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My areas of interest are number theory, arithmetic geometry and p-adic
representation theory. One of the most sought-after problems in these areas
is the Birch and Swinnerton-Dyer (BSD) conjecture. Its implication is broad,
however it is a very difficult problem. Because of its difficulty, people often try
to prove a weakened version, and one of the weakened versions is the parity
conjecture for a Selmer group, which still provides a strong evidence for the
BSD conjecture. I proved the parity conjecture for a Selmer group, which I call
simply the parity conjecture in this summary, in one of the two major cases.

Those two major cases are a good ordinary reduction prime case and a good
supersingular reduction prime case (each named after its reduction type). The
parity conjecture for the first case was proved by J. Nekovar. However applying
his method to the second case was hard, because p-Selmer groups do not behave
properly in that case.

In my paper, available at http://math.stanford.edu/~byoung, I present the
proof of the parity conjecture for good supersingular reduction primes (the sec-
ond case among the two mentioned above). The proof develops new understand-
ing of p-Selmer groups and Iwasawa theory techniques. I would like to discuss
the details in the following section.

The study of the parity conjecture for a good supersingular reduction prime
naturally led me to the study of plus/minus (+-)Selmer groups defined by S.
Kobayashi. Among possible properties of +-Selmer groups, the algebraic func-
tional equations of those groups over field extensions Q(ppe) were predicted by
the analytic functional equations and the main conjecture of Iwasawa theory.
In the same paper, I proved the algebraic functional equations.

I also verified the non-existence of non-trivial finite submodules of Pontryagin
duals of £-Selmer groups. In addition, I constructed a series of elliptic curves
with arbitrarily large A*-invariants. They will appear in [Kim2].

In subsequent sections, I describe the problems I addressed and my contribu-
tion to solving them in the order presented in the preceding paragraphs. They
are independent results, and can be read in any order. In a separate research
proposal, I suggest my next problems.



1 The Parity Theorem

In this section, I want to discuss the parity conjecture (now theorem for
almost all p) and my contribution to the solution of it. If you are not familiar
with the terminology, you can see the appendix at the end of this summary.
The parity conjecture is the following;:

Conjecture 1 (parity conjecture). For every prime p,
ords—1 Lo(E, s) = corankzg, Sel,(E/Q)(mod 2).
On the other hand, the renowned BSD conjecture predicts
ords—1Lo(FE, s) = rankz E(Q)

Since the Tate-Shafarevich conjecture predicts that rankzFE(Q) is equal to
corankz, Sel,(E/Q), the parity conjecture is a modulo 2 version of the BSD
conjecture. In my paper ([Kiml]), I proved the following:

Theorem 2 (parity theorem, B.D. Kim, 2004, [Kim1]). Assume p > 3
s a good supersingular reduction prime for E. Then,

ords—1 Lo(E, s) = corankzg, Sel,(E/Q)(mod 2).

As mentioned, the same theorem for a good ordinary reduction prime was
proved by Nekovar([Nekl]). However, applying Nekovar’s technique to a good
supersingular reduction prime case may prove to be difficult, because p-Selmer
groups for a good supersingular reduction prime p do not have good properties
held by the ones for a good ordinary reduction prime p.

To overcome this difficulty, in my work, I replaced the traditional Selmer
groups with the plus/minus Selmer groups that are introduced in the next sec-
tion. More precisely, using the orthogonality of the local conditions of £-Selmer
groups in [Kob] and Howard’s theorem on a Cassels-Tate’s pairing defined on a
+-Selmer group ([How]), I obtained the symmetric structure of +-Selmer groups
over the anticyclotomic Z,-extension. Then, I computed the explicit corank of
the plus/minus Selmer groups over anti-cyclotomic Z,-extension, using the dis-
tribution of Heegner points (see [BeDal], [Gro], [Vat1], [Vat2]). Using this result
combined with the control theorem of Kobayashi, I completed the proof of the
parity conjecture.

2 The Algebraic Functional Equations

The algebraic functional equations are a classical example of what the main
conjecture of Iwasawa theory can predict. Its origin goes back to B. Mazur
([Maz]) and possibly further. My work was mainly inspired by R. Greenberg’s
work ([Grel]).

To present my work, first, I would define plus/minus(+-)Selmer groups. As-
sume p > 3. Let Q(upn), be the local field of Q(ypn) at the unique prime



of Q(ppn) lying over p. In his monumental paper ([Kob]), Kobayashi defined
E%(Q(ppn)p) as subgroups of E(Q(ppn),). Subsequently, he defined

Sely (E/Q(upn)) = ker (H' (Q(upn ), Elp™])

HY(Q(ppn)p: EP™)) H H'(Q(ppn)v, E[P™))
Ei (Q(Mp")p) ® QP/ZP E(Q(Np")'/) ® Qp/ZP

vip

Let Sel;,t(E/Q(upoo)) = h_n)lSele—L(E/Q(uprrl)). Kobayashi proved that the
Pontryagin dual of Sel(E/Q(upe)) is Zy[[Gal(Q(ppe)/Q)]]-torsion ([Kob]).

Let an involution map ¢ : Zpy[[Gal(Q(pp=)/Q)]] — Zp[[Gal(Q(ppe=)/Q)]] be
induced from v +— v~ ! for v € Gal(Q(up=)/Q), and denote Hom(Selg (E/Q(up=)), Qp/Zy)
by X*(E/Q(pp=)). My result is the following:

Theorem 3 (the algebraic functional equation, B.D. Kim, 2004, [Kim1]).

XE(B/Q(up=)) ~ XF(E/Q(ppe)).

Here, ~ means there is a Gal(Q(upe- )/Q)-homomorphism with a finite kernel
and cokernel. Note that this equation is slightly stronger than what is predicted
by the main conjecture of Iwasawa theory, since the prediction of that conjecture
is about the generator of the characteristic ideal of X*(E/Q(up=)) whereas
theorem 3 is about X*(FE/Q(up)) itself.

To prove it, in my paper ([Kiml]), I studied the orthogonality of the local
conditions I defined to prove the parity conjecture, and I employed the technique
Greenberg developed in [Grel].

3 The non-existence of a non-trivial finite sub-
module of the Pontryagin dual of plus/minus
Selmer groups

In this section and the next, I present a study about purely Iwasawa theo-
retical properties of 4+-Selmer groups.

Let p be a prime number, and Q4 /Q be the unique Z,-extension of Q. It
is known that if p is a good ordinary reduction prime, the Pontryagin dual of
Sel,(E/Qs) has no non-trivial finite Z,[[Gal(Qs/Q)]]-submodule under a mild
condition on E[p™] (see [Gre2]) This property is known to be useful when we
extract information about Sel,(E/Q) from Sel,(E/Q«). My contribution is
the following;:

Theorem 4 (B.D. Kim, 2004, [Kim2]). Let p > 3 be a good supersingular
prime. Then, the Pontryagin dual of Sel;t(E/Qoo) has no non-trivial finite
Zp|[Gal(Qs/Q)]]-submodule.



4 The unboundedness of A\* invariants

Assume the same assumptions as in the preceding section. For a p-group M,
MY denotes Hom(M,Q,/Z,). By Kobayashi’s work and the structure theorem
for modules over the Iwasawa algebra (see [Was)),

Sely (B/Qs0)" ~ [ Z,[X]1/(0™) & HZp[[XH/(ff(X))

=1

where each fji (X) is a distinguished polynomial (~ means there is a Gal(Q /Q)-
homomorphism with a finite kernel and cokernel).
+
Then, define = 2°_, ng, A =" deg(fjlL (X)). The question is whether

j=1
A* can be arbitrarily large. In a comment in [GrVa], Greenberg and Vatsal gave
an affirmative answer to a similar question for p-Selmer groups when p is a good
ordinary reduction prime.

In [Kim2], I construct a series of elliptic curves whose A*-invariants for +-
5-Selmer groups are arbitrarily large, and p-invariants of them are zero, using
Rubin and Silverberg’s result about a series of elliptic curves with the same
Galois representation modulo 3 and 5 ([RuSi]) and Greenberg’s result on bad
reduction ([Gre2]).

5 Appendix-Terminology

Suppose F is an elliptic curve defined over Q. Thus, we can assume F is a
global minimal Weierstrass model. Fix a prime p. Then, the group of p-power
torsions E[p™] is isomorphic to (Q,/Z,)?, as groups.

On the other hand, when E is an elliptic curve defined over F,(= Z/pZ),
E[p™] is isomorphic to either Q,/Z, or 0 as groups.

Now, once again, suppose E is an elliptic curve defined over Q (assumed
to be a global minimal Weierstrass model). Then, E can be reduced to E, a
curve over IFp,. For all but finitely many primes p, FE is non-singular (therefore an
elliptic curve over FF,,). We say such a prime p has good reduction. The remainig
primes are said to have bad reduction. They are, in turn, either additive bad
reduction or multiplicative bad reduction.

Suppose p has good reduction. If E‘[poo] = Qp/Zp, then p is called a good
ordinary reduction prime. Otherwise, p is called a good supersingular reduction
prime.

We now define a p-Selmer group as follows:

sely(£/Q) <ker | H@E)— T gssdi)

l:a prime of Q, or co
On the analytic side, we also define an L-function:

Lig(B,s) = H Ly(1=*)71

l: a prime of Q



where R
Li(T)=1-aT+1T? ay=1+1—#E(F)

if [ is a good reduction prime. We define Li(T) in a different way for bad
reduction primes.

Since F is defined over QQ, by the well-known result of A. Wiles et al., it is
known that L,q(F,s) has a meromorphic continuation to the entire complex
plane.

Finally, note that £(Q) has a group structure, and as a group , it is known to
be finitely generated by the Mordell-Weil theorem. The famous BSD conjecture
claims that the order of zero of L /o(F, s) at s = 1 is equal to the rank of £(Q).
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