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1 Introduction

In this short note, we collect the basic facts of Riemannian gometry necessary for gluing pseu-
doholomorphic curves in symplectic geometry via the methodof [LT]. Proofs of these facts are
omitted in [LT], but only an estimate similar to that of Propo sition 2.11 seems to have a well-known
proof, see [F]. The estimates given here are actually sharpehan needed in [LT] or even in [Z].

However, these sharpened estimates may help globalize themstruction in [Z].

Section 2 collects various simple facts from Riemannian geoetry to obtain a Poincare lemma for
vector elds along closed curves in Proposition 2.5 and an gxansion for the @operator in Propo-
sition 2.11. In Section 3, we re ne, in then=2 case, the proofs of Sobolev Embedding Theorems
given in [M] to obtain a CP-estimate in Proposition 3.7 and elliptic estimates for the @operator in
Propositions 3.10 and 3.12 for vector elds along smooth mag into a compact manifold. The main
reason for collecting these ve propositions here is to desibe the dependence of the constants
involved on the underlying smooth map. This dependence of awstants plays an important role in
the gluing constructions.

If u: D! V is a smooth map, we write (u) and *(u) for ( D;u TV)and (D;T D u TV),
respectively. We denote the subspace of compactly supportiesections in (u) by ¢(u).

2 Riemannian Geometry Estimates

2.1 Parallel Transport

Let (V;g;r ) be a compact Riemannian manifold, whereg is a metric onV and r is a connection
in TV, which is metric-compatible, but not necessarily torsionfree. Let T, denote the torsion
of r . If p2V and X 2T,V, denote by exp, X the exponential of X de ned with respect to the
connectionr and by ry the injectivity radius of V de ned with respect to the connectionr and
metric g; see [C]. If :(a;b! V is a piecewise smooth curve, let :T V! T V denote
the parallel-transport map along de ned with respect to the connectionr . If R=[a;b [c;d] is
a rectangle in RZandu:R ! V is a smooth map, let

@u- Tu(a;c)V ! Tu(a;c)V



be the parallel transport along u restricted to the boundary of R traversed in the positive direction.
Denote by x the parallel-transport map along the geodesic x : s!  exp,sX, wheres 2 [0;1]. If

is a smooth curve and is a smooth vector eld along , we write % for the covariant derivative
of along if the variable parameterizing ist. More generally, ifu: D! V is any smooth map,
we dener 2 1(u)asfollows. If :( ; )!D isasmooth curve, let

D
r g J0) e )t=0:

Lemma 2.1 There exists a constantC 2 R* suczh that for any smooth mapu: R! V,

i ev i C jusjjujdsdt;
R
where the norm of( @y 1)2 End(Tyac) V) is computed with respect to the metricg.

Proof: (1) Let R=[a;b [c;d] be as before. Choose an orthonormal framéX;g for Ty.q)V.
Extend each X; to a vector eld along t! u(a;t), wheret 2 [c;d], by parallel transport. Then
extend eachX; to a vector eld along u: R! V by parallel-transporting the vector X;(a;t) along
the curvess! u(s;t). By de nition, %Xi =0 on R. Let A be the matrix-valued function on R

such that
D

—Xj = Aik (s; ) Xk(s; 1);
dt i (s) ik (S ) k(S )
here and below we use the generalized Einstein summation ceention. Note that A; (a;t) =0 and
D E
DD DD
R(us;u)Xi; Xj = d—SaXi ad—sxi;Xj
D E (2.2)

= @@éik X Xj = @éij :
where R denotes the Riemann curvature tensor of the connection of . SinceV is compact, it
follows that 7
b
JAj (b)) C  jusjjuijds: (2.2)
a
(2) The parallel transport of X; along the curves

' u(;c); ' ou(;d); I ou(a) )

is X; itself. Thus, it remains to estimate the parallel transport of each X; along the curve
' u(b; ). Let hj be the SOy -valued function on [c; d] such that

D -
h(c)=1 and ah.,xJ b1 =0 8ijt
The second equation is equivalent to
hd ()X (b;9) + hy (DA (D)X (b;) =0 0  h%=  hA(b;): (2.3)

SinceAj; is always traceless by (2.1), equation (2.3) has a unique adion in SO, such that h(0)= 1,
where n is the dimension ofV. Furthermore, by (2.2)
Zy Zy Z 4y
h(d) | jh9%t)jdt jhjjAjdt n? Cjusjjujdsdt: (2.4)
C

C Cc a

Since @ X = hjj (d)X; by the above, the lemma follows from equation (2.4).
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Corollary 2.2 There existsC2 R* such that for any closed curve :[a;b! V,
| Cmin kd ki;(b a)kd k3 :

Proof: Since the group SOy is compact andkd kZ (b a)kd k3 by Holder's inequality, it is
enough to assume thatkd ki %rv. Then we can write
(t) =exp (g ~(1); where  j~(t)] @) <Trv:
Dene u: [0;1] [a;b! V by
u(s;t) =exp () s~(t):
Note that

us(s;t) = dexp () s~(t) ~(t); =) ] Usisyy Ckd kq
ui(s;t) = sdexp (g S~(t)(deXp © I~) LA =) Uiy  Cid ji

Thus, by Lemma 2.1,

Z¢
| = @ | C  jusjjujdsdt
0

a

Ckd k3 C(b a)kd k3:
Sincekd k; %rv, it follows that | lj C%d k.

Corollary 2.3  There exist C; C% R* such that for all smooth maps; :( ; )! TpV,

D , " " :
@ o® o1 CiOil i

Proof: Let R =[0;1] 0;% and dene u: R! V by u(s;t) =exp,s (t). Let fX;g be an
orthonormal basis for TpV. Extend eachfX;g to a vector eld along u by parallel transport along
the geodesicss!  u(s;t). Write  (t)=f (t)Xj; then () (t)=f (1)X;i(1;t), and thus

D
a (t)

o = FOXi@n+ FOFXiwY

o 10)+ f(O)%Xi(l;t) o

On the other hand, by the proof of Lemma 2.1,

z

D e y .

@Y € jusoludsods  CY (0 Y0)i:
t=0 0

2.2 Poincare Lemmas

R
Lemma 2.4 If f:S!1 RN is a smooth function such that 02 f()d =0,
Z, Z,
jf ()j*d f9)j%d:
0 0



. np1 i . R,
Proof: We can write f ( ) = ane" . Since ; f( )d =0, ap=0. Thus,
n> 1
Z, ng 1 g 1 Z,
if ()i*d = janj? jnagj?= jfY )j’d:
0 n> 1 n> 1 0

Proposition 2.5 Let (V;g;r ) be a compact Riemannian manifold. There exist<C 2 R* such that
for any curve :S!'! V and vector elds ; and , along

hhr q; 2i kr 1kokr oko+ Cmin kd Kkj;kd k% Kk 1k2;1k 2Ko;
where all the norms are computed with respect to the standamhetric on S?.

Proof: (1) Identify T )V with RN, preserving the metric. Givenv2 T oV, let v( ) denote the
parallel transport of v along the curvet ! (t) with 0t . By Corollary 2.2, there exists
X 2so(T (V)= soy such that

iXj Cmin kd ky;kd k3 and v(2 )= fexp(X)g v(0)= fexp(X)g v

forall v2T )V, where expX) is taken in SOy = SO(T () V).
(2) Forany v2T V, let v denote the parallel transport of e X=2 y along the curvet ! (1)
with0 t . Then : St RN! TV is a smooth isometry. Put

142 1
2% 5= . f 20( )d:
By Holder's inequality and Lemma 2.4,
thr 15 2 2f kr gkok 2 2ko

= kr  qkok 1o oko kr gjkokd 1 ooka: 25)
Note that
kd 1oky kr kot jX=2 jk ko
ki okp+ Cmin kd ki kd k3 k oka: (2.6)
On the other hand, by integration by parts, we obtain
hhr 1; > o = hhr 1 2i + Hhy;r ol : 2.7)
Since , is the parallel transport of e*=2 5,
hhq;r oi  k  gkokr oko = k 1kojX=2 jk 2k 2.8)

Cmin kd ki;kd k3 k 1kok 2ko:

The corollary follows from equations (2.5)-(2.8).

If R>r 0, letBgry= x2R2:r< jxj<R andBgry = x2R2:r j xj<R . The following lemma
is used in the next section as well as in [Z].



Lemma 2.6 For all p

)

Br;r
Proof: (1) We rst assume that R=1. Suppose !
z

fx =0;
Bl?k

kfkkco =1,

By the Sobolev Embedding Theorem,f converges to some 2 LP(Bj.

LP-norm on compact subsets oB1. . Since kd kp !

1, there exists C, 2 R* such that for all R 2 R",

k fkeo

and kdykp !

2 [0;3), and

CoR P ki ko:
2 0,1 ,fc2Ct (By ;R
0

;R") with respect to the
0, d =0and f 2LY(By. ;R"). Sinced is

elliptic, it follows that f is smooth and constant, and thus zero. However, this contraitts the fact

that kf keo =

(2) SulgposeR> 0,f 2C! (Br.r;R"), and f =0. Let f2C?! (B1. ;R") be given by f{z)= f (Rz).

Then =0, and thus by (1),

By

kf Kco = kfkco  Cpkdfkp CpR¥kd‘ Kp:
2.3 The Exponential Map and Di erentiation
With notation as in Subsection 2.1, let
TV = TpV, where TpV = X2TpV:jX] Erv :
p2Vv
If :( ; )! V isasmooth curve and is a vector elds along such that (0)2 TV, put
D d
.oy - 1 .
0) (0), (0)- d_S <=0 (0) d_SeXp (s) (S) =0
Note that is well-de ned, i.e. its de nition is dependent o nly on the vectors 90), (0), and
% (0) (o, since involves only rst-order di erentiation.
Lemma 2.7 There existsC2R" such that for all p2V, X 2T,V, and Y;Z2 TpV,
o(X5Y;Z)  Y+Z+T (Y;2) C jXj3Yj+iXiizj :
Proof: Let :( ; )! V beasmooth curve and a smooth vector eld along such that
D
@=p O=Y O=X L6 _ =Z
Put q
Fxviz () = s XP ot (s) o' Hxyz(t)= wx Y+Z+1T, Y;X):
Then,
Fxviz 0= = (8) _ = Huxviz (O)
xX;Y;Z = ds <=0 - xX;Y;Z )
d
= — — + .
thXYZ ® ™ wa™Pet® T %0); (0) = Hxvz ®



see Corollary 2.3. Combining the last two equations, we obtm
Fxvz () Hxyz(t) Cp(XY;Z)t? 8t2[ L] X;Y;Z2TV;
where C is a smooth function onTV TV TV. Since
Fx.viz (t) = Fecyiz (1); Hx.v:iz ()= Hocvaz (1);

the spacef X 2 TV :jXj=1g is compact, andFx.y.z and Hx.y.z are linear in (Y;Z), we conclude
that there exists C2 R™ such that

Fxviz (1) Hxyz (@)  CiXjFYj+iXjzj 8X2TyV; Y;Z2T,V; (2.9)
as claimed.
Forany X;Y;Z 2TpV, let Tp(X;Y;Z) = p(X;Y;2) Y+Z+T, (Y;2) .
Corollary 2.8  There existsC2 R" such that for all p2V, X1;X22 TV, and Y;Z1;Z,2 TV,
Tp(X1;Y5Z1)  Tp(X2;Y;Z2)
C (Xaj+ jX2)jYj+jZaj+jZ2))iX1 Xoj+ jXaj+]X2) jZ1 Z3)
Proof: By the proof of Lemma 2.7, = ~1+ T, where
;T TVE L, TV TV
are smooth sections such that
~1(X;)  CijXj% and  To(X;) CyXj 8 X2TV:
Since the spaceTV is compact,
R Cg.jXﬂH).(Zj X Xl 8 X1;X22 TpV:
T2(X1r ) Ta2(X2p)  CaXi Xy
From the linearity of ~1(X : ) and ~»(X : ), we conclude that
T1IXY) (X2 YY) CYiXuj+iXaj jX1 XajiYi;

“aX1;Z1)  TaX2:Z2)  CYX1 XajiZaj+ CojXajiZy Zaj:

2.4 Expansion of the @Operator

Let (V;g;J) be a compact almost-complex manifold. Herel is a complex structure in TV, which

is orthogonal with respect to g. Then there exists a canonical connectiorr in TV that commutes

with J. Explicitly, if r C is the Levi-Civita connection of the metric g, for any X 2T,V and
2 (V;TV), let

ri JrieEx)

NI =



We will always associate this canonical connection with anygiven triple (V;g;J). This connection
agrees with the Levi-Civita connection if and only if (V;g;J) is Kahler.

Let (D;j) be any one-dimensional complex manifold. Ifu: D! V is a smooth map, we denote
by g;’le D uTV!D the bundle of (J;j)-antilinear homomorphisms from TD to u TV. Let

1 ) . .
@ 5 du+J du j 2 S  (D; $TD uTV):

If 2 (u),wedene @;Dy;Ly;Dy;Ny 2 5'(u)by

@ ,(v)= é) @exp, 9,V ; 2 Ly ,(V)=T: dujzv; (z) + 3T dujzjv; (2) ;
2Dy, =r +Jr j Dy =Dy +Ly; @ = @u Dy +Ny:
The operator Dy : (u)! 8§j1(u) is the linearization of the @operator at u; see [MS]. What this

means is described in detail by Lemma 2.9 and Proposition 211 below.

Lemma 2.9 There exists a constantC 2 R* dependent only on(V;g;J) such that for any smooth
mapu: (D;j)! V,z2D,v2T,D,and 1; 22 (u), with j 1jz;j 2z 3Tv,

Ny 1 ;v Ny 2 SV C  dujzv ( ajz*+] 2dz)*+Jr a(V)+r 20v)] 1 2
+ jajztj2z roa(v)r 2(v)
Furthermore, N,0=0.

Proof: Since the connectionr commutes with J, so does the parallel transport . Thus, with
notation as in the previous subsection,

fN  v=" (2);dujzvir jzv +J u(z) = (2);dujzjv;r jzjv :
The claim now follows from Corollary 2.8.

De nition 2.10  If Co2R* andu:D! V is a smooth map, normsk k1 and k kp on ( u) and
L(u), respectively, are Co-admissibleif for all 2 (u), 2 (u), and any continuous function
f:D! R,

Proposition 2.11  If (V;g;J) is a compact almost-complex manifold, there exist€y 2 C! (R;R)
with the following property. Suppose(D;j) is a one-dimensional complex manifoldu:(D;j)! V
is a smooth map, andk Kkp.1 and k kp are Co-admissible norms on ( u) and (u), respectively.
Then for all 1; 22 ( u) such thatk 1kp.1;k 2kp.1< 2%0

Nu1 Nuz , Cv Cotkduky K aikpa+k 2kpn K1 2kpu:

Furthermore, N,0=0. If the geodesic ball of radius aboutu(z) in (V;g;J) is isomorphic to an
open subset ofC" andj j;< , thenfN, g,=0.



Proof: The rst two statements follow from Lemma 2.9 and De nition 2 .10. The last claim is clear
from the construction of Ny.

Remark: As the notation suggests, one possibility for the normsk kp.1 and k k; is the usual
SobolevL’ and LP-norms with respect to some Riemannian metric onD, where p > 2. Another
natural possibility is the modi ed Sobolev norms of [LT], which are particularly suited for gluing
pseudoholomorphic curves. In Proposition 3.7 below, we wilsee that the constant Cy itself in
either of these two cases is a function okduk, only.

3 Sobolev and Elliptic Inequalities

3.1 Eucledian Case

Proofs of the next four statements are slight re nements of he proofs of similar statements in [M]
in the n=2 case.

Lemma 3.1 For any bounded convex domairD R?, f 2C?! (D), and x2D,
z

o f00 22 jdiiy xi ldy:
0 bj o7 ’

where 2rg is the diameter of D, jDj is the area of D, and
Z

1
fp=— f (y)d
0= B, (y)dy
is the average value of on D.
Proof: For any y2D,
Z, q Z, .
fly) f(x)= . gif Xty x) dt= . ity x(y x)dt
Put g(z)=jdj, if z2D and g(z)=0 otherwise. Then,
z 12 7
f f(x — jf f (x)jd — X+t X) jy xjdtdy:
p f(x) iDj y2DJ(y) (x)jdy D] ywog (y x)jy xjdtdy
Rewriting the last integral in polar coordinates (r; ) centered at x, we obtain
1 Z ZZ ng 1
fo f(x) = g(tr; )r?dtdrd
D 0 S0 0
1ZZZZr(Z1 2r22221
= g(t; )rdtdrd = =9 g(t; )dtd
D] H 0 0 D]
- 28 jajiy xi ldy
iDj g

Corollary 3.2 For any R> 0 and p> 2, there existsC,2 C! (R;R) such that

1
r2 05R ; f2CY (Bry) =) k fkeo Cp(R)Kf kp1:



Proof: For any x 2Bg;, put
Dy = X2Bgry:hX;jx jx rxi O0:

If x 80, Dy is the part of the annulus on the same side of the lindx ;x rx =jx ji=0asx . In

particular, p
3
diam(Dx) 2R and jDxj 5 R?:
Thus, by the above lemma and Hol%er's inequality,
jf(x)j 5—kfk +8 idjyiy xj ‘dy
JDX J y2D
) z N (3.1)
jD x| Pkfky+8 jy xj 71 P kdky Cp(R)Kf Kkp:1;
y2B2R (X)

ince -2
since 5= < 2.

Lemma 3.3 Forany R>0andr2[0;R),
f2C! (Bry); suppf) Bry =) k fko k dky:

Proof: Such a functionf can be viewed as a function on the complement of the baB (0;r) in R?.
Sincef vanishes at in nity, for any ( x;y)2 Bgr;

& fs(s;y)ds; if x O; Ry fu(x;t)dt; ify O;
R SEE TN ang reayy= Ry DS Y
« fs(siy)ds; if x 0; y fi(x;t)dt; ify O:

Taking the absolute value in thzese equations, we obtain
1 1
jf j(x;y) 1 jof J'(s;y)dS and jf j(x;y) L id j(x;t)dt; (3.2)

f(xy) =

where we formally setf and o to be zero on the smaller disk. Multiplying the two inequalities in
(3.2) and integrating witE resiaect to x and y, we _conclude
141

. . 1 1 . . 2
jf Gy dxdy i jooy)dxdy
1 1 1
as claimed.
Corollary 3.4 Forany R>0, p;g 1with 1

r2[0;R); f2C! (Bry); suppf

%, there existsCpq2 C* (R;R) such that

~ oTIN

Proof: For > 0, leth =(f?+ )% 7 By the above lemma and Holder's inequality,

Kki h+ § 3 2dhid+2 ERZ=2 J(12+ )i Ud j+2 ER?
3.3
¢ (f2+ )i 2d 2+2 3R? kd k2 (f2+ )% %, +2 3R2% 59
p 1
Note that
L 2.2, a2p a2 _g
P q 4 p 1 4 q 2 2

Thus, letting go to zero in (3.3), we obtain
kfk] ofkd kikfkd 2 =) Kk fkg okd kp:

The case 1 % > % follows by Holder's inequality.
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3.2 \Vector Fields along Smooth Maps into Compact Manifolds

Let (V;g;r ) be a compact Riemannian manifold.

Lemma 3.5 Forany R> 0 and p;q 1 with 1 % % there exists Cp.q2 C* (R;R) such that

for any r 2[0;R), u2C! (Bry;V), and 2 (u),

Proof: (1) Let fU;:i2[N]g be a nite open cover of V such that the diameter of each setU; is at
most %rv. Let fW;:i2[N]g be an open cover oV such that W; U;. Choose smooth functions
i:V! [0;1] such that =1 on W; and ; =0 outside of U;. For eachi 2 [N], pick x; 2 W;. If

z2BRr; and u(z)2U;, de ne ti(z); i(2)2 Ty, V by
expy, ti(z) = u(z); jHi(2)i<rv; w@ (@)= (2):

For any z2 Bgr., put 5(z)= i(u(z)) i(z). Then ~i2CC1 (Bryr; Tx; V).
(2) By Corollary 3.4, there exists Cp,q(R)> 0 such that

K KLa 1wp)) K TKg  Cpg(R)kTkpr  Cpig(R)(K kp + kdTkp): (3.4)
Sinced7=(d; du);+( u)d;onu (U;) and vanishes outside ofu *(U;),
kdikp Kk dikip 1y + Ck idukp: (3.5)
On the other hand, by Corollary 2.3, if u(z) 2 y;
iz we diz - Ciduizj jz: (3.6)
Combining equations (3.4)-(3.6), we obtain
K KLa@ twi))  Cpig(R) K kpa + kdukyp -
The claim follows by summing the last inequality over all i.

Lemma 3.6 For any R> 0 and p> 2, there exists C, 2 C! (R;R) such that for any r 2 [0; 3R],
u2C?! (Brr;V),and 2 (u),

Proof: With notation as above, by Corollary 3.2, there exists Cp(R) such that
K kcow 1(wi)) K Tkeo  Cp(R)kTkpa  Cp(R) K Kypy 1quyy) + kd7kp :

As above, we obtain

and the claim follows.
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Proposition 3.7 If (V;g;r ) is a compact Riemannian manifold andp> 2, there exists
Cp2C! (R R;R) such that for anyR> 0, r2[0; 3R], u2C* (Bgrs;V) and 2 ¢(u),

The same statement holds iBgr. is replaced by a xed compact Riemann surfacd ;g ).
Proof: By Lemma 3.6 applied with p-= % and Holder's inequality,

whereq = %. If @ p, then the proof is complete. Otherwise, apply Lemma 3.5 withp; = qfilz
and Holder's inequality:

KKy Cpuaw(R) K kpiio+ kduky,  C3.o (R) K kp + kdukpk kg, ; (3.8)

where g = % If @ p, then the claim follows from equations (3.7) and (3.8). Othewise, we
can continue and construct sequencesp;g; f g g; f Cig such that

20 PR
= ; = — 3.9
pi G +2 G+1 b b (3.9)
K Kg Ci(R) k kp1+ kdukpk kg, (3.10)
Equation (3.9) implies that
o 2pq _ . : .
41 = S 20 D) =) if g >0 then g+1 <qi:

Thus, if g > 2 for all i, then the sequencefqgg must have a limit g 2. The limiting value
must satisfy
qe X9
pa 2(q p)
sincep> 2 by assumption. Thus, for N su ciently large gy p and the rst claim follows from
(3.7) and equations (3.10) with i running from 1 to N +1, where N is the smallest integer such
that gy p. The second claim is easily obtained from the rst.

=) (p 2)g=0=) q=0;

3.3 Elliptic Estimates

If A1=BRr,:r, and A= BRr,, are two annuli in R2, we write A,b A1 if Ry R,> andry rp

Lemma 3.8 Forany > 0, p 1, and open annulusAj, there existsC ., (A1) > 0 such that for any
annulus Aob A andf 2C* (A;CM),

kf kLE(Az) Cp(A1) k@kp + kd ko + kf kq ;

where the norms are taken with respect to the standard metrion R?.
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Proof: We can assume thatA, is the maximal annulus such thatA,b Ai. Let :Ai! [0;1] bea
compactly supported smooth function such that ja,=1. By the usual elliptic inequalities for S2,

K Kip(a,y K d(f)kp Cp(A1) k@T )kp+ kf Kp (3.11)
Cp(A1) k@kp+k(d ) kp+kf kp :
By Corollary 3.4,
kf ky Cp(A1) kdfka+ k(d )f ko + kf ko
CXA1) kdfka + K ky+ k(r 2 )fky + k(d )fky + kf kg (3.12)
C.p(A1) kdf ko + Kkfkg :

Similarly,
k(d )fkp C.p(A1) kdfky+ kfky : (3.13)

The claim follows by plugging (3.12) and (3.13) into (3.11).

Corollary 3.9 Forany > 0, p 1, and open annulusA;, there existsC ., (A1) > 0 such that for
any annulusA,b Aq, and f 2Ct (Ay;CM),

K kipa,)  Cp(A1) K@y + kdf Ky :

Proof: Let f = f, wherejA,j is the area of A;. By Lemma 3.8,

1
ALl Aq
Kdf Kipeap) = kd(f - f)kipea,) Cp(A1) K@F  f)kp+ kd(f  f)ko+ ki fkg (3.14)
= Cp(A1) k@kp + kdf ko + kf  fky : '

The claim follows by applying Lemma 2.6 or its proof, dependig on A1, to A; andf f with p=2
to the last term in (3.14).

Proposition 3.10 If (V;g;J) is a compact almost complex manifold, for any > 0, p 1, and
open annulus Ay, there exists C., (A1) such that for any annulus A, b Aj, smooth function
u:A;! Vand 2 (u),

kr Kipa,) Cip(A1) kDy kp+ kr ka+ kdukp ;
where the norms are taken with respect to the standard metrion R
Proof: We continue with the notation of the proof of Lemma 3.8. By Corollary 3.9,
kdTkiea,)  Cip (A1) k@ikp + kdike

C% (A1) k@ikoqy, 1y + Kd ik 2 1y * K dukp (3.19)
If u(z)2U;, by Corollary 2.3,

r wzdi, Cjdujzj jz: (3.16)
Sincer J=0and @7=(@(i u)) i+ i@ ionu U), it follows from (3.15) and (3.16) that

ke k k d7kp + Ck duky

LPAk T (3.17)

The claim is obtained by summing the last equation over alli.
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Lemma 3.11 For any p 1 and open ballB R?, there existsCg;p 2 C! (R;R) such that for any
u2Ct (B;Vv)and 2 (u),

K ko1 Cgip(kdukp) kDy Ko+ Kk Kp ;
where the norms are taken with respect to the standard metrion R
Proof: By an argument nearly identical to the proof of Proposition 3.10, forallp 1,
K kot Cgyp kDy kp+ Kk kp + kduk, : (3.18)
On the other hand, by Proposition 3.7, for all p> 2,
K kco  Cg;p(kdukp)k Kp: (3.19)

The claim is obtained from (3.18) and (3.19) by taking a sequace (pi;q) as in the proof of
Proposition 3.7.

Proposition 3.12 If (V;g;J) is a compact almost complex manifold, for anyp> 2 and compact
Riemann surface( ;g ), there existsCp,2 C? (R;R) such that foranyu2 C! (Bgr,;V) and 2 ( u),

Proof: This statement is immediate from Lemma 3.11.
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