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1. (a) Find the gcd of the pair of integers (399,119).

(b) Find all possible integer solutions (x, y) to the equation

399x + 119y = gcd(399, 119).

(c) Does the congruence
119x ≡ 14 (mod 399)

have a solution? If not, why not. If so, provide at least one solution mod 399.
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2. In the following questions, φ(n) denotes the Euler phi function.

(a) Compute φ(225).

(b) Do there exist natural numbers n and m such that φ(mn) 6= φ(n)φ(m)?
Explain why or give a counterexample.

(c) Find the smallest integer N such that φ(n) ≥ 5 for all n ≥ N .
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3. The binomial coefficient
(

m
n

)
is defined by(

m

n

)
=

m!

(m− n)! n!

Determine the running time (using big-O notation) needed to compute this bino-
mial coefficient in terms of m and n. Is this a polynomial time algorithm? Why
or why not?
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4. In this question, you ONLY need to determine whether or not the system of equa-
tions has at least one solution. If yes, mark “Y”, if no, mark “N.”

(a) x ≡ 1 (mod 6)
x ≡ −1 (mod 18)

(b) 2x ≡ 1 (mod 1234567891011)

(c) x ≡ 3 (mod 29)
x ≡ 5 (mod 47)

(d) x22 ≡ 1 (mod 23)

(e) x2 ≡ 4 (mod 7)
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5. An affine map is used to encrypt a message in the eleven letter alphabet

{ A D E G H I N R S T W }

resulting in the following ciphertext:

AIWENDSGTRA

Decode this message knowing that N and R in the ciphertext correspond to T and
E, respectively, in the plaintext.


