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1. Evaluate the following line integrals:

(a) ∫
C

F · dr

where F(x, y, z) = 〈xy, yz, xz〉 and C : r(u) = 〈u, u2, u3〉 from (−1, 1,−1) to
(1, 1, 1).

Solution:

Split this into two separate one variable integrals, since this is over a rectangle.
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(b) ∫
C

F · Tds

where F(x, y, z) = 〈cos x, sin y, yz〉 and C is the line segment from (0, 0, 0) to
(2, 3,−1).

Solution:

Use polar coordinates, noting that the region of integration is a quarter circle
(of radius 1) in the first quadrant. Use a substitution u = r2 to finish.
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(c) Compute the work done by

F(x, y, z) = 〈2x ln y − yz,
x2

y
− xz,−xy〉

along the line segment from (1, 2, 1) to (3, 2, 2).

Solution:

Change the order of integration in order to integrate with respect to x first.
Then you can perform the substitution u = x4 + y2, with du = 4x3 dx which
is essentially the numerator. When you switch the bound of integration you
get ∫ 1

0

∫ √
y

0

x3√
x4 + y2

dx dy
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(d) Evaluate ∫
C

F · Tds

where F(x, y) = 〈3xy + y2, 2xy + 5x2〉 and C : (x − 1)2 + (y + 2)2 = 1 is
traversed in the counter-clockwise direction.
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2. Compute the value of the surface integral∫∫
S

(x2 + y2)dS

where S is the surface z = 1 − x2 − y2 above the coordinate plane.

Solution:

This is simply a matter of setting up the correct integrals for mass and x̄. Note
that the symmetry of the domain and the density function imply that ȳ = 0. For
example,

x̄ =

∫∫
R

x δ(x, y) dA =

∫
R

r3 cos θ sin θ dr dθ

To find the bounds in polar coordinates for R we need only find the points in terms
of θ where r = 2 sin θ and the circle r = 1 intersect.
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3. Verify the divergence theorem for the vector field F(x, y, z) = 〈x, y, z〉 and the
closed surface S, a sphere of radius a centered at the origin. That is, calculate
both the flux out of the surface and the integral of the divergence and note they
are equal.
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4. Compute the line integral ∮
C

x

x2 + y2
dx +

y

x2 + y2
dy

over any closed curve C.
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5. The Folium of Descartes is the curve given by

x3 + y3 = 3axy, a > 0 some fixed constant.

If we let t = y/x then the folium can be parametrized by the following set of
equations:

x =
3at

1 + t3
y =

3at2

1 + t3
t 6= −1

(a) Graph the folium by plotting a few points.

(b) Use Green’s theorem to find the area of the closed loop.

(c) Compute an improper integral to show that the area of the region between the
asymptote x + y + a = 0 and the folium equals the area of the closed loop.

Solution:

Suppose f(x0, y0) was not equal to 0. For example, without loss of generality,
assume that f(x0, y0) > 0. Since f is a continuous function, we can find a circle
of radius ε such that f is positive on this disc. Now taking a rectangle inside
this disc, we see that this double integral is bigger than 0 (every partition gives a
positive value bounded away from 0) and this is a contradiction to our assumption
that the double integral is 0 for all rectangles R inside the disc D. Hence f(x0, y0)
must be 0.

I don’t like this question after all since it ended up using facts about continuity
which we haven’t really stressed in this class. Don’t expect one like this on the
exam.


