MATHEMATICS 52
SOLUTION SET 4

14.9.6 Given
2z 2y
U = ———- vV = ——
x2 + y2 ’ x2 + y2
we note first that
u2+v2:4$2+4y2: 4
(22 + 92?2 22442
so that
2 2 _
Y= u2 4+ 2
and substituting this into expressions for u, v in terms of z, y, we get:
1 5 5 2u 1 5 9 2v
v=qulem ) = rg and y = —u@ YY) = o
2(v2—u2) 4w
8(:17, y) (uZ+02)2 (uZ+02)2 4
Ou,v) | 4 202 —u?) (u? 4 02)2
(W2 o2)2 (u2F02)2

14.9.10 If y = uz? and = = vy?, then

1
2.4 3 —
y—UUyay—Way—W

Then it follows that

9 v 1
Tr =7 = =
Y = 2730A8 T 2/3y1/3
2 1
8(:17,y) B 3ub/301/3 3u2/304/3 B 1
A(u,v) 1 2 3u2v?
3ud/302/3 3ul/30573

Now, note that that y = x2 corresponds to u = 1, y = 22 corresponds to u = 2,

z=19y>tov=1, and x = 4y? to v = 4. Thus we can calculate the required area by
integrating over a rectangle in the uwv-plane:

2

A Yo 4 1 ! 1
//R vy /1 /1 3u2v? wav /1 [ 3uv2] 1 v /1 6v2 v 8

14.9.12 The transformation
2z 2y

u = v =
x2+y2’ $2+y2
1
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yields
422 + 492 4 4
2.2 _ _ 2 2 _
wtv T @ty 22ty Y = a2
1 9 9 2u 1 5 9 2v
r=u ) = Ve ) = s
The circle 22 + y? = 2x is thereby transformed into
4 du

= cu=1
u2+v2 u2+v2

Similarly, the other three circles are transformed into u = %, v=1 and v = %.
The Jacobian of this transformation is

2(v2—u?) _ 4w
8($7 y) (uZ+02)? (W2 +ov?)2 4
o(u,v)  aw 2(u—v?) T (w2 +02)2
(u2+v2)2 (u2+'u2)2
Note also that
16 1 (u? +v%)?
2 22
= —F= that =
(2" +y7) (u2 + v2)? S0 tha (22 + y2)? 16

Therefore

1 /4 p1/3 (2 | 212 4
// 5 drdy = / / (+v7) . du dv
r (2 +y?)? 1 1 16 (u? +v2)?

14 r1/3 -3 -2 1 1
= Zdudy= —. 2. =
/1 /1 AT TS TR

14.9.16 Under the given transformation, the plane z = 1 corresponds to r = 1,
the plane z = 4 to r = 2, the paraboloid z = 22 + y? corresponds to:

2 2 2
r r r
r? = t—2c0529+ t—2sin29 =2
and thus to t = 1. The other paraboloid, z = 4(z% + y?) corresponds to t = 2. The
parameter # varies from 0 to 27w. The Jacobian of the given transformation is:

%cos@ —%sin@ —t% cosf
r2
B

2r3

; 2
M: %sin9 %COS@ _t%sine _2T< Sin29+:—300529>—t_3

2r 0 0
Hence the volume of the solid is:

2 2 2 6.3 2 372 2 9.3 472

2 3 3
VvV = / //%dtdrd@z%r/ [—T—Q} dr=27r/ Ldr:—w[r—}
0 1 1 t 1 t t=1 1 4 2 4 1

45T
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14.9.18 The function which maps (z,y) to (z(u(z, y), v(z,y)), y(u(z, y), v(z,y)))
is just the identity map, so applying the chain rule to it will give:

A(z,y) O(u,v) Tu To||Us Uy| _ |Tuls + ToVs  Tully + ToVy| _ % g—j
d(u,v) 9(z,y) Yu  Yo||Vz Uy Yulle T Yoo Yuly + Yoy g_g g_z
1 0
- | -

14.9.20 Given: The solid ellipsoid R with constant density § and boundary

surface with equation

£L'2 y2 22

Stmts =1
(where a, b, ¢ are positive constants). The transformation
T =apsingcosl, y =bpsingsinh, z = cpcos¢
has Jacobian

asingpcosf apcos¢pcosf —apsingsind
J =25V bsingsinf  bpcosgsind  bpsin ¢ cosb

ccos ¢ —cpsin ¢ 0
=abep? cos? ¢ sin ¢ cos? 6 + abep? sin® ¢ cos? 0 + abep? cos? ¢sin ¢ sin’ 0 + abep? sin® ¢ sin® 0
=abcp? sin ¢
This transformation also transforms the ellipsoidal surface into
p*sin? ¢ cos? 0 + p? sin? psin? 6 + p? cos® ¢ = p®sin® ¢ + pcosip=p? =1
and thereby transforms R into the solid ball B of radius 1 and center at origin.
Therefore the mass of the ellipsoid is

27 T 1 I
/ / / dabep? sin ¢ dp de df) = 27r5abc/ 1 sin ¢ d¢
o Jo Jo o 3

™

= 2mwdabc [—% cos (;5} . = gwéabc
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