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Abstract

The study of positive sectional curvature is one of the oldest pursuits in Rie-
mannian geometry, but despite the considerable efforts of many researchers,
basic questions remain unanswered. In this lecture we will briefly summarize
the state of knowledge in this area and outline the techniques which have had
success. These techniques include geodesic and comparison methods, minimal
surface methods, and Ricci flow. We will then describe our recent work (see [18],
[21], [22]) which uses the Ricci flow to resolve the differentiable sphere theorem;
that is, the complete classification of manifolds whose sectional curvatures are
1/4-pinched.
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1. Preliminaries and the Main Theorems

We let M denote a smooth manifold of dimension n. Recall that a Riemannian
metric on M is a choice g of inner product on each tangent space which varies
smoothly from point to point. Any manifold admits an infinite dimensional
family of Riemannian metrics, but the question of whether a manifold admits
metrics with desired geometric properties is one of the basic questions of global
Riemannian geometry. Surfaces embedded in R? provide important examples
of two dimensional Riemannian manifolds where the metric g is the restriction
of the euclidean inner product to each tangent space. The geometry of surfaces
was developed by Gauss in the early nineteenth century. Gauss understood
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aspects of the geometry of surfaces which are intrinsic in that they depend
only on the metric g as opposed to those geometric aspects which depend on
the way in which the surface is embedded in space. In his famous Theorema
Egregium, Gauss identified the function K equal to the product of the principal
curvatures, which we call the Gauss curvature of a surface. He showed that K
can be expressed in terms of g and its first two derivatives. This means that if we
choose local coordinates z', 22 on the surface and express the metric in terms of
the coordinate vector fields 01,92 by gi; = (0, 0;) then the function K has an
expression involving the g;; and its first and second derivatives. Among other
things Gauss showed that K = 0 if and only coordinates can be introduced in
a neighborhood of any point in which g;; = d;;; that is, the metric is locally
equivalent to the euclidean space R2.

In 1854 Riemann extended Gauss’ theory of the intrinsic geometry of sur-
faces to higher dimensions. In particular, he found an expression involving the
metric and its first two derivatives whose vanishing characterizes those met-
rics which are locally equivalent to the euclidean metric on R™. To describe
this expression, let M denote a manifold of dimension n, and let g be a Rie-
mannian metric on M. The curvature of (M, g) is described by the Riemann
curvature tensor R. This gives, for each point p € M, a multilinear function
R :T,M x T,M x T,M x T,M — R. From its construction, the Riemann
curvature tensor satisfies the symmetries

and the first Bianchi identity
R(X,Y,Z,W) + R(Y,Z,X,W) + R(Z,X,Y,W) =0 (2)

for all tangent vectors X,Y, Z, W € T,,M. By contracting the Riemann curva-
ture tensor with respect to the metric, we obtain the Ricci and scalar curvature
of (M, g):

Ric(X,Y) = > R(X, ex,Y, ex)

n

k=1
and
n
scal = Z Ric(eg, ex).
k=1
Here, X,Y are arbitrary vectors in the tangent space T, M, and {eq,...,e,} is

an orthonormal basis of T}, M.

Although the curvature of a higher dimensional Riemannian manifold is
a much more complicated object than the Gaussian curvature of a surface,
it turns out to be possible to understand R in terms of Gauss curvatures of
surfaces embedded in M. To explain this, we consider a two dimensional plane
7 in the tangent space T,M, and we consider all geodesics emanating from
p that are tangent to the plane w. The union of these geodesics rays forms a
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two-dimensional surface ¥ C M; more formally, the surface ¥ is defined as
¥ = exp,(U N), where exp, : T,M — M denotes the exponential map and
U C T,M denotes a small ball centered at the origin. With this understood,
the sectional curvature K (m) is defined to be the Gaussian curvature of the
two-dimensional surface ¥ at the point p.

The sectional curvatures can be described precisely in terms of R: given any
point p € M and any two dimensional plane m C T, M, the sectional curvature
of 7 is defined by
R(X,Y,X,Y)

Km = xpvp- e

where {X,Y} is a basis of 7. Note that this definition is independent of the
choice of the basis {X,Y}, and that if X,Y are chosen to be an orthonormal
basis then the denominator is equal to 1. Because of the symmetries of R it
turns out that the sectional curvatures algebraically determine all components
of R at a given point p.

We say that a Riemannian manifold has positive curvature if all sectional
curvatures are positive at all points of M. Perhaps the most basic example of
a Riemannian manifold of positive curvature is the n-dimensional sphere S™
with its standard metric arising from its embedding as the unit sphere in R™+1.
This manifold has constant sectional curvature 1; that is, K(7) = 1 for all
two-dimensional planes 7. Conversely, it was shown by H. Hopf in 1926 that a
compact, simply connected Riemannian manifold with constant sectional cur-
vature 1 is necessarily isometric to the sphere S™, equipped with its standard
metric (see [53], [54]). More generally, if (M, ¢) is a compact Riemannian man-
ifold with constant sectional curvature 1, then (M, g) is isometric to a quotient
S™ /T, where T is a finite group of isometries acting freely. These quotient man-
ifolds are completely classified (see [83]) and they are referred to as spherical
space forms. The simplest examples of spherical space forms are the sphere S™
and the real projective space RP". When n is even, these are the only examples.
By contrast, there is an infinite collection of spherical space forms for each odd
integer n.

In case of dimension n = 2 it is a classical result that the only compact
surfaces which can be given metrics of positive curvature are S2 and RP?. This
follows from the Gauss-Bonnet Theorem which asserts that for any metric the
integral of K over the surface is equal to 27 times the Euler characteristic.
Thus if K is positive the Euler characteristic must be positive, and from the
classification of compact surfaces it follows that M is diffeomorphic to either
52 or RP?.

For n > 3 it is a much more difficult task to classify those compact manifolds
which can be given metrics of positive curvature, and we can only give partial
answers. There are families of positively curved manifolds which are called com-
pact rank one symmetric spaces (CROSS). These include S™ and RP" as well as
other manifolds which are not spherical space forms. One such family consists
of the complex projective spaces CP™ for n > 2. The manifold CP" is the set of
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complex lines through the origin in C"*!, or it may be alternatively described
as the quotient of the unit sphere S2"*1 in C"*! by the circle action consisting
of multiplication by €* for # € S'. The metric on S?"*! induces a natural
metric on CP". Now since CPP" has a complex structure which is compatible
with this metric, a two plane 7 in T, M might be complex, meaning that it
is invariant under multiplication by +/—1; it might be totally real, meaning
that multiplication by /—1 takes 7 to an orthogonal two plane; or it might
be somewhere between these extremes. It turns out that if we normalize the
metric so that all complex two planes have curvature 1, then the algebra of the
curvature tensor implies that the totally real two planes must have curvature
1/4, and all two planes have curvature in the interval [1/4,1]. Note that the
real dimension of CP" is 2n. There is a similar construction with the complex
numbers replaced by the quaternions H, and this produces the quaternionic
projective spaces HP™ for n > 2. These are CROSS manifolds of dimension
4n, and they also have natural metrics with sectional curvatures in the interval
[1/4,1]. There is one remaining CROSS manifold of dimension 16 called the
Cayley projective plane (see [4] for a detailed description). It also has a natural
metric with sectional curvatures in the interval [1/4, 1].

In addition to manifolds which are locally CROSS (covered by a CROSS
manifold), there are a few other constructions which have yielded metrics of
positive curvature on other manifolds. First, the compact homogeneous mani-
folds of positive curvature have been classified by Berger [10], Aloff and Wal-
lach [2], Wallach [81], and Bérard-Bergery [6]. Secondly, there are biquotient
constructions by Eschenburg [31] and Bazaikin [5]. The combination of these
constructions give non-CROSS examples in dimensions 6, 7, 12, 13, and 24. In
dimensions 7 and 13 they produce infinitely many distinct examples. The study
of manifolds of positive curvature with symmetry is being actively pursued by
a number of authors. We refer the reader to Grove [41] for a recent survey of
this topic.

There are very few general obstructions known to the existence of met-
rics of positive curvature on compact manifolds of dimension 4 or more. In
the next section we will summarize what is known and give an overview of
the methods which have been effective. As a step toward the classification
problem Hopf conjectured that a compact, simply connected Riemannian man-
ifold whose sectional curvatures are close to 1 should be homeomorphic to a
sphere (see Marcel Berger’s account in [13], page 545). This idea is formal-
ized by the notion of curvature pinching, which goes back to H. Hopf and
H.E. Rauch:

Definition 1.1. A Riemannian manifold (M, g) is said to be weakly §-pinched
in the global sense if the sectional curvature of (M, g) satisfies § < K < 1. If
the strict inequality holds, we say that (M, g) is strictly d-pinched in the global
sense.

For our purposes, it will be convenient to consider the weaker notion of
pointwise pinching. This means that we only compare sectional curvatures
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corresponding to different two dimensional planes based at the same point
peEM:

Definition 1.2. We say that (M, g) is weakly §-pinched in the pointwise sense
if 0 < 0 K(m) < K(mg) for all points p € M and all two dimensional planes
w1,y C TpM. If the strict inequality holds, we say that (M, g) is strictly J-
pinched in the pointwise sense.

Hopf’s pinching problem was first taken up by H.E. Rauch after he visited
Hopf in Zirich during the late 1940s ([13], page 545). In a seminal paper [72],
Rauch showed that a compact, simply connected Riemannian manifold which
is strictly d-pinched in the global sense is homeomorphic to S™ (§ ~ 0.75).
Furthermore, Rauch posed the question of what the optimal pinching constant &
should be. This question was settled around 1960 by the celebrated Topological
Sphere Theorem of M. Berger and W. Klingenberg:

Theorem 1.3 (M. Berger [8], W. Klingenberg [59]). Let (M,g) be a com-
pact, simply connected Riemannian manifold which is strictly 1/4-pinched in
the global sense. Then M is homeomorphic to S™.

The classical proof of the Topological Sphere Theorem relies on compar-
ison geometry techniques which were refined during the 1950’s (see e.g. [28],
Chapter 6). There are several ways in which one might hope to improve Theo-
rem 1.3. A natural question to ask is whether the global pinching condition in
Theorem 1.3 can be replaced by a pointwise one. Furthermore, one would like
to extend the classification in Theorem 1.3 to include manifolds that are not
necessarily simply connected. By applying Theorem 1.3 to the universal cover,
one can conclude that any compact Riemannian manifold which is strictly 1/4-
pinched in the global sense is homeomorphic to a quotient of a sphere by a
finite group, but this leaves open the question of whether the group is conju-
gate to one which acts by standard isometries, the condition required to show
that the manifold is homeomorphic to a spherical space form. We point out
that exotic Zg-actions on the standard sphere S* have been constructed in [26]
and [33].

Another fundamental question is whether a Riemannian manifold satisfying
the assumptions of Theorem 1.3 is diffeomorphic, instead of just homeomorphic,
to S™. This is a highly non-trivial matter as the smooth structure on S™ is
not unique in general. In other words, there exist examples of so-called exotic
spheres which are homeomorphic, but not diffeomorphic, to S™. Hence, we may
rephrase the problem as follows:

Conjecture 1.4. An ezotic sphere cannot admit a metric with 1/4-pinched
sectional curvature.

The first examples of exotic spheres were constructed in a famous paper
by J. Milnor [65] in 1957. M. Kervaire and J. Milnor proved that there ex-
ist exactly 28 different smooth structures on S7 (cf. [58]). It was shown by
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E. Brieskorn that the exotic 7-spheres have a natural interpretation in terms of
certain affine varieties (cf. [24], [25], [51]). To describe this result, let ) denote
the intersection of the affine variety

5. .2 2 2 3 6k—1 __
{(21’227237,’54’25)6(}).Zl+22+Z3+Z4+Z5 70}

with the unit sphere in C®. Brieskorn proved that, for each k € {1,...,28}, 3
is a smooth manifold which is homeomorphic to S”. Moreover, the manifolds
Sk, k € {1,...,28}, realize all the smooth structures on S7.

In 1974, D. Gromoll and W. Meyer [38] described an example of an exotic
seven-sphere that admits a metric of nonnegative sectional curvature. It was
shown by F. Wilhelm [82] that the Gromoll-Meyer sphere admits a metric which
has strictly positive sectional curvature outside a set of measure zero (see also
[32]). P. Petersen and F. Wilhelm have recently proposed a construction of a
metric of strictly positive sectional curvature on the Gromoll-Meyer sphere,
which is currently in the process of verification.

For each n > 5, the collection of all smooth structures on S™ has the struc-
ture of a finite group ©,, called the Kervaire-Milnor group. If n = 1,2 mod 8,
there is a natural invariant o : ©,, — Zsy. This invariant is described in de-
tail in [57]. In particular, half of all smooth structures on S™ have non-zero
a-invariant. Using the Atiyah-Singer index theorem, N. Hitchin [52] showed
that an exotic sphere with non-zero a-invariant cannot admit a metric of posi-
tive scalar curvature. On the other hand, it follows from a theorem of S. Stolz
[79] that every exotic sphere with vanishing a-invariant does admit a metric of
positive scalar curvature.

Conjecture 1.4 is known as the Differentiable Pinching Problem. This prob-
lem has been studied by a large number of authors since the 1960s, and various
partial results have been obtained. D. Gromoll [37] and E. Calabi (unpublished)
showed that a simply connected Riemannian manifold which is §(n)-pinched in
the global sense is diffeomorphic to S™. The pinching constant d(n) depends
only on the dimension, and converges to 1 as n — co. In 1971, M. Sugimoto,
K. Shiohama, and H. Karcher [80] proved an analogous theorem with a pinching
constant ¢ independent of n (§ = 0.87). The pinching constant was subsequently
improved by E. Ruh [73] (§ = 0.80) and by K. Grove, H. Karcher, and E. Ruh
[43] (6 = 0.76).

In 1975, H. Im Hof and E. Ruh proved the following theorem, which extends
earlier work of Grove, Karcher, and Ruh [42], [43]:

Theorem 1.5 (H. Im Hof, E. Ruh [56]). There exists a decreasing sequence of
real numbers §(n) with lim,_,., 6(n) = 0.68 such that the following statement
holds: if M is a compact Riemannian manifold of dimension n which is §(n)-
pinched in the global sense, then M is diffeomorphic to a spherical space form.

E. Ruh [74] has obtained a differentiable version of the sphere theorem under
a pointwise pinching condition, albeit with a pinching constant converging to 1
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as n — oo. In 2007, the authors proved the Differentiable Sphere Theorem with
the optimal pinching constant (6 = 1/4), thereby confirming Conjecture 1.4.

Theorem 1.6 (S. Brendle, R. Schoen [22]). Let (M, g) be a compact Rieman-
nian manifold which is strictly 1/4-pinched in the pointwise sense. Then M is
diffeomorphic to a spherical space form. In particular, no exotic sphere admits
a metric with strictly 1/4-pinched sectional curvature.

Note that Theorem 1.6 only requires a pointwise pinching condition. (In
fact, we will see in the coming sections that a much weaker curvature condi-
tion suffices.) The Differentiable Sphere Theorem, proved in [22], asserts that
any compact Riemannian manifold (M, g) which is strictly 1/4-pinched in the
pointwise sense admits another Riemannian metric which has constant sectional
curvature 1. In particular, this implies that M is diffeomorphic to a spherical
space form. In dimension 2, the Differentiable Sphere Theorem reduces to the
statement that a compact surface of positive Gaussian curvature is diffeomor-
phic to 52 or RP?. (In dimension 2, there is only one sectional curvature at each
point; hence, every two-dimensional surface of positive curvature is 1/4-pinched
in the pointwise sense.)

For weakly 1/4-pinched manifolds we have the following result.

Theorem 1.7 (S. Brendle, R. Schoen [21]). Let (M, g) be a compact Rieman-
nian manifold which is weakly 1/4-pinched in the pointwise sense. Then either
M s diffeomorphic to a spherical space form or M is isometric to a locally
CROSS manifold.

2. Methods of Studying Positive Curvature

The proof of Theorem 1.3 relies on comparison methods which involve the study
of geodesics and the influence of positive curvature which causes focusing of
nearby geodesics. This made possible delicate theorems which compare triangle
measurements in a variable curvature manifold to related measurements in the
standard sphere. These methods also employ the variational theory of geodesics
and the study of their Morse index; that is, the number of negative eigenvalues
of the index form

1V,V) = /(leV\Q —R(Y, V¢, V)) ds
’Y

where v is a geodesic and V', a normal vector field along v which is required
to vanish at the endpoints if v is not closed. The comparison methods were
employed in more powerful ways later in the work of Grove and Shiohama [44]
on their diameter sphere theorem. This led soon after to the following result of
Gromov.
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Theorem 2.1 (M. Gromov [39]). There is a constant C depending only on
the dimension n such that the Betti numbers of any compact n-manifold of
nonnegative curvature are bounded by C.

New methods were introduced into the study of positive curvature by Mi-
callef and Moore [64]. Through the study of the variational theory of minimal
two spheres immersed in M they were able to weaken the curvature assumptions
in the Topological Sphere Theorem. To that end, Micallef and Moore introduced
a novel curvature condition, which they called positive isotropic curvature.

Definition 2.2. Let (M, g) be a Riemannian manifold of dimension n > 4. We
say that (M, g) has nonnegative isotropic curvature if

R(617637 €1, 63) + R(617647 €1, 64) + R(627€37 €2, 63)
+ R(€2,64,€2,€4) — 2R(61,€2,€3,€4) >0

for all points p € M and all orthonormal four-frames {e1, ez, e3,e4} C T,M.
Moreover, if the strict inequality holds, we say that (M, ¢) has positive isotropic
curvature.

For each point p € M, we denote by T, ;,CM = TM ®g C the complexified
tangent space to M at p. The Riemannian metric g extends to a complex
bilinear form g : T ;CM X T;CM — C. Similarly, the Riemann curvature tensor
extends to a complex multilinear form R : TfM X T;)CM X TI()CM X T;CM — C.

Proposition 2.3. The manifold (M, g) has nonnegative isotropic curvature if
and only if R((,n,¢,77) > 0 for all points p € M and all vectors {,n € T;CM
satisfying (¢, ¢) = g(¢,n) = g(n,n) = 0.

The key idea of Micallef and Moore is to study harmonic (or equivalently
minimal) two-spheres instead of geodesics. More precisely, for each map f :
52 — M, the energy of f is defined by

=3 [, ([l +I5] ) @

where (z,y) are the coordinates on S? obtained by stereographic projection. A
map f : 52 — M is called harmonic if it is a critical point of the functional
&(f). This is equivalent to saying that

of of

at each point on S2. In the special case when (M, g) has positive isotropic
curvature, Micallef and Moore obtained a lower bound for the Morse index of
harmonic two-spheres.
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Proposition 2.4 (M. Micallef, J.D. Moore [64]). Let (M,g) be a compact
Riemannian manifold of dimension n > 4 with positive isotropic curvature,
and let f : S? — M be a nonconstant harmonic map. Then f has Morse index
at least [%52].

The key idea in the proof is to consider complex variations W of the map
and to observe that the index form can be written
of .., of

, W, f,W) dzx dy.

w,w) = 4/ 0z 0z

9(D o W, D o W) dzdy —4/ R(
S2 oz oz S2

It is then shown, by use of the Riemann-Roch theorem, that the dimension
of the space of holomorphic and isotropic variations is at least [”772], and this
leads to the Morse index bound.

Combining Proposition 2.4 with the variational theory for harmonic maps
(see e.g. [75], Chapter VII), Micallef and Moore were able to draw the following
conclusion.

Theorem 2.5 (M. Micallef, J.D. Moore [64]). Let (M, g) be a compact, simply
connected Riemannian manifold of dimension n > 4 with positive isotropic
curvature. Then M is homeomorphic to S™.

Sketch of the proof of Theorem 2.5. The idea is to study the homotopy groups
of M. If mp(M) # 0 for some k € {2,...,[5]}, then the variational theory
for harmonic maps implies that there exists a nonconstant harmonic map f :
52 — M with Morse index at most k — 2. On the other hand, any nonconstant

harmonic map from 52 into M has Morse index at least [252] by Proposition
2.4. This is a contradiction.

Therefore, we have 7 (M) = 0 for k = 2,...,[5]. Since M is assumed to
be simply connected, it follows that Hy(M,Z) = 0 for k = 1,...,[§]. Using

Poincaré duality, it follows that Hy(M,Z) =0 for k = 1,...,n — 1. This shows
that M is a homotopy sphere. Hence, it follows from results of Freedman [35]
and Smale [78] that M is homeomorphic to S™. O

We note that any manifold (M, g) which is strictly 1/4-pinched in the point-
wise sense has positive isotropic curvature. Hence, Theorem 2.5 generalizes the
Topological Sphere Theorem of Berger and Klingenberg. The following result
provides some information about fundamental groups of manifolds with positive
isotropic curvature.

Theorem 2.6 (A. Fraser [34]). Let M be a compact Riemannian manifold of
dimension n > 5 with positive isotropic curvature. Then the fundamental group
of M does not contain a subgroup isomorphic to Z & Z.

The proof of Theorem 2.6 relies on a delicate analysis of stable minimal
tori. This result was proved in dimension n > 5 by A. Fraser [34]. In [23], the
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authors extended Fraser’s theorem to the four-dimensional case. The topology
of manifolds with positive isotropic curvature is also studied in [36].

Finally we introduce the Ricci flow approach to positive curvature. This
technique was introduced in seminal work of R. Hamilton in the 1980s (see e.g.
[46], [47]). The fundamental idea is to start with a given Riemannian manifold
(M, go), and evolve the metric by the evolution equation

O g1) = ~2Ricyy,  9(0) = g0,
Here, Ricy(;) denotes the Ricci tensor of the time-dependent metric g(t).

Hamilton [46] proved that the Ricci flow always has a solution on some
maximal time interval [0,T"), where T > 0 (see also [30]). Furthermore, if T' <
00, then the Riemann curvature tensor of (M, g(t)) must be unbounded, so that
lim sup,_, 7 sup,; |Ry(1)| = 0. This result was later improved by N. Sesum [77]
who showed that limsup, ,7 sup,, [Ricyq| = oo if T < oo.

As pointed out above, the Ricci flow is a nonlinear heat equation for Rie-
mannian metrics. This becomes apparent when we consider the evolution of the
curvature tensor of ¢g(t). The Riemann curvature tensor satisfies an evolution
equation of the form

%R = AR + quadratic terms in R,
where A denotes the Laplace operator associated with the time-dependent met-
ric g(t). The exact form of the quadratic terms will become important later on.
As an example, suppose that gg is the standard metric on S™ with constant
sectional curvature 1. In this case, the metrics g(t) = (1 — 2(n — 1)t) go form
a solution to the Ricci flow. This solution is defined for all ¢ € [0, m), and

collapses to a point as t — m
In dimension 3, Hamilton showed that the Ricci flow deforms any initial

metric with positive Ricci curvature to a constant curvature metric.

Theorem 2.7 (R. Hamilton [46]). Let (M, go) be a compact three-manifold
with positive Ricci curvature. Moreover, let g(t), t € [0,T), denote the unique
mazximal solution to the Ricci flow with initial metric go. Then the rescaled
metrics ﬁg(t) converge to a metric of constant sectional curvature 1 as

t—T.

The proof of Theorem 2.7 relies on pointwise curvature estimates. These are
established using a suitable version of the maximum principle for tensors.

Theorem 2.7 has important topological implications. It implies that any
compact three-manifold with positive Ricci curvature is diffeomorphic to a
spherical space form. Using the classification of spherical space forms in [83],
Hamilton was able to give a complete classification of all compact three-
manifolds that admit metrics of positive Ricci curvature.
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Hamilton’s convergence theorem in dimension 3 has inspired a large body
of work over the last 25 years. In particular, two lines of research have been
pursued:

First, one would like to study the global behavior of the Ricci flow in dimen-
sion 3 for general initial metrics (i.e. without the assumption of positive Ricci
curvature). This line of research was pioneered by Hamilton, who developed
many crucial technical tools (see e.g. [48], [49]). It culminated in Perelman’s
proof of the Poincaré and Geometrization conjectures (cf. [68], [69], [70]). A
non-technical survey can be found in [14] or [60].

Another natural problem is to extend the convergence theory for the Ricci
flow to dimensions greater than 3. In this case, one assumes that the initial
metric satisfies a suitable curvature condition. The goal is to show that the
evolved metrics converge to a metric of constant sectional curvature up to
rescaling. One of the first results in this direction was established by Hamilton
[47] in 1986.

Theorem 2.8 (R. Hamilton [47]). Let (M, go) be a compact Riemannian man-
ifold of dimension 4. Assume that gg has positive curvature operator; that is,
Zm-’k,l Rijki 07 @* > 0 for each point p € M and every non-zero two-form
© € N*T,M. Moreover, let g(t), t € [0,T), denote the unique mazimal solution
to the Ricci flow with initial metric go. Then the rescaled metrics mg(t)
converge to a metric of constant sectional curvature 1 ast — T.

Again, Theorem 2.8 has a topological corollary: it implies that any compact
four-manifold which admits a metric of positive curvature operator is diffeo-
morphic to §* or RP*.

H. Chen [29] proved that the conclusion of Theorem 2.8 holds under a
slightly weaker curvature assumption. A Riemannian manifold M is said to
have two-positive curvature operator if 3, ;; ; Rijui (0% QP 4 1p k) > 0 for
all points p € M and all two-forms ¢,v € A?T,M satisfying |¢|? = [¢|? =
1 and (p,v) = 0. Furthermore, Chen [29] proved that every four-manifold
which is strictly 1/4-pinched in the pointwise sense has two-positive curvature
operator. This is a special feature of the four-dimensional case, which fails
in dimension n > 5. As a consequence, Chen was able to show that every
compact four-manifold, which is strictly 1/4-pinched in the pointwise sense,
is diffeomorphic to S* or RP*. B. Andrews and H. Nguyen [3] have recently
obtained an alternative proof of this result.

We note that C. Margerin [62] proved a sharp convergence result for the
Ricci flow in dimension 4. Combining this theorem with techniques from con-
formal geometry, A. Chang, M. Gursky, and P. Yang proved a beautiful con-
formally invariant sphere theorem in dimension 4:

Theorem 2.9 (A. Chang, M. Gursky, P. Yang [27]). Let (M, g) be a compact
four-manifold with positive Yamabe constant. Suppose that (M, g) satisfies the



12 Simon Brendle and Richard Schoen

integral pinching condition
/ |W|? dvol < 1672 (M),
M

where |W|? = > i Wigkt Wkl denotes the square of the norm of the Weyl
tensor of (M, g). Then M is either diffeomorphic to S* or RP*.

The key step in the proof is to construct a conformal metric § = e?* g which
has positive scalar curvature and satisfies the pointwise inequality

%scaﬂf7 -2 |Roicg|2 — [W;5* > 0.
Having constructed a metric g with these properties, a theorem of C. Margerin
[62] implies that the Ricci flow evolves the metric g to a constant curvature
metric. This shows that M is diffeomorphic to either S* or RP?*.

The first convergence result in arbitrary dimension was proved by
G. Huisken [55] in 1985.

Theorem 2.10 (G. Huisken [55]). Assume that (M, go) is a compact manifold
of dimension n > 4. If (M, go) is §(n)-pinched in the pointwise sense, then the
Ricci flow converges to a metric of constant curvature 1 up to rescaling. Here,
d(n) € (0,1) is an explicit constant that depends only on n.

We note that C. Margerin [61] and S. Nishikawa [67] have also obtained
convergence results for the Ricci flow in arbitrary dimension. By introducing
new methods into the study of the curvature ODE, Bohm and Wilking were
able to extend Chen’s theorem to higher dimensions.

Theorem 2.11 (C. Béhm, B. Wilking [16]). If (M, go) is a compact manifold
with two-positive curvature operator, then the Ricci flow converges to a metric
of constant curvature 1 up to rescaling.

3. Proofs of the Main Theorems

All known convergence theorems for the Ricci flow share some common features.
In particular, they all exploit the fact that a certain curvature condition is
preserved by the Ricci flow. To begin this section, we describe some general
tools for verifying that a given curvature condition is preserved by the Ricci
flow. These tools are based on the maximum principle, and were developed by
Hamilton [46], [47].

Let g(t), t € [0,T), be a solution to the Ricci flow on a manifold M. More-
over, let F denote the pull-back of the tangent bundle 7'M under the map

M x (0, T) = M, (p,t)— p.
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Clearly, E is a vector bundle over M x (0,7T), and the fiber of E over the point
(p,t) € M x (0,T) is given by the tangent space T,M. The sections of the
vector bundle E can be viewed as vector fields on M that vary in time. Given
any section X of F, we define the covariant time derivative of X by

13} _—
Do X =2X- > Ric(X, ex) e,
k=1
where {e1,...,e,} is a local orthonormal frame with respect to the metric g(t).

The covariant time derivative D 2 is metric compatible in the sense that

0

S (9(X.Y) =g (;X, Y) +yg (X, gty> ~ 2Ric(X,Y)

—g (D%X, Y) tg (X,D%Y)

for all sections X,Y of the bundle E.

The Riemann curvature tensor of ¢g(t) can now be viewed as a section of the
bundle F* ® E* ® E* ® E*. Furthermore, the covariant time derivative on F
induces a covariant time derivative on the bundle £* ® E* ® E* @ E*. With
this understood, the evolution equation of the Riemann curvature tensor can
be written in the form

D%Rz AR+ Q(R),
where Q(R) denotes the following quadratic expression in R:

QR)(X,Y,Z,W) = Y R(X,Y,ep,eq) R(Z,W,ep,e,)

p,q=1

+2 > R(X,ep, Z,eg) R(Y, e, W, ) (3)

p,q=1

—2 ) R(X,ep, W,eq) R(Y, €, Z, eg).
p

,q=1

This evolution equation was first derived by Hamilton [47]; see also [20], Section
2.3.

We next describe Hamilton’s maximum principle for the Ricci flow. To fix
notation, let €5 (R™) denote the space of all algebraic curvature operators on
R™. In other words, ¢5(R™) consists of all multilinear forms R : R” x R™ x
R™ x R™ — R satisfying the relations

R(X,Y,Z,W)=—R(Y,X,Z,W) = R(Z,W,X,Y)

and
RX,Y,Z W)+ RY,Z,X,W)+ R(Z,X,Y,W) =0
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for all vectors X,Y, Z, W € R™. Moreover, let F be a subset of €5(R") which
is invariant under the natural action of O(n). Since F is O(n)-invariant, it
makes sense to say that the curvature tensor of a Riemannian manifold (M, g)
lies in the set F'. To explain this, we fix a point p € M. After identifying the
tangent space T, M with R", we may view the curvature tensor of (M, g) at p
as an element of €5(R™). Of course, the identification of T, M with R"™ is not
canonical, but this does not cause problems since F' is O(n)-invariant.

Theorem 3.1 (R. Hamilton [47]). Let ' C €p(R™) be a closed, convex set
which is invariant under the natural action of O(n). Moreover, we assume that
F is invariant under the ODE - R = Q(R). Finally, let g(t), t € [0,T), be a
solution to the Ricci flow on a compact manifold M with the property that the
curvature tensor of (M, g(0)) lies in F for all points p € M. Then the curvature
tensor of (M, g(t)) lies in F for all points p € M and allt € [0,T).

In the remainder of this section, we discuss some important examples of
curvature conditions that are preserved by the Ricci flow. Hamilton [47] proved
that nonnegative curvature operator is preserved in all dimensions. Further-
more, Hamilton showed that nonnegative Ricci curvature is preserved by the
Ricci flow in dimension 3, and nonnegative isotropic curvature is preserved
in dimension 4 (see [46], [50]). It turns out that nonnegative Ricci curvature
is not preserved by the Ricci flow in dimension n > 4 (see [63]). By con-
trast, nonnegative isotropic curvature is preserved by the Ricci flow in all
dimensions.

Theorem 3.2 (S. Brendle, R. Schoen [22]; H. Nguyen [66]). Let M be a compact
manifold of dimension n > 4, and let g(t), t € [0,T), be a solution to the Ricci
flow on M. If (M, g(0)) has nonnegative isotropic curvature, then (M, g(t)) has
nonnegative isotropic curvature for all t € [0,T).

The proof of Theorem 3.2 requires two ingredients: the first is Hamilton’s
maximum principle for the Ricci flow (cf. Theorem 3.1); the second one is an
algebraic inequality for curvature tensors with nonnegative isotropic curvature.

We give a sketch of the proof here. A complete proof can be found in [20],
Sections 7.2 and 7.3.

Proposition 3.3. Let R be an algebraic curvature tensor on R™ with nonneg-
ative isotropic curvature. Moreover, suppose that

Ri313 + Ri414 + Ro323 + Rogos — 2 Ri934 = 0

for some orthonormal four-frame {e1,eq,e3,e4}. Then

Q(R)1313 + Q(R)1414 + Q(R)2323 + Q(R)2424 — 2Q(R)1234 > 0.
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Sketch of the proof of Proposition 3.3. Using the definition of Q(R), we compute
Q(R)1313 + Q(R)1414 + Q(R)2323 + Q(R)2424 — 2Q(R)1234

= Z (R13pq - R24pq)2 + Z (R14pq + R23pq)2
p,q=1 p,q=1

+2 Z (Rlplq + R2p2q) (R3p3q + R4p4q) -2 Z Ri2pq Rapg

p,q=1 p,q=1

n

-2 Z (R1p3q + R2p4q) (R3p1q + R4p2q)

p,q=1
-2 Z (R1p4q - R2p3q) (R4p1q - R3p2q)~

p,q=1

Hence, it suffices to prove that

n

Z (Rlplq + R2p2q) (R3p3q + R4p4q) - Z Ri2pq Raapg

p,q=1 p,q=1
n
2 Z (R1p3q + R2p4q) (R3p1q + R4p2q) (4)
p,q=1
+ Z (R1p4q - R2p3q) (R4p1q - R3p2q)~
p,q=1

In order to prove (4), we view the isotropic curvature as a real-valued func-
tion defined on the space of all orthonormal four-frames. By assumption, this
function attains its global minimum at the point {ej,es,es,eq}. Hence, the
first variation at the point {ej,es, e3,e4} is zero, and the second variation is
nonnegative. In order to take advantage of this information, we consider three
different types of variations:

Step 1: We first consider the orthonormal four-frame {e1, cos(s) ez —sin(s) es,
sin(s) ea + cos(s) e, e4}. Since the first variation of the isotropic curvature is
zero, we have Ry213 + R1242 + R3413 + R3a42 = 0. An analogous argument gives
Ri214 + Ri223 + R3414 + R3423 = 0. Using these identities, one can show that

4 4
Z (Rlplq + R2p2q) (R3p3q + R4p4q) - Z Rl?pq R34pq
p,q=1 p,q=1

(R1p3q + R2p4q) (R3p1q + R4p2q) (5)

(R1p4q - R2p3q) (R4p1q - R3p2q)-



16 Simon Brendle and Richard Schoen

Step 2: We next consider the four-frame {cos(s)e; + sin(s) ey, e2,e3,€4},
where ¢ € {5,...,n}. Since the first variation of the isotropic curvature is equal
to zero, it follows that Ri334+ R144¢+R4324 = 0. Using this and other analogous
identities, we obtain

4

(Rlplq + R2p2q) (R3p3q + R4p4q) - Z Ri2pq R3apq
p=1

M=

S
Il

I
M% B

(R1p3q + R2p4q) (R3p1q + R4p2q) (6)

=
Il
—

B

+ ) (Ripag — Rapaq) (Raprg — Rapag)

Il
—

p

forgq=5,...,n

Step 3: To describe the third type of variation, we consider four vectors
w1, W, w3, ws € spanfes,...,e,}. For each ¢ € {1,2,3,4}, we denote by v;(s)
the unique solution of the linear ODE

((vi(s), €5) wj — (vi(s), w;) ;)

G\
=3
Vo)
K
Il
'M%

with initial condition v;(0) = e;. Then v}(0) = w;. Moreover, it is easy to see
that the vectors {v1(s),v2(s),v3(s),v4(s)} are orthonormal for all s € R. Since
the second variation of the isotropic curvature is nonnegative, we conclude that

0 < R(wn, e3, w1, e3) + R(wy, €4, w1, eq
+ R(ws, e3,wz, €3)
)

)
Wz, €4, W2, € 4)
+R(€15w33617w3 )

+ R(

+R(62,1U3,62,’w3

+ R(el, Wy, 61,w4) + R(eg, Wy, €2, ’LU4)
[R es3, wi, e1,ws) + R(eq, wr, €2, w3

+2[R R

— 2 [R(es, w2, e1,ws) +

€4,W2,€1,W3

( )+ R( )
[R(e4,w1,61,w4) R(es,wy, ea,wy)
( ) — R(es, wa, e2,w3)
( )+ R( )

€4, W2, €2, W4

]
]
]
]
— 2 R(w1,wa, e3,e4) — 2 R(eq, €2, w3, wy)

for all vectors wy, wa, w3, wy € span{es,...,e,}. We next define linear trans-
formations A, B,C, D, E, F : span{es,...,e,} — span{es,...,e,} by

(Aep, eq) = Ripig + Ropag, (Bep, eq) = Rapsq + Rapag,
(Cep,eq) = Raprg + Rapag, (Dep, eq) = Raprq — Rap2gs
(Bep,eq) = Rigpq, (Fep,eq) = Raapq
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for p,q € {5,...,n}. The inequality (7) implies that the symmetric operator

B F -C* -D
-F B D* -C*¥
-C D A E
-D -C -FE A

is positive semi-definite. From this, we deduce that tr(AB)+tr(EF) > tr(C?)+
tr(D?), hence

n

Z (Rlplq + R2p2q) (R3p3q + R4p4q) - Z Rl?pq R34pq

P,q=5 P,q=5
> ) (Ripsg + Ropag) (Rapig + Rapag) (8)
P,q=5
+ Y (Ripag — Rapsq) (Raprg — Rapag).
P,q=5
Combining (5), (6), and (8), the inequality (4) follows. O

We next describe various curvature conditions that are related to nonnega-
tive isotropic curvature, and are also preserved by the Ricci flow. The following
is an immediate consequence of Theorem 3.2.

Corollary 3.4 (S. Brendle, R. Schoen [22]). Let M be a compact manifold of
dimension n > 4, and let g(t), t € [0,T), be a solution to the Ricci flow on M.
Then:

o ]
(

~

(M, g(0)) x R has nonnegative isotropic curvature, then the product
,g(t)) X R has nonnegative isotropic curvature for allt € [0,T).

(
)
(
)

=

kﬁ-

If (M, g(0)) x R? has nonnegative isotropic curvature, then the product
(M, g(t)) x R? has nonnegative isotropic curvature for all t € [0,T).

Another result in this direction was proved by the first author in [18] (see
also [20], Section 7.6). In the following, S%(1) denotes a two-dimensional sphere
of constant curvature 1.

Theorem 3.5 (S. Brendle [18]). Let M be a compact manifold of dimen-
sion n > 4, and let g(t), t € [0,T), be a solution to the Ricci flow on M.
If (M, g(0)) x S2(1) has nonnegative isotropic curvature, then (M, g(t)) x S?(1)
has nonnegative isotropic curvature for all t € [0,T).

Unlike Corollary 3.4, Theorem 3.5 does not follow directly from Theorem
3.2. This is because the manifolds (M, g(t)) x S%(1) do not form a solution to
the Ricci flow.



18 Simon Brendle and Richard Schoen

We now discuss the product conditions in more detail. To that end, we
assume that (M, g) is a Riemannian manifold of dimension n. We first consider
the case n = 3. In this case, the following holds:

e The product (M, g) x R has nonnegative isotropic curvature if and only
if (M, g) has nonnegative Ricci curvature.

e The product (M, g) x R? has nonnegative isotropic curvature if and only
if (M, g) has nonnegative sectional curvature.

We now return to the case n > 4. The following proposition gives a necessary
and sufficient condition for the product (M, ¢g) xR to have nonnegative isotropic
curvature.

Proposition 3.6. Let (M, g) be a Riemannian manifold of dimension n > 4.
Then the following statements are equivalent:

(i) The product (M, g) x R has nonnegative isotropic curvature.
(i) We have

R(@l, es, €1, 63) + A2 R(el, €4, €1, 64)
+ R(ez, e3,€2,¢3) + A” R(ez, €4, €2, ¢4)
- QAR(61762363764) > 0

for all points p € M, all orthonormal four-frames {e1, ez, e3,e4} C T, M,
and all X € [0, 1].

(i) We‘ hape R(¢,n,¢,n) >0 for all ;goz'ntsp € M and all vectors {,n € T;CM
satisfying (¢, ¢) g(n,m) — g(¢,n)* = 0.

The proof of Proposition 3.6 is purely algebraic (for details, see [20], Propo-
sition 7.18). We next consider the condition that (M, g) x R? has nonnegative
isotropic curvature (cf. [20], Proposition 7.18).

Proposition 3.7. Let (M, g) be a Riemannian manifold of dimension n > 4.
Then the following statements are equivalent:

(i) The product (M,g) x R? has nonnegative isotropic curvature.
(ii) We have

R(ei,es,e1,e3) + A* R(er, eq, €1, €4)
+ 1?2 R(ea, e3,e2,e3) + N2 u? R(ey, eq, €, e4)
— 2 \p R(eq,ea,e3,e4) >0
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for all points p € M, all orthonormal four-frames {e1, ez, e3,e4} C T, M,
and all X\, v € [0,1].

(iii) We have R(C,m,¢,7) > 0 for all points p € M and all vectors (,n € T;CM.

Theorem 3.2 and Corollary 3.4 provide important examples of preserved
curvature conditions. Each of these curvature conditions defines a closed, con-
vex, O(n)-invariant cone in € (R™), which is preserved by the Hamilton ODE.
By adapting a technique of Bohm and Wilking [16], it is possible to construct
a family of so-called pinching cones, which are all preserved by the Hamilton
ODE. Combining these ideas with general results of R. Hamilton (see [47] or
[20], Section 5.4), one can draw the following conclusion.

Theorem 3.8 (S. Brendle, R. Schoen [22]). Let (M, go) be a compact Rieman-
nian manifold of dimension n > 4 with the property that

R(elae3,elae3) +>\2 R(€1,€4,61,64)
+ 1? R(eg, e3,e2,e3) + N2 p? R(ea, ey, €2, €4)
— 2 \uR(ey, ez, e3,e4) >0

for all orthonormal four-frames {e1, ez, es3,e4} and all A\, € [0,1]. Let g(t),
t € [0,T), denote the unique mazimal solution to the Ricci flow with initial
metric go. Then the rescaled metrics mg(t) converge to a metric of
constant sectional curvature 1 ast —T.

It turns out that any Riemannian manifold of dimension n > 4 which is
strictly 1/4-pinched in the pointwise sense satisfies the assumption of Theorem
3.8. Hence, we can draw the following conclusion.

Corollary 3.9 (S. Brendle, R. Schoen [22]). Let (M, go) be a compact Rieman-
nian manifold of dimension n > 4 which is strictly 1/4-pinched in the pointwise
sense. Let g(t), t € [0,T), denote the unique mazimal solution to the Ricci flow
with initial metric go. Then the rescaled metrics m g(t) converge to a
metric of constant sectional curvature 1 ast — T.

The Differentiable Sphere Theorem (Theorem 1.6 above) is an immediate
consequence of Corollary 3.9. To conclude this section, we state an improved
convergence result for the Ricci flow.

Theorem 3.10 (S. Brendle [18]). Let (M, go) be a compact Riemannian man-
ifold of dimension n > 4 with the property that

R(617637617e3) +)\2 R(€1,€4,€1,€4)
+ R(BQ, €3, €9, 63) + )\2 R(BQ, €4, €9, 64)
— 2/\R(€1,€2,83,€4) >0
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for all orthonormal four-frames {e1, ez, es,e4} and all X € [0,1]. Let g(t), t €
[0,T), denote the unique mazimal solution to the Ricci flow with initial metric
go- Then the rescaled metrics m g(t) converge to a metric of constant
sectional curvature 1 ast —T.

Theorem 3.10 extends many known convergence results for the Ricci flow
(see also [15]). The main ingredient in the proof is Theorem 3.5. A detailed
argument can be found in [20], Section 8.4.

4. Weak Pinching and Further Developments

In this section, we describe various rigidity theorems and results which weaken
the 1/4-pinching assumption. For a detailed exposition of the rigidity results,
we refer to [20], Chapter 9. We close by outlining some open problems and
conjectures in this area.

The first result in this direction was established by M. Berger [9] (see also
[28], Theorem 6.6).

Theorem 4.1 (M. Berger [9]). Let (M,g) be a compact, simply connected
Riemannian manifold which is weakly 1/4-pinched in the global sense. Then
M s either homeomorphic to S™ or isometric to a symmetric space.

We now describe some rigidity results obtained by means of the Ricci flow.
The following result was established by R. Hamilton:

Theorem 4.2 (R. Hamilton [47]). Let (M, go) be a compact three-manifold
which is locally irreducible and has nonnegative Ricci curvature. Moreover, let
g(t), t €[0,T), denote the unique maximal solution to the Ricci flow with initial
metric go. Then the rescaled metrics ﬁ g(t) converge to a metric of constant
sectional curvature 1 ast — T.

In dimension n > 4, we have the following result:

Theorem 4.3 (S. Brendle, R. Schoen [21]). Let M be a compact manifold of
dimension n > 4, and let g(t), t € [0,T] be a solution to the Ricci flow on M
with nonnegative isotropic curvature. Then, for each T € (0,T), the set of all
orthonormal four-frames {e1, ea, e3,e4} satisfying

Rg(‘r) (ela €3, €1, 63) + Rg(T)(el7 €4,€1, 64)
+ Ry(r)(e2,e3,e2,e3) + Ry(r)(e2, €4, €2, €4)
- 2Rg(7.)(61, €2, €3, 64) =0

is invariant under parallel transport with respect to the metric g(7).

In particular, if the reduced holonomy group of (M, g(7)) is SO(n), then
(M, g(7)) has positive isotropic curvature.
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Theorem 4.3 is similar in spirit to a result of R. Hamilton [47] concern-
ing solutions to the Ricci flow with nonnegative curvature operator. However,
Hamilton’s techniques are not applicable in this setting. Instead, the proof of
Theorem 4.3 relies on a variant of J.M. Bony’s strict maximum principle for
degenerate elliptic equations (cf. [17]). This technique was first employed in
the context of geometric flows in [21]. It has since found applications to other
borderline situations involving Ricci flow (see e.g. [3], [45]).

Theorem 4.3 is particularly effective in combination with M. Berger’s clas-
sification of holonomy groups (see [7]). For example, the following structure
theorem for compact, simply connected manifolds with nonnegative isotropic
curvature was established in [19]:

Theorem 4.4 (S. Brendle [19]). Let (M, go) be a compact, simply connected
Riemannian manifold of dimension n > 4 which is irreducible and has nonneg-
ative isotropic curvature. Then one of the following statements holds:

(i) M is homeomorphic to S™.
(i) n=2m and (M, go) is a Kdhler manifold.
(iii) (M, go) is isometric to a symmetric space.

M. Berger [11] has shown that any quaternionic-Kahler manifold with pos-
itive sectional curvature is isometric to HP™ up to scaling. More recently,
H. Seshadri proved that any Kahler manifold which satisfies the assumptions
of Theorem 4.4 is biholomorphic to a complex projective space or isometric to
a Hermitian symmetric space (see [76], Theorem 1.2). We now state another
consequence of Theorem 4.3.

Theorem 4.5. Let (M, go) be a compact, locally irreducible Riemannian man-
ifold of dimension n > 4 with the property that

R(e1,es,e1,¢€3) + 22 R(e1,eq,e1,€4)
+ R(e2, e3, €2, €3) + A> R(e2, es, €2, €4)
- 2)\R(€1,€2,€3764) >0

for all orthonormal four-frames {e1, ea,e3,e4} and all A € [0,1]. Moreover, let
g(t), t €[0,T), denote the unique maximal solution to the Ricci flow with initial
metric go. Then one of the following statements holds:

i) The rescaled metrics s———— g(t) converge to a metric of constant
2tn—1)(T—1)
sectional curvature 1 ast — T.

(i) n = 2m and the universal cover of (M, go) is a Kdhler manifold.

(iii) (M, go) is locally symmetric.
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In particular, if (M, go) is weakly 1/4-pinched in the pointwise sense, then
(M, go) satisfies the assumptions of Theorem 4.5. Hence, we have completed
the proof of Theorem 1.7.

In the remainder of this section, we describe some results concerning almost
1/4-pinched manifolds. The first result in this direction was proved by M. Berger
in 1983.

Theorem 4.6 (M. Berger [12]). For every even integer n, there exists a real
number 6(n) € (0,1/4) with the following property: if (M, go) is a compact,
simply connected Riemannian manifold of dimension n which is strictly §(n)-
pinched in the global sense, then M is homeomorphic to S™ or diffeomorphic
to a compact symmetric space of rank one.

The proof of Theorem 4.6 is by contradiction, and relies on a compactness
argument in the spirit of Gromov. In particular, the value of the pinching
constant d(n) is not known in general. U. Abresch and W. Meyer [1] showed
that any compact, simply connected, odd-dimensional Riemannian manifold
whose sectional curvatures lie in the interval (m, 1] is homeomorphic to
a sphere. Using the classification in Theorem 4.5 and a Cheeger-Gromov-style
compactness argument, P. Petersen and T. Tao obtained the following result:

Theorem 4.7 (P. Petersen, T. Tao [71]). For each integer n > 4, there exists a
real number 6(n) € (0,1/4) with the following property: if (M, go) s a compact,
simply connected Riemannian manifold of dimension n which is strictly §(n)-
pinched in the global sense, then M 1is diffeomorphic to a sphere or a compact
symmetric space of rank one.

The conclusion of Theorem 4.7 can be improved slightly when n is odd.
In this case, there exists a real number §(n) € (0,1/4) with the property that
every compact n-dimensional manifold (M, go) which is strictly §(n)-pinched in
the global sense is diffeomorphic to a spherical space form.

Finally we discuss some open problems in the study of positive curvature.
First there are two well-known conjectures of H. Hopf.

Conjecture 4.8 (Hopf). There is no metric of positive sectional curvature on
S? x 52

Conjecture 4.9 (Hopf). If n is even and M™ is a compact manifold with
positive sectional curvature, then the Fuler characteristic of M is positive.

Concerning the first problem, we do not know of any compact simply con-
nected manifold which admits a metric of nonnegative sectional curvature but
can be shown not to admit a metric of positive sectional curvature. The famous
theorem of J.L. Synge (see [28]) which classifies fundamental groups of even
dimensional manifolds of positive sectional curvature implies that RP? x RP?
does not admit a metric with positive sectional curvature. There does not seem
to be a viable method to approach the second Hopf conjecture at this time.
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It would be interesting to understand the fundamental groups of manifolds
with positive isotropic curvature (see [34] and [40]).

Conjecture 4.10. The fundamental group of a compact manifold of positive
isotropic curvature contains a free subgroup of finite index.

One possible approach to this conjecture involves the Ricci flow. For initial
metrics with positive isotropic curvature, the Ricci flow will, in general, develop
singularities. For n = 4, the singularities were analyzed by Hamilton [50], but
the case n > 5 is open.

We expect that there is an almost 1/4-pinching theorem assuming only
pointwise pinching. Even the topological version of this is unknown. The proof
will require a more sophisticated technique.

Conjecture 4.11. Theorems 4.6 and 4.7 hold with the assumption of pointwise
pinching replacing global pinching.
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