MATH 396. BUNDLE PULLBACK AND TRANSITION MATRICES

1. MOTIVATION

Let f: X’ — X be a CP mapping between CP premanifolds with corners (X, &) and (X', 0”),
0<p<oo Letwm:FE — X and 7’ : '/ — X' be CP vector bundles. Consider a CP bundle
morphism

E/LE

/
X*>fX

so for each 2/ € X’ we get R-linear maps 7|,/ : F'(z) — E(f(z')). A basic example is the case
when X, X'/, and f are of class CP*! and T = df : TX' — TX is the induced total derivative
mapping that is the old tangent map df(z) : T (X') — T(ey(X) on fibers.

For each 2/ € X’ we may use E and f to obtain a vector space E(f(z’)) determined by f and
E, and it is natural to ask if these can be “glued” together to be the fibers of some C? vector
bundle f*(E) — X' equipped with a bundle morphism f : f*E — E over f : X' — X that is
the identity map (f*E)(z") = E(f(2)) — E(f(2')) on fibers. (Strictly speaking, the notation f is
abusive since it depends on F and not just f; hopefully this will not cause confusion.) Such a pair
(f*E — X', f) will be called a pullback bundle when it satisfies the universal property that for any
C? bundle morphism T : E/ — E over f : X’ — X there is a unique C? vector bundle morphism
T : E' — f*E over X' giving a factorization

T
T~
/ *
B~ ['E —E
X ==X —X

f

so T'|p : E'(2") — (f*E)(2") = E(f(2')) is exactly the map T'|,». (The content is that the set-
theoretic mapping 7" is a CP mapping.) In other words, the pullback bundle should promote bundle
morphisms T between bundles over different base spaces to bundle morphisms 7" between bundles
over a common base space.

Note that it does not make sense to go in the reverse direction: if we are given a vector bundle
on X’ then most points in X are either not hit by any point of X’ or are hit by more than one
point (or perhaps infinitely many points) of X', so there is no reasonable way to use f to associate
vector spaces to points of X by means of a vector bundle on X’. Our first aim in this handout is to
develop the “pullback” construction, and to give some examples. The second aim of this handout
is to provide a very classical description of CP vector bundles of constant rank in terms of what
are called “transition matrices”. This is used quite a lot in the more advanced study of vector
bundles, and is conveniefnt for explicitly describing many “linear algebra” bundle constructions via
operations on matrices.

2. PULLBACK OF BUNDLES

Let f : X’ — X be a CP mapping between CP premanifolds with corners, 0 < p < oco. Let
7w : E — X be a CP vector bundle. We want to construct a C? vector bundle f*(7) : f*E — X'
1
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equipped with a CP vector bundle morphism

FE—L-p

f*(W)l l”

/
X*>fX

that is universal in the following sense: for any C? vector bundle 7’ : E/ — X’ and any bundle
morphism T : B/ — E over f: X’ — X there is a unique way to fill in a commutative diagram

T

/*\
B = ['E—=F
Tr’l lf*(ﬂ) lﬂ'
X' —X —X

!

with 7" a CP bundle morphism over X’.
We define f*E to be the disjoint union of sets

FrE=1] E(f@E)).
z'eX’
A typical point in f*F is denoted (z/,v) with v € E(f(2’)). There may be many points 2’ € X’
with the same image 2 € X, and the associated vector space E(f(z')) sitting in f*F is abstractly
“the same” for all such 2’ € f~!(x). For this reason, we must keep track of the indexing parameter
2’ € X' and not just the “bare” vector space F(f(z')) when describing operations on points in
f*E. We define the map f*(7): f*E — X' by (2/,v) — 2’ € X".

We need to topologize f*E and give it a CP-structure such that (i) f*(r) : f*E — X' is a CP
map, (ii) the linear structure on the fibers (f*(m))~!(2') = E(f(2')) satisfies the local triviality
condition to make f*E a CP bundle over X', and (iii) the proposed universal property holds. Our
procedure will be very similar to the method used in an earlier handout to define the vector bundle
V 4 associated to a locally free finite-rank &-module .# (by putting a suitable topology and CP-
structure on the disjoint union [] .y .#(x)). Before we get into the details, we wish to emphasize
that the local picture will be quite simple: if {U;} is an open covering of X for which there are
C? bundle isomorphisms E|y, ~ U; x R™ corresponding to a trivializing frame {sg)} in E(U;),
then for the opens U/ = f~1(U;) that cover X’ the restriction (f*E)|y; has a CP trivialization

given by the sections u; — s,(j)(f(u;)) € E(f(u}) = (f*E)(u}) to f*(m): f*E — X' over U] C X"
Roughly speaking, the “only” problem is to cleanly build the right bundle f*E over X' giving
rise to such local trivializations on fibers over f~1(U;)’s. This construction problem can be solved
in several ways (all of which give answers that are uniquely isomorphic in accordance with the
universal property), and in what follows we have chosen the construction that seems most elegant
(in terms of minimizing non-canonical choices and the intervention of matrices) in view of our
present knowledge.

To define the topology on f*FE we will use the method of gluing topologies. Consider pairs
(¢,U) where U C X is a non-empty open set and ¢ : E|ly ~ U x R" is a CP isomorphism of
bundles. (Of course, n may depend on U.) For the open set U’ = f~}(U) in X’ we get a bijection
¢ : (f*(m))"H(U") ~ U’ x R" over U’ by using the linear isomorphism (f*(7))~(u) = (f*E)(u) =
E(f(u")) =~ R" defined by ¢, over each v’ € U’. We wish to use ¢’ to transfer the topology
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of the product U’ x R" to a topology on (f*(7))~1(U’), and to glue these topologies to topologize
f*E. Note that as we vary (¢,U) the opens U do cover X and hence the open preimages U’ do
cover X'.

To glue, as usual we have to verify two properties: for any (¢1,U;) and (g2, Us) such that Uy NUs
is non-empty, we must prove (i) the overlap (f*(7))~2(Uj) N (f*(7))~H(US) = (f*(=)) "YU NUY) is
open in each of (f*(m))~1(U}) and (f*(7))~1(U}), and (ii) this overlap inherits the same subspace
topology from both. (Note that if U3 NUs is empty then so is its preimage Uj N U} under f.) Since
Uy meets Us, the constant ranks for £ on U; and Us are equal, say n. The open subset property
(1) just says that ¢} carries the overlap to an open subset of U/ x R™, and indeed it carries the
overlap to the subset (U] NUS) x R™ in U] x R™ that is obviously open. The agreement of subspace
topologies in (ii) is equivalent to the assertion that the transition mapping

¢ho(¢h)"!: (U1 NU) x R" — (U] NU3) x R
is a homeomorphism. Explicitly, the map is given by (u/,v) + (', (¢2 0 ¢7 )| Fuy(v)) where
¢s 0 ¢1_1 : (Ul n UQ) x R™ ~ E|U10U2 ~ (U1 N UQ) x R"

is the transition isomorphism over Uy NUs for E. For u € U this latter map is given on u-fibers by
a matrix L(u) € GL,(R) such that L : U — GL,(R) is a CP mapping (this encodes that ¢q o ¢]*
is a C? mapping). Thus,

(1) ¢y o (@) (W, 0) = (U, (Lo f)(u))(v)).

Since L is a continuous mapping and f is continuous, so is Lo f. Thus, the formula for evaluation of
a matrix on a vector implies (via (1)) that the self-map ¢4 o (¢]) ™t of (U] NU%) x R™ has continuous
component functions and so is continuous; of course, the same argument applies to the inverse map
(swap the roles of (¢1,U1) and (¢2,U3)), so we get the homeomorphism result.

We have put a topology on f*E such that for each local trivialization ¢ : E|y ~ U x R" as
above, with n the constant rank for E over U, the subset (f*(7))~'(U’) C f*E is open and the
bijection ¢’ : (f*(m))~1(U’") — U’ x R"™ over U’ induced by the linear fibral isomorphism

(B = B " R
for all v’ € U’ is a homeomorphism. It follows that the projection f*(7) : f*E — X' is continuous
since for each of the (U, ¢)’s the part of f*E over the open U’ C X’ is homeomorphic to U’ x R™
(via ¢') in a manner that carries the restriction of f*(7) over to the continuous standard projection
U'xR"™ — U’. Thus, we have given f*E a structure of topological vector bundle over X’ because the
¢'’s are homeomorphisms that are linear on fibers (i.e., they provide local topological trivializations).

Note that when U; N Us is non-empty (so the constant ranks for E on U; and Us are equal, say
n), the transition isomorphism ¢} o (¢})~! is CP (since by (1) it is given in terms of the composite
Lof:U NU)— GL,(R), with f : U' — U a CP map and the matrix-valued function L describing
the transition mapping ¢2 o<]51_1 also CP on U;NUy). Hence, the hypotheses for gluing CP-structures
(as in Lemma 1.2 in the handout on the equivalence between bundles and ¢-modules) are satisfied
for the topological space f*E with its open cover by the (f*(7))~1(U’)’s and the homeomorphisms
given by the ¢’’s. We thereby get a unique C? structure on f*FE with respect to which the maps
¢ (f*E)|lyr — U x R™ are CP isomorphisms for each CP trivialization ¢ : E|y ~ U x R™.
It follows (by working over the opens U’ in X’) that f*(r) : f*E — X' is a C? mapping and the
linear structures on the fibers (f*E)(z') make the ¢'’s be CP trivializations that ensure f*F is a
CP vector bundle over X’. This completes the construction of the C? vector bundle structure on
fr(m): f1(E) — X
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Remark 2.1. By construction, if U C X is any open subset (not necessarily with E|y trivial) and
U’ C f~Y(U) is any open subset (not necessarily all of f~1(U)), we have (f*E)|y: = ff y(E|v)
with fyr: U — U the CP restriction of f. In this sense, the formation of f*E is local on X and
X'.

Lemma 2.2. The set-theoretic mapping ]?: f*E — E over f : X' — X given on fibers by the
linear identity map (f*E)(z") = E(f(2')) — E(f(2")) is a CP mapping.

Proof. This problem is local over X and over X', so by Remark 2.1 we may assume that F is trivial.
Let ¢ : E ~ X x R"™ be a choice of trivialization. By the construction of the CP-structure on f*FE,
the bijection ¢’ : f*E — X' x R"™ given on fibers over 2/ € X’ by

)

(f*E)(a') = E(f(2')) = R"
is a CP trivialization over X'. Calculating on fibers shows that the C” composite

FE~X xRV X xR~ E

over f: X' — X is exactly the map f, so indeed fis CP. |

Ezample 2.3. Before we verify that the pair (f*E — X, f) satisfies the desired universal mapping
property, we give two trivial examples. If F — X is a CP vector bundle and x € X is a point, for
the inclusion mapping i : {x} — X the pullback i*FE is the vector bundle over the 1-point space
{x} given by the vector space E(z), with i : i*E — E the inclusion onto the fiber at z. If U C X
is an open subset and 7 : U — X is the inclusion map, then the vector bundle i*E — U is the
restriction E|yy — U (and i : i*E — E is the inclusion onto E|y).

To give interesting examples with minimal mess, we verify the universal mapping property:

Theorem 2.4. Let f : X' — X be a CP mapping. Let E — X be a CP vector bundle, and let
B — X" be a CP vector bundle. If T : E' — E is a CP bundle morphism over f : X' — X then
there is a unique C? bundle morphism T' : E' — f*E over X' such that foT =T.

Set-theoretically, since f on a/-fibers induces the identity map on E(f(z’)) there is only one
possibility for the fibral map 7" : E'(2') — (f*E)(2’) = E(f(2')), namely T|,s. Hence, the content
of the theorem is that this 7" is a CP mapping.

Proof. The CP problem is local on X', so by Remark 2.1 we may work locally on X’ and X. Hence,
the problem is reduced to the case when E and E’ are trivial. Choose trivializations ¢ : E ~ X x R"
and ¢/ : E' ~ X'xR"™ over X and X’ respectively. As we saw in the proof of Lemma 2.2, we get a CP
trivialization f*(¢) : f*(E) ~ X’ x R" over X' that is the map ¢| .y : (f*E)(z') = E(f(2')) ~ R"
on x'-fibers for each 2/ € X'.
The CP composite mapping
/—1
X' xR"’~ B LEL X xR"

is given by (z/,v') — (f(2), (T(z"))(v")) for a linear map T(z') : R" — R", say given by a matrix
(a;j(x")). The CP property of this mapping is exactly the property that the matrix-valued mapping

[T]: X' — Mat,»n(R)

given by z’ — (a;j(2')) is CP (i.e., the matrix-entries a;; : X’ — R are CP functions). Indeed,
sufficiency follows from the C? property of f and the formula for evaluating a matrix on a vector
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in Euclidean space, and necessity follows from chasing (2, e;) for standard basis vectors e} e R".
Define the CP mapping 7" : E' — f*E to be the composite
/ , * —1
E'gX’xR" HX’XR”f (g) fE
with middle map given by (z/,v") — (2/, (a;;(2"))(v")). This is a CP map (over X’) because each
a;; : X’ — R is CP, and on fibers it gives the map E'(z') — (f*E)(2’) = E(f(2')) that is exactly
T|,. Hence, we have built the desired C? mapping. |

An important feature of bundle pullback is that it is well-behaved with respect to bundle mor-
phisms over the initial base space X:

Corollary 2.5. Let f: X' — X be a CP mapping and let T : Ey — E5 be a CP bundle morphism
over X. There is a unique map f*(T) : f*(E1) — f*(E2) between CP bundles over X' such that on
fibers over each x' € X it is the R-linear map

(FENE) = B(E) S BE) = (7 (EB)(@).
(In particular, if Ea = Ey and T is the identity then f*(T') is the identity.) The formation of f*(T')
behaves well with respect to composition of CP bundle morphisms in the sense that iff :FEy — FEs
is another CP bundle map, then f*(T o T) = f*(T) o f*(T) as maps from f*(Ey) to f*(E3) over
X'

Proof. The uniqueness of f*(T) is clear on the set-theoretic level, and calculating on fibers also
verifies the compatibility with composition in T'. The only real problem is to prove that the map
J*(T) defined set-theoretically to be T'|f(, on 2'-fibers is in fact a mapping of C? bundles over X'.
But it is easy to directly construct f*(7T") as a CP bundle mapping by using the universal property
of pullback bundles: consider the composite diagram of C? bundle maps

f*E1—f>E1—T>E2

R

S -
X 7 X X
By the universal property of the pullback bundle f* Fs, this composite map uniquely factors through
a CP vector bundle morphism f*F; — f*E5 over X', and checking on fibers shows that this
morphism is f*(7T). [

3. EXAMPLES

Let f: X’ — X be a CP mapping between C? premanifolds with corners, 0 < p < oo, and let
m: E — X be a CP vector bundle.
Ezample 3.1. We identify CP-sections s € E(X) with CP vector bundle morphisms [s] : X xR — E
over X (given by 1 — s(x) on z-fibers). By the universal property, the composite bundle morphism

X xR x xrH
over f uniquely factors through a bundle morphism X’ x R — f*E over X’. This latter map
corresponds to a CP-section in (f*FE)(X') that we denote f*(s) and call the pullback section.
Concretely, on fibers we have (f*(s))(2') € (f*E)(2') = E(f(2')) is s(f(z')). This fibral cal-
culation shows that the resulting map f* : E(X) — (f*E)(X’) is R-linear, and even linear over
the R-algebra map 0(X) — 0'(X’) given by composition with f. (That is, for h € 0(X),
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f*(h-s) = (hof)- f*(s).) In the special case E = X x R we have f*E = X’ X R and via the
equalities E = & and f*E = 0" the map f*: 0(X)=E(X) — (f*E)(X')=0"(X')ish— ho f.
In general, f*: E(X) — (f*E)(X') is neither injective nor surjective (even for E = X x R, let
alone for more interesting examples such as £ = TX).

For any open U C X we have (f*E)|;-1y = f;(E|y) with fy : f~1(U) — U the CP restriction

of f (Remark 2.1), so we may apply the same construction to fr; instead of f to define f*(s) €
(f*E)(f~'U) for any s € E(U). Calculating on fibers shows that the formation of f*(s) is local:
for open Uy € U and s € E(U), (*5)|y-10) = £*(slon) in (fE)(f~(Uo)).
Example 3.2. Fiber calculations show that in the setup of Example 3.1, if {s;} is a trivializing frame
for E|y then {f*(s;)} is a trivializing frame for (f*E)(f~1(U)). That is, the vectors (f*(s;))(z’) =
si(f(@)) € (f*E)(2') = E(f(2")) give a basis for each 2’ € f~1(U) when the vectors s;(z) € E(z)
give a basis for each x € U.

The next two (rather lengthy) examples rest on the theory of the tangent bundle, to be developed
in a few lectures. Postpone reading these examples until that time; skip ahead to Example 3.5.

Ezxample 3.3. Assume 1 < p < oo, and consider the total derivative mapping df : TX" — TX of
CP~! bundles (over f : X’ — X). By the universal property of pullback, we arrive at a unique
CP~! bundle morphism TX’ — f*(TX) over X’ whose restriction to fibers over 2’ € X' is the old
tangent map

df(2') : To(X') = (TX")(2') — (f*(TX))(2") = (TX)(f(2")) = T per)(X).

Hence, we may consider the CP~! bundle morphism TX’ — f*(TX) over X’ as merely another
global repackaging of the collection of tangent mappings arising from f : X’ — X. In certain
settings (but not all!) it is more convenient to work with this map instead of the C?~! bundle
morphism df : TX’ — TX over f: X’ — X. As an important example, when f is an immersion
then the mapping 7X’ — f*(TX) of bundles over X’ has fiber map Tp (X') < T (X) over
' € X', so this bundle map over X’ encodes how the tangent spaces to X’ “move” inside of the
tangent spaces of X. This example will be a partial motivation for the notion of subbundle that we
shall find to be very useful later on.

We must warn the reader of a common source of confusion. Passing to X’-sections, df gives
a mapping (TX')(X") — (f*(TX))(X’) that associates to any CP~! vector field ©' on X' the
X'-section f*(7") of f*(T'X) whose value in each fiber (f*(TX))(2") = TX(f(2")) = Tpe(X) is
df(2")(¢'(2')). This pullback section f*(¢") is just a repackaging of the data of the df(z)(v'(x'))’s
in the tangent spaces Ty, (X) for varying 2 € X’ and it has nothing to do with any global vector
field on X. More specifically, although we have two maps

(TX)(X') = (f(TXNX), (TX)(X) — (f(TX))(X)

to the same target, these have nothing to do with each other: the first encodes the tangent mapping
arising from f (and so it is a special construction adapted to the fact that our vector bundles are
tangent bundles) whereas the second is a “general nonsense” mapping that makes sense with T'X
replaced by any CP~! vector bundle on X (it does not encode any information related to tangent
maps, for example). We remind the reader again that CP~! vector fields on X (resp. X') do not
“give rise” to CP~! vector fields on X’ (resp. X); the pullback bundle f*(7'X) on X’ is an abstract
thing whose general X'-sections have no interpretation via vector fields on either X or X’ (¢f. the
comments on f* generally being neither injective nor surjective in Example 3.1).
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Ezxample 3.4. Just as the tangent bundle globalizes pointwise tangent spaces, we can use the concept
of pullback to globalize the pointwise linear isomorphism

(2) T2y 0) (X1 X Xo) = Ty (X1) © Ty, (X2)
for tangent spaces on products of CP premanifolds with corners X7 and Xo (1 < p < 00). Let
mj : X1 X X9 — X, be the standard C? projection map. We have CP~! bundle diagrams

d .
T(X, x X3) —2 T(X)

l l

X1 X X2 Xj

Ty

and so by the universal property of pullback we get CP~! bundle morphisms T'(7;) : T(X; X Xa) —

77 (T(X;)) over Xi x Xs. As is worked out in the handout on direct sums for vector bundles,
these behave with respect to bundle morphisms exactly as direct sums of vector spaces behave with

respect to linear maps. Thus, we get a CP~! bundle morphism
T(m) & T(ma) : T(Xy x Xp) — w1 (T(X1)) & my(T(X2))
over X1 X Xs. On fibers over (x1,x2) € X1 X Xy this recovers the pointwise map
dmy(z1, 22) © dma(21, T2) @ T(g) 00) (X1 X Xa) — Tay (X1) © Tay (Xo)

that is exactly the standard isomorphism (2). Hence, T(71) @ T(m2) is a CP~! bundle morphism
that is an isomorphism on fibers, and so it is a C?~! bundle isomorphism.

Concretely, if U; C X; is an open set over which we have C? coordinates {xgj ), e ,xgj)}, then
T'(X;)|u, has the trivializing frame {0 ) hi<i<n;, and so its pullback 77(T'(X}))[v,xv, has the

trivializing frame given by the sections ;T;f(@$(j))’s for 1 < i < n; (Example 3.2). By looking in

fibers over U; x Uy and using Example 3.3 for 7;, the inverse of the isomorphism 7'(71) @ T'(m2) on
Uy x Us-sections carries (W;(am(j)), 0) to 8$<j) , where the ny + ns functions
i i °Tj
(2)

(3) azgl)om,...,xgl) o Ty, Ty o7r2,...,1:7(122)o7r2 U xUs — R

are the induced CP coordinates on U; x Us. These ny + ng pullback sections give a trivializing
frame for n7(T(X1)) & m5(T(X2)), and so via (2) we thereby recover the trivializing frame for
T(X1 x X2)|u,xv, given by the partials with respect to the CP coordinate system (3) on U; x Us.
Example 3.5. Suppose that I' is a group equipped with right CP-actions on X and on E that are free
and properly discontinuous, and assume that 7 is I'-equivariant in the sense that m(v.y) = m(v).y
for all v € F and v € I'. Assume also that the action of v € I' induces the fibral bijection
E(z) — E(xz.y) that is a linear isomorphism for all z € X. By the homework we know that
the map of CP quotients @ : E = E/T — X/I' = X is a CP vector bundle. There is a natural
commutative diagram

E ne ——
X nx 7

where the horizontal maps are the natural local C? isomorphisms onto the I'-quotients. On fibers
over € X and its image T = nx(x) the induced map E(x) — E(T) is clearly linear, and even an
isomorphism. In particular, by the universal property of pullback bundles we see that ng uniquely
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factors through a bundle morphism E — n%(E) over X, and this latter morphism must be an
isomorphism since it is an isomorphism on fibers over X (due to the fibral isomorphism property
for ng). To summarize: the pullback of E/T" — X/I" by the quotient map X — X/I' recovers the
original bundle £ — X.

An especially interesting case is that of the Mobius strip with infinite height. Let f : S — C be
the quotient by the antipodal map and let M., — C be the Mobius strip with infinite height, so
My is the quotient of the trivial bundle R x S* — S! via the involution (¢,6) — (—t,0 + 7) that
lies over the antipodal map 6 — 6 + 7 on S'. We have seen that M., is a C* line bundle over
C that is not topologically trivial. However, its pullback f*(My,) — St is the trivial line bundle
R x S! — S'. Thus, a C* bundle with positive rank and no non-vanishing continuous sections may
become a trivial C° bundle after a very mild pullback (such as the “double covering” S! — C).

Another property of bundle pullback that is very useful in practice is that it is well-behaved with
respect to composition in the map along which we are forming the pullback:

Corollary 3.6. Let g: X" — X' and f: X' — X be CP mappings between CP premanifolds with
corners, 0 < p < oo, and let E be a CP vector bundle on X. There is a unique isomorphism of CP
vector bundles cg 5.1 : (f 0 g)"(E) ~ g*(f*(F)) over X" given on fibers over each z" € X" by the
composite linear isomorphism

4)  (fog)"(E)(=") = E((fog)(z") = E(f(9(z"))) = (f*(E))(9(z")) = (¢"(f*E))(z").
(As an example, for opens U C X and s € E(U) this carries (f o g)*(s) to g*(f*(s)) on the level of
sections over (f o)1 (U) = g~ (f~1(U)).)

Moreover, these isomorphisms are transitive in the sense that if h : X" — X" is a third CP
mapping then the two composite isomorphisms

(fogoh) E~h*((fog) E)~h'g"f*E, (fogoh)'E~(goh)" f"E~h"g" f'E

coincide. That is, h*(cg,1,E) © Ch,fog,E = Ch.g,f+(E) © Cgoh,f,E @S isomorphisms from (fogoh)*(E) to
h*(g*(f*(E)))-

Proof. The transitivity condition may be checked on fibers, where it is just the associativity of
composition for maps of sets. Also, the uniqueness of ¢, s g is immediate because its effect on fibers
is specified. The problem is therefore to prove that the set-theoretic map ¢4 f g that is linear on
fibers over X” is a CP mapping. Once again, we use the universal property of bundle pullback
to recreate cq g as a CP mapping: the composite bundle morphism ¢*(f*E) — f*E — E over
fog: X" — X uniquely factors through a bundle morphism ¢*(f*E) — (f o g)*(EF) over X".
Checking on z”-fibers gives the linear isomorphism inverse to (4), so we have built a CP vector
bundle isomorphism whose C? inverse is ¢4 1 E- |

4. TRANSITION MATRICES

Fix a positive integer n. Perhaps the most concrete (and classical) way to describe a rank-n CP
vector bundle on X is through what are called transition matrices. This is a vector-bundle analogue
of local CP charts on CP premanifolds with corners; the purpose of the intervention of matrices is
to encode the linear structure on the fibers of vector bundles over the base space X.

Let 7 : E — X be a rank-n vector bundle of class C?, 0 < p < oo, and let {U;} be a trivializing
cover for E. Pick CP isomorphisms of C? vector bundles ¢; : E|y, ~ U; x R™ over U;. Over
Ui; = U; N U; we have two trivializing isomorphisms via the restrictions of ¢; and ¢;. That is, we
have two CP bundle isomorphisms

¢z’ : E|Uij ~ Uij X Rn, ¢j : E|Ui]- ~ Uij x R™.



We thereby get a “transition isomorphism” of C? bundles
¢]Z = ¢] o (ﬁl_l : UZ] x R" ~ E‘U’ij ~ UZ] x R™.
This induces linear fibral isomorphisms Tj;(x) : R™ ~ R"™ over each z € Ujj;, so we have

¢j0¢; "+ (2,0) = (2, Tji(w)(v))
with Tj;(x) € GL,(R).
Lemma 4.1. Fiz i and j. The map of sets Tj; : Uy; — GLy(R) given by x — Tj(x) is a CP
mapping.

Proof. Writing Tj;(z) = (ars(x))1<r,s<n for functions a,s : Uj; — R, we have to prove that these
functions are C? on U;;. Consider the inclusion 5 : R — R" onto the sth coordinate axis and the
standard projection 7, : R” — R onto the rth coordinate axis. The composite CP mapping

b3
Uj xR 1X4s Uij x R" ~ Uij x R" X7 Uij xR

is exactly (z,c) — (z, ars(x)c), so using the CP mapping x — (z,1) from Uj; to U;; x R we get that

the map x — (z,a,s(x)) from U;; to Uj; x R is a CP mapping. Composing with the C? projection

U;j x R — R gives that the function a,s : U;; — R is CP. |

To summarize, using the trivializing open cover {U;} and the choices of C? isomorphisms of
bundles ¢; : E|y, ~ U; x R™ we have built a collection of C? mappings

Tji : Ui N Uj — GLn(R)

that we call the “transition matrices” for the trivialization of the E|y,’s via the ¢;’s. Note that this
has nothing to do with local CP-charts on the base space X. These collections of matrix-valued C?
mappings 7}j; are not unrelated to each other: they satisfy the triple overlap condition

Tij - Tik = T

as matrix-valued mappings U; N U; N Uy, — GL,(R). Indeed, this comes down to the elementary
associativity calculation
(piod; ") o(gjo0,") =diogy
on (U;NU;NU) x R™ and the fact that matrix multiplication encodes composition of linear maps.
The next result shows that this procedure can be reversed:
Theorem 4.2. Let {U;} be an open covering of X, and let Tj; : UyNU; — GL,(R) be CP mappings
that satisfy the triple overlap condition Ti;(x) - Tjr(x) = Tip(x) for all x € U;NU; MUy, for all i, j, k.
There exists a rank-n CP vector bundle m : E — X with trivializations ¢; : E|y, ~ U; x R"
satisfying ¢; o ¢i_1 =Tj; on (U;NU;) x R™ for all i and j. Moreover, the data consisting of E and
the ¢;’s is unique in the following sense: if 7' : E' — X with trivializations ¢} : E'|y, ~ U; x R™ is
another such structure likewise giving rise to the Tj; ’s, then there is a unique CP bundle isomorphism
f: E' ~ FE over X such that ¢; o f|y, = ¢} as CP bundle isomorphisms from E'|y, to U; x R™ for
all 1.

Before we prove the theorem, we make some remarks. A real nuisance in this theorem is that the
trivializing covering {U;} and the specific trivializing isomorphisms ¢; play such a prominent role
even though it is the vector bundle that is the primary focus of interest. A full treatment of the
approach to vector bundles through the language of transition matrices requires the characterization
of exactly which changes in the U;’s and the ¢;’s do not “change” (at least up to isomorphism) the
bundle we construct from the data of the transition matrices. Moreover, to actually work with this
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viewpoint one has to certainly do more, such as express the notion of bundle morphism (and many
operations with vector bundles) in terms of transition matrices.

This is a long story, and so we will not delve into it any further here. Our point here is to simply
record that the viewpoint of transition matrices satisfying a triple overlap condition is adequate
to construct all vector bundles with constant rank and it is very widely used in practice and in
important computations with vector bundles.

Proof. Let us first prove uniqueness. Suppose that 7 : £ — X and 7’ : E/ — X with respective
CP trivializations ¢; : E|y, ~ U; x R™ and ¢} : E'|y, ~ U; ~ R™ over each U; are both solutions
to our existence problem. We want to find the asserted unique C? bundle isomorphism f : B/ ~ FE
over X satsifying ¢; o f|y, = ¢, over U; for each i. The restriction f; : E'|y, ~ E|y, of f over U; has
no choice but to be qb;l o @l, so each f; is uniquely determined and hence f is uniquely determined.
To actually build f, we define the bundle isomorphism f; : E’|y, ~ E|y, over U; to be gzbi_l o ¢ and
we seek to glue the f;’s over X. Over U; NUj, we claim that the restrictions of f; and f; to C?
maps
E/|UiﬂUj - E‘UiﬂU]‘ g E

do coincide. This says that ¢;1 o = qufl o d); as maps from E'|y,ny, to Ely,nu;, or equivalently
that ¢} o ((;59)_1 = ¢; 0 ¢j_1 as self-maps of (U; NU;) x R"™. By hypothesis on the data (E, {¢;}) and
(E',{#;}), both of these latter two self-maps are equal to (z,v) — (z, (Tji(z))(v)). Hence, we can
indeed (uniquely) glue the C? bundle maps f; over U; to a CP mapping f : E/ — E over X that is
a bundle morphism (linearity may be checked on fibers over each x € X, since each z lies in some
U;). The same procedure applies to the inverses fi_l and so gives a bundle map f’ : E — E’ of
class CP that is an inverse to f (as may be checked on fibers over X).

Having settled the uniqueness aspect of the problem, we now turn to existence. There is a general
procedure called “gluing of topological spaces” that we have to use. In essence, what we want to
do is to glue U; x R™ to U; x R™ by pasting the open set (U; NU;) x R™ C U; NR"™ onto the open
set (U;NU;) x R™ C U; x R" via the fibrally linear homeomorphism (z,v) — (z, (Tji(x))(v)) over
U; N Uj for all i and j. To make this precise, we need to introduce a big topological space with an
equivalence relation.

Let S = [[;(U; x R™) be the disjoint union of the topological spaces U; x R™. We declare a
subset of S to be open when it meets each U; x R™ in an open set. This is obviously a topology
on S. We define an equivalence relation on S as follows: for two points s = (u;,v;) € U; x R"
and s’ = (uj,v;) € U; x R" in S, we say s ~ ' if and only if w; and u; are equal to a common
point € U; NU; and vj = (Tji(x))(v;) in R™. Let us check that this is an equivalence relation on
S. Certainly s ~ s since Tj;(x) is the identity matrix for all € U; (this follows from the triple
overlap condition Tj;(z) - T;i(z) = Ty (x) and the invertibility of T;;(x)), and likewise if s ~ s’ then
s’ ~ s because for all z € U; N U; we have that Tj;(x) and Tj;(z) are inverse to each other (their
product is Tj; (), the identity matrix). Finally, suppose s = (u;,v;), s’ = (uj,v;), and s = (uy, vg)
satisfy s ~ s’ and s’ ~ s”. The points u; and u; coincide in U; N U; and the points u; and wuy,
coincide in U; MUy, so all three points are equal to a common point z € U;NU; NUy. By hypothesis
vj = (Tji(x))(vs) and vy = (T;(x))(v;) in R", so the triple overlap condition gives

o = (Tj(2) - Tji(x)) (vi) = (Thi()) (vi)

in R™. This gives s ~ s” as desired. We therefore have an equivalence relation on S.

Let E denote the set of ~-equivalence classes in S. The projections 7; : U; x R™ — U; C X have
the property that if s = (u;,v;) and s’ = (u;,v;) are points in S with s ~ s’ then m;(s) = m;(s’) in
X. Hence, we get a well-defined map of sets 7 : £ — X that sends a ~-equivalence class to the



11

common point m;(s) € X for any representative point s € U; x R™ C S in the equivalence class
for any i. For z € X, consider the fiber 77!(z) in E. We claim that this has a natural structure
of R-vector space. The representatives for the equivalence classes in 7=1(x) C E are points of
the form (z,v) € U; x R™ with U; containing z. Since two points (z,v), (z,v") € U; x R™ are
~-equivalent if and only if v =v" in R™ (as T;;(z) is the identity matrix), we conclude that for each
U; containing z, every point e € 7 !(z) has a unique representative of the form (z,v;(e)) € U; x R®
with v;(e) € R™.

For any two points e,e¢/ € 77 1(z) and ¢, € R, we wish to define ce + ¢’ € 771(z) to be the
~-equivalence in E class represented by (z, cv;(e) + cvi(€')) € U; x R™ C S for any U; containing
z. The crucial issue is to show that this definition does not depend on the choice of such U;. If U;
also contains x then we have the relations v;(e) = (Tj;(z))(vi(e)) and vj(e’) = (Tji(x))(vi(e’)) by
the definition of the equivalence relation ~, so by R-linearity of Tj;(x) : R" ~ R"™ we get

(Tji(@))(cvie) + cvi(e))) = ¢~ (Ti(x))(vie)) + ¢ - (Tji(x)) (vi(e')) = cvj(e) + v (€),
whence
(z, cvi(e) + cvi(e)) ~ (z,cv;(e) + dvj(e))
in S. This confirms that our proposed definition of ce + ¢’ € 7=1(x) C E is well-posed, and
calculation with representatives (say using a fixed U; containing x) shows that it defines a structure
of n-dimensional R-vector space on 771 (z).

So far we have constructed a map of sets 7 : £ — X and we have put a structure of n-dimensional
R-vector space on the fibers of w. Consider the composite mapping of sets

Ui xR"— S — E.

By the definition of 7w (and of the equivalence relation ~), this composite map is a bijection from
U; x R™ onto 7~ (U;). Moreover, the resulting bijection

W U x R = 7T_1(Ui)

carries the standard projection U; x R™ — Uj; over to the restriction 7; : 7= 1(U;) — Ujof m: E — X,
and the induced bijection R™ ~ 7~1(x) of fibers over any z € U; is an R-linear isomorphism. This
linearity is due to how the R-vector space structure on 7 !(z) was defined.

We topologize E as follows: a subset ¥ C E is open if and only if its preimage in S = [[,(U; xR")
is open. This is clearly a topology on E.

Lemma 4.3. The subsets 7~ 1(U;) C E are open and the maps 1; are homemorphisms.

Proof. The preimage of 7= 1(U;) in S meets each U; x R™ in the subset (U; N U;) x R™ that is
certainly open. Hence, all 7=1(U;)’s are open in E. To prove that v; is a homemorphism, we have
to prove that a subset ¥ C U; x R™ is open if and only if 1;(X) C 7~ (U;) is open, which is to say
that 1;(3) C E has preimage in S that meets each U; x R™ in an open subset. In view of how ~
and v; are defined, the preimage of 1;(¥) in U; N R™ is the image of ¥ N ((U; N U;) x R™) under
the mapping

(Ui ﬂUj) x R" ~ (Uz N Uj) x R"

defined by (z,v) — (z, (Tji(z))(v)). This mapping is a homeomorphism, and even a C? isomor-
phism, because it is obviously C? and using T;j(x) instead of Tj;(x) gives a CP inverse. Hence,
since a subset of (U; N U;) x R™ is open in this product if and only if it is open in U; N R", our
problem is equivalent to the obvious assertion that a subset ¥ C U; x R" is open if and only if X
meets (U; NU;) x R™ C U; NR™ in an open subset for every j (including j = i!). [
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We have given E a topology such that the bijections ¢; : U; x R® — 7~ 1(U;) over U; are
homeomorphisms that are R-linear isomorphisms on fibers over all points in U; for all . In fact, E
also has a structure of topological vector bundle (with 7 as its structure map to the base X). To
see that 7 : E — X is continuous, we note that the U;’s are an open cover of X with 7=1(U;) C E
an open set, so the 771 (U;)’s cover E and so by the local nature of continuity it suffices to prove
continuity for the restrictions m; : 771 (U;) — U; of 7. Since the bijection 1; : U; x R" — 7~ 1(U;)
is a homeomorphism (with the source given its product topology), it is equivalent to show that
mioy » Uy x R® — R™ is continuous. By the definition of ; and m;, this map is the standard
projection that is certainly continuous. With 7 now shown to be continuous, we likewise see that
the 1;’s provide local topological trivializations, so 7 : £ — X is indeed a topological vector bundle.

The transition mapping 1/1]._1 o 1); as a self-map of (U; N U;) x R™ is exactly the map (z,v) —
(x, (Tji(x))(v)). Hence, if we can promote E to a CP vector bundle over X such that the v;’s are
CP trivializations then we will have solved the existence problem because the transition matrices
linking these trivializations 1; and ; over U;NU; are given by the map T}; : U;NU; — GL,(R) for
all 7 and j. (We take ¢; = 1, Uin the statement of the existence problem.) To give the topological
vector bundle E over X a structure of C? bundle making the ;’s local C? trivializations, we first
note that (as has already been observed) the transition mappings 1/1]._1 o 1; are CP automorphisms
of (U; NUj) x R™ that are linear on fibers, and more explicitly are given by the mapping (z,v) —
(x, (Tji(x))(v)) with Tj; : Uy NU; — GLy(R) a CP mapping (i.e., its matrix-entry functions are C?
functions). The same applies to the inverse transition mapping, so we conclude that the transition
mappings are CP isomorphisms. Hence, by the gluing lemma for CP-structures (from Lemma 1.2
in the handout on equivalence between bundles and &-modules) there is a unique CP-structure
on F with respect to which the fibrally linear v;’s are CP isomorphisms. Using this CP-structure,
it remains to check that m : £ — X is a CP” map. This goes exactly as in the proof that = is
continuous (working over the U;’s and now using that the 1;’s are C? isomorphisms and that each
standard projection U; x R" — U; is CP). |



