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Script 5: Primitive Roots

Definition 5.1. Let &k be a positive integer, and let R be a field. Given x € R, we say that
x is a k-th root of unity if ¥ = 1. We say that z is a primitive k-th root of unity if it is
not an /-th root of unity for any smaller ¢: that is, ¥ =1 and 2* # 1 forall 1 < ¢ < k.

Theorem 5.2. If 2¢ = 1 and 2® = 1, then z8°d(@?b) = 1.
Theorem 5.3. If x is a primitive k-th root of unity, and z is an m-th root of unity, then k|m.

Lemma 5.4. If x is a primitive k-th root of unity in R, then the number of k-th roots of

unity in R is at least k.

Theorem 5.5. If there exists a primitive k-th root of unity in a field R, the number of k-th

roots of unity in R is exactly k.

Exercise 5.6.

a) Find a primitive cube root of unity in Z/7Z.
b) Find a primitive cube root of unity in Z/13Z.
c¢) Find a primitive cube root of unity in Z/19Z.

Theorem 5.7. Let p be a prime number. There exists a primitive cube root of unity in
Z/pZ if and only if p=1 (mod 3).



Definition 5.8. Let ¢ be a prime number and

S = {(al,...,aq)

a; € R™, alag'--aqzl}

be the set of length-¢ sequences of elements of R* whose product is 1. If (a1, a2,...,a4) € S
is such a sequence, we can “rotate” the sequence to obtain a new sequence (as, . ..,aq,a1) € S.

We say that a sequence is rotation-invariant if rotation yields the same sequence:

(a1,a2,...,aq) = (ag,...,aq,a1).
We always have the trivial example of a rotation-invariant sequence in S, namely (1,1,...,1) € S.

Lemma 5.9. Let ¢ be a prime number. If ¢ divides the size of R*, then S contains some

nontrivial rotation-invariant sequence (ar, ..., aq).

Theorem 5.10. Let ¢ be a prime number. There exists a primitive ¢-th root of unity in
Z/pZ if and only if p =1 (mod q).

Theorem 5.11. Let k and ¢ be relatively prime: (k,¢) = 1. If x is a primitive k-th root of
unity in R, and y is a primitive /-th root of unity in R, then there exists a primitive k{-th

root of unity in R.

Theorem 5.12. Let g be a prime number, and let k£ be a positive integer. There exists a

primitive ¢*-th root of unity in Z/pZ if and only if p = 1 (mod ¢¥).

Hint: prove by induction on k, and consider the set:

T= {(al, cosag)|a; € LIPL™, arag---aq is a ¢"'-th root of unity}

Theorem 5.13. Let p be a prime number. There exists an element a € Z/pZ so that every

nonzero element of Z/pZ is a power of a.



