conjugation by Mz(E)* = GLo(E), if we
choose a Galois splitting field E/F for B we can transport the trace and determinant to define Tr, : By — E
and N, : Bp — F via an isomorphism ¢ : Bg ~ M5(F). The GLy(F)-conjugacy ambiguity in the choice of ¢
does not affect these constructions. If we extend scalars on ¢ through o € Gal(E/F) on source and target,
we get a new isomorphism ¢?. Thus, Tr,- = Tr, and N, = N,, yet also Tr,- is the extension of scalars on Tr,
by o, and similarly for the comparison of N,» and N,. It follows that Tr, and N, are Gal(E/F)-equivariant
and independent of ¢, so these descend to define the canonical reduced trace and reduced norm

Tr:B—F, N:B—F.

These are F-linear and multiplicative respectively, with Tr(bb') = Tr(b'd) for any b, b’ € B. For b € B, we
define b = b — Tr(b). Extending scalars to a splitting field, b — b becomes (: ?) — (—(S’y o?)' Using
this, one checks that bb = bb = N(b) and b — b is an anti-automorphism of B.

Note in particular (by Cayley-Hamilton over a splitting field) that b € B is a root of X2 — Tr(b) X + N(b),
so the reduced trace and norm restrict to the usual trace and norm on any quadratic subfield of B over F.
Moreover, for b € B outside of F', this is the unique quadratic polynomial over F satisfied by b. It follows that
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F'[b] is 2-dimensional for any b € B — F, and in Example A.2 we have = + yi + zj + wij = x — yi — zj — wij
for z,y,z,w € F.
Class field theory leads to an abstract classification:

Lemma A.3. If F is a local field other than C, there is a unique quaternion division algebra over F up to
isomorphism. Any quadratic extension of F' can be embedded into B. If F' is a number field, a quaternion
algebra B over F is split at all but finitely many places, with the set of non-split places of even size. Any
even set of places arises as the set of non-split places of a unique quaternion algebra over F. In particular,
if B is split at all places of F then B is split.

Although Lemma A.3 is useful for theoretical purposes, we need to build some concrete quaternion alge-
bras. For example, we will need to describe the unique quaternion division algebra over Q, in terms of the
construction in Example A.2.

Definition A.4. When F is a local field the Hilbert symbol (-,-) : F* x F* — pus(F) is defined by the

requirement that (e, f) = 1 when the quaternion algebra (%) is split, and (e, f) = —1 when this algebra is

a division algebra.

In the case of a number field F, if we write (-,-), to denote the associated local Hilbert symbol for F),
at a place v, then the evenness in Lemma A.3 corresponds to the product formula: [[, (e, f), = 1 for any
e, f € F*, the product taken over all places v of F. As one special case, if (e, f), = 1 for all but possibly
one place vy, then (e, f),, = 1. We will be interested in the case F' = Q, and the first problem we will have
to solve is that of building quaternion algebras over Q with a specified even set of non-split places, using
the language in Example A.2. Often there will be a particularly problematic place, but if we can check that
a quaternion algebra has the desired splitting/non-splitting away from one place, then the behavior at the
missing place is forced by the product formula.

Returning to the original problem of interest, recall that our prime p is either inert or ramified in K, and
we want to construct a model for the quaternion division algebra B in Lemma 7.1: this is the unique such
algebra over Q which is non-split at precisely p and oco. Since the sums in Theorem 10.5 involve elements
of (an order in) B which are identified with respect to right multiplication by a nonzero ideal a of Ok, a
model for B needs to encode an embedding of K. We want to make such a model in the simplest manner

possible. It makes sense to try to build a model (%) with e = i2 = D since we want to keep track of how

K = Q(\/E) sits in B. Thus, we want to find an f € Q* for which the algebra (%f) is a division algebra

non-split at exactly p and oo. That is, we want (D, f), = —1 exactly when v = p,c0. To find a suitable f,
we need to understand how to compute local Hilbert symbols over places of Q. This is done via:
Lemma A.5. Let F be a local field. The Hilbert symbol (+,-) : FX x F* — us(F) factors through F* /(F*)?x
F*/(F*)2, yielding a nondegenerate symmetric bilinear form. If e € F* is not a square, then (e, f) = 1 if
and only if f € Np( /e)/r(F(\/€)*).

Before we return to the problem of finding a model for B, for later convenience we recall how Lemma A.5
helps us to compute the local symbols for quaternion algebras over Q.
Ezample A.6. We wish to compute (a,b), for a,b € Q* and v a place of Q. If v = co then Q, = R, so by
Lemma A.5 we see that (a,b)o = —1 exactly when a and b are both negative. If v = £ is an odd prime,
the situation is only slightly more difficult. The classes in Q,/(Q,)? are represented by {1,¢,/,ef} where
e € Z; is not a quadratic residue mod ¢ and hence is not a square in Z,". Since Q(+/€) is the quadratic
unramified extension of Qy, it has norm group generated by Z, and ¢2. Thus, (¢,¢); = 1 and (£,£), = —1.
Also, since —/ is a norm from Qg(v/¢), we have (¢, —¢), = 1. Thus, (¢,£); = (¢,—1),. By Lemma A.5, this
is 1 if and only if —1 is a square mod £, so (¢,£); = (—1)~1)/2 This generates the other possible pairings
by bilinearity (e.g., (u,v); =1 for u,v € Z)).

For v = 2, there are more cases because Q; /(Q5)? has order 8 with generators —1,2,3. Rather than
delve into tedious examniantion of cases, we use the product formula to compute these symbols. Consider

the quaternion algebras over Q isomorphic to (%b) for some a, b chosen from {—1,2,3}, and recall that an

even number of places will be non-split. Since these choices of a and b are units for all finite primes ¢ > 3,



52 BRIAN CONRAD

our observations above show that (a,b)y = 1 for all such ¢. All that is left are the places 2,3, 00, and each
algebra must be non-split at either none or two of these three places. For the sake of completeness, we note
that an examination of the local symbols at 3 and oo yields: (—1,—1)3 = (—1,3)3 = (2,3)2 = (3,3)2 = —1,
(=1,2)2 =(2,2)2 = 1.

Now recall that we wish to find f € Q* so that (%f) is non-split at exactly p and co. There will be

infinitely many f that work, but we want the simplest possible choice. We must require f < 0 to force
non-splitting at co. We will have to treat separately the cases when p is inert in K and when p is ramified
in K. First consider the inert case. It is necessary that ord,(f) be odd. To see this, first note that the
completion K, = Q, ®q K is an unramified quadratic extension inside of By, so its norm group in Q
consists of elements of even order. Thus, if ord,(f) is even then —f = Nk, /q,(c) for some ¢ € K, so via
the decomposition B = K @ Kj with j2 = f (cf. the discussion following Lemma 7.1) we’d get

N(e +j) = N(¢) + N(j) = Nk, jq,(c) + [ =0,

a contradiction since B, is non-split and ¢ + j # 0. One might hope that (Dé_p) works, as it is clearly

nonsplit at p and oo, but in general this algebra can be nonsplit at some primes dividing D (and possibly
2). For example, if ¢|D is an odd prime then

(A.3) (D, —p)e = (ts—p)e(D /1, —p)s = (€. —p)e = (—p> ,

and this is generally not equal to 1.

Thus, the simplest possible choice for f in the inert case is f = —pq for some auziliary prime g t Dp.
For odd primes ¢ 1 Dq, we already know (D, —pq), = 1 by Example A.6, since D and —pq are units modulo
£. Thus, we're left to handle a finite number of primes, at which we will get congruence conditions on
g (for which there will be infinitely many solutions, by Dirichlet’s theorem). For odd ¢|D, computing as
in (A.3) gives the condition (=#%) = 1, which is a congruence condition (with (¢ — 1)/2 solutions) for ¢
modulo each such ¢. It remains to consider the places 2, p, and ¢ (possibly p = 2 or ¢ = 2). If p = 2
then D and ¢ are odd, so the requirement (D, —pq), = —1 can be satisfied by a mod 8 condition on g¢.

This makes (%) nonsplit at p and oo, and split at all odd primes except for possibly ¢, and splitting

is then forced at ¢ by the product formula. Now suppose p is odd. In this case, since p is inert in K,

(D, —pq), = (D,—q)p(D,p), = (D,p)p = (%) = -1, so (%) is nonsplit at p and co. By the product
formula, it remains to verify splitting at either 2 or ¢q. This renders the case ¢ = 2 trivial, so we may assume
q is odd. With pg now odd, we will force splitting at 2 instead, by means of the congruence —pg = 1 mod 8,
which forces —pg € Q3 to be a square (so (D, —pq)a = 1). This settles the construction of our quaternion

algebra model in the inert case. Observe that ¢ is automatically split in K. Indeed, for odd ¢ we have
1= (D,—pg)g = (D, —p)g(D,q)g = (D,q)q = (g) while for ¢ = 2 we have (D, —2p)s = 1, so D = 1 mod 8
(recall that odd fundamental discriminants are = 1 mod 4), so 2 splits in K.

Remark A.7. In all inert cases, ¢ satisfies the condition that for all primes ¢|D, —pq € Z/ is a square.
Also, requiring —pg = 1 mod D is consistent with the requirements on ¢ in inert cases. In ramified cases,
the congruence —g = 1 mod D/p (which involves no condition at p, unless p = 2) may always be imposed
without inconsistency.

We can similarly treat the case when p is ramified in K i.e., p|D. The simplest choice of f we might try
is f = —q for some prime ¢ { D. If p is odd, then as in (A.3) we get (D, —q), = (%q), so requiring this to
be —1 is a congruence condition on ¢ mod p. If p = 2, we similarly find that (D, —q)2 = —1 follows from a
congruence condition on g mod 8. For example, if 8 f D then ¢ = 1 mod 4 is necessary and sufficient, while
if 8|D then ¢ = 3 mod 8 is sufficient. For odd ¢ 1 Dg, just as above it is clear that (D, —q), = 1. For odd
¢|D, we have (D, —q), = (_Tf’), and we want this to be 1, imposing a congruence on ¢ mod £. We’re now left
with the places 2 and ¢, which means that we are done if p = 2 (as we’ve considered it already) or if ¢ = 2
(product formula). Otherwise ¢ is odd and all congruence conditions have been at odd primes, so we can
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also require ¢ = —1 mod 8 to force (D, —q)2 = 1. The product formula now ensures (D, —q), = 1, so in fact
g again splits in K, just as in the inert case. Even if ¢ = 2 (so D is odd and p|D is odd), from (D, —2p)y =1
we get D =1 mod 8, so ¢ = 2 is split in K. It is important later that our choice of ¢ is automatically split
in K (for p of either inert or ramified type in K).

Having found a model for the quaternion algebra B over Q, we need to get a handle on certain orders R
in B, as this is what intervenes in Theorem 10.5. We will begin our discussion of this problem by reviewing
some basic properties of orders in quaternion algebras which will be used quite a lot in what follows. Let
F be the fraction field of a Dedekind domain A of characteristic 0; we are primarily interested in the case
when A is the ring of integers of a local field or number field. Let B be a quaternion algebra over F.

Definition A.8. A lattice in B is a finite A-submodule L which spans B over F' (so L is locally free of rank
4 over A). An orderin B is an A-subalgebra R which is also a lattice. We say that R is a mazimal order if
it is not strictly contained in any larger order, and we say that R is an Fichler order if it is the intersection
of two maximal orders.

Note that if R is an order and r € R, then A[r] is a finite A-module, so r is integral over A. Since A[r] is
locally free of rank 2 when » ¢ RN F = A, the minimal polynomial X2 — Tr(r)X + N(r) of 7 over F must
have A coefficients when r ¢ A. Since Tr and N are A-valued on A, we see that Tr and N are A-valued on
any order R in B.

Lemma A.9. Suppose A is a complete discrete valuation ring, with mazimal ideal m and uniformizer .
Let B be a quaternion algebra over F'.

(1) If B is nonsplit, then it contains a unique mazximal order and this contains all other orders.

(2) If B is split, then all mazimal orders in B are conjugate under B* and every order lies in one. In
My(F) a mazimal order is Ma(A), and any Fichler order is conjugate to ( 4 A) for a unique n > 0.
Any two FEichler orders which are abstractly isomorphic as rings are conjugate in B.

Remark A.10. The order ( 4, 4) in (2) is the intersection of the maximal orders M(A) and v, Ma(A)y, ' =
( o m;") (with v, = (,% §)). This example is called a standard Eichler order.

7" 0

Proof. For the first part, it suffices to show that the set R of elements of B integral over R is an order.
That is, we must show R is finite as an A-module and is a subring of B. Note that R is stable under the
involution b — b. The key to the subring property is that if b € B has N(b) € A, then Tr(b) € A. Indeed,
F[b] is a field on which the reduced norm and trace agree with the usual norm and trace (relative to F),
and by completeness of A we know that the valuation ring of F'[b] is characterized by having integral norm.
Thus, to show that R is stable under multiplication we just need that if z,y € R then N(zy) € A. But
N(zy) = N(2)N(y). Meanwhile, for addition (an issue because non-commutativity does not make it evident
that a sum of intergal elements is integral), we note that if x,y € R then

N(z +y) = (¢ +y)(T+7) = N(z) + N(y) + Tr(27).

But this final reduced trace term lies in A because 2y € R. Hence, R is a subring of B. In particular, R is
an A-submodule since A C R.

To show that R is A-finite, we may pick a model for B as in Example A.2, and may assume i> = e, j2 =
f € A. Thus, i,7 € R, so ij € R. For any x € R, we have x,xi,xj,xij € R. Taking reduced traces of all
four of these elements and writing x = ¢+ c1¢ + 02j + 03ij for c, cl, ca,c3 € F, we get

x € A+ AZ+ﬁAJ+2

Thus, R lies inside of a finite A-module and hence is A-finite.
Now we turn to the split case, so we may assume B = My(F'). To keep the picture clear, we suppose
B = Endp(V) for a 2-dimensional F-vector space V' on which we do not impose a basis. If R is any order
in B, then for a lattice L in V clearly RL is another finite A-submodule spanning V over F', so N = RL is
an R-stable lattice. Hence, R C End4(NN). Since any two lattices are conjugate to each other, the assertions
concerning maximal orders come down to the claim that if End4(Ng) € End4(Ny) for two lattices Ny, Ny
in V', then this inclusion is an equality. We may scale N7 so Ny C Ny and N; is not contained in mNg, so

Aij
f ]
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No/Ny ~ A/m™ for some n > 0. We can then pick bases so that Ng = Ae ® Ae’ and N3 = Ae @ Am™¢’. If
n > 0, then it is obvious that End4(Ny) does not lie in End4(N;) inside of Endp (V) = B.

Now consider Eichler orders. It suffices to focus attention on those Eichler orders R which are not maximal
orders in B = F ® 4 R. Using a suitable conjugation by B*, given any two non-maximal Eichler orders we
may suppose they have the form RN R; and RN Ry for maximal orders R, Ry, Ro which we may assume to
be distinct. Arguing as above, R = End4(N) for some lattice N in V' and R; = End4(N;) for a sublattice
N;j € N with N/N; ~ A/m" for some n; > 0. Relative to a basis {ej, e/} of N for which {e;, 7€)} is a

basis of IV, we get an identification of RN R; with R; ef (.4, 1) inside of R ~ M5(A) (isomorphism using

nj
the basis {e;, €} }), yielding the desired description of Eichler o?ders. In fact, n; is intrinsic to R; because
on the quaternion algebra B = F'®4 R; we can apply the involution b — b to form Ej, and by inspection
R/(R; N Rj) ~ A/m™ as an A-module.

Thus, when comparing two abstractly isomorphic Eichler orders R N R; as considered above, necessarily
ny = ng = n. But we can then use the two bases on N adapted to the N;’s to define an element in
R* = Aut4(N) which carries Ny into Ny and hence conjugates RN Ry over to RN Ro.

|

Remark A.11. One important consequence of the preceding proof is that in the split case, for each non-

maximal Eichler order R in B, there is a unique pair of maximal orders S and S’ with SN S’ = R. Indeed,
by conjugation we may consider the case B = Ms(F) and R = nﬁ ﬁ) a standard Eichler order as in
Remark A.10. Thus, a maximal order S = End 4 (N) contains R if and only if R(N) C N. Since we can scale
to get N C A? with A%/N a cyclic module (necessarily A/m™), it is easy to check (using A-module generators
of the explicit standard Eichler order R) that N must be the span of e; and 7/ey for some 0 < j < n. Only
the extreme options j = 0,n provide a pair whose intersection is the standard R.

In order to build a model of the global order in Lemma 7.1, there is one further aspect of the local theory
of orders in quaternion algebras which we need to address: discriminants. The trace form (z,y) — Tr(zy)
is a symmetric bilinear form on B, and its restriction to an order R is a symmetric A-valued bilinear form
on R. Thus, we can define the discriminant disc(R) of R to be the discriminant of this bilinear form (i.e.,
the ideal generated by the determinant of its values on pairs from an A-basis of R; note that R is A-free
since we are in the local case). Since Tr is invariant under B*-conjugation, conjugate orders in B have the
same discriminant ideal. Also, since the trace form is non-degenerate (as can be checked in the split case
upon extending scalars), disc(R) # 0. Formation of the discriminant ideal commutes with faithfully flat base
change A — A’ to another (complete) discrete valuation ring. If R’ C R is a suborder with the finite-length
A-module R/R’ of length n, then disc(R’') = m®"disc(R). Since every order lies inside of a maximal order
(all of which are conjugate), we see that discriminants of orders in B are off by a square factor from the
common discriminant of the maximal orders in B.

Ezample A.12. If B = My(F) and R is the Eichler order (n’?n ﬁ), then disc(R) = m?". In particular, in the
split case disc(R) = A if and only if R is a maximal order, and all orders have square discriminant.

In general, B has an unramified splitting field F’/F, so if R is a maximal order in B and A’ is the
valuation ring of F’ then R’ = A’ ®4 R is an order in the split F’ @ B. It follows that disc(R)A’ = disc(R’)
is a square, hence disc(R) is a square since A — A’ is unramified. This motivates us to define the reduced
discriminant Disc(R) of an order R in B to be the ideal of A whose square is disc(R).

Ezample A.13. If R’ C R is an inclusion of orders in B and R/R’ has A-length n, then Disc(R’) = m"Disc(R).
For example, if R,, is the Eichler order (nf‘ ﬁ) from Remark A.10, then Disc(R,,) = m™. This clarifies the
uniqueness of n in Lemma A.9(2).

We can also compute Disc(R) which R is maximal and B is non-split. Since there is only one such B
over F' up to isomorphism, and all R’s are conjugate in B, it suffices to compute in a single example (over

F). Let F’ be the unramified quadratic extension of F', with valuation ring A’. Since 7 is not a norm from

F’, by Lemma A.5 it follows that B &f pr g F'j with j2 = 7 is a non-split quaternion algebra over F. One

can then check that R = A’ @ A’j is the set of A-integral elements, so this is the maximal order. Writing
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down the matrix for the Tr pairing, we get disc(R) = disc(A’/A)2(52)? = m?, so Disc(R) = m. Thus, in the
non-split case an order R is maximal if and only if Disc(R) = m.

The non-triviality of reduced discriminants of maximal orders in the non-split case is a reason that non-
split quaternion algebras in the local case are referred to as “ramified”.

Now we are in position to globalize to the case of orders in quaternion algebras over the fraction field F'
of a Dedekind domain A (the case of a number field, especially F' = Q, is the one of most importance for
us). Fix a quaternion algebra B over F' and an order R in B (of which there are clearly many, for example
by intersecting B with an order in a split extension Bg). We can define disc(R) as in the local case to
be the (nonzero) discriminant ideal of the symmetric bilinear nondegenerate Tr pairing. Since R is merely
locally free as an A-module, and probably not free, this discriminant ideal is constructed by localizing on
A, just as in the definition of the discriminant of a symmetric bilinear form on any locally free module of
finite rank over a commutative ring. Note that disc(R) = [, (disc(R,) N A), with disc(R,) = A, for all but
finitely many v. By passing to the local case, we see that disc(R) is a square, so we may define the reduced
discriminant ideal Disc(R) in A. This ideal is the unit ideal at all but finitely many places, so the preceding
discriminant calculations show that R, is a maximal order and B, is split for all but finitely many maximal
ideals v of A. In contrast with the local case, in the global case it is no longer true that maximal orders have
to be conjugate.

We can uniquely construct orders by specifying local data. This will be an essential ingredient in our
construction of models for global orders, so let us briefly summarize how this goes. As with lattices in
any finite-dimensional F-vector space, if R and R’ are two orders in a quaternion algebra B over F', then
R, = R) inside of B, = F, ® B for all but finitely many maximal ideals v of A. Conversely, if we pick an
order S, in B, for all v with S, = R, for all but finitely many v, then there exists a unique order S in B
with A, ®4 .S = S, inside of B, for all v. This is an easy application of weak approximation for Dedekind
domains. In particular, an order R in B is maximal if and only if R, is maximal in B,, for all v, and likewise
R is an Eichler order (i.e,, an intersection of two maximal orders) if and only if R, is an Eichler order for all
.

Note that when R is maximal, Disc(R) is the product of the maximal ideals of A at precisely those places
where B is non-split. If R is merely an Eichler order, then Disc(R) is the product of the maximal ideals at
the non-split places of B (the ramified primes of B, for which B, has only one maximal order) and powers
of maximal ideals at the split places where R is a non-maximal Eichler order.

Example A.14. The order R in Lemma 7.1 is an Eichler order with reduced discriminant Np. Indeed, the
lemma assures us that R is maximal at the non-split place p, and the local description at all £ # p (where
B is split) is exactly a standard Eichler order in My(Zy) whose index is the £-part of N.

With Example A.14 in hand, specialize to the case A = Z. We seek a potential model for the order

R = Endy/,(z) inside of B which arises in Theorem 10.5. Inside of our concrete model (%7) for B

(in the inert and ramified cases separately), we want to find an Eichler order containing &k and having
reduced discriminant Np. We will find such an order, but we will not know it to be (&k-)isomorphic, let
alone conjugate, to Endyy/.(x). This problem will be overcome by the fact that in (A.1) and (A.2) we are
summing over all places of H over p. We carry out the construction in two separate cases: p inert in K and
p ramified in K.

When p is inert in K, recall that we found an isomorphism B ~ (%) where ¢ 1 pD is a prime satisfying

certain congruence conditions at the primes ¢|D and possibly at 8 as well. Clearly R = O & Okj is an
order, and we can compute its reduced discriminant to be Dpq. Thus, R’ is maximal at p and at all primes
not dividing Dgq. Since a maximal order of B has reduced discriminant p (because B is non-split at precisely
p and 00), it follows that R’ has index Dgq inside of any maximal order containing R’. In particular, an order
containing R’ with index Dq must be a maximal order of B.

To examine how one might find a maximal order in B containing R’, we first will find local models for
maximal orders at all primes ¢| Dq (exactly the places where R’ is not maximal), and then we will globalize as
in the discussion preceding Example A.14. First let £ be a prime dividing D (so £ ramifies in K'), and consider
the split algebra By = M>(Qy). By Remark A.7, —pq is a unit square in Z;, so —pq is a unit norm from
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the ramified quadratic extension O . Pick X, € Ok, with N(X,) = —pg = j2. The element X, — j € By
has nonzero reduced trace but vanishing reduced norm, so it is a zero divisor in B, which generates a left
By-module of dimension 2 over Qg. This module must have X, — j and w(X, — j) as a Z-basis, where
Ok = Zw] (so Ok = Zsw]). We may take w = (1 +4)/2 when D is odd and w = i/2 when D is even,
where 2 = D. The natural map from By to Endq, (Be(X¢ — j)) =~ M2(Qq) gives a concrete splitting, where
we use the basis X, — j, w(X, — j). Under this isomorphism, R, = Ok ® Ok j clearly maps into My (Z,)
(just compute action of Z,-generators of Rj on the Q-basis {X, — j,w(X, — j)} of B¢(X, — j)).
Since (X¢ + 7)(X¢ — j) = 0, we compute (using the identities j X, = Xj and N(X;) = 52):

(Xe+ 3)o(Xe =) = (X4 )2 (Xe =) = £(Xe— ) = T@X(Xe — ) = (2X0)(5(X2 — ).

For odd D it follows that -5 (X, + j) lies in M>(Z,) and has additive order Dy in B,/R, (where Dy is the
(-part of D). Thus, the maximal order Ry = Mz(Z,) is generated by (X, + j) and R} (since R} has index
(Dq); = Dy in a maximal order). Similarly, if 2|D then (X, + j) and (X, + j) act as elements of Ma(Zy)
and additively generate a subgroup of order D, in B;/Rj. Thus, these two elements along with Rj, generate
Ry when D is even, so the maximal order Ry is always spanned over Zy by 1, w, (i/D)(X,+j), and e- (X, +7),
where e =1 or e = 1/2, according as whether 24 D or 2|D.

A more uniform and succinct way to describe the maximal order R, C By at £|D is:

(A4) {a—'_ﬁj‘aa/BGDZl» Q_XZﬂGﬁK,é}a

where Dzl is the inverse different of Ok o. To see that the lattice (A.4) is Ry, one first checks directly that
it contains the Z,-generators 1,w, (i/D)(X; + j),e - (X¢ + j) of Ry, so the problem is to show the reverse
containment (direct verification that (A.4) is an order seems quite painful). For any pair («, 3) satisfying the
criteria in (A.4), we have a+ 35 = (a— X¢B) + B(X¢ +j) € O+, (X¢+ ), so we just need d, (X, + 5)
to lie in R,. Since R, contains Ok ¢ and is an order, it suffices to pick a generator v of the fractional ideal
9, ! and to show v(X, + 5) lies in R,. For odd D or £ # 2, we can take v = i/D. For even D and ¢ = 2, we
use the fact that i/D and 1/2 generate 9, * as a Zo-module in such cases (ultimately because 0y is generated
by i = /D and D/2 over Zs), by treating separately the cases D = 4 mod 8 and §|D.

The importance of the description (A.4) is that it provides a description which only depends on X, mod 9.
To make this point clearer, first observe (for £|D, being careful if ¢ = 2) that changing an element of Ok,
modulo 0, does not change its norm (to Z,;) modulo D,. Thus, even though we chose X, above to satisfy
N(X;) = —pq so as to carry out the preceding calculations, if we replace X, with some X} € Ok, which is
the same mod d, then N(X) = —pg mod D, and using X, instead of X in (A.4) yields the same lattice (i.e.,
the maximal order R, C B, we constructed at £). In fact, the only thing which matters about X, € Ok 4 is
that it satisfies N(X,;) = —pg mod Dy, since we claim that any such X, is congruent mod 9, to an element
of Ok ¢ with norm equal to —pq. Indeed, since —pgq is a unit norm at ¢, we really just have to show that
if u € O, satisfies N(u) = 1 mod D, then u = u’ mod d; with N(u') = 1. The case of odd £ (resp. £ = 2
and Dy = 8) is easy since 1 + ¢Z; (resp. 1+ 8Zs3) consists of squares, and the case £ = 2 and Dy = 4 (so
D = 4 mod 8) requires checking additionally that some (and thus every) element congruent to 5 mod 8 is a
norm, and we see that N(1+i) =1 — D = 5 mod 8. From now on, for each ¢|D, rather than require X, to
have exact norm —pg, we merely require it to represent an element in Ok ¢/0, whose norm in Z;/Dy is —pq.

With the construction of explicit maximal orders at all ¢|D settled, we now turn to the easier task of
finding a maximal order at ¢q. This is easier because ¢ = qq splits in K. It is simplest to check directly that
if « € Og and B € q~ ', then the resulting elements o + 3j form an order R(@ in B which is maximal at
q. This set is stable under multiplication because if 3, 3" € q~! then (85)(3'5) = ﬂB/f = ﬂﬁl (—pq) € Ok
since (¢) = qq. The reduced discriminant of R(9) is a g-unit, so we get maximality of this order at the split
place g of B.

A global order that satisfies all of the above local conditions and contains R’ = Ok ® Okj will have
reduced discriminant p, as it would now be maximal at all primes dividing Dgq. If we pick X € Ok such that
N(X) = —pg mod D, then X is congruent modulo 0, to a legitimate choice of X, for each ¢|D. If we let d
denote the different for K over Q, and &, the semilocal subring of K consisting of elements which are integral
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at the places dividing 9, then the lattice S’ = S% = {a+ 3j € Blaed !, e v lqgta— XB € Oy}
contains R’ and satisfies the above local conditions at each finite place to make it a maximal order of B (for
¢+ Dpq, S’ has £-unit reduced discriminant). We are looking for an Eichler order containing 0k and having
reduced discriminant Np. Recall that the primes of N are split in K, so we can fix a factorization N = nn
as a product of relatively prime conjugate ideals (in fact, n is chosen in the main text to correspond to the
kernel of an isogeny at a chosen Heegner point, but the choice won’t matter here). In this case, nS'n~! is
an order which must also be maximal, as its localization at any place is conjugate to that of S’ at the same
place (since localizations of n are principal). Since n is relatively prime to D, this conjugation has no impact
at the ramified places, so nS’n~! and S’ have the same congruence conditions at places dividing D. In fact,

nSnt={a+8jlacot, peolgtnnt, a— XB € 0,).

The factor of A~! is due to the relation jo = Zj for all z € K.
The intersection S = S’ NnS’n~! is an Eichler order containing 0. Since n and 7 are relatively prime,
S is explicitly described as

(A.5) S=8x={a+Bjlacd™, Becolqgn, a— XB <€ O,}.

The quotient &x-module S’/S is Ok /n, so S has index N in S’. Thus, S has reduced discriminant Np as
desired. If we had also required —pg = 1 mod D, then we could have taken X = 1 (see Remark A.7). This
seems to implicitly be the choice made in [GZ]; certainly one does not get an order in (A.5) using X =1
unless —pg = 1 mod D.

When pOx = p? is ramified in K and we take (DQ_ q) as the explicit model for B as discussed earlier,

we can similarly compute the reduced discriminant of the order R’ = Ok + Ok j to be Dq. If p is odd, we
need only find X € Ok such that N(X) = —¢ mod D/p; in exactly the same way as above, we find that the
following is an Eichler order (containing O ) with reduced discriminant Np:

_ _ - —1 —-1.-1
. - - ) ) ) - s
(A.6) S=8x={a+pjl,acpot, pepotqg'n, a— X3 € O}

Note that pdo~! has no factor at p (since p # 2), and thus there is no local congruence condition at p, as «
and [ are already integral at p. Of course, no alteration from R’ is required above p, as ord,(Dg¢) =1, so R’
is maximal at the non-split place p of B.

If p = 2 is ramified in K, the situation is somewhat different, but the explicit description of the order is the
same as (A.6), where we again pick X € O /op~! with N(X) = —¢ mod D/p. It is only necessary to explain
the local conditions above 2, where R’ fails to be maximal (since 4|Dq). Recall that the unique maximal
order of a non-split quaternion algebra over a local field consists of precisely the elements of integral norm.
If @ and 8 are non-integral at 2, the condition that N(a) + ¢N(8) = N(a+ 35) be 2-integral is equivalent to
N(a/B) = —g mod N(3)~1. Such a congruence cannot happen mod Ds, since then ¢ would be a local norm
and hence we could find a nonzero a + #j € B with vanishing reduced norm, contrary to the fact that Bs
is a division algebra. There is no obstruction modDy/2, and indeed one can easily check that there is a
unique X2 € Ok »/p~ 10 satisfying N(X») = —¢ mod D5/2. Thus we conclude that o — X283 € Ok 2 (recall
that the valuation ring of a local field is characterized by the property of having integral norm in a local
subfield), and o, 3 € pdo~!. Likewise, (A.6) holds. Note that in the ramified case (for p = 2 and for p # 2),
Remark A.7 allows us to take X =1 (as in [GZ]) by also requiring —¢ = 1 mod D/p (this does not impose
a congruence at p, unless p = 2).

What we have done so far is find an Eichler order containing 0k and having the correct reduced dis-
criminant. This has not yet been shown to have a connection to the specific order R = Endy,,(z) in
Theorem 10.5. Fortunately, the data of the embedding of Ok ensures some connection between such Eichler
orders. The following theorem and its corollary are due to Eichler, and we include a proof for the reader’s
convenience. Corollary A.16 will be applied with F' = Q and F = K.

Theorem A.15. Let F' be a nonarchimedean local field with valuation ring A, maximal ideal m, and uni-
formizer m. Let B be a split quaternion algebra over F with a fized embedding of the quadratic field E
over F. Let S and S’ be Eichler orders in B with the same isomorphism class (i.e., DiscS = DiscS’). If
ENS=ENS = Og, then there exists a nonzero x € Og such that xSz~ = 5.



58 BRIAN CONRAD

Proof. We will first prove the stament when S and S’ are maximal orders, which we can assume are distinct.
By Lemma A.9, we can assume B = Endp(V) = My(F) for a vector space V = F? over F, with S =
End4(N) = My(A) for a lattice N = A% in V and S’ = End4(N’) for some other lattice N’ in V which
is not a scalar multiple of N. By scaling N’ and changing the basis of N if necessary, we can assume
N = Ae; @ Aey and N’ = Ae; @ m™ey for some n > 0, so

A -n _ _
S = EndA(A61 @m”ez) = (mn mA ) = 'YnMQ(A)’Yn t= 'YnS'Yn 1’

where v, = (% {). Note that the elements of B* = GLy(F) which conjugate S into S are exactly the
elements of the coset 7,5 = 7,,GL2(A4). Since SNS" = (2 4) is the standard Eichler order of reduced
discriminant m™ and &g C S NS’ by hypothesis, we can find a,b,c € A so that an A-basis of OF is given
by the identity 1 and the element p = (_%_2). Since p/7 € E is not in O, yet SNE =S NE = O, it
follows that p/m is not contained in either of S or S’. Hence, by inspection of the matrix for p we see that
either a or bc must be a unit in A. If bc € A* then p € v,GL2(A), while if not then « is a unit and hence
we can instead replace p with p + 7" = (a;,f,rcn an) which does lie in 7, GLy(A). That is, we may assume
p € O conjugates S into S’. This settles the case when S and S’ are maximal.

Now consider the case in which the isomorphic S and S’ are non-maximal, say with reduced discriminant
m” for some n > 0. By conjugation, we may assume S = ( nf‘ ‘2) is the standard Eichler order of reduced
discriminant m™ in My (A). Thus, S = S NSy where the S;’s are the maximal orders considered above (i.e.,
S1 = M3(A) and Sy = Enda(Ae; @ m"ez)). We may write S" = S7 N S5 where the S’’s are maximal orders
in B. The special case of maximal orders ensures that there exists a nonzero x € O with Sz~ ! = St If
S and 715’z are conjugate by a nonzero element of O (as in the statement of the theorem), then we’ll be
done. Thus, we may assume S; = My(A) = 5.

Since the two Eichler orders S and S’ are presented as intersections of a common maximal order S; with
other maximal orders Sz and S}, from the proof of Lemma A.9 there exists y € S;° = GLa(A) such that
ySy~! = §'. The given condition 0 C S’ = ySy~! says exactly that y~'py € S = (rf" m ), where {1, p}
is an A-basis of O, say with p chosen as above. Since y~!py € S; = My (A), the condition for membership
in S, is just the condition that the lower left corner entry of y~'py lie in m”. Explicitly, if y = (‘le g:),
then this condition is equivalent to saying ¢’(aa’ + bc’) € m™. Conversely, any y = (‘;: Zl,) € GLy(A4) = Sy
satisfying this latter property automatically satisfies 0 C ySy~!, with the Eichler order ySy~! given by
intersecting S; = M3(A) with another maximal order.

Suppose ¢ is not a unit in A. If ¢ € m™ (automatic if n = 1), then y € I'o(m™) L e,N8K =8N GL2(A)
conjugates Sy into itself, so S = S’ and we are done. If, on the other hand, n > 1 and ¢ € m — m", then
since ¢/(aa’ + bc’) € m™ we get aa’ + bc’ € m, or in other words aa’ € m. But y € GL2(A) and ¢ € m, so
a’ ¢ m and hence a € m. This combination of conditions implies p/m € E has integral trace and norm as a
matrix, so p/m € E is integral over A and therefore lies in &. This is a contradiction, so we can assume
c € A%, so aa’ + b € m™.

We must have a ¢ m, as otherwise a,b € m, a contradiction (since p/m ¢ S1 = M3(A)). There is a
more useful way to express these conditions: for t = (1) € GL2(A), the condition on y is precisely that
ty € To(m™). We are now in position to find a nonzero x € €g such that 2Sx~! = 5’. Let Z be the group
generated by the central element 7 € S; = M3(A) C B. Note that conjugation by +, is an involution of
both S and S* = T'o(m™), since it interchanges S; = My(A) and Sy = 7, Ma(A)y, ! (with S = S1 N Ss).
The group G generated by I'o(m"™), 7., and Z is exactly the subgroup of elements of B* = GLy(F') which
conjugate S into itself. To prove this, first note that if b € B* conjugates S into itself, then conjugation
by b either preserves or swaps the unique pair of maximal orders S; and S; whose intersection is the non-
maximal Eichler order S (see Remark A.11). Multiplying against ~, if necessary permits us to assume
that conjugation by b preserves both S;’s. But for a maximal order R in B, the elements of B* which
conjugate R into R are the elements of F* R* = 2R (since R = Enda(N) forces bRb~! = End 4 (b(N)),
and End 4 (b(N)) = End4(N) if and only if b(N) = ¢N for some ¢ € F*). Thus,

ben?(S¥ N (n%.85)) =72(S; NSy) =n%8* = Z -To(m").
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Here, the first equality uses that the reduced norm of a unit in an order is a unit in A.

It suffices to find a nonzero # € O such that y~'x € G, since then 2 = y(y~'x) conjugates S into S’.
Since y~! € To(m™)t, we need to find z € O such that tz € G. This is something we can accomplish by
observation: letting © = (—a + 7") + p for an r > 0 to be determined, we compute

r— 0 1 " b B cm” —a+7"
“\a b)\er™ —a+7")  \ar" + ber™ br” ‘

If bc € m then r = n makes tz € T'o(m™), while if bc € m then » = n + 1 does the same.
[ ]

Corollary A.16. Let F' be a number field, and B a quaternion algebra over F equipped with a fized embedding
of a quadratic extension E. If S and S’ are Eichler orders of B with the same reduced discriminant such
that SNE = S'NE = Og, then there exists a nonzero ideal I of O such that ISI™' = §'.

Proof. A priori S, = SJ for all but finitely many v. For all such v define x,, = 1. At the remaining places,
use Theorem A.15 to construct z, € O, so that x,Sx,;! = S’. Let I be the ideal with ord,(I) = ord,(x,)
for all non-archimedean places v. The equality ISI~! = S’ can be checked place by place.

|

In the situation given in Corollary A.16, if we have S’ = ISI~! with I a principal ideal, then picking a
generator gives an explicit isomorphism from S to S’ which is Og-linear. Since E is its own centralizer in B
and all automorphisms of B are inner (Skolem-Noether), we conclude that the set of &g-linear isomorphism
classes of Eichler orders in B with a fixed reduced discriminant and containing O admits a simply transitive
action by the class group of 0. In our situation of interest (with F' = Q and E = K), upon fixing a place
v of H over p we have already established (in (7.8)) for R, = Endy,.(z) that if 0 € Gal(H/K) ~ Clg
corresponds to the ideal class of some nonzero integral ideal a, then there is an abstract isomorphism
a 'R,a~ Endyy /. (27) as Of-algebras, where W = W, is the completion of a maximal unramified extension
over v. Thus, if B denotes the unique (up to isomorphism) quaternion algebra over Q which is ramified at
exactly p and co and we fix an embedding of K into B, then we have a bijection between two sets: the set
of isomorphism classes of Eichler orders in B containing &'k and having reduced discriminant Np, and the
set of Heeger points {x} in Xo(N)(H), via Endy /- (27) < o.

Since p is non-split in K, we have a transitive free action of Gal(H/K) on the v’s of H over p. An important
consequence is that rather than fixing o and considering the isomorphism classes a=!R,a ~ Endyy, Jn(27)
as the place v varies over p, we can fix one place vy and study a 'R, a as the ideal class & of a varies.
Both processes exhaust (without repetition) the set of &k-algebra isomorphism classes of Eichler orders in
B with reduced discriminant Np and containing 0. Thus, we can fix the Eichler order S = Sx from (A.5)
and then for (A.1) we may contemplate a sum over the orders R® = b~1Sb as b runs over integral ideals
representing the ideal classes of K. It is this latter point of view (which avoids the language of supersingular
elliptic curves) which will dominate all that follows.

We are now ready to prove [GZ, Ch III, Prop 9.7, 9.11], allowing D to be even. We need to introduce
some notation. We write [a] to denote the ideal class of a fractional ideal a of K, and for any ideal class
% we define Rg(m) = ) .rz.(m) where ¢ runs over the squares in the ideal class group of K. Note that
Rgs = Rg-14 for any two ideal classes & and #’. For example, if a prime £ of Q is split in K (such as
our prime ¢ chosen above), say ¢ = II, then [I] and [[] are inverse to each other in Clg. Taking £ = ¢, we
conclude that R[qn) is independent of the choice of prime q of K over ¢, and is likewise independent of the
choice of factorization N = nn. In particular, the formula in Theorem A.17 below does not depend on the
choice of q (but only through the entire identity do we see that the right side is independent of the choice of
q as above):

Theorem A.17. Suppose p is inert in K and q is chosen over q. Forn > 1, define §(n) = 2¢(™) where e(n)
is the number of prime factors of gcd(D,n). Then

(¢, Tnd"), = —ury (m)hgord,(m)logp — logp - u? - Z ord, (pn)ry (m|D| — nN)6(n) Ryqn)(n/p).
o<n<m|D|/N
pln
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We specify a choice of q in the statement of the theorem because of the appearance of q as the final term
on the product on the right side, but keep in mind that the choice does not affect the value of that term.

Proof. By (A.1) and the preceding discussion, we have to prove the identity
A7) Y > (Atord,(NG-)) =u*- Y ordy(pn)re(m| D] = nN)S(n) Ruyjen (n/p),
b

beR(0) q/41 0<n<m|D|/N
N(b)=mNa,b_ #0 pln

where b runs over representative of ideal classes # of K and R(® 4f pgp—1 ranges over the Of-algebra
isomorphism classes of Eichler orders in B which contain 0k and have reduced discriminant Np. Here,
S = Sy is chosen as in (A.5), with N(X) = —pg mod D. We need to analyze sums over all such R(®)’s,
with the sum for each R = R(®) ranging over Ra/ + 1, where a is a prime-to-p representative of the ideal
class &7 corresponding to our fixed o € Gal(H/K). Multiplying a by a principal ideal which is prime to p
has no impact on the left side of (A.7), so we may select our choice to satisfy the additional property that
ged(a, D) = 1. This will be convenient later.

Taking b fixed above (so we write R rather than R(*)), using (A.5) and the fact that j acts on K through
the involution in Gal(K/Q) yields

(A.8) Ra={a+pBjlacdta, gc D_lq_lnbﬁflﬁ, a—X"pc 0,),

where X € Ok /0 is an element we need to define in terms of X € Ok /0 from (A.5); recall that only
X € Ok/o (rather than X € Ok) matters for the construction of the model S in (A.5). Note that the
separate conditions on « and (§ in (A.8) define a lattice and hence are properties which can be checked
locally (where all fractional ideals of Ok such as a and b become principal).

To define X“°, we define an element X! more generally for any nonzero integral ideal I of 0. Picking
an element y € Ok for which y&, = I, (i.e., (y) has the same factors as I at places dividing 9), note that
yy ! is a unit at 0 since the primes of 0 are ramified over Q. Moreover, the residue fields at such primes
coincide with the prime field, so changing y by a d-unit has no impact on 7 mod ? € (0 /2)*. Thus, the
quantity 47~ 'X mod 0 only depends on I and X mod ?. Hence, if we define X! € 0 to be any solution
to the congruence X! = 45! X mod 0, then X7 is well-defined modulo d and N(X’) = —pg mod D since
N(X) = —pgmod D and N(y5~ 1) = y5 '7y~' = 1. Thus, R = R"®) = bSxb~! is equal to Sys and we see
why X°° intervenes in the description (A.8).

The X — X' construction provides an “action” of the multiplicative monoid of nonzero integral ideals on
the set of solutions in &' /0 to the congruence N(X) = —pg mod D. We need to get a handle on the set of
such solutions since we are working with an Eichler order S from (A.5) which depends on the specification
of such a solution. For each ¢|D, we claim that the congruence N(X) = —pg mod Dy in Ok ¢/0, has exactly
two (necessarily unit) solutions, or equivalently (since the congruence does have solutions, due to how we
chose ¢) that N : (Ok ¢/0,)* — (Z¢/Dg)* has kernel of order 2. For odd ¢ this map is just squaring on F.
If ¢ =2 and Dy = 8 then Ok = Zo[v/+2d] with d € Z; mattering mod 8, and one verifies the claim by
direct calculation in all four cases. If £ = 2 and Dy = 4 then Ok ¢ = Zo[v/—1] or Zs[/3], and again a direct
calculation does the job.

We conclude that if © has ¢ prime factors then there are 2¢ congruence classes X € O /0 that satisfy the
norm congruence condition N(X) = —pg mod D. At each place, X +— X! either fixes the two local solutions
or swaps them, so we deduce X! * = X mod d for any I. On the other hand, the action of a prime factor m
of 0 is non-trivial on the local congruence condition at m and is trivial at the other factors. Indeed, if the
residue characteristic £ at m is odd then we may take y very congruent to i = v/D at m and very congruent
to 1 at the other factors of ? (so ¥~ * = —1 mod £ but y5 ! is congruent to 1 along the other primary factors
of D). Meanwhile, if £ is 2 and Dy = 8 then we can argue similarly using ¢/2. Finally, if { =2 and Dy =4
(so 03 = (2)) then we can pick y highly congruent to 14 i/2 over 2, so ¥y~ ! =i/2 # 1 mod 0.

At this point it is helpful to interject a few comments about the class group of quadratic imaginary fields.
It is well-known, and easily checked directly, that 2-torsion subgroup of the class group is generated by the
ideal classes above the ramified primes. For odd primes ¢|D and ¢ = 2 if 8| D, these are of the form (¢,v/D),
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while for Dy = 4 we have (2,14 +/D/4) above 2. The order of the group generated by these elements is 2¢~!
if ¢ distinct primes divide D, since the only non-square ideal over the ramified places that becomes trivial in
the ideal class group is (v D) = (i) (unless Dy = 4, which requires a separate argument). In this way, we see
that the above construction really defines a transitive free action of (Z/2)! on the set of possible X’s, and
this (Z/2)" may be naturally identified with an extension of Clg[2] by Z/2. Our formula (A.8) is slightly
more general than [GZ, Ch II1, (9.3)] in that it allows D to be even, in which case the action X ~— X! affects
the local congruence above 2 in a slightly more complicated manner when Dy = 4 (if we avoid even D and
take X = 1, then X°° collapses to a product of local signs, as in [GZ]).

Continuing with the method of Gross-Zagier, note that an element b = o 4+ 35 € Ra has reduced norm
which is the sum of the reduced norms of b = a and b_ = 3j, so in the presence of the conditions on
the sum on the left side of (A.7) we get mN(a) = N(b) = N(a) + pgN(5), where pgN(5) = N(b_) # 0, so
necessarily § # 0. If we introduce the ideals

(A.9) c=(a)oa™t, ¢ = (Bogn o tba ! £0,
then
N(6) + (NPIN(€) = Na) o+ N(8) - Np 2% = (N(@) + paN(8) s = D

In particular, since ged(m, N) = ged(N, D) =1 and N > 1, so Np { m|D|, we must have N(¢) # 0, so ¢ # 0
(so a #0).

To summarize, the conditions on o and § say that ¢ and ¢’ are nonzero integral ideals with N(¢)+NpN(¢') =
m|D|. Since d = (v/D) is a principal ideal, we see that ¢ is in the ideal class &/ ~! while ¢/ is in the ideal
class & Z~2[qn~!], where 2 is the ideal class of b (the same b which is implicit in our model R = R(®)).
Thus, for each a + 37 € Ra we have constructed a pair of nonzero integral ideals ¢ and ¢’ of 0k which lie in
specified ideal classes and satisfy a single norm relation. The key is to prove that this construction exhausts
all such pairs of integral ideals, and to determine how badly this construction fails to be injective. Recall
that on the left side of (A.7), we are varying % over all ideal classes of K, each of which we include once.
However, there is a complication caused by the fact that the class of ¢’ only depends on %2, not %, so a
pair of integral ideals (c, ¢’) may arise from elements o+ 35 in several Eichler orders in B which contain O
and have reduced discriminant Np, but are not conjugate as Ok-algebras.

To work out how much repetition we encounter, suppose that we start with a pair of nonzero integral
ideals ¢ € &1 and ¢/ € & B~ 2[qn~1] with N(¢)+NpN(c') = m|D|. Define n = pN(¢'), so N(¢c) = m|D|—nN.
We can reverse the original definitions (A.9) to define nonzero principal ideals

(A.10) cad~!, o lq lnbb G

Since u = |0}5|/2, there are 4u® = (2u)? choices of respective generators o and 3 of these principal ideals. Be-
cause of the integrality ¢ and ¢/, all local conditions in (A.8) necessary to make a+(3j € Ra are automatically
satisfied ezcept for possibly the congruence conditions a — X*®3 € O 4 at the primes £|D.

For 4| D, all we have to work with is

N(¢) + Np - N(c')
D
so N(a) = —pgN(B) (mod Ok ). In particular, since —pg is a local unit, o and 3 are either both ¢-integral

or else neither is f-integral and they have the same pole order (so «/3 is an f-unit). We claim that there is
a squarefree integral ideal I|d (possibly more than one) such that o = X"’ (mod &,). This follows from:

N(a + 8j) = N(a) + pgN(3) =

-N(a) = mN(a),

Lemma A.18. For each prime £|D, we have o — X8 € Ok ¢ for at least one of the two units X, € Ok ¢/
with norm —pq € Zy¢/Dy. Both such units work if and only if £|N(¢).

Proof. We treat separately the case of odd ¢ and ¢ = 2. First assume £ # 2, and we want to prove that
at least one choice works. This is clear when « and (3 are {-integral (both choices work). When neither is
(-integral, a/beta € O , has norm congruent to —pg mod Dy, so there is a unique X’ € Ok /9, with norm

—pgq mod Dy such that o/ = X' (mod Ok ). But look at the expression () = c’b_lq_lnbgilﬁ. Since 0 is
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squarefree at ¢, gcd(D, agN) = 1, and any ramified prime factor in b is cancelled against its inverse appearing

in E_l, we see that § is f-integral if and only if ¢’ is divisible by the prime over ¢, and that otherwise 3
(hence «) has a simple pole at that prime.

When « and (3 have simple poles over ¢, a = X;8 (mod Ok ) is equivalent to o/ = X; mod . Thus,
in general for odd ¢|D we see that @ = X;8 (mod O ) for at least one of the two possible values of X,
with both occurring if and only if o and g are ¢-integral, which in turn is equivalent to ¢|N(c’).

Now we turn to the more subtle case ¢ = 2|D. For this case it will be convenient to recall from Remark
A.7 that —pg = 1 mod 8 when D is even in the inert case. Once again, either o and § are both ¢-integral or
neither is, and when both are integral then clearly 2|N(¢’). To keep track of the pole order and the condition
of whether 2 { N(¢’) in non-integral cases, we separately treat the cases Do = 4 and Dy = 8. First assume
Dy = 4,50 D = —4d with positive squarefree d = 1 mod 4. Representatives for (35 '/0k o) —{0} are 1/2, /4,
and 1/2+1/4 (recall i = v/D). The norms of these classes are well-defined in Dy 'Zy/Zy = 4~'Z/Z, and are
represented by 1/4, —D/16 = 1/4, and (1 4+ d)/4 = 1/2. Since N(X}) = —pg mod D5 and —pg = 1 mod 8,
the two solutions X4 € Ok 2/02 are 1 and i/2 (since d = 1 mod 4). Since § has at worst a double pole in
K>, so N(8) has at worst a double pole in Qa, the congruence N(a) = —pgN(5) (mod Zs) is equivalent to
N(a) =N(8) (mod Z5).

Thus, a,f8 € 02_1/6}(,2 are either both in the class of 1/2 + i/4 or are each in one of the two classes
{1/2,i/4}. Running through both options and recall that X5 € {1,4/2}, we see that a« = X503 (mod Ok )
can be solved in the non-integral case, with both X/ options working if and only if we are in the case where
« and § are in the class of 1/2 4 i/4. This is also the only case in which (3)0 lies in the maximal ideal of
Ok (i.e., 0 has a simple pole, rather than a double pole), or equivalently 2|N(¢").

The case Dy = 8 (i.e., D = —8d with odd squarefree d > 0) goes similarly, but there are more cases to
consider. Now 0, '/Ok.9 ~ Z/4 x Z/2 as an abelian group, with generators i/8 (of order 4) and 1/2. Norms
on here are well-defined in Dy 'Zy/Zo = 8 'Z/Z. The two solutions in O /02 to N(X}) = —pg mod Dy =
1 mod 8 are X} = +1, so for non-zero classes o, 3 € 0, '/0k. o we want N(a) = N(B) (mod Z) if and only
if @ = £6 (mod Ok ), and that both such signs work precisely when § is 2-torsion (i.e., does not have a
triple pole, which is to say exactly that (3)02 lies in the maximal ideal, or in other words 2|N(c¢’)). This is
straightforward by inspection of the norm of each non-zero class in 95 ! /Oxk 2.

|

We conclude that when given ¢ and ¢’ of the desired type and constructing pairs « and [ from these,
necessarily a = X°*3 (mod &,) for some integral squarefree ideal I|0 (which is visibly 2-torsion in the class
group). This corresponds to using bl instead of b (representing a multiple of # by a 2-torsion ideal class),
so any such choice of o and 3 satisfies conditions so that o + 8 € R'a with R = ITRI~' = R(®D for some
squarefree integral ideal I]d. Note that 7' = (1), so replacing b with bl in the definition of ¢/ in terms of
(8) (or (B) in terms of ¢’) has no impact.

Now we are ready to carry out the calculation of the left side of (A.7). Although the outer sum runs
over O'k-algebra isomorphism class of Eichler orders R of reduced discriminant Np (containing Ok ) inside
of B, rather than considering contributions from suitable elements b = o + (35 which lie in R(®)a for each
of a list of class group representatives b, it is more convenient to consider a coset p in Clg /Clg[2] ~ Cl%,
and determine only the subsummation within (A.7) coming from those ideal classes % in the chosen coset.
These classes are precisely those whose square %2 is some specified square class € € Cl%(, and if we choose a
“base point” representative b for one such %, then {bI} provides a 2-to-1 set of representatives of elements
in the coset p as I runs over squarefree divisors of the principal ideal d. Recall that Clg[2] is presented as
the free Fy-vector space on the prime factors of 9, subject to one relation: when D5 # 4 we require that the
sum of these elements is zero, and when Dy = 4 (so D = —4d with positive d = 1 mod 4) we require the
vanishing of the sum over the factors in odd residue characteristic when d > 1 (and the class group is trivial
for d = 1). Though we are interested in the subsummation of (A.7) running over the ideal classes lying in
the 2-torsion coset p (or having square %), we shall consider instead the analogous sum X!, carried out over
all concrete orders R(°/) as I runs through squarefree factors of 9. This collection of orders indexed by I’s
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collapses 2-to-1 when considering Ok -algebra isomorphism classes, so at the end we will need to divide by 2
(it would be inconvenient to explicitly avoid the double overcount caused by isomorphism class repetition).

Fix data consisting of nonzero integral ideals ¢ and ¢’ with ¢ € &~ and ¢ € &€~ [qn~!] with N(c) +
NpN(¢') = m|D|. The ideals in (A.10) are unaffected by replacing b with bl for squarefree divisors I of .
Thus, for 3, viewed as a sum of sums labelled by orders R(®D it makes sense to focus on the contribution
of elements b = o + B € R®a/ + 1 for which a and 3 are respective generators of the ideals in (A.10).
Our collection of 2¢ Eichler orders R(®!) | which is 2-to-1 on the level of &k-algebra isomorphism classes, is
naturally indexed by the 2! elements X € O /0 satisfying N(X) = —pg mod D:

{a+pBjlacd™, Be 0 lg b ', a— X3 e Oh}.

Define n = pN(c’). Each choice of generators o and g for the principal ideals in (A.10) contributes to
¥, , but may contribute multiple times, via membership of b = a+ j in perhaps more than one of the 2°
orders with which we are working. The issue comes down to the fact that for each £|D, the local congruence

a= X, mod Ok ¢ might be satisfied for both solutions X, € Ok /0, to N(X;) = —pg mod D,. By Lemma
A .18, we see that the ¢|D for which both congruences hold are exactly those for which ¢|N(¢') = n/p, or
equivalently ¢|ged(n, D). If e(n) denotes the number of prime factors of ged(n, D), then we see that such
terms a + 35 contribute 1 + ord,(N(b_)) = ord,(pN(37)) exactly 2¢(") = §(n) times.

Thus, for ¢ € &/~ and ¢ € &€ [qn~!] we have 4u? choices of pairs («,3) generating the principal
ideals in (A.10), and each such pair gives rise to an element b = « + 3;j which lies in R’a for §(n) of the
orders R’ which arise in X{,. Since we are really summing over R'a/ =+ 1, where b are the same, we have to
divide by 2. Thus, the amount contributed to ¥, by the §(n) appearances of b is (1 + ord,(N(35)))/2. We
have N(87) = N(5) - (—pq), and the p-part of N(8) agrees with that of n/p = N(¢’), due to (A.9) and the
fact that p does not divide N(a) - gND. Thus, for each pair (¢, ¢’) we get a total contribution to X/, given
by (4u?)8(n) - ord,(pn)/2. Remembering now to divide by an additional factor of 2 from the initial double
overcount on isomorphism classes of models (upon fixing €’), the pair (¢, ¢’) contributes u?§(n)ord, (pn), where
n = pN(c’) is an integer divisible by p, and Nn < m|D|. This only depends on (¢, ¢’) through the value of n.
Since ¢ has norm m|D| —nN, the total number of such pairs (¢, ¢') is 7o (m|D| — nN)7sg-11qn-1)(n/p). For
the first factor we have used that r,-1 = r, since conjugation of an ideal inverts the ideal class but fixes
the norm.

As we vary the square class €, &/¢[qn~!] varies over all products of </[qn] against a square ideal
class. The number of integral ideals of norm n/p which lie in such classes is precisely what is counted by
R/[qn)(n/p). This completes the proof.

[ ]

Remark A.19. Another way to interpret the double overcounting is that we should identify contributions
from a + 34 and a — 37, since o — 3 = i(a+37)i~! and it is precisely conjugation by the generator i = /D
of 0 which serves to identify repetitions within an &'k-algebra isomorphism class in the collection of orders
used in the preceding proof (relative to a chosen coset p € Cli /Clg[2]).

In the ramified case, the final formula in [GZ, Ch 111, §9] is valid without parity restriction on D, but some
care is required to handle even D. The essential deviations from the proof of Theorem A.17 are detailed
below.

Theorem A.20. Suppose p = p> is ramified in K. Pick a prime q over q as above, and define §(n) = 26
where e(n) is the number of prime factors of ged(n, D). Then

(¢, Tind?)p = —1o(m)hguord,(m)logp — logp - u? - Z ord, (n)ry (m|D] — nN)o(n) Ry qpn) (n/p).
0<n<m|D|/N
pln

Proof. The first essential difference from the inert case is that the places v|p are generally no longer in a
bijective correspondence with the elements of Clg. Indeed, if [p] has order 2 in Clg then f, = 2 for all vlp.
In this case, there are only h/2 isomorphism classes of Eichler orders in B with reduced discriminant Np
containing O if we fix S = Sx as in (A.6), then pSp~—! = S. This is a minor change, as summing over the
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places v will instead correspond to summing over the orders R(®) as defined previously, where b ranges over
a representative set of ideals for Clg /[p].

As in the inert case, we will perform the sum over ideal classes by summing on the outside over cosets
in C1% and on the inside over those ideal classes in the coset modulo [p] — these can be represented by the
squarefree divisors I of ? that are relatively prime to p, but not necessarily in a 2-to-1 fashion as before.
Losing the order 2 action at p has cut the cardinality of this representative set in half, but if [p] is trivial, the
cardinality of the Clg[2] coset is the same as in the inert case. Thus we can conclude that the representation
is 2-to-1 exactly when f, = 2 for all v|p, and otherwise 1-to-1.

Respecting these changes, the method of summation is the same, but there is a change (relative to what
we saw in the inert case) when counting the number of representative models for a given coset of Clg [2]/[p]
that will contain a choice of a + 35 corresponding to ideals (c,¢’). Previously this count was d(n), but now
we always have p|n, and the resulting local factor of 2 that p contributes to §(n) is superfluous, as there is
not a corresponding order 2 action at p on the representatives.

Along with the observation that ord,(DN(b_)) = ord,(n), the formula in the theorem is assembled in the
same manner as in the inert case.
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