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Abstract.

In underwater acoustic waveguides a pressure field can be decomposed over three kinds of modes: the prop-
agating modes, the radiating modes and the evanescent modes. In this paper, we analyze the effects produced
by a randomly perturbed free surface and an uneven bottom topography on the coupling mechanism between
these three kinds of modes. Using an asymptotic analysis based on a separation of scales technique we derive
the asymptotic form of the distribution of the forward mode amplitudes. We show that the surface and bottom
fluctuations affect the propagating-mode amplitudes mainly in the same way. We observe an effective amplitude
attenuation which is mainly due to the coupling between the propagating modes themselves. However, for the
highest propagating modes this mechanism is stronger and due to an efficient coupling with the radiating modes.
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AMS subject classification. 76B15, 35Q99, 60F05

Introduction. Acoustic wave propagation in waveguides has been studied for a long time
because of its numerous domains of applications. Omne of the most important application is
submarine detection with active or passive sonars, but it can also be used in underwater com-
munication, mines or archaeological artifacts detection, and to study the ocean’s structure or
ocean biology. Underwater acoustic waveguide are used to model acoustic wave propagation
media such as a continental shelves. These environments are very complex media because of
indices of refraction with spatial and time dependences. However, the sound speed in water,
which is about 1500m/s, is sufficiently large with respect to the motions of water masses so that
we can consider this medium as being time independent. Moreover, the presence of small spatial
inhomogeneities in the water, heave or the ocean bottom roughness can induce significant effects
over large propagation distances.

The effects of random boundaries has been studied in many physical setups. For instance,
for fluid flows in a medium with random boundaries has been studied in [3], for water wave
propagation with a free surface or a random depth has been studied in [8, 13], and also in wave
propagation in underwater acoustics with a perturbed sea surface [7, 22, 23, 26]. Mathematical
studies regarding acoustic wave propagation in randomly perturbed waveguides have been carried
out in many papers [10, 11, 12, 14, 15, 17, 19], but only under the rigid-lid assumption at the
waveguide boundaries, and with random perturbations inside the waveguide through variations
of the index of refraction. Recently, waveguides with a bounded cross-section and randomly
perturbed boundaries have been considered in [2]. Using a change of coordinates the authors
show that the scattering effects differ from the ones produced by internal perturbations (see [10]).
In this paper, we consider a two-dimensional acoustic waveguide model with a Pekeris profile
(unbounded cross-section), a randomly perturbed free surface, and uneven bottom topography
(see Figure 0.1). Our approach is based on a conformal transformation providing a smooth change
of coordinates and allowing the use of the modal decomposition of the unperturbed waveguide
(see Figure 0.1 (a)). In our model a propagating field can be decomposed over three kinds of
modes: the propagating modes which propagate over long distances, the evanescent modes which
decrease exponentially with the propagation distance, and the radiating modes representing
modes which can penetrate under the ocean bottom. Using an asymptotic analysis based on
a separation of scale technique described in Section 1, we show in this paper that the random
perturbations of the waveguide geometry induce a mode coupling between the three kinds of
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FIGURE 0.1. [llustration of two semi-infinite waveguides with a Pekeris profile. In (a) an unperturbed
waveguide with the rigid-lid assumption is considered. In (b) a perturbed waveguide with a free surface and an
uneven bottom topography is considered. In the two cases the waveguide are homogeneous in the interior with
propagation speed profile c¢(z,z) equal to c1 in the ocean section of the waveguide, and co in its bottom.

modes. Theorem 4.1, Theorem 4.2, and Theorem 4.3 describe the coupling mechanisms between
the propagating and the radiating mode amplitudes in term of diffusion models but taking into
account the effects produced by the evanescent modes. These mechanisms are similar to the ones
observed in [15] and produce an effective attenuation of the mode amplitudes (Theorem 1.1 and
see Section 4.2). It turns out that the surface and bottom fluctuations affect the propagating-
mode amplitudes mainly in the same way. However, for almost all the propagating modes the
attenuation mechanism is mainly due to the coupling between the propagating mode themselves.
Nevertheless, for the highest propagating modes the attenuation mechanism is due to the coupling
with the radiating modes, and it is significantly stronger than for the other modes.

The organization of this paper is as follows. In Section 1 we present the waveguide model
and give a summary of the tools before introducing the main result of this paper. The remaining
of the paper consists in introducing more precisely the tools, and techniques used to prove the
results. In Section 2 we introduce the conformal transformation. In Section 3 we study the mode
coupling mechanism when the three kinds of modes are taken into account and we derive the
coupled mode equations. In Section 4, under the forward scattering approximation, we study
the asymptotic form of the joint distribution of the propagating and radiating mode amplitudes.
Finally, we precisely describe the attenuation of the propagating-mode amplitudes.

1. Waveguide Model and Main Result
Throughout this paper, we consider a two-dimensional linear acoustic wave model. We
assume that the acoustic pressure satisfies the wave equation

1 0%

AP_MW:F (t,z,x)éRXRXRi, (1'1)

with A=02+402. Here, the coordinate z represents the propagation axis along the waveguide,
and the coordinate x represents the transverse section of the waveguide (see Figure 0.1). Let
d>0 be the average ocean depth, we consider the velocity field given by

ce(z,2)=v Ke(Z,ZL')/pE(Z,x){z; g iiféfi(‘ze’(ii_‘é;;?)’ z€R, (1.2)

where V§ and V¢ model respectively the free surface and the bottom topography (see Figure 1.1
for an illustration). In our context, the free surface can model heave produced by the speed of the
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FI1GURE 1.1. Illustration of the waveguide model. In this figure d represents the mean ocean depth, and the
random fluctuations are given by the graphs of V$ at the free surface, and d+ V¢ at the bottom of the waveguide
model. We illustrate the source term F emitting a wave f(t) is the z-direction. L/e characterizes the size of the
section in which the random fluctuations are included (see (1.4)). The right arrow (with a 0) pointing to the left
at z=L/e indicates that no wave is coming from the right at the end of the random section.

wind, and the uneven bottom topography can model a sandy bottom with variations produced
by water currents [20]. The forcing term F(¢,z,z) is given by

F(t,z,x)=f(t)¥(x)d(z— Lg)e,, (1.3)

where e, is the unit vector pointing in the z-direction. This term models a source located in
the plane z = Lg, emitting a signal f(¢) in the z-direction with transverse profile ¥ supported in
(0,d) (see Figure 1.1).

Moreover, from the continuity of the pressure field at the free surface =VE(z), which is
tantamount to neglect the surface tension, the wave equation (1.1) is complemented by the
following boundary conditions

p(taZane(Z)):psurface V(t,Z)ERXR,

where Dgyrface is the atmospheric pressure. However, one can assume without loss of generality
that

Psurface = 0,

and then consider Dirichlet boundary conditions at the free surface, which corresponds to a
pressure-release condition.

Waveguide models with a Pekeris profile (1.2) have been extensively studied for half a century
[31], and has been widely used to model an ocean with a constant propagation speed profile (see
Figure 0.1). Such conditions can be found during the winter in Earth’s mid latitudes and in
water shallower than about 30 meters [24]. This profile is convenient for computations but it
underestimates the real complexity of the medium. Nevertheless, the analysis carried out in this
paper can be extended to more general propagation speed profiles. This model can also be used
for electromagnetic waveguides such as dielectric slabs or optical fibers with randomly perturbed
boundaries [27, 28, 33, 38].

In the definition of the sound speed profile (1.2), V€ and V¢ are given by

VE(z)=VeVi(z/lo) fs(ez), and Vf(2)=veVi(2/le)fr(ez), with e<1. (1.4)

We assume that Vi and V; are two independent mean zero stationary bounded stochastic pro-
cesses, and fs and f;, are two smooth functions with support included in (en,L) (with n>0).
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Therefore, fs(ez) and fj(ez) represent the locations of the random fluctuations of the free surface
and the bottom topography for z € (n,L/e). The scaling of f, and fs has been chosen according
to the size of the random fluctuations (y/e<1). In fact, wind speeds at about 5m/s induce a
standard deviation of the surface roughness at about 0.1m, and the same order of magnitude
can be considered for the roughness of sandy bottoms (see [20, Chapter 2] and [23]). Therefore,
we have to wait for long propagation distances (of order 1/¢) to observe significant cumulative
stochastic effects on the pressure wave. Let us note that the two random processes V; and V} in
(1.4) are assumed to be independent since the surface and bottom standard deviations are small
compared to the ocean depth, and then the bottom topography does not produce any ripples
on the free surface. In this paper we consider the power spectral densities for V; and V; (i.e the
Fourier transform of their autocorrelation functions) given by (see [20, Chapter 2, Section 2.4
and Section 2.9])

C2,s

Is(u):/RS(z)ei“Zdz: Cis e 14" and Ib(u):/Rb(z)eiuzdz:

|ufess

%
4 (v2 1)1/’

(1.5)

with 0173,0278,01) >0, and
Rs(2) =E[Vs(2+20)Vs(20)] and Ry (2) =E[Vh(2 + 20) Vi (20)].

In [20, Chapter 2, Section 2.4 and Section 2.9] the authors refer to oy, =4, oy, =6 and pr, =2
(Pierson-Neuman spectra), or ay, =5 and py, =4 (Pierson-Moscovitz spectra). Consequently,
the trajectories of V£ and Vi are at least of class C? with bounded derivatives, and therefore the
surface fluctuations given by the graph V¢ do not have breaking waves. Regarding the mixing
properties of V¢ and V¢, we assume that V5 and Vj, in (1.4) are ¢-mixing processes [25], that is
considering the o-algebras

Fe=Fo=0(Vs(u),Vo(u), 0<u<z) and F. ioo=0(Vi(u),Vs(u), z<u), (1.6)
we have
sup  [P(A|B)—P(A)|<¢(u), with  ¢eL*(R)NLY?(R). (1.7)
AE}:ZZ%QOL,«FOO
BeFy, .

To study the asymptotic behavior of the acoustic pressure wave in the perturbed waveg-
uide domain, we use a change of coordinates through a conformal transformation [34] described
precisely in Section 2, from

Do={u+iveC, such that u>0} onto Dy, ={z+iz€C, such that z>V(2)},

and allowing us to study the pressure wave p(t,z,z) in a waveguide domain with a flat surface
(see Figure 1.2). As a result, one can focus our attention on pg(t,u,v) defined by

po(t,u,v) =p(t,z(u,v),x(u,v)),

which represents the pressure wave p(t,z,z) solution of (1.1) in a waveguide domaine with a flat
surface, and where z(u,v)+iz(u,v)=®(u+iv) is the change of coordinates from Dy onto Dy, .
Thanks to this transformation the acoustic pressure wave pg satisfies now Dirichlet boundaries
conditions at the flat surface of the waveguide:

po(t,U,O):O, v(t,U)ERXR
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FIGURE 1.2. Schematic representation of the change of coordinates from the unperturbed domain Do onto
the perturbed domain Dy, .

Moreover, the original pressure wave p(t,z,z) can be recovered from pg(t,u,v) by inverting the
change of coordinates:

p(t,z,x) =po(t, Re(P™" (2 +ix)), Im(®~" (2 +i))).

We show in Section 2 that this change of coordinates transforms the random fluctuations of the
free surface to random fluctuations in the interior and at the bottom of the waveguide (see Figure
3.1).

By taking the Fourier transform in time of pg

. 1 N .
ﬁo(w,u,v)z/po(t,u,v)e’“’tdt with po(t,u,v)=—2 /po(w,u,v)e “wtdw, (1.8)
™

one can decompose the monochromatic pressure field po(w,u,v) as

N(w) 0

k2 (w)
Do(w,u,v) Z Dj(w,u)d;(w,v)+ /o j)\,y(w,u)gb,y(w,v)d*wr/ Dy(w,u)dy(w,v)dy.  (1.9)

— 00

\ radiating modes evanescent modes

propagating modes
This modal decomposition corresponds to the spectral decomposition of the (unperturbed)
Pekeris operator defined by

d2

R, = 7+k2( n (U) with n(v):{nl:co/cl>1 if ve(0,d),

1 if veld,+o00). (1.10)

dv?

The spectral properties of this operator are recalled in Section 5.1, and here ¢;(w,u) (j€

{1,.. } and ¢~ (w,u) (Vy € (—o0,k?(w))) are the eigenelements of this operator. Moreover,

Elw)=w / co is the wavenumber, ¢ is the propagation speed in the bottom of the waveguide model,

and N (w) is the number of propagating modes. The coefficients p;(w,u) (j € {1,...,N(w)}) and

Dy (w,u) (Vy € (—00,k?(w))) represent the amplitudes of each kind of modes (propagating, radi-
ating, and evanescent modes).

In (1.9), the propagating modes can propagate over long distances, while the amplitudes

of the evanescent modes decrease exponentially with the propagation distance. Finally, the
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radiating modes represent modes which can penetrate under the ocean bottom. Thanks to
this decomposition, one can study the effects of the random fluctuations on the pressure field
DPo(w,u,v) through an aymptotic analysis of the mode coupling precisely described in Section 3
and Section 4. As a result, by neglecting the backscattering effects during the propagation and
because of the strong attenuation of the evanescent modes, the expected pressure field py at the
end of the perturbed section (u=L/e€) can be approximated for e< 1 by

a =T (w 1P (w 13 (w €
E{po( )] Z \/jﬁoji THL)FiP; (1) B3 L/ (45 )
kz(“a w)
+/ %&)elﬁuedxy(w,v)dy (111)
0 Y
N(w) ~
Z GJO —’Tj(w,L)+i7?j(w,L)eiﬂj(w)L/EQSj(w’v)’

1 V(W

because of the fast oscillating integral. In (1.11) we have introduced the modal wavenumbers
(B1(w); -+, Bn(w)(w)) of the propagating modes and (,/7)e(0,k2(w)) for the radiating modes. Here,
ap(w) is the initial amplitude of the modes generated by the source and entering in the random
section. One can observe that in the asymptotic €e —0 the radiating modes are not affected by
the fluctuations but do not propagate over large distance. Only the propagating modes exhibit
frequency-dependent attenuations and phase-modulations through 7;(w,L) and P;(w.L). These
coefficients are precisely described in Section 4.2 with a particular interest in the mode-dependent
and frequency-dependent attenuation 7;(w,L). These terms are of the form

L L
Ti(w, L) =C3(w) / F2(2)dz+ C(w) / f()dz je{l.. . Nw)},

with C(w) >0 and C§(w) > 0. Here, the two terms describe the modal cumulative net scattering
effects produced by respectlvely the surface and bottom fluctuations. The main result of this
paper describe how the surface and bottom fluctuation act on the net scattering effects.
Theorem 1.1 In the limit of a large number of propagation modes k(w)>>1, we have for a €
{s,b}:

e for j< N(w)'/?

-2 +oo
C(w) ~ KR (w)—2 I(v)d
CJ (w) k(w)>1 1 (w) N(w)2 o \/'T) (U) v
o for j~N(w)'/?
3/2 j* e 2
& ~ =K 1, —7 2N
Cf(w) Wit k (w)‘]\/,(o‘))2 ; Vula(v—3°m0/(2N(w)d))dv,

e for N(w)'/? < j <vN(w), with ve(0,1)

-3 +o0
« _ a 1.2 .7
Cr), o, KSR / L (v)dv,

o for j~N(w)

K§ k(w)*? < O (w) < K§ k(w)*/?,



C. Gomez 7

where K¢ K, K$, K¢, K& >0, I, is given by (1.5), and 0=+/1—1/n3.

Theorem 1.1 gives the order of magnitude of the mode-dependent and frequency-dependent at-
tenuation 7;(w,L) responsible for the effective attenuation of the forward propagating-mode
amplitudes. The first remark is that the surface and bottom fluctuations affect the mode am-
plitudes mainly in the same way. The second remark is that the higher the propagating mode
is the stronger is the attenuation. In fact, the higher the mode is the more it bounces on the
random boundaries, and then the more it is scattered. However, as described more precisely in
Proposition 4.2 and Proposition 4.3, while j is not of order N(w) the phenomena is mainly due
to the mode coupling between the propagating modes themselves. However, for the highest order
modes j ~ N(w), this attenuation is mainly produced by the coupling with the radiating modes.
The reason is that only the highest order modes can couple efficiently with the radiating modes
and therefore produced a stronger attenuation since the radiating modes induce strong losses in
the bottom of the waveguide [15].

This kind of result has already been obtained in [2] for waveguides with a bounded cross-
section, which do not support radiative modes. In this paper the authors use a very convenient
local change of coordinates. However, this method cannot be easily extended to unbounded cross-
section without bringing technical difficulties. The main reason is that to treat the radiating part
of the pressure wave one need global estimates of the distance between the identity map and the
change of coordinate over the cross-section (0,400), and not only local estimates. This is due
to the fact that ¢, (w,-) does not belongs to L?(0,+00) (see (5.11)). As we will see in Section 2,
the conformal transformation approach allows uniform and L? estimates over the cross-section
(0,400) of this distance.

The remaining of this paper consists in the detail analysis described above to prove Theorem
1.1 through Theorem 4.1, Theorem 4.2, Theorem 4.3, Proposition 4.2, and Proposition 4.3.

2. Conformal Transformation of the Waveguide

The free surface of our waveguide model (see Figure 1.1) is not convenient for the forthcoming
asymptotic analysis based on a spectral decomposition of the acoustic pressure wave. In this
paper, we consider a conformal transformation approach allowing us to transform our waveguide
model with a free surface to a waveguide with an unperturbed surface (see Figure 1.2). This
strategy has already been used in several contexts [7, 8, 13, 26]. We will see in Section 3 that this
transformation by flattening the surface induces deformations in the structure of the waveguide,
that is deformations of the bottom and also induces variations of the index of refraction of the
waveguide (see Figure 3.1).

To introduce the conformal transformation we consider the waveguide domain with a free
surface as a subdomain of the complex plan C:

Dy, :{z—l—ixE(C: x>V;(z)},

where V¢ is defined by (1.4), and the domain corresponding to the waveguide with a flat surface
is then given by

Doz{u—i—ivE(C: v>0}.

We refer to [34] for the basic properties of conformal transformations. In order to provide an
explicit expression of this transformation (from Dy onto Dy,) we need to consider boundary
conditions at infinity. We have assumed that the random perturbations of the waveguide geom-
etry are included in the interval (0,L/€) in the longitudinal direction. Therefore, the difference
between the conformal map and the identity map goes to 0 as Z=wu+1iv goes to +oo. The
following proposition, which is a consequence of [34, Theorem 14.8], proves the existence and
gives explicit formula of a conformal transformation from Dy onto Dy,.
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Proposition 2.1 There exists a bijective conformal map ® from Do onto Dy, defined by
D(u+iv) =z(u,v) +iz(u,v),

with

N IAC) [ AR

z(u,v):u—; - (—u)? +0? and m(u,v):v—; BN Fen e

for all (u,v) such that u+iv € Dy.

Let us note that we can extend the conformal transformation ® as a homeomorphism from the

closure of Dy onto the closure of Dy, thanks to [34, Theorem 14.19], so that the derivation of

(2.1) is a classical result about harmonic functions which can be found in [1, 30] for instance.
Consequently, one can consider the pressure wave in the new system of coordinates:

po(t,u,v) =p(t,z(u,v),z(u,v)), Y(t,u,v) ER xR x (0,400),

where p is the solution of (1.1). Therefore, po(t,u,v) evolves in the unperturbed domain Dy and
satisfies Dirichlet boundary conditions at the flat surface of the waveguide:

po(tau70):0, V(t,u)e]Rx]R

However, (2.1) involves the term z(u,0) which is not convenient for the forthcoming analysis. In
fact, at the boundary v=0 it is difficult to use the inductive formula z(w,0)=u—U(z(.,0))(u),
where U is the Hilbert transform defined below in Proposition 2.2. In the following proposition
we give an approximation of z(u,0) and then an approximation of z(u,0) to justify Assumption
1 introduced below.

Proposition 2.2 We have for every p € (2,+00)

2(u,0) =u—U(VE) (u)+ e 1P A (u), (2.2)
and then
4
du

with sup, || AS||Le®) + | A5l rr) £ C almost surely, and where C is a deterministic constant. In
(2.2) and (2.3), U stands for the Hilbert transform defined by

()= o [ s,

where p.v. denotes the Cauchy principal value.

The proof of this proposition is given in [18, Section 5.2]. However, one can easily see that (2.3)
comes from (2.2) using a Taylor expansion of V. Let us remark that we prove this approximation
only in LP(R) with p<oo. The reason is that the Hilbert transform is not a bounded operator
in L*(R). Moreover, we take p>2 so that A{(u) in (2.2) and A5(u) in (2.3) do not play any
significant role in the forthcoming analysis. In particular we need to have 1—1/p>1/2 (p>2) in
(2.2) and 3/2—1/p>1 in (2.3). Consequently, for the sake of simplicity in the proof of Theorem
4.1 (Section 5.2) we neglect in what follows the contributions of €!=/P A (u) and €3/2=1/P A5 (u).
Assumption 1

2 (u,0) = Vi (2(u,0) = Vi (w) ~U(VE) (u) - Vi (u) + €277 A5 (w), (2:3)

z(u,0)=u—-UV)(u), (2.4)

and

(u,0) =V (u) =UVE) (1) = Vi(u). (2.5)
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However, this assumption will not change the overall results of this paper because the contribu-
tions of the correctors e'=1/P AS (u) (resp. €3/271/P A5(u)) are too small with respect to /€ (resp.
€) to produce any significant effects. We keep only the terms which produce significant effects.

We can remark that (2.4) illustrates the fact that z(u,0) is closed to the identity map but
where the small correction comes from the conformal transform. The same remark holds for
(2.5), at the boundary of the domain Dy, 2:(u,0) is closed to the original free surface V€ but also
with a small correction.

Finally, we describe in the following proposition the asymptotic behavior of the real and
imaginary part of the conformal transformation given by (2.1) under Assumption 1.
Proposition 2.3 For all p>2, we have

sup |2(u,v) —u|+ |z (u,v) —v| < Cpe/2"VP almost surely,
u,v>0

and
+o0o
sup/ E [|Z(u7v) —ul?+ |z (u,v) _Uﬂ dv < Cpe/>~ 17,
u Jo

where Cy, is a deterministic constant independent of e.

Proposition 2.3 means, as expected, that the conformal transformation is closed to the identity
map since the amplitude of the surface fluctuations are small. The proof of Proposition 2.3 is
given in [18, Section 5.3].

3. Mode Coupling in Random Waveguides

In this paper, the stochastic effects produced on the wave propagation is studied using the
spectral decomposition of the unperturbed Pekeris operator defined by (1.10) and introduced in
Section 5.1. In this section we introduce the mode coupling mechanism induces by the random
free surface and the uneven bottom topography. By taking the Fourier transform (1.8) of the
pressure wave p(t,z,x) we obtain the time-harmonic wave equation

2
0*p(w, z,2) +0?p(w, z,2) + 2w

2 (zx)

where ¢, is defined by (1.2) and F(w,z,2) is the Fourier transform of the source term F(t,z,x)
defined by (1.3).

Let us first describe the mode decomposition of the pressure field entering the perturbed
section of the waveguide (0, L/¢€). According to the spectral decomposition of the Pekeris operator
(1.10), the monochromatic pressure field can be expanded as follows in the unperturbed section
[Ls,0],

ﬁ(w,z,x):f(w,z,x),

N (w)

k2 (w)
p(w,z,7)= ;ﬁj(w,z)@(w,x)—kfo ﬁv(w,z)qiy(w,a:)d’y-i-/

0
ﬁ'y (wvz)¢7 (Wax)d'}/v

propagating modes radiating modes evanescent modes

where the mode amplitudes are defined by (5.14) and (5.15), and where ¢;(w,u) (j€
{1,...,N(w)}) and ¢, (w,u) (Vy€(—o00,k?(w))), defined by (5.5) and (5.11), are the eigenele-
ments of the Pekeris operator. The source term (1.3) implies the following jump conditions for
the pressure field across the plane z=Lg,

ﬁ(w,x,Lé)—ﬁ(w,x,Lg) =0 R (3.1)
0.p(w,x, L) —0.p(w,x,Lg) = 5 f(w)¥(z), '
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so that the pressure field p(w,z,z) for z € (Lg,0] is given by

) aj0(w K (w “) G o(w)
p(w,z,2) Z I ’Bf(w)z¢j(w7m)+/ 77’1/4 “fzqﬁ (w,z)dry
0

V@)
0 ~
+/ Cy0(w) e*\mqu.y(w,z)d’y V>0,

—so [Y[M*
and where
-~ _ f(CO) —zﬁj (w)Ls .
a]70(w)_ . ﬂ( ) <¢]( ) >L2(O +oo) je{la"'7N(w)}a
Jj
ay0(w)= 4{,(;)/)4 eiiﬁLS<¢'¥(w)v\I’>L2(o,+oo) € (O’kz(w)), (3.2)
Cyo(w)=— 4| (|134 WLS@SW \II>L2(0 +00) 7Y € (—00,0).

Assuming that the source is far away from the randomly perturbed part of the waveguide
(|ILs|>>1), the evanescent part of the incoming wave at z=0 can be neglected because of a
strong attenuation. Therefore, we can consider

. K (w) 5
P(w,0,x)= Z “ﬂg(( >) B3 ()2 (1w, m)+/0 “f/(4) eVTFg (w,x)dy, Yr>0.  (3.3)
J

Now, to study the evolution of the pressure field in the perturbed section (0,L/¢) through a
mode coupling mechanism, we consider the new system of coordinates introduced in Section 2.
This transformation allows us to flatten the free surface of the waveguide domain, and then to
decompose the pressure field with respect to the propagating, radiating, and evanescent modes.
The pressure field p(w, z,x) in the new system of coordinates is given by

po(w,u,v) =p(w, z(u,v),x(u,v)), V(u,v)€Rx(0,400), (3.4)

where z(u,v) and z(u,v) are defined by (2.1) under Assumption 1, and satisfies the following
time-harmonic wave equation

321% (UJ,’LL,’U> + 812)]/3\0 (W,u,v) + k2 (CU)JC(U,U)TLS(’U/7U)]/7\O (w7uav) = 07 (35)
for all (u,v) €[0,L/€] x (0,400), with Dirichlet boundary conditions
Po(w,u,0)=0, Yu eR. (3.6)

Moreover, in (3.5), the Jacobian J. and the index of refraction n. are given by

Je(u,v) = <6ux(u,v))2 + (&,x(u,v))z, (3.7)
and for all (u,v) € Rx (0,+00)

ni=co/c1>1 if ve (0,27 (u,d+ VE(z(u,v)))),
ne(u,v) = co/ce(2(u,v),z(u,v)) :{ 01 if ve [x71(u,dJerE(l,)z(u,v))),qLoo). (3.8)

According to (3.5), let us remark that the waveguide transformation transfers the surface per-
turbations to the interior of the waveguide through the Jacobian J, and to the bottom of the
waveguide through the index of refraction n¢(u,v) defined by (3.8) (see Figure 3.1). Thanks to
the Dirichlet boundary conditions (3.6), the effects of the random perturbations can be studied
using the modal decomposition corresponding to an unperturbed waveguide.
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FiGure 3.1. Illustration of the conformal transformation on the waveguide with a free surface and an
uneven bottom topography. Figure (a) and Figure (b) represent waveguides with a free surface. In these figures
the vertical dashed lines mean that the medium parameters are not perturbed. In (a) the bottom is not perturbed,
that is Vif =0, and in (b) the bottom of the waveguide is perturbed. Figure (c) represents the waveguide after the
conformal transformation. In this figure the perturbed vertical dashed lines mean that the medium parameters
are perturbed. Moreover, if the bottom was already perturbed before the conformal transformation (Figure (b)),
it is mow also is perturbed by the waveguide transformation.

3.1. Coupled Mode Equations

Let us begin this section with two remarks on (3.5). First, Je(u,v)n?(u,v)po(w,u,v) does not
necessarily belong to H = L?(0,+00) since the Jacobian J. blows up as v goes to 0. This technical
difficulty can be avoided by considering the following assumption on the modal decomposition
(1.9) of the pressure field po(w,u,v) defined by (3.4).
Assumption 2 For all (u,v) €R x (0,400), we have

N(w)

Po(w,u,v) = Zﬁj(wﬂu)¢j(w7v)+ ﬁv(w7u)¢7(w7v)d% (3.9)
j=1

/(—1/5,—€)U(€J€2(w))

where the modes amplitude are defined by (5.14) and (5.15).

The cut-off induced by £ in the previous decomposition allows to obtain a rigorous derivation
of the following coupled mode equations more easily, but without changing the overall results
obtained in Section 4.1. Basically, we make an error of order O(§) with this assumption, and the
main results in Section 4.1 are obtain after passing to the limit £ —0. Consequently, according
to Assumption 2 the coupling mechanism of the spectral components of the pressure field will
be studied in the space

CV X L2 ((—1/€, - U(&,K* (w))).

Finally, we assume that ¢ < £ < 1 so that we have two distinct scales. In this paper, we consider
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first the asymptotic € goes to 0 and in a second time the asymptotic £ goes to 0. As a result, the
mode amplitudes in (3.9) satisfy the following coupled mode equations for u € [0, L/¢]:

2 N(w)

B ) 4 By (0, 0) R ) 3 Clwu)fileo,u)
=1

+ | O (0,0)F (w0, u)dy =0,
(=1/&,=€)U(&,k2(w))

(3.10)
d2 N(w)
By ) 7 P ) + () Y oyl ui(eru)
=1
W) [ O (w00 (w00 =0,
(—1/€6,~§)U(ER? ()
where
00
C’f.s(w,u):/ (Je(u,0)n? (u,0) =n*(0)dr (w,0) s (w,v) dv, (3.11)
0

for (r,s)e({1,...,N(w)} x (=1/&,-&)U(£,k*(w)))?. Under Assumption 2, the coupling coef-
ficients C¢(w,u) and then the previous coupled mode equations in CN() ><L2((—1/§,—§)U
(&,k%*(w))) are well defined since 3K . >0 such that sup,|J(u,v) — 1| < K /v, and

qﬁT(w,v)v:Ong Vre{l,...,N(w)} x (=1/&, -6 U (&K (w)). (3.12)

Moreover, sup,,|n2(u,v) —n?(v)| is bounded and has a bounded support with respect to the
transverse variable v. Let us also remark that

T () (u,0) — n2(0) = 02 (1,0) (e (1,0) — 1)+ (02, 0) —n2(v)),
so that the first part of the decomposition induces random perturbations in the core of the
waveguide, while the second part which is the difference of the index of refractions induces
random perturbations at the bottom of the waveguide (see Figure 3.1).

The two asymptotic results in Section 4 (Theorem 4.1 and Theorem 4.2) are based on a
diffusion-approximation result for the solution of ordinary differential equations with random
coefficients in a Hilbert space. However, according to the formula of the conformal transformation
(2.1) and the coefficients (3.11), we cannot directly apply the asymptotic results obtained in
[10, 15, 17] since the mode amplitudes are not adapted to the ¢-mixing filtration (1.6). In fact,
in (2.1) all the trajectory of V¢ is involved, which leads us to technical difficulties to manage the
random coefficients (3.11), and to use the mixing properties of the random perturbations (1.7).
For the sake of simplicity in the proof of Theorem 4.1 we consider the following assumption.
Assumption 3

Cf/'y’ (W,U) 207 v(,)/’,y/) € <_1/£’_£) U (§7k2(w>)

This assumption means that we neglect the coupling mechanism between the radiating and
evanescent modes, they do not interact with each others. Let us remark that in [15], in which the
random perturbations take place in the interior of the waveguide, the mode coupling mechanism
between these modes do not play any significant role.
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Next, we introduce the amplitudes of the generalized right- and left-going modes a(w,z) and

Z(w,z), which are given by

~ 1 I~ iBju | 7 —if3u d/\ . ~ iBju 7 —if3u
= (@006 £ e, =i B (@ e e ),
j
-~ 1 ~ u —1 u d -~ . ~ 7 N —1
Pv(“)_i/( 2w +b (w)e™7 )’ @pv(“)2271/4(a7(u)€ VIt —b, (u)e ﬂu)’
so that

a(u) — iﬁjﬁj (u) + %ﬁj (u) efif}ju a (’U,) — Z\ﬁﬁ“/(u) + %ﬁ“/(u) 67iﬁu

! B; C 2!/ | (3.13)

bj(u)= 16,7, (W) — 2P () Bt by (u) = AR, () :/ff%@(u) VU

2i\/B; ’ 2iry ’

for all j€{1,...,N(w)} and almost every v € (§,k?(w)). From now on, let us denote
HE =CN x L2(£,k* (w)).

From (3.10) and (3.13), we obtain the coupled mode equation in Hg x Hg x L*(—1/¢,—¢) for the
mode amplitudes (@(w,u), b(w,u),ﬁ(w,u)):

d_. ~ ik (76 Chlu) —if;
—a;(u)=H% .(u +H b(u dy' e,
o0 =B @) B G+ - [ S iy -
) = HE, ()((0) + HE () B)
d~ b e rraa ~— ik? 7% C5(u) 1 iBju
—bj(u)=H ;j(u)(a(u)) +Hc ;(u w) -5 v (u)dry e,
b () = (@0 + B, (60— [ =0 ey -
LB, () = LT () (@) + HES, () (B0,
and
%ﬁy(w,u)—kvﬁy(w,u)—k\/Egv(w,u):0, (3.16)
where
N <, (u) 4 ~ ,
9 () =k == (@) 4 by (w)e 1)
1:22 ‘/E( | (3.17)
Ce . (u . ~
2 Y o lu ez\/?u , —1\/>u 2 A/ ” !
+k:/§ 5o (8 (e VT 4y (e d7+k/1/£ (WP (u)dy
In (3.14)-(3.15) we have
- e N C5(u) SiBi—Biu k2 C5, (u) i/ =B ,
HZE () (y) = D) {; 5.5 yl+/£ 7@ Yy dy' |, (3.18)
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ik? e C5(u) o (u)
aa _n i(Bi—vA)u VYD g
een(Wy) == [; Vo yz+/€ 1/4 — e dﬂ, (3.19)
. k2 ce (u) . N k2 Ce ( ) - ,
Hsfé,j(u)(y):%[z %ﬂe (But+85) yl+/ S\ i 4B yv/dﬂ, (3.20)
=1 Pl 13 1/ﬁj\ﬁ

. ik? W) s Bos () .
He,bg,y(u)(y)T[Z\/ﬁ v 4_/5 W e 'd’y}’ (8:21)

The operators H¢¢(w,u) and HY g(w u) represent the coupling between the propagating and
the radiating modes with themselves. Moreover, H{¢(w,u) describes the coupling between the
forward-going modes, while H?bg (w,u) describes the coupling between the forward- and backward-
going modes. Let us note that in absence of random perturbations, the mode amplitudes a(w,u)
and E(w,u) are constant. We complement this system with the boundary conditions

~ L ~
@(w,0)=a5°(w) and b(w,):bzg(w) in H¢, (3.22)
€

where a5°(w) and 665( ) are defined by (3.13), (5.14), and (5.15), for respectively u=0 and
u=L/e. In (3.22), ay 5( ) represents the initial amplitudes of the right-going propagating and
radiating modes at u=0, while 325 (w) represents the initial amplitudes of the left-going prop-
agating and radiating modes at u=L/e. However, let us recall that the pressure wave entering
the random section at z=0 is given by (3.3), and that we assumed that no wave is coming from
the right at z=L/e (see Figure 1.1). The following proposition shows that a5*(w) is closed to
the mode amplitudes ap(w) (defined by (3.2)) of the pressure field (3.3) coming from the right
homogeneous part of the waveguide and entering the random section at z=0. The convergence
of b ’5( ) toward 0 in the following proposition is due to the fact that we assumed that no wave
is coming from the right at z=_L/e (see Figure 1.1).

Proposition 3.1 We have

i B[ (w) ~ 0 () [ + 105 @) e | =0.

Proposition 3.1 gives us an approximation of the coefficient ao’g( ) in H¢, which is used in
Theorem 4.1 and Theorem 4.2 to determine the initial conditions of the asymptotic diffusion
processes. This proposition is a direct consequence of Proposition 2.3 and the Parseval’s equality
associated to the spectral decomposition introduced in Section 5.1 since we have

“+oo
| B[IBo(rt0) = Bt o) P+ 0o 00) = O 0)) 2
0

+oo
§C’/ E{\z(u*,v)—u*|2+|x(u*,v)—Uﬂdv
0

where u, is either equal to 0 or L/e. Let us remark that this inequality holds because w, is
out of the randomly perturbed section of the waveguide (see Figure 1.1), so that we can use the
variable v € [0,+00) of the unperturbed transverse section also for the original monochromatic
pressure field p(w, z,x).
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3.2. Influence of the Evanescent Modes on the Propagating and Radiating Modes

In this section we describe the influence of the evanescent modes on the coupling mechanism
between the propagating and the radiating modes. The main goal is to obtain a more convenient
coupled mode equation involving only the propagating and the radiating modes, but taking into
account the contribution of the evanescent modes. However, to obtain the following proposition
we introduce the following radiation condition for the evanescent modes meaning that the energy
carried by the evanescent modes decay as the propagation distance becomes large.
Assumption 4

u—+00 Jq

+o0 - 2
lim ‘/ Dy (w, 1) (w,v)dy| dv=0.
1/¢

Consequently, thanks to Assumption 4 and following [15, Section 4.3] (see also [18, Section 5.4]),
we can rewrite (3.14)-(3.15) in a closed form in Hg x Hg.
Proposition 3.2 We have

o) = HE% 0,0) (e, 0)) + HL 0,0) (Bl 0)

(3.23)

+ Gt (w,u) (@(w, 1)) + G (w,u) (blw,u)) + A%(u),

iAwu: b (w,u) (a(w,u 2% (w,2) (b(w,u

dub( ) ) He,§< ) )( ( ’ >)+ 6,5( ’ )(6( ) )) (3.24)

+ G (w,u) (@(w, 1)) + G (w,u) (blw,u)) + B (u),

for all we[0,L/€], where
3/2-1/p R
sup A () g + 1B} e <C sup ([a(w.w)lg +[Bmllng)  (3.25)
w€[0,L/¢€] w€[0,L /€]

for every p>2.
In (3.23) and (3.24), the operator H{% and H‘jbf are defined by (3.18)-(3.21), and according to
Assumption 3

k4 <n(i+u TP
Gt (w) ! / / ! )efx/lv lla|—ifjutifi(atu),, (3.26)
1/¢ ﬂ]h’ 151

> —1¢ |“/ Bi

2‘27( w)(y)=G ’57( u)(y)=0, for almost all v € (£,k?), (3.27)

with y € H¢ and where C¢(w,u) =0 if u¢[0,L/¢]. Here, the operators G¢% and szf represent
the coupling between the evanescent modes with the propagating and the radiating modes. Let
us remark that we take p>2 in order to have 3/2—1/p>1 in (3.25), so that the correctors A€
and B¢ are small enough to do not play any significant role in the forthcoming analysis.
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Equations (3.23) and (3.24) describe the coupling process between the propagating and the
radiating mode including the influence of the evanescent modes and the evanescent part of the
source term. However, it is difficult to get good a priori estimates on

sup ([[afw, w)llpey + [5(ew,w) ez ) (3.28)
u€[0,L/¢€]

to be sure that the residuals A€ and B€ in Proposition 3.2 are small even after large propagation
distance L/e. One way consists in introducing the following stopping "time"

~ -~ 1
L¢=inf (L>0, sup Ha(wm)HHg—&—Hb(wm)HHg Z—Q),
u€[0,L/€] €

where « is such that 3/2—1/p—a>1, in order to limit the size of the random section and
control the size of the residuals A¢ and B¢. However, will see in Section 3.3 that under the
forward scattering approximation, we have

ImP(L°<L)=0  VL>0,

e—0
which means that with high probability the residual terms are small.

3.3. Forward Scattering Approximation

The forward scattering approximation is widely used in the literature, and consists in assum-
ing that the coupling between forward- and backward-propagating modes is negligible compared
to the coupling between the forward-propagating modes. In this case, the amplitudes of the
left-going modes b should converge to 0 as e — 0 since we have assumed that no wave is coming
from the right (see Figure 1.1). A rigorous derivation of the forward scattering approximation is
technically complex. The main technical problem is to obtain a uniform bound with respect to €
for (3.28). To correct this issue we could think that it suffices to use in a first step the stopping
times corresponding to the first exit times of closed balls with respect to the norm ””7'1? as
described in [35, Chapter 11]. Unfortunately there are two problems. The first problem is that
it is not possible to show a limit theorem on C([0,L],(H¢, ||HH2’)) In fact, if the convergence
holds on C([0,L],(H¢, H”Hg)) the energy conservation property (3.30) should be also valid for
the asymptotic diffusion process according to the Portmanteau’s theorem [4]. However, this con-
servation property contradict the energy dissipation of the limit process'. As a result, it seems
to be more appropriate to obtain a limit theorem on C([0,L],H¢ ) where H¢ , stands for H
equipped with the weak topology. However, the second problem is that these first exit times are
lower semicontinuous with respect to the topology of C([0, L], (H¢, ””H?))’ but not with respect
to the one of C([O,L],Hg”w). Therefore, the classical technique of [35, Chapter 11] cannot be
applied.

Nevertheless, one can formally show using the diffusion approximation theorem proved in
[10] that the coupling between right-going propagating modes and left-going propagating modes
involves coefficients of the form

+oo

+oo
Ry (u)cos ((Bi(w)+ Bj(w))u)du and /0 Ry (u)cos ((Bi(w) + B (w))u) du,

0

IWe refer to [15, Theorem 6.1] for the statement of this result in the case of perturbations in the interior
of the waveguide. The same theorem holds in our context but the precise study of the asymptotic mean mode
powers will be addressed in a later work
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while the coupling between two right-going propagating modes or two left-going propagating
modes involves coefficients of the form
+oo

“+oo

; Ry(u)cos ((Bi(w) — Bj(w))u)du and /0 Ry (u)cos ((Bi(w) — B (w))u)du,

for all (j,1) € {1,...7N(w)}2, and where Ry, R, € L*(R) are the autocorrelations function of V
and V4 (see (1.5)). Consequently, in our context if we forget these technical problems, according
to [10, 14] the forward scattering approximation should be valid in the asymptotic e —0 under
the following assumption, meaning that the Fourier transform of the u-autocorrelation functions
possess a cut-off wavenumber.

Assumption 5 For all (j,1) € {1,...,N(w)}2,

+oo “+o0
; Ry(u)cos ((Bi(w)+ B (w))u)du=0 and ; Ry (u)cos ((Bi(w) + B (w))u)du=0.

As a result, under these assumptions, there is no effective mode coupling between the right-going
and left-going propagating modes, but there is still coupling between the right-going propagating
modes which is described in Section 4. Let us remark that the continuous part (0,k%(w)) of
the spectrum corresponding to the radiating modes play no role in the previous assumption.
The reason is that the radiating modes and the evanescent modes play no role in the coupling
mechanism between the right- and left-going modes as it has been shown in [15, 17].

Consequently, according to the forward scattering approximation we only consider the sim-
plified version of the forward coupled mode equation (3.23) and (3.24):

dilza(w,u) =H{¢ (w,u) (a(w,u)) + G (w,u) (a(w,u)) + A (u) (3.29)

in Hg, for ue[0,L/¢], where H{¢ and G¢¢ are defined by (3.18)-(3.19), (3.26)-(3.27), and with

63/271/p -
sup [|A%(u)|lyy <C——F— sup [a(w,u)llne,  Vp>2.
wel0,L/e] §  uelo,L/q

The evolution equation (3.29) is complemented with initial condition a(w,0) :6g’§(w), where
ag’f(w) is introduced in Section 3.1. As already discussed, under the forward scattering approx-
imation, we have the following proposition.

Proposition 3.3 We have

N 1
lIimP(L*<L)=0, where L°=inf (L >0, sup  |[a(w,u)||xe > —),
=0 u€[0,L/€] ¢ €*

The proof of Proposition 3.3 follows exactly the one of [16, Proposition 4.1]. Consequently, under
the forward scattering approximation, one can adapt the results obtained in [15, Section 4.2] to
the system (3.29) in order to derive the local energy flux conservation for the propagating and

the radiating modes, that is for all n>0

lim IP’( sup
€0 w€[0,L/¢€]

Jw,10) s ~ 1o () I3z | >n) =0, (3.30)

meaning that the amplitude a(w,u) is asymptotically uniformly bounded on [0,L/¢] in the limit
€¢—0. The derivation of (3.30) is based on Lemma 5.1, Proposition 3.1, and Proposition 3.3.
Consequently, using the Gronwall’s lemma, Proposition 3.1, and Proposition 3.3, we have the
following proposition.
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Proposition 3.4 We have for all n>0

limP( sup [a(w,u) ~a (w,u) 3 >n) =0,
€0 w€[0,L/¢€] ¢

where a1 (w,u) is the unique solution of the differential equation
d I~ aa -~ aa ~ . ~ ~
@al(w,u)zHejg(w,u)(al(w,u))+G67§(w,u)(a1(w,u)) with a1 (w,0) =ag(w). (3.31)

As a result, thanks to Proposition 3.4 and [4, Theorem 3.1], we can focus our attention in what
follows on the process a1 (w,u), which is studied in detail in Section 4.

4. Coupled Mode Processes

In this section, we study in a first time the asymptotic behavior, as ¢ — 0 first and then £ — 0,
of the statistical properties of the mode coupling mechanism (3.31) in terms of a diffusion process.
In a second time we study the net scattering effects for the propagating-mode amplitudes.

First of all, let us define the rescaled process according to the size of the random section
0, L/,

~ N u
a%* (w,u)=a, (w, 7) Yue|0,L].
€
This process is the unique solution on [0, L] of the rescaled forward coupled mode equations

d
~¢,& ~ryaa
0 (w,u)= H (

u
€

)@ (w,u)) + - G2 (1, 1) @S ) (1)

in Hg, with initial conditions a“%(w,0) =dp(w) defined by (3.2), and where H{% and G{% are
defined by (3.18)-(3.19) and (3.26)-(3.27).

4.1. Limit Theorem

In this section, to simplify the presentation we first focus our attention only on the random
perturbations at the surface of the waveguide, that is we assume that V;=0. Afterward, we
take into account also the randomly perturbed bottom topography of the waveguide. To prove
Theorem 4.1 and Theorem 4.2 we consider the classical nondegeneracy condition [10, 14, 19].
Assumption 6 The modal wavenumbers (f1(w),...,Bn(w)(w)) defined in Section 5.1 are distinct
along with their sums and differences.
Let us note that this condition is not necessarily satisfied for nonplanar waveguide model. How-
ever, in this case, Assumption 6 can be still valid if the statistical properties of the random
fluctuations are rotationally invariant [19].

4.1.1. The Random Surface

This section is devoted to the asymptotic analysis of the forward mode amplitude @ (w,u)
solution of (4.1), and where the random perturbations of the waveguide are only due to the
random surface, that is Vs =0
Theorem 4.1 Let L>0. In the case Vi =0, under Assumptions 1-6 and the mizring condi-
tions (1.7), the family (asf(w,-))ee(o,l), unique solution of (4.1), converges in distribution on

C([0,L],H¢,,) as €0 to a limit denoted by a*(w,-). Here Hg.,, stands for the Hilbert space Hg
equipped with the weak topology. This limit is the unique dzﬁuszon process on HY, starting from
ag(w) defined by (3.2), and associated to the infinitesimal generator

L% (u) = £ () L58 (u) + L5 (), (4.2)
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where

N(w
o)== 3 e (@) (13750107 + TiTi0r, 0~ TyT1r, 01, ~ T 1050

=1
JHH
RS Nw)
fsQ(U) c,s 1,s — fz(u) .
0 (r51-r37) (0 T 22 3 0 (10 T,

Jj=1 =

and

i (AC =8 (W) + 64 (w )) T;0r, + (Ai’s’g (w) —iAj’S’E(W)) 105,

J

Jw :) (4.3)
() 3 50 (T30, ~Tiors).

Let us note that according to the infinitesimal generator £;*° defined by (4.2), the diffusion
phenomena happen on the support of f; describing the location of the random perturbations of
the surface of the waveguide (1.4).

Here, we have considered the classical complex derivative with the following notation: If
v=1v1 +1vy, then 0, = % (0y, —0,,) and 0= % (0y, +10,,). The coupling coefficients are given
by the following notations. Let us denote

QUr51,72,52,4) = (03 =161, (4)61, (d), (d) s, (e
“+o0
+ %("% —1)[A|¢r, (D)5, (d) s (V) s, (v)02 (0)e =@+ 14l gy (4.4)
0
4 +oo p+oo /
= Or, (1), (1), () (V)2 (V)2 (0 Yo~ O+ Al
m 0 0

We have for all (j,l)e{l,...,N}2 and j#1

k o
Fjis:mQ(j’l,j,lﬁjfﬂz)/o Ry (z)cos ((8,—B;)z)d=
J
S,8 k4 . B +OO
I = 25.5 Q(J’laj,lﬁj—ﬁl) Ry (2)sin (8 — B;)z) dz, (4.5)
nyz, = ZFW
l#] z;tj

and for all (j,1) € {1,...,N}2,

k2 k4
ASoE = /g VI I B) / Ry (2)cos ((v/77 — B;)2) dzd/,

N
k2 k4
55,8 _ i — / 4.6
A /52f5] (G I/ ﬂ]/ Ry(2)sin (7~ B))2) dedy, (46)

=€ 1.4 +o0 27,2
K58 = / ik Gg.}y) (w,z)cos (ﬁjz)e_ \% Mzdzd’y—&— 7;]; Gg_z)-
J

’ 26,/ Jo
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Here, we have

“+o0
G = [ LQG.I g cos(uz)du
and

—+00
G =t -0B@[6 [ 1w s (R 0]

J

4’/T2 +oo

+oo
+? qb?(v)nz(v)/o I (w)e 2" (1 +u?)du.

2 _ . / e —2du
(n2—1)6;(d))(d) / L s [

In the previous expressions n(v) is defined in (1.10), Ry stands for the autocorrelation function
of the random process V;, and R; is the correlation function of the processes V, and d%VS, which
is %RS. Let us remark that the first (resp. the second and the third) term in the right hand side
of (4.4), and G are produced by the coupling mechanism between the propagating modes at
the bottom of the waveguide (resp. between the bottom and the transverse section, and through
the transverse section of the waveguide).

In the proof of Theorem 4.1, the random operator G¢% in (4.1) can be treated following
the ideas of [21] as it has been done in [15, 17]. In fact, the technique developed in [21] does
not require any mixing properties. However, the random operator Hg‘g requires to introduce
an approximation of the random coefficients (3.11) to turn this formula in a more convenient
form to use the ¢-mixing properties of the filtration (1.6). The approximations of the random
operators H¢% and G{% are given in Lemma 5.1, Section 5.2.1. The remaining of the proofs
are based on a martingale approach using the perturbed-test-function method. In a first step
we show the tightness of the processes, and in a second step we characterize all the subsequence
limits by mean of a well-posed martingale problem in a Hilbert space. Finally, let us remark that
the convergence in Theorem 4.1 holds also in C([0,L], (K¢, |||l )) only for the N(w)-discrete
propagating mode amplitudes.

4.1.2. The Random Surface and Random Bottom

In this section we present the asymptotic analysis of the forward mode amplitudes a*¢(w,u),
where we consider a randomly perturbed bottom topography in addition to the randomly per-
turbed free surface. This section presents no additional difficulties since the random perturba-
tions of the surface and the bottom are assumed to be independent, and can be treated directly
using the method of [15, 17].
Theorem 4.2 Let L>0. Under Assumptions 1-6 and the mizing conditions (1.7), the family
(&\e,ﬁ(w’.))ee(o’l), unique solution of (4.1), converges in distribution on C([0,L],H¢,,) as €—0
to a limit denoted by a®(w,-). Here H¢,, stands for the Hilbert space H¢ equipped with the weak
topology. This limit is the unique diffusion process on HY, starting from ag(w) defined by (3.2),
and associated to the infinitesimal generator

L2 () =L (u)+ L (), (4.7)
where £ (u) is defined by (4.2), and

L0 (u)= L5 (w) + Lo (u) + LE (w), (4.8)



C. Gomez 21

with
£ (u () (TT501,007 + TiTi, O~ TyTi0, O, ~ Ty Tid-0; )
=1
]J;ﬁl
f,?(u) gy 1,b ___
+ 27 3 15 w) (15008, 0p+ T Ti0g50n, ~ T3Ti0r, 0~ T Ti0gs 0
4l=1
N) N(w)
fQ(U) ¢,b b fQ(U) s,b e
+ b2 (Fjj (w)—Fjlj (w )) (T aT +T; %) 9 Z sz (w) (TjaTj —TjaTj)a
j=1 j=1
(4.9)
and
w,b fb2( ) ) c,b,g s,b,& c,b,& $,b,& el
Ly¢=—" D (ASPE (W) +iA5T (W) T50r, + (ASP (w) —iA (@) 507,
j=1
4.10
\ Nw) (4.10)
Ly =ify (u) Z K4 (w) (TJ8T Tja?)
j=1

The coupling coefficients in (4.9) and (4.10) are defined as follows: for all (j,1)€
{1,...,N(w)}” and j £

2k (n} —1)%¢3(d) 47 (d)

“+oo
r5 = B0 o eosBimfi)z)ds
o M -1PR(ADGA) [
P - A A Ry(2)sin (8~ 8,)2) dz, (4.11)
W%—an ﬁ#—Z%’
l#] l#]

and for all (j,1) € {1,...,N}27
2k (ni —1)*¢3(d) 7 (d)

1b_
Fjl - ﬂjﬂl 0 Rb(Z)dZ7
che_ [F 2] 1)} (d)g% (d) o , /
Ajab@:/g 1 ’Y/njj 7 /O Rb(Z)COS((\/’?_Bj)Z)dZd'Y >
. 2k (0 — )05 (A8, (d) e /
Aj’b7§:/§ 1 Vy’ﬂjj ’ /0 Ry(2)sin (v = B;)z) dad, (412)

g / ¢ 2k —1)2H(d)95 (d) [+
—1/¢ 5j\/m 0
8K2(n? — 1)262(d) "2 (d)

Ry (z)cos (sz)e_\/gzdzdv

+iRy(0
5(0) 5,
The drift (£57, L3¢, L5, and L5y defined by (4.3) and (4.10)) of the diffusion process

@%(w,-) still depend on the parameter f introduced in Assumption 2. Before discussing the
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meaning of each terms in (4.2) and (4.8), we give the following result regarding the asymptotic
&E—0.
Theorem 4.3 Let L>0. The  family (@ (w"))ge(o 1 converges in distribution on

C([0, L], (Hg || llnz)) as €—=0 to a limit denoted by @(w,-). This limit is the unique diffusion
process on HE , starting from ag(w) and associated to the infinitesimal generator

L9 (w) =LY (u) + LY (u) + LY (u), (4.13)

where

N(w)

:_72 F2(0) (A5 (@) A3 @) T0r, + (A5 (@) =A™ (@) T )
+52 <u>((A;*”(«u)ﬂAi’b(w))TjaTj+<A;’b<w>—iA?’b<w>>Tja?),
N(w)

cw—zz PR3 @)+ £ ()b () (Ti0r, ~Tiog ),

with for all j€{1,...,N(w)}

c,s 1 c,8,€ S, _ 5,8,€ s T 5§
A; (w)fgg%f\j (W), A (w)= lim A (w), Hj(w)*ghi%‘%j (w), (4.14)
and
c,b T c,b,& s,b $,b,& b b,&
A; (w)—glgg)/\j (W), A}(w )—gg%/\ (W), Kj(w )—glgg)fij (w). (4.15)

Let us note that in Theorem 4.3 the limits in (4.14) and (4.15) with respect to £ are well defined
thanks to (5.11)— (5.13).

Consequently, Theorem 4.1, Theorem 4.2, and Theorem 4.3 describe the asymptotic behavior,
as € — 0 first and then £ — 0, of the statistical properties of the forward mode amplitudes a%¢(w,-)
in terms of a diffusion process with infinitesimal generator (4.13) and starting from ap(w) given
by (3.2). The infinitesimal generator £ is composed of three parts which represent different
behaviors on the diffusion process. However, we can remark that this infinitesimal generator
depends only on the N(w)-discrete coordinates, so that the radiating part of the forward mode
amplitudes remains constant. This result has already been obtained in [15, 17] in a different
setup. The first operator £{ describes the mode coupling between the N (w)-propagating modes.
This part is of the form of the infinitesimal generator obtained in [10, 14], and for which the total
energy is conserved. The second operator £4 describes the coupling between the propagating
modes with the radiating modes. This part implies a mode-dependent and frequency-dependent
attenuation on the N(w)-propagating modes, and a mode-dependent and frequency-dependent
phase modulation. The third operator £4 describes the coupling between the propagating and the
evanescent modes, and implies a mode-dependent and frequency-dependent phase modulation.
The purely imaginary part of the operator £ does not remove energy from the propagating
modes but gives an effective dispersion. Finally, let us remark that their is no I'"*® term for
the surface fluctuations. The reason is that I,(0)=0 for (1.5) (Pierson-Neuman and Pierson-
Moscovitz spectra), that is a mode cannot be coupled with himself.

4.2. Mean Mode Amplitudes
In this section we describe the effects of the random perturbations on the forward mean
mode amplitudes. From Theorem 4.3, we get the following result.
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Proposition 4.1 For all z€[0,L] and j€{1,...,N(w)}, we have

lim limE [Zi?’e(w, z)} =E {aj (w, z)}

£—0e—0
5 (1) — AS* (@) + (15 () — A% () 1 22
:eprw ) ) AT ) T ) A ) 2 >/ Pl ]
b)) T2 (W) = AP (W) (TP (w —Asfb kb
Xexp[(rﬂj( )~ L5 (w) — A )+2(FJJ( )~ A5 (W) +2 >/ fE(u du}ago( )s

where ag(w) is defined by (3.2).
First, let us note that the mean amplitude of the radiating part remains constant on L?(0,k%(w)),
since the diffusion process only holds for the propagating modes (see Theorem 4.3). Second, for
all je{1,...,N(w)}, the coefficients (I'};(w)+A%(w) —I'%;(w))/2 are nonnegative according to
the Bochner’s theorem [32] or [10, Section 6.3.6].

The decay rate for the mean jth-propagating mode is given by

‘E[aj (w2 } ‘ —la, O(W)‘e%A;’S(w)fr;f(w)) [ £2du/2— (00 @)+ (@) =T @) [7 2 (u)du/2

which depends on the effective coupling between the propagating modes, and the coupling be-
tween the propagating and the radiating modes. This decay describes the effective attenuation
of the mode amplitudes caused by the cumulative effects of the random perturbations given by
fs and f,. The two following propositions describe the net scattering effects in the limit of a
large number of propagating modes N (w)>>1 corresponding to k(w)>1 (see (5.10)).
Proposition 4.2 We have the following asymptotic behaviors.

1. For j=[vN(w)™] with n €[0,1/2) and v>0, we have

-2 2 9/2,,5/2p2
c,b 3/2 J%/N(w) 2°/"ny'"0
rf(w) ~  —k¥2(w)

Iy(v)d
k(w)>1 (1—6252/N(w)2)1/4 wd ; Vuly(v)dv

2. For j=[vN(w)"?] and v>0, we have

. 2
Fq,b(w) ~ —kS/Z(w) jQ/N(w)Q 24”?/ 0°
T k(w1 1-602j2/N(w)2 nd

+o00o

/ V20 /d+2v1,(v)dv
—v270/(2d)

3. For j=[vN(w)"] with ny € (1/2,1] and v>0 (v<1 if no=1), we have

. i3 N 3 25 393 +oo
Fj’jb(w) ~ =Kk (w) I/Nw) e /0 Iy(v)dv.

k(w)>1 V/1-60%2/N(w)? =d

4. For j=[vN(w)™] with n3€[0,1] and v>0 (v<1 if n3=1), we have

-4 N(w)4 4n294 “+o0
pLb ~ 2 J*/ 1 / d
i@ S N e, R

5. For j=[vN(w)™] with ny €[0,1] and v>0 (v<1 if na=1), we have for k(w)>1

1 j?/N(w)? b Cs j?/N(w)?
Fo ™ TN 7 S oy g N R

where Cy and Co are two positive constants.
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6. For j=N(w)—[v] with v>0, we have for k(w)>1
Csk(w)®/? <A (w) < Cuk(w)®/?,

where C3 and C4 are two positive constants.
The proof of this proposition is given in Section 5.3. Regarding the influence of the surface
fluctuations we have the following result.
Proposition 4.3 We have the following asymptotic behaviors.
1. For j=[vN(w)™] with n; €[0,1/2) and v>0, we have

2 +oo
c.s ~ O 32y
r57(w) e C1k (w)N((d)27Td/O Vuls(v)dv

0252 | 172 6252 | _5/4
[ IRt e

2. For j=[vN(w)'?] and v>0, we have

:2 +00
c,s 3/2 J
IS (w) ~  —Cok® (w)m / V20 /d+ 201, (v)dv

E(w)>1 —1276/(2d)

X

<o ) ) O )

3. For j=[vN(w)™] with ns € (1/2,1] and v>0 (v<1 if na=1), we have

i3

+oo
res ~ Ok (w)—d I
7 (@) k(w)>1 Csk (w)N(w)37rd/0 s(v)dv

92]'2 —1/2 92]'2 _3/2 92]'2 _5/2
X [(1_ N(w)2) +(1- N(w)2) +(1- N(w)2) }
4. For j=[vN(w)"™] with n3€[0,1] and v>0 (v<1 if na=1), we have for k(w)>>1
Gt PN e Ca PN

k(w)ar=3 \ /T=6252/N(w)? ~ ’ )< k(w)ors=3 | /T—0252 /N (w)?’
where Cy and Cy are two positive constants.
5. For j=N(w)—[v] with v>0, we have for k(w)>1

Csk(w)®? <AS* (w) < Cak(w)™?,

where C3 and C4 are two positive constants.
The proof of this proposition follows the lines of the one of Proposition 4.2 but with lengthier
computations. For the points 1 —3 the three terms into brackets correspond respectively to the
three terms in (4.4). From these two propositions we can first remark that the surface and
bottom fluctuations affect the amplitude of the propagating mode in the same way. Second,
the decay rates become larger as the order of the propagating mode j increase. The reason
is that the higher the propagating mode j is the more it bounces on the randomly perturbed
boundaries, and therefore the more it is scattered. However, while j is not of order N(w) the
amplitude attenuation is mainly produced by the mode coupling between the propagating modes
themselves through '’ and Fj’jb. Now, when j~ N(w), the modes can coupled significantly

with the radiating modes (see (4.6), (4.12), and (5.2)) through Aj* and A?b, which produce
more important losses in the bottom of the waveguide. In fact, for these modes the decay rate
produced by the mode coupling between the propagating modes is of order k%(w) (points 3-4 in
Proposition 4.2 and point 3 in Proposition 4.3), while the one produced by the mode coupling
with the radiating modes is of order k°/?(w) which is significantly larger.
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Conclusion. In this paper we have analyzed wave propagation in an acoustic waveguide
with a randomly perturbed free surface and uneven topography, and the resulting mode coupling
mechanism between the three kinds of modes (propagating, radiating, and evanescent). We have
shown that the evolution of the forward propagating mode amplitudes can be described in term
of a diffusion process (Theorem 4.1, Theorem 4.2, and Theorem 4.3) taking into account the main
coupling mechanisms: the coupling with the evanescent modes induces a mode-dependent and
frequency-dependent phase modulation on the propagating modes, the coupling with the radiat-
ing modes, in addition to a mode-dependent and frequency-dependent phase modulation, induces
a mode-dependent and frequency-dependent attenuation on the propagating modes. Moreover,
we have observed (Proposition 4.2 and Proposition 4.3) that the surface and bottom fluctuations
affect the amplitude of the forward propagating modes mainly in the same way. However, the
amplitudes of highest propagating mode is more affected because of an efficient coupling with
the radiating modes.

Acknowledgment. This work was supported by AFOSR FA9550-10-1-0194 Grant.
5. Appendix

5.1. Spectral Decomposition in Unperturbed Waveguides
This section is devoted to the presentation of the spectral decomposition of the Pekeris
operator 92 + k?(w)n?(z) where the index of refraction n(x) is defined by

[ ni=co/er>1 if z€(0,d),
n(a:)—{ 1 if xeld,+00).

Here, H = L?(0,+00) is equipped with the inner product defined by
+o0 .
V(hl,hg)EHxH, <h1’h2>H:/ hl(l‘)hg(l‘)dl‘
0

Definition 5.1 Let us note by R(w) the Pekeris operator defined by

d2

=5y +kE(Wn*(z)y VyeD(RW)), (5.1)

R(w)(y)
which is an unbounded operator on H with domain
D(R(w)) = Hg(0,+00)NH?(0,+00).
The following result regarding the spectral decomposition of the Pekeris operator R(w) is proved

in [37].
Theorem 5.1 R(w) is a self-adjoint operator on H, and its spectrum is given by

Sp(R()) = (=00, k2(@)] U{B 0y (), 5 )}, (5.2)

where for all j€{1,...,N(w)}, the modal wavenumbers B;(w) are positive and ordered in an
decreasing way :

E*(w) < B?V(w)(w) << BHw) < ik (w).

Moreover, let I1,, be the resolution of the identity associated to R(w), we have for all y€ H and
for all r eR,
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N(w)

Hw(r,—koo)(y)(x) = Z <yv¢j(wv')>H¢j(w7x)1(r,+oo) (ﬂj(w)2)
j=1

k?(w)
+/ (Y5 Dy (W) gy Oy (@, 2)dYL (oo k2 () ()
and for all y e D(R(w)),

IL, (r,4+00) (R(

Z B] y ¢] )>H¢j(w’x)1(r,+oo) (ﬁj(w)Q)

K (w)
+/ ’7<y,(ba/(w,$)>H¢7(W,$)d71(7oo,k2( ))( )
T
Let us describe more precisely the decompositions (5.3) and (5.4)
Discrete part of the decomposition
For all j€{1,... }, the jth eigenvector is given [37] b
B Aj(w)sin(oj(w)z/d) if 0<z<d
(b](wym)_{AJ( )SIH( (w))e Gi(w %‘i if dSIZ’, (55)
where
oj(w) =dy/nik?(w) = B} (w), ¢j(w)=dy/B;(w)? —k*(w), (5.6)
and
2/d
Aj (w) = —3 - . (57)
Sin2(0; (@) sm(20; (@)
=0~
According to [37], 01(w),...,0n(w)(w) are the solutions on (0,n1k(w)df) of the equation
Y
tan(y)=— 5.8
)= 63)

such that 0 <oy (w) <-+ <on(w) (W) <nik(w)dd, and with

9:\/1—1/71%:\/1—01/00 (5.9)

This last equation admits exactly one solution over each interval of the form (7r /24 (j—1)m,m/2+
j7T) for j€{1,...,N(w)}, so that the number of eigenvectors is

N(w)= [”’“(“’)de} |

™

(5.10)

where [-] stands for the integer part

(5.4)
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Continuous part of the decomposition
For v € (—00,k?*(w)), we have [37]

¢W(w7x):
A (w)sin(n(w)z/d) if 0<2<d (5.11)
Ay (w) (sin(n(w))cos (E(w)=52) + Zgg cos(n(w))sin (E(w)rT*d)) if d<u,
where
n(w)=dy/nik?(w) =7, &w)=dV/k*(w)—7, (5.12)
and

dé(w)
Ay (w)= .
! \/ (£2(w)sin® (n(w)) +1%(w) cos?(n(w)))

Let us note that we have
) 1

10 VAR
We can also remark that ¢, (w,.) does not belong to H, so that <y,¢7(w,.)>H in (5.3) and (5.4)
is not defined in the classical sense, but in the following way

A (w (5.13)

(y, ¢ (w H_M—>+oo/ 2)py(w,z)dr  in L*(—o0,k*(w)).

As a result, we have
N(w)

= 3 Kot ul*+ [ ot

and then,
O, H— HY
v — (0@ D) ) v (@63 0) e oot

is an isometry, from H onto H* =CN®) x L?(—o00,k?(w)).
In this paper the pressure field (1.9) can be decomposed according to the resolution of the
identity II,, introduced in this section.

N(w) 0

K ()
Do(w,u,v) ij w,u)o;(w,v)+ /0 @,(w,u)qby(w,v)dv—i—/ Dy (w,u) oy (w,v)dry,

> radiating modes evanescent modes
propagating modes

where the amplitudes of the propagating modes are defined by

“+oo
VjE{l,...,N(W)}7 ﬁj(w’u):Hw({ﬂj(w)})(ﬁ()(wau?')):/(; ﬁo(W,U,U)¢7(w,U)dv, (514)

and the amplitudes of the radiating and evanescent modes are defined by

M

Yoy € (—00,k%(w)), ﬁ,y(W,u):MlirEoo ; Do(w,u,v)d(w,v)dv ian(_OO,/{;2(w)). (5.15)

Consequently, the mode amplitudes are the projections of the pressure field po(w,u,v) over the
eigenelements of the Pekeris operator.
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5.2. Proof of Theorem 4.1

The proof of this theorem is based on a martingale approach using the perturbed-test-
function method. However, the process (65’6(u))u>0 is not adapted with respect to the filtration
Fo=Fuje, where F, is defined by (1.6). In fact, neither the random operator H% nor GZ%
((3 18)-(3.19) and (3.26)-(3.27)) are adapted with respect to the filtration F¢. The proof of this
theorem is in three parts The first part of the proof consists in approximating the random
coefficients Ha% and G%% ¢ With new ones from which we can use the mixing property. The
second part follows the 1deas of [21] and consists in simplifying the coupled mode equation and
introducing a new process for which the martingale approach can be used. Finally, the third
part of the proof is based on a martingale approach using the perturbed-test-function method
and follows the ideas developed in [5, 15].

5.2.1. Approximation of the Random Coefficients

This section is devoted to the approximation of the random operators HZ¢ ¢ and Gaa& In fact,
these operators do not satisfy the mixing properties coming from the random perturbatlons of the
waveguide surface. the reason is that the conformal map (2.1) involves the complete trajectory
of the random surface of the waveguide.

Let ag € (1/2,1),

o (F) =20t -voe@ [ Vet o)l ew),,
-2 ()+Oo¢r(v)¢s(v)n2(v) /|w|<1/eao AT UL PP

and
For=0(CV%¢(u), s<u<t), (5.17)

the o-algebra generated by C/2:¢. Let us remark that ]:"&t is still ¢.-mixing. In fact, for s> 2/e*0,
if A€ Fiys 400 and BE€ Foy, then A€ Fy _1-a0 400 and B € Fj 4 1-a0, and therefore we have

sup IP(A|B) —P(A)| < p(s—2/e*) = e(s).
Ae]j';t.g,+oo
BeFo,+

According to [25] we have the following results regarding mixing processes :
[E[CY/2(t+51) | Fo.4]| < 26c(s1), (5.18)
and

|E[CY/2(t+ 51+ 82) OV 2 (t+51) | Foe] — E[CY2E(t + 514 52) V24t + 55)]

N - 5.19
<492 (51)0L % (s2), (519)
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for all s1,89>2/e*. Let us also consider

() =20t = )or (@)on() [ [ R g [ 2O

w2 —u)?4-d? —u)?+d?)?
73;621( / (V(ul)L {2(+€Z)2 dﬂ)Q—i—% /u(sts(e(-})(i))i‘if;(zﬁ)fs(eﬁ) i
oo @)(2 [ EOED o) [ oo -
([ CoADED 2 (UL OEDLD
+47v2 U(sts((&))( ;%UQ() @) foled) 2;2 / (V(_uzjzm i /((f_(z))é‘ffg)z i

L [ Va@)fs(ew) , \2  4vt / Va(@)fs(en) \2
+ﬁ(/(ﬂ7u)2+v2du) +?< (('&fu)2+v2)2du) }
We have the following result.
Lemma 5.1 For all (r,s)€{1,...,N}U(&k?), we have

Cto(u) = Ve CH2(u) + e Clf (u) +o(e),

uniformly with respect to u€ (0,L/€), and where C(u) is defined by (3.11).
This Lemma gives an approximation of the random operators H¢¢ and G¢% ((3.18)-(3.19) and

3.26)-(3.27)) by new operators H, and G defined by
€& €&

. 2 N 01/26 ) k2 CI/Q,E(U)
I:Iaa { yle ﬁj)u_|_/ Ly /ei(\/?_’gj)“dfy’},
S 0 = Now
o 2 N 01/2 €
H'y 6,5 Z \/7()y ez(ﬁl—\ﬁ)u7
4 N —¢ :‘[/276 1/2,e/~
oo L [ GO0 e e
(u)(y) € T
ek 4 71/.5 BV 151
. e K (w) obe
+Zk [ (u) i(BL—Bj)“_;’_/ Myvlei(\/’?_ﬁj)ud’}/ ,
o Bgﬂz ¢ BT

where C1/2¢(u) =0 if u¢[0,L /€] and Gy e =0 for v € (¢,k*(w)). The following lemma is a direct
consequence of Lemma 5.1.
Lemma 5.2 We have

1 1 ~ aa 1 ~,aa

JHE (D) W)= (D) o) and G (7)) =Gl () ) +ol),
uniformly in w€ [0,L/€] and for each y € H.

This second lemma will be used in the next section to approximate the forward mode amplitudes
@ unique solution of (4.1).

Proof (of Lemma 5.1) The proof consists only in doing expansions of the perturbations pro-
duced by the waveguide transformation.
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+oo
Crs(u)= /0 (Je(u,v)n (u,0) =0 (0) 6 (v) ¢ (v)dv = Dy (u) + D (u) + Dy (w),

where J, is defined by (3.7), and

“+o0

Di;(u): ¢r(v)¢s(v)(JE(u,v)—1)n2(v)dv,

0

+oo
D2 (u) = / 60 (0)64 (0) (02 (1,0) — 2 (0))
+oo

Dl (u)= ; &r(0) s (0) (e (w,0) = 1) (02 (u,v) —n(v))dv.
First, we have
Hoo v? (@) fo(@) (@) fo(@) .
oo 2 4U2 U—1u ‘/s (] s ] ~
+€/O ¢r(v)¢s(v)n (U) [7(/ (((ﬁ—)u)Q(-i-)j;;) )

2 /U(m-)fs(e»(a)m

o [ V() fs(eq) [ Vi(a)fs(eq) .
7r2/(@—~1t)2+712du/ (fu ~

+o(e).

(5.21)

Second, we have

2€(y) = 12, (v)ps(v)dv nff (V) ds(v)dv,
D2 (u) /Amu D606 (wdu+ [ (=16, (0)6.(0)a

2.
where

A= {v <d, z(u,v)> d} and A= {v >d, z(u,v)< d}.
The real part z:(u,-) of the conformal map (2.1) is a nondecreasing bijection since

sup |Opz(u,v) —1| <V/eK.
u>0
v€(n,M]

Moreover, we have

1
|1’71(u,d)—d—(d—z(u»d))avfl(uax(uvd))|S§|d—x(u,d)|2 sup  [95a ™ (u, ),
v€(d,z(u,d)]
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with

sup  sup |02 ' (u,d)|<Kve, and sup|d—x(u,d)| <Ky
u>00€(d,x(u,d)] u>0

Then, D2F can be approximated as follows
D?;E(U)=/A (l—n?)¢r(v)¢s(v)dv+A (ni = 1), (v) @5 (v)dv +o0(e),
1,e 2.e
where
Ajc={v<d, v>d+Y(u,d)} and Ay ={v>d, v<d+Y(u,d)},

with

Yﬁ(u,d)_i/wf%;)j_du[l—l/wy())ﬁdu+2/uuu?ng)Qda}.

Consequently, we have

D2 ()= Ve~ )6 (d) s ) / W

se2(ud ~0on(@on() o5 [ gy [ BOLD g

d ([ Ve@hule) N2 d [UGAOLEDE) V(@ foler)
_ﬁ</(a—u)2+d2du> +%/ )P+ & di
et = (00 (@)01(0)+ 6, @on(@) (5 [ O da) ot

da

Finally, according to the previous step, we have

Dt =etn @@ "L [ DL g 2 [T

T u)?+d?)? m ) (G—u)?+d?
d [ Vs(@)fs(et)
x;/mdu—ko(e).

To finish the proof of this lemma, we have to approximate in D':¢(u) and D%*¢(u) the terms
of order /€ to obtain a more convenient form to exploit the mixing properties of the random
perturbations. Let o€ (1/2,1). First, we have

Vs(@)fs(ew) .. [Vs(utw)fs(efutw))
ey d

7U)2+d2 w2+d2 ’
and then
‘/ ’U,+1U)fa u+w ‘<K/ dw<K€OL0
w|>1/e“0 w? 4 d? (de=0)

In the same way, we have

+oo (i) fs e) +oo Va(utw)fy(e(i+w)
o) [ O S i [ 0 w00 LD i,
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so that

w2+ 02

<K/+OC [ (0)65 (V)] #dwdv
1/ (ve0) w +1

</O+m|¢r(v)¢s(v)lde6ao~

! " o wov) /w|>1 ” Valutw)foleut w))dwdv‘

Let us note that f *|pr(v)ds(v)|dv is well defined thanks to Assumption 3 and the form of ¢;
given in Section 5.1. The last term can be treated exactly as the previous one. [

5.2.2. Approximation of the Transfer Operator

The forward mode amplitudes @ unique solution of (4.1) cannot be studied directly using
the perturbed test function method introduced below because the random operator H¢¢ and G¢%
are not adapted to the filtration of the random perturbations. Consequently, we approximate a¢
by a new process from which we can exploit the mixing properties of the random perturbations.
Let us introduce a¢¢ the unique solution of the differential equation

%&E,g(u) \lfflaZ( )“f( )+ (G Y (w)a s (u), (5.22)

with @%%(0) :ag defined by (3.2), and where (G**) is defined for all y € H¢ and j € {1,...,N} by

—€ 7.4 42 +o0 1.2 2
<G““>j(u,y):/ ;]; I (|UT Gﬁ)(z)cos (ﬂjz)e’\mzdqu/yj1LL s (1) Py,
—o0 iV Y J0 j

and <G‘m>7(y) =0 for almost every v € (&,k?). Here, we have

GV (2) =4(ny —1)2 // CHO—W)

w2—l-d2 w’2+d2)

+ A /
/¢J V)~ (V)¢ (v Ny (v // P (2 2/213/2)dwdwdvdv
16
/¢J V) (V)5 (V') (V)0 I2// s(z+w—w) 2dwdw’dvdv’

w2+U2 wl2+ )

( 171 S(ztw—w') ,
d)p~(d /¢J V) (v /(w2+v2)(w’2+d2)dwdw dv

16 (n1—1 s(z+w—w") ,
+— (bv /¢J V)¢ (v /(w2+v 22 (w’2—|—d2)dwdw dv

+ ! A
/¢J ¢7 )¢J ¢~/ // wQ—HJZz ww/;j_)/z)dwdwdvdv

/ /2 Z+w w) / /
//¢J )b (V)5 (V) bs (v // w2+v2 (W v7)? dwdw'dvdv’,

772
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and

Gf) =2<n%—1>¢2<d>

6d3 // w) w — / / W) wdw! +U(R.)(0)
w2+d2 11)’2—i-d2 w2—|—d2 w’2+d2) °
w')
+ -1) dwd
Ani =)oy (d // 2+d2 ey
oo ww' Rg(w—w')
+ H // dwdw’
0 ¢ ’U.) +’U2 w2+v2)2 waw

w')
dwdw’
// w2+v2 +v2)
w') W+ // w') /
dwdw
// w2—|—v2 w’2+v2 w2+v2 w’2—|—v2)

where R, is the autocorrelation functlon of the random process Vi, and Ry is the correlation
function of the processes V, and Vg, that is d ~Rs. Let us note U(R,)(0) is well defined. In
fact, Ry is an even function so that R, (0)=0.

Moreover, let us remark that the terms involving the Hilbert transform in (5.21) have dis-
appeared. In fact, taking the expectation, using the stationarity of V; by making a change of
variable, and then passing to the limit in ¢, we have

. . 1 Rg(w) - ¥/ 2/7
tiny [ df(ea) - [ ﬂ(e(u—w))[((a_u/€)2+v2)2—(a_u/€>2+v2]

:ff(“)”@sw[w/( & )g—i/~ W)= Peui) o[- 2] <o

. 2 2
a2+ 2 uc+v v

We have the following proposition that describes the relation between the two transfer pro-
cesses a*¢ and a“¢.
Proposition 5.1

¥n>0, lHmP| sup [|a¢(u)—a“c(u)|3.>n | =0.
e—0 u€(0,L] 3

Thanks to Proposition 5.1 and [4, Theorem 3.1], one can study the new process (@“%), in-
stead of (@“%).. Let us remark that a“* is adapted to the filtration 7, defined by (5.17) and

a4 (u)[[3,, = [@|l3,, for all u>0. Consequently, (@), can be studied using the perturbed test
function method.

Proof (of Proposition 5.1) This proof is in two steps. The first step consists in using Lemma
5.2 to approximate the random operator H¢g and G¢% by I:Ijz and Gzz from which we can
exhibit the mixing properties of the random perturbations. The second step consists in using
the ideas developed in [21] to exploit the fast phase of the random operator G¢%. The proof of
the second step follows closely the proof of Proposition 6.3 in [16]. B

5.2.3. The Perturbed Test Function Method

In this section we study the limit in distribution of the process (@“¢). unique solution of
the differential equation (5.22), using the perturbed-test-function method and a martingale tech-
nique. The proof is in two steps. First, we prove the tightness of the process (@), afterward
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we identify all the subsequence limits thanks to a well posed martingale problem. According
to [25, Theorem 4], the proof of the tightness is decomposed in Lemma 5.3, Lemma 5.4 , and
Lemma 5.5. The subsequence limits are identify, first by a complex martingale problem (Lemma
5.6), and then by a real martingale problem (Lemma 5.7) to use the classical uniqueness results
in [39] for instance.

Now, let us defined the good space to apply the asymptotic analysis. Let r= ||ZL\3HH§,

By, = {)\EH57H)\H’H§ =/ (AN, Sry}

the closed ball with radius r, and {g,,n>1} a dense subset of B, 3,. We equip B, %, with the
distance dlgm{5 defined by

“+o0

1
dB, (A’“):ZE

Jj=1

<A—u7gn>ﬂg‘

for all (A\,p) € By 3, As a result, (BHE,dBrY,{g) is a compact metric space. From the definition
of the metric dl&,aga we have the following criterion.

Theorem 5.2 A family of processes (X€)ce(0,1) is tight in C([O,Jroo),(BT’H&,dBT’Hg)) if and only
if (<X€’)\>’H5)EE(O,1) is tight on C([0,400),C) for all e He,.

This last theorem looks like the tightness criterion of Mitoma and Fouque [29, 9]. For any
A€He, we set &f\’g(u) :<d575(u),)\>ﬂs. According to Theorem 5.2, the family (a*¢(.)). is tight

on C([O,—l—oo),(BT,HE,dBan)) if and only if the family (Etf\’g(.))6 is tight on C([0,400),C) for all
A € He. Furthermore, (a“%(.)). is a family of continuous processes and then it is sufficient to prove
that for all Ae#H,, (di\’g(.))6 is tight in the space of cad-lag functions D([0,400),C) equipped
with the Skorokhod topology [4, Theorem 13.4].

Using the notion of a pseudogenerator, we prove tightness and characterize all subsequence
limits. Let us recall the techniques developed by Kurtz and Kushner. Let M€ be the set of all
Fe-measurable functions f(u) for which sup, < E[|f(u)|] <+oc and where L>0 is fixed. The

p—1lim and the pseudogenerator are defined as follows. Let f and f° in M€ for all 6 >0. We say
that f=p—lims f° if

supE[|f*(u)[] <+oo and  LimE[|f*(u) — f(u)[]=0 Vu.

u,0

The domain of A€ is denoted by D(A€). We say that feD(A¢) and A f=g if f and g are in
D(A°) and

— 1
P50

{Eg[f(u—ks)] —f(u) _g(u)} 0,

where [Ef, is the conditional expectation given Fj and Fg=7F, . A useful result about A€ is
given by the following theorem.
Theorem 5.3 Let f € D(AC). Then,

M =f- [ Afw)e

is an (F¢)-martingale.
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In what follows, we consider the classical complex derivative with the following notation: If
v=a-+1f3, then 0, = % (0q —10p) and 05 = % (On +103).

Proposition 5.2 For all A€ He, the family (&f\’g(.))
Proof First, we easily obtain for all 7' >0,

cc0.1) 8 tight in D([0,+00),C).

lim limP a5 (u)|>M | =
ol lim <0335Tax (u)] > > 0,

since (a“¢(.))e is a bounded process. To show the tightness of the process (a@**(u)) according

u>0’
to [25, Theorem 4], we need to show the three following lemmas. Let A€M, f be a smooth

function, and f§(u)=f (&i’g(u)) We have,

55000 (3550 [ ot (400047 (7). £) 46040

[0}

+%Nﬁ@ﬂ}%@ﬂ@@mcybﬂmwwﬂ
where

1 (a6 ), 2 (4), 1) = (B (1) a4 () () A)e

€ € € 3
and G (@€ (u)) = <<Ga“>(“)de’€(“)7)‘>ﬂg' Let us consider

T E [ (€, (1), 2] dw

fitn) = 0,1 (%) | 2y,

u

+ \%(%f (a55w) /t+oo1E; [H,\ (as,c2e (2) w)} dw,

€ €

Here, E{, stands for the conditional expectation with respect to the filtration ﬁg,u defined by
(5.17).

Lemma 5.3 For all T>0, we have limcsupgc,<7|fi(u)|=0 almost surely, and
sup, > E[| f5(u)|]=O(e!/27") for all n>0.

Proof (of Lemma 5.3) Using a change of variable and thanks to (5.18), we obtain

+oo +o0
[fiw)| <K Ve | owldw | p(w)(1+1/(2w))dw
o0

+EKVeln(1+1/(d***)) + K /e | (w)(In(1+1/(w?e**)) +1/(2w)) (1+1/w)dw,

where, thanks to Assumption 3, 1 is a function coming from the propagating modes ¢; such
that the integral in w is well defined. More precisely, ¥(w)~w? as w goes to 0 and ¢ decay
exponentially at infinity. The second and third part of the previous expression come from the
fact that in (5.18) s; has to be greater than 2/¢®°. Indexes s; smaller than 2/ are not covered
by the mixing property and then lead us to explicit computation using a primitive of arctan(w)
given by warctan(w) —1/2In(1+w?). That concludes the proof of Lemma 5.3.0J
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A computation gives us

A (i £) ) =0, a5 ) [ Y (s E o (L) o0 (L) | L ) du
+G <d€’5(u))}

A T O R R e e

€

+07f (a5* () / e (a6 B [ () wer2e (2 +w)
+8%f<éif<u>>/ *°°Hf><a«<uwz[ow(%)@01/27e<%+w>],

+0 &f( ( ))/ H(S)(afvﬁ Ee {01/25( ) 01/25( +w> 7%7%4_“] dw
+o(1),
where
M XN o
HS)(T,C,S,g):—ZZAj Z _SIU_ i(Bi—B)5+i(By —Bos T,

BB

&2
+Z/ C’J# t(Bi=55) 9+1(\/> BL)GT + ]’Y Rkl 1(\/> B;)5+i(B— W)sTld’y/}
€ /BB NG

N
_ G

ei(ﬁz—\ﬁﬁ-‘ri(ﬁl/—ﬁl)sTl/

=11/ /BB

N K2

+Z/ i Ty [ X,
€

j B - i’ §_i(_1)i-1
H§\”(T,C78,§): ) 2 : 2 : J J i (Bi=B3)5=i(=1) " (B =B;)sp, 0,
7 Jl 1 ll' 1 /BJ/BZ/B_] Bl/

N k2 1Al A .
+ /Cﬂﬂze“ﬁl—ﬁﬂg—i(—ly1<\/v3—ﬁjf>STldefyé
2
=178\ BiBiBi
kZ N raryr .
/ O” I AT-B)i Y =B Ty
1
6] ﬂl’

k2 k2 C Y 7 . i—1 7 N o\
/ / It Ve N (\/Z*ﬁj)sﬂ(*ly (ﬁfﬁj’)sTviTvéd%d’Yé}Aj)‘j’
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k4 k2 ’ j—1
_ / Z _CGitnl_ ipi-ps—i(-19 " (Bu v, T,
V=1 VBB B

k2 N C ’ ’ . 7 5—13 = i,
+/ _ il (/A —By)s—i(—1) 1(/31/—¢W7)‘“T71Tz/dvi}Aj)‘vzdw
& o Bj\/ﬁﬁl’
k2 N
O’hlj/l/ ei(ﬁl*\/’ﬁ)gfi(fm-?—l(ﬁl,751’)STZTZ’

k4
/ ot ”/ 1\/\/’Wﬂlﬂj'51'

O . - . j— 7 -
+Z/ U By E i) 1(ﬁ*51’)stTv§d’Yé}/\w\j’
=178\ \MBiBi Vs
4 oK k2 N _
- / / R l(ﬂl_ﬁ)g_i(_l)kl(ﬁ“_ﬁ)sTlTlf})\levzd’Vld’Y%
2 VBB

where j € {2,3}. Let us note that a quick computation shows that A¢(f§+ f)(u) is not necessarily
uniformly integrable. In fact, we obtain for E[|A°(f§+ f{)(u)[?] the same bound as the one
obtained for ff(u) in Lemma 5.3 but without /¢, so that this bound blows up as e goes to 0.
The problem comes from the indexes not covered by the mixing property (5.18). To show the
tightness of the process @©¢ we have to introduce a second perturbed test function to correct the
problem. This second perturbed test function f§ is given by

= (o o (5] 5o ()] D

where

+oo
FA(T,C,w):E)Uf(T,\)/ H"(T,C(w) @ C(w+d),w,w+d)di
0

+oo

+ 0 f(T) / HO(T,C(w) @ Cw+d), w0+ 0)di
0
+oo

+O2f(Ty) HP(T,C(w) @ C(w+1), w,w+b)dib
0

+oo
+8%f(T)\)/ HP/(T,C(w) @ C(w+),w,w+b)dib
0

+oo
0wy £(T3) / HO(T,0(w) & C(w-+),w,w+ i) did
0

+oo
+8U3gf(T>\)/ H(T,C(w) 0 C(w+ ), w,w+d)dib.
0

Lemma 5.4 For all T>0, we have limcsupgc,<7|f5(u)|=0 almost surely, and
sup,, > B[ f5 (u)[] = O(e'™"), for alln>0.
Proof (of Lemma 5.4) Using a change of variable and thanks to (5.19), we obtain

+oo

+o0 2
sl xe( [T 0w [ s +1/2u)du)

2 t+oo 2
+K6(1n(1+1/(d262%))) +Ke( B(w)(In(1+1/ (w? 2““))+1/(2w))(1+1/w)dw) :

0
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where 1 has been described in the proof of Lemma 5.3. We recall that indexes s; smaller than
2/e*0 in (5.18) are not covered by the mixing property. These indexes lead us to explicit com-
putations using a primitive of arctan(w) given by warctan(w)—1/2In(1+w?). That concludes
the proof of Lemma 5.4.01

Finally, the tightness of @*¢ is given by the following lemma.
Lemma 5.5 {A°(f§+ f{+[f5)(u),e€(0,1),0<u<T} is uniformly integrable for all T >0,
where

+oo
A5+ 1 £5) ) =0uf @55 ) [ [ B (a4 B0 0 024 (w) 2w du

0

Gy (aeé(u))]

+oo
st ) [ D (s EC 0 w0 2w

u
€

LS

w) dw+G)y (dfﬁf(u)ﬂ

)

2 (=€t oo (2) (ze,8 1/2,¢ 1/2,e
FORA (@) [ HD (a7 ) EICTA0) 0 0V ),

+oo
vt ) [ HY (a5 BIC 2 0 mOV2ew),

0

+050,f (a5 (u)) / +WH“’)(“( JE[CY>4(0) @02 (w)],

+0,0:1(a / P (2 (u), EIC12(0) @ C/2(w)], =, = +w ) dw

Proof (of Lemma 5.5) This lemma is a consequence of a long but straightforward computa-
tion. The terms of order one in A€ ( S+ i+ f;) are uniformly integrable. Moreover, the terms
bring by f$ in o(1) can be bounded using the bound obtain in the proof of Lemma 5.4 with /e
instead of €. Therefore, the unbounded logarithm which was a problem in A€ ( f§+f5) can be
killed. 0 That completes the proof of Proposition 5.2. B

Now, we characterize all the subsequence limits (Proposition 5.3), using first by a complex
martingale problem (Lemma 5.6), and then a real martingale problem (Lemma 5.7) to use the
classical uniqueness results in [39] for instance.

Proposition 5.3 All the subsequence limits of (def(.))eem’l) are solution of a well posed mar-
tingale problem associated to the infinitesimal generator defined by (4.2).

Proof (of Proposition 5.3) To do that, we consider a converging subsequence of (&5’§(~))ee(0,1)
which converges to a limit @*(.). For the sake of simplicity we denote by (@(.))ce(0,1) Such a
subsequence. To exhibit the well-posed martingale problem, we need first to extract all the fast
oscillating phase, as done in [16, Proposition 6.5], in A(f§+ f{+ f5) using Assumption 6.
Lemma 5.6 For all A\€ H¢ and for all f smooth test function,

0) = [0, (@) (JEE () Ny, + 00 @ ) @) AL,
+83f (@ (w)) (K (ag (W) (\). )y, +05f (@S (w)) (K (@ (W) (A): M),
+050, f (a5, (w)) (L@ (w)) (M) A) gy, +0005f (@S (w)) (L (@& (w)) (A),A),, duw

13
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is a martingale, where

JH(T); = %—Agv&fﬂ' (Ff;—A;vSfH;vf) T;,
1 N - 1 N - (5.23)
INGVEEESS (F;f +¢F;f) T/TN, LT, =5 Y T T,
= o

and J*(T),=K(T)(A),=L(T)(\),=0 for almost every € (&,k*), and for (T,\) €HZ. Here,
[hs, Tos T, A8 ASSE and k%€ are defined in Section 4.1.1.

In order to prove uniqueness, we decompose a%(.) into real and imaginary parts. Then, let us
consider the new process

5quLg(u) where L& (u) = Re (@ (u an 28 () =Im(as(u
Vo= |ael)| . where Y@ =Re@) and Y00 = 1m(@w)

This new process takes its values in G¢ x G¢, where Ge =R x L?((£,k%),R), and we introduce
the operator

T:gg ng —>g§><g£a
T! T2
=]
Lemma 5.7 For all f €CE(Ge x Ge),

M () =1 (¥ () - [ " L8 F(YE (w))

0

is a continuous martingale, where for all (Y,\) € (Ge X G¢)?

1
13 — 2 §
L f(Y)—§t7“ace (A(Y)D*f(Y))+(B (Y),Df(Y)>g€Xg&7 (5.24)
with AY)(A)=A1(Y)(A\)+ A2(Y)(N). Moreover, for je{1,...,N},
¢ Lji _ pew Lj7 L s powt
B (Y)J: 77/\]» Yj* 7+I€j *Aj TJ(Y)
A(Y)(N),;=-Y; Zr (YN + YA +05( Zr Y)A + Y7 (Y)A]
l;éj l?fj
A (Y)(N); =\ Zr” +(YD)?],

%

and B§y (Y)=A4,(Y)N)=A,(Y)N)=A,(Y)(\)=0 for almost every v € (£,k*). Moreover, the
martingale problem associated to the generator LS is well-posed.

Proof (of Lemma 5.7) Following the proof of Theorem 4.1.4 in [39], to prove that Mﬁ is a
martingale it suffices to show that

<M5(u)7)\>g£XgE:M§( u)=(Y*(u) / BE(Y* (w))dw, Ngexe.
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is a continuous martingale with quadratic variation
< M§> (u) :/0 (AYE )N\ g, g,

Moreover, for all (Y,\) € (Ge x G¢)?, we have (A(Y)(A);A)g, g, =0 and trace(A(Y)) <+oo. Ac-
cording to Theorem 3.2.2 and 4.4.1 in [39], the martingale problem associated to L¢ is therefore
well-posed. [

Finally, to recover rigorously the form of the generator (4.7) for the complex diffusion process
@*(w,-), we use formula (5.24) where

g(Y)=f(T) and T=Y'4iY?
with
Oy19(Y) = (0n; +05,) f(T) and  dy29(Y)=i(0r; — 0g;) f(T).

In fact, for the drift term, we have

N c,s s,s
Ly c,8 ij s $,8
<Bﬁ(Y>,Dg(Y>>g5Xg£=Zl;J—A;"E Yoy1g(Y) = | =55 +57E = AT Yoyg(Y)
=1
+ —;] —Ag"*f] Y?@Y?g(Y)—F —;j RS AT Y;aY?g(Y)
N c,s S,8
I %
_ JJ c,8,§ | Jj 5,6 5,8,€ .
_j; lz—Aj +z<2+ﬁj —A; ) T;0r,9+c.c,

where c.c means complex conjugate of the previous term. To obtain the diffusion term, a for-
mal but fast way to do consists in replacing the component of the test function \; by Of- in
J

(K (a(w)) ()\),)\>H£ and (L(a* (w))(A),A)H6 defined by (5.23). In fact, in the proof of Proposi-
tion 5.7, one can see that the real part )\Jl corresponds to BY; and the imaginary )\f corresponds
to Oy, so that \; = Aj +iA3 correspond to Oy +i0y2 =205

Finally, using the fact that

1 ~ o /
RS(Z+w_w/):%/duRs(u)ezuzezu(w—w)’

—iwu _ —iwu . _ —twu 14+ A _
andfj2+w2dw:%e A|u\7 f(:;j;-fw?)?dw:_luﬁe A|u\’ f(Ae2+w2)z dw= m( ;_A3|u‘)e Alul fOI‘A>
0, we obtain after long but straightforward computations the expression of the diffusion coeffi-

cients in Theorem 4.1. That completes the proof of Proposition 5.3. B

5.3. Proof of Proposition 4.2

The proof of this proposition follows the idea of the one of [2, Proposition 5.1]. We restrict the
proof to the case of a randomly perturbed bottom. For the case of a randomly perturbed surface
the proof remains the same but with more terms and lengthier computations. Proposition 4.2 is
a consequence of the three following lemmas allowing us to study the behavior of the coupling
coefficients F;;b(w), I‘;?’jb(w)7 and dissipation coefficients A?b(w) in the asymptotic k(w)— 4o0.
However, we restrict the proof to the ones of Fj’jb(w), and A?b(w) since for F;;b(w) it is a simple
application of Lemma 5.10.
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Lemma 5.8 Let us denote

We have the three following asymptotic behaviors.
1. Formn; €[0,1/2) and v >0, we have

~ 2
sup ‘Fj(w V2
Je{l [N (w)m]}

w)3/2
2. Formy €(1/2,1)% and pa >ve >0 (and va <pe <1 if no=1), we have

P s [ ] =of
sup (W)= 5= p(v)dv|=o0
jetimN @)l Ny TN o

3. For j=[vN(w)'?], we have

me)

2 oo (V207 1
I _ 2u] d .
i) W92(n1k(w))3/2/u2w9/(2d) a blv)dv )

_ :O(W

Regarding the dissipation coefficients, we have the following result.

Lemma 5.9 Let n€[0,1], v1 >0,v9 >0 with v1 <1 if n=1, and let us denote

B B k2 (w) d)?y, (w’d) ‘ - ,
Bw= [ TSR @ - v

We have the two following asymptotic behaviors.

1. For j=[vN(w)"] with n€[0,1] and v>0 (v<1 if n=1), we have

Cl e C?
B Y VP i —
(nik(w))er =777 (nik(w))or
where Cy and Co are two positive constants.
2. For j=N(w)—[v] with v>0, we have
Cs Cy

<A<

N(w)l/Q R N(w)1/2

Proof (of Lemma 5.8) To prove this results, we need the following lemma.
Lemma 5.10 We have for allle{1,....N(w)}

1—1)2 12
0 2 T L Piwd) 20 N@)®
W(N(W)+1)1+ L 1_92&_ Bi(w) _WN(UJ) 16212
WNM\/k% V (N@)+1)°

N(w)?
Proof (of Lemma 5.10) In fact, using relation (5.8) and the relation sin(arctan(z))
x/V1+ 2% we have

sin(o;j(w)) = —sin(arctan(o; (w)/\/(nlk(o.})ow)2 —03(w))) =—0;(w)/(n1k(w)do).

+oo
>—ﬂ92(nlk(w))3/2/0 ﬁfb(v)dv]:o(N(l )
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In the same way, using the relation cos(arctan(z)) =1/v1+ 22, we have
2/d
1+ +¢1 —02(w)/(n1k(w)dO)?
nik(w)do J

where A;(w) is defined by (5.7). Therefore, using the fact that o;(w)€[(j—1)m,jn] and the
definitions (5.6) and (5.10), we obtain the desired result. O
According to Lemma 5.10 we have for all j € {1,...,N(w)} the two following inequalities

A? (w)=

N (w)

6 Z 2 (1-1)2/(N(w)+1)?
1
m(N(w)+1) o W oV raoy V- PI=D (N W) +1)?
x Iy(nik(w)(v/1—02(j —1)2/(N(w) +1)2 — /1 - 6212 /N (w)?))
N(w) N(w)
¢z 8w 20 /N (w)?
Z Bi(w) = Bi( ))ng(w) ; — 022 /N (w)?
(=% 1]
x Ip(nik(w)(v/1—60252/N(w)2 —/1-62(1—1)2/(N(w)+1)2))
(5.25)
so that for all n€(0,1) and j€{1,...,[vN(w)"]}
N(w)
o7 (w 20 y?
25 @) =) =2 [t b(e) (T PN~ T= )y
l;é] 0o 1—60%y
1 [j+Nw)*2 1 1
SC{N(W){ N(w) ]+N(w) [N(w)afl(N(w)uzj)]m]
(5.26)

Here aj is the decaying power of the function I. To obtain this estimate we have split the
set of indexes into two parts \j—l| <N( )¢ and |j—l| >N( )®. The reason is that for the

first set of indexes the term I (nik(w)(y/1—02j2/N(w)2—+/1—6212/N(w)?)) is considered to
be bounded, but decays fast for the second set of 1ndexes Moreover, for all n; €(0,1/2) and
Je{1,...,[nN(w)™]}, using a change of variable, we have
—p242 — 0242
/W (nk(w)(v/1=0%52/N(w)? = /1-02y?))dy

) /nlk(w)(\/1—92j2/N(w)2—\/1—92)

2
ERy,T S T 1—(/1-62%252/N(w)2—v/(nk)) Ly(v)dv
T2k (W) S (o) (/T072 N ()2 1) \/ ( /NP =0/(mk)) H(®

so that

Iy(nik(w)(v/1—60252 /N (w)2 — /1 — 022

2
Y
™ /0 \/1— 022

ﬂ(1702j2/N(w)2)1/4 nik(w)(y/1-6252/N(w)?2—v1-62)
e AL / | VIolTy(v)dv
n1k(w)(v/1=6252 /N (@)2 —1)
__Cc C /nlkr (w)(4/1—62j2 /N (w 2—\/W)( j2 ) Ib
(n1k(W))3/2 S k() (VT=07 2/ N @)2—1) N(W)U nlk
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and choosing properly a€(1/2+4+1/(4az),3/4) in (5.26), all the previous error estimates are

negligible with respect to N (w)~3/2,
~ \/i +oc0 4o
sup ‘F‘W—— ﬁ[bvdv’:0 N(w)~3/2).
JE{L s N(w)m ]} ) m0% (n1k(w))*/2 Jo ®) ( ) )

Now, for all gy € (1/2,1) and j € {[vraN(w)™],...,[u3N(w)"]}, using a change of variable, we have

p(n1k(w)(v/1— 0252 /N (w)2 — /1 — 622

2
9 nik(w)(y/1—0252/N(w)2—v1-02)
/

w0201 k(W) Sy k() (V1N (@) 1)

\/1 - ( 1—6242/N(w)? —U/(nlk))21b(v)dv

so that

29/ y?

D (k) (V1= 022N ()2 — /1 — 022

o g™ W / -V

9id n1k(w)(/1—6252 /N ()2 VI=67)
: / “ o

T T2N(W)2 S k() (VTN -1)

C] n1k(w)(\/WW) 1}2 vIN
Sﬁ ‘ (*2 T)[b(v)dv,
(@)% S k() (/10272 /N (@)2 1) J

and
n k() (y/ 1= 2 [N (@)~ T=07) oo N(w)\ ar—1
/ Ib(v)dv—/ (v)dv‘ SC(#) =t
n1k(w)(y/1-6%52/N(w)?—1)
Then, choosing properly a € (12,(1+n2)/2) and a>1/2+(1—1n2)/(2a;) in (5.26), we obtain

— 00

. 2jd oo 2
sup ‘I“(w)—i/ Ib(v)dv’:0 N(w)~ 2t ),
el N @), s N @]} TN (w)? J o ( )

Finally, for all v €(0,1) and j € {[vN(w)],...,N(w)}, we have using (5.25)

(n1k(w) (/1 — 0272 /N (@) — \/1— 0242 )dy‘

< C L C
- N(w)Qfa N(w)l—i-al(l—a) .

-2 |

The exponent o € (0,1) comes from the fact that we have split the sum between {1,...,[vN(w)]—
[N(w)“]} and {[vN(w)] = [N(w)“],...,N(w}) in the same sprit of (5.26). As in the previous case,
we obtain

sup ) (w)—271/ Ib(v)dv’——o<l\/(w) 1)
J )
JE{N(w)—[N(w)"],...,N(w)} 7 QN(W)z — o

which concludes the proof of Lemma 5.8. The case 3 =1/2 needs just a more accurate truncated
expansion but brings no significant difficulty. O
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Proof (of Lemma 5.9) We have

- 2 (w.d
Ayfew) = / Do) o) Ay

\/,7
2 Ve /o2 —T1sin?(nik(w)dov) (W) -
_w/l (v2 —sin®(nyk(w)dov))v/1— g nlk (n1k(w)d)? 1=0%0%)
so that
Jlglij(w)<<]2,
where
2 Y0 \/u2 " Tsin? (nyk(w)dbv) 5
J1=;/1 vm Ip(nik(w )(\/l—aj(w)/(nlk(w)d)2—\/1—0202))dv
2 [/ v 2 2,2
JQZ; ! mm p(n1k(w \/1 0 /(n1k(w)d)? —+/1—02%0v2))dv.

First, for J, using the change of variable u=+/1—02 — /1 — 0202 we have

C Vi-e2 1
"= S — E
meb(nik(w))r ar
1 0 [(\/1 —U?(W)/(nlk(W)d)Q — 1—92+U)2+ (nlkl(w))2] (527)
du
X du,
V2uy1—02—u?
so that for all n€[0,1)
Cy 1-0% 1
sup ’J272—04 du’
je{l,...,[vi N(w)"]} 2120 (n1k(w))r Jo (1—=V1=60%24u)*2uy1—6%—u?
=o(N(w)™"),
and if j=[v1 N(w)]
Cy 1-07 1
Jg——/ du’
‘ 2m20(nak(w))*r Jo (V1=022 — V1= 02+ )1/ 2u/1— 62 —u?
=o(N(w)~4T).
Moreover, for the case j of the form N(w)— [v], we have
J2§j2(77):42 20 CZ aI/ - 1 ar/2
m20(n1k(w)) 0 {(\/1—92(1—V/N(w))2—\/1—92+U)2+W}
X du du,
V2u\/1—02 —u?2
so that using the change of variable v =uN(w) we obtain
_ dea19a1 1 400 1 .
Ja(n)— dv|=o(N(w)~/?).
2(n) 23/27ra1+2(1—92)1/4N(w)1/2/o [( 19:92_“)) (d?) NG v|=o(N(w) )
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Now, for Jp, let us note that we have to take care of the sinus. To do so, we split the integral in
many parts over which the sinus will be close to 1,

99 mo m(l/%{-u-‘rm)
J1>f,[b nlk: \/1 7T2/ nlk( ) ) ) Z 1

m=m1" ny k(ﬂw)dé (1/2—v+m)

V2 —1sin?(ny k(w)dOv)dv

where v is such that sin?(7/2+vo7m) >1/2, and with

nik(w)do
7

my =

+19—1/2] and WQZ[M
™

—1p—1/2].
Then, for the case j=[vN(w)"], with n€[0,1] and v € (0,1) if n=1, we have

0 (o
N2 2 k(@) |

mm

]QI/QN( ) Z vVm2/(N(w)+1)2—1

1
I+ e
with
1/6-1

Z Vm2/(Nw)+1)2—-1 ~ Vu(u+2)du>0.

m i N(w)>>1 0

Now, in the case j =N (w)— [v] with v >0, we have for € (0,1)

2[uN(w)]/ SWZ#W UMSinQ(N(w)m)
" 1Bty (02 —sin? (N (w)m0))VI— 0202

N(w)3/2

xIb(nlk (\/1 6252 /N(w)2—+/1— 92))dv
1 NZ /1+22zrv"$)+w<w>s/2 v\/m
=7 w1 i (02 —sin? (N (w)m0)) V16702

02y

V1—02N(w) )dv-

Moreover, using the fact that sin?(N (w)mv) > 1 —sin?(7/N(w)'/?)>1—72/N(w), we obtain

Aj(w)>

m=1

X Ib (nlk(w)

- Ci (1 —62)(r—1)/2gar 1
Aj(w)Z b(4ﬂa122(1/0)a1 N(w)2/I—0270a1/2
[1+ (n1k(w)02?)2 :I
[N (w)] 2m+41 1

« 1 Z 2N(w) N(w)3/2
N(w)3/2 2= 2555 — oy 2 /N (w)

where

w 2m+1
| ) o

WNW)] 2= 3RE — e /N (W) N(w)>>1\/ﬁ/o NG

which concludes the proof of Lemma 5.9. [J
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