Dean Baskin
Qual Problems, Spring 2006

Spring 2006 Qual, Part I: 1, 2, 3, 5; Part II: 1, 2
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1. Let f, € LP([0,1]), where 1 < p < co. Suppose that ||f,||, < 1 and moreover that

2. Let vy,...,vN be a finite sequence of unit vectors in a Hilbert space H. Suppose

3. Leth € L?(S') and assume that h(t) # 0 for a.e. t € S!. Prove that the subspace

fn(x) — 0 fora.e. x € [0,1]. Prove that f,, — 0 weakly in L”.

that there exists a number a € (0,1) such that
(vi,v;) < —a, Vi #].

Find an upper bound for N in terms of a.

V = {P(t)h(t) : P a trigonometric polynomial} C L?(S!)

is dense.

1. To show that f;, — 0 weakly in L7, it is enough to show that fol fng — 0 for each

¢ € L1([0,1]), as L1 is the dual of L*.

Let ¢ € L7 and fix € > 0. Recall from measure theory that there is some 6 > 0 such
thatif A C [0,1] has m(A) < J, then

(f1s7) " <5

fn — 0 almost everywhere, so by Lusin’s theorem there is a set A C [0,1] with
m(A) < ¢ such that f, — 0 uniformly on [0, 1]\ A. In other words, there is some N
such that for all n > N we have

= 55

oIl on [0, 1]\ A.

We then have that

ugl < [ Vsl + [ 1l

1/q 1/p
< || q / nP
<1l (f16) "+ ([ 6P) lel
€ €
<S4+ gly=e
7 2||g||q ||g”q



2. Consider the element v = zfil v;. We then have that
N
0< (v,0) =) v;+2) (v;,v)
i=1 i#]
N
< N—Z(Z)a: N —-N(N —1)a,

and so N(N — 1)a < N. In other words, (N —1)a <1, or

N§1+1:a+1.
a a

3. To show that V is dense in L?(S!), we will use the fact that the trigonometric poly-
nomials are dense here. We proceed by showing that if f € L?(S!) is orthogonal to
V, then f = 0. Suppose that f L V, so that

/5 P()h(x)f(x)dx = 0

for all trigonometric polynomials P. In particular, we have that i f is orthogonal to
the space of trigonometric polynomials. These are dense, so we must have that i f =
0. h(x) # 0 almost everywhere, so we can conclude that f = 0 almost everywhere,
ie. f=0inL2(S!).

1.2 Let {f¢} be a sequence of real-valued functions defined on [—1, 1] such that

)~ felp)l < y/lx—yl +

for all k > 0 and x,y € [—1,1]. suppose also that each f;(0) = 0. Prove that some
subsequence of the the f; converges uniformly to a continuous function f on [—1,1].

First note that the f; are uniformly bounded by 2. We will construct a convergent subse-
quence of the fi via a diagonalization process analogous to a hands-on proof of Arzela-
Ascoli on an interval.

The sequence { f¢(1)} is bounded, so we may choose a convergent subsequence. In
fac't, we may choose a subsgquence fro(j) such that the values of f; (i)(x) converge at the
points x = —1,0,1. Now, given a subsequence f; (;), we may choose a subsequence of
this subsequence, call it fi ;) such that its values at

{2]7 je {o,il,...,izn}}

converge. Without loss of generality, we may assume that the r-th element of the r-th
subsequence, fy () satisties

1
<
S o

o) (%) — its limit
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forall j € {0,£1,...,+2"}. By a standard diagonalization argument, we obtain a sub-
sequence (which, in an abuse of notation, we denote f;) whose values converge at each
dyadic rational. (To be more precise, the first element of our sequence is fy, (1), and the
r-th element is fi (,).)

We now claim that in fact fy must converge uniformly to a continuous function. To do
this we will first show that f is uniformly Cauchy to obtain a limiting function f. We will
then show that this f must be continuous.

Fix € > 0. Let N be such that 1/N < 7 and 2(1=N)/2 € We claim that if n,m > N,
then for all x € [-1,1], |fu(x) — fum(x )| < €. Indeed, there is an integer j such that
|x — | < 2N+1 We then have that

) = fun)] < |fu) fn<iN>'+

<2,/2;+1+2+fn( ) — fm(le)‘

2
<27 2.21=N <
+N+ €.

) = )|+ () = )

To rephrase the above in words, we may ensure that f; are uniformly Cauchy on the
dyadic rationals, and then the assumption about the f; from the problem and the dense-
ness of the dyadic rationals implies that the f; are uniformly Cauchy. This gives us a
limiting function f.

We now must show that f is continuous. Indeed, note that we must have

[f(x) = FWI < 1fF () = fel) [+ [fu(x) = fe) + fie(y) — £ (W)
§e+\/|x—y|+%—|—e
< 1/|x—y\+%+2€.

By taking limits, we see that |f(x) — f(y)| < v/|x —y| and so must be continuous. n

1.3

1. Construct a sequence { f, } of positive continuous functions on R such that f;,(x)
is bounded is n — oo when x € Q, but f,(x) is unbounded for x € R\Q.

2. Prove that there is no sequence {g,} of positive continuous functions such that
¢n(x) is bounded when x € R\Q, but g, (x) is unbounded when x € Q.

1. The idea here is to construct a sequence of functions f, with very large spikes so
that for any rational number x, f,,(x) is eventually 0. A picture here is very helpful,
I think.

We start by letting



extended to be periodic with period 1. Now, for x € R, we let
fu(x) = (n+1)h(n!- x).

We then have that f,(x) = 0forall x € Q such thatn!- x € Z. In particular, if x € Q,
we have that f,(x) = 0 for all large enough x, and so f,;(x) is bounded for x € Q.

It remains to show only that f,(x) is unbounded when x ¢ Q. Indeed, consider the
sets

By = {x : fu(x) eventually bounded by M }

_ M M _
Uﬂ(me'Wzml)!D

k n>k \jez
= USM,k'
k

Observe that the sets Sy, ; are finite; indeed, it is easy to check that

lek:{%:]‘ez}.

This tells us that
Bv =JSmr=Q,
k

and so

{x: fu(x) is bounded} = | By = Q.
M

Thus f,(x) is unbounded for all x € R\Q.

2. We just showed that the set of points where g, (x) is bounded is
Un=1 Uk Mnzk{x : gn(x) < M}

¢n(x) is continuous, so this is a countable union of closed sets, and so is a F; set.
R\Q is not an F; set, so we cannot have such a sequence.

Here is a quick proof that R\Q is not an F,. If it were, then Q would be a G; set.
Both Q and R\Q would then both be dense G; sets, so the Baire category theorem
tells us that their intersection should be dense. But this is impossible because they
have empty intersection.

| |

I.5 Let C be a closed convex set in a Hilbert space H. Prove that C contains a unique
element of minimal norm.




Let
= inf .
n ;ec ||ZH

If 7 = 0, then there is a sequence z; € C, ||zj|| — 0,s0z; — 0. Cis closed, so 0 € C, and
then 0 is the unique element of minimal norm. We may thus assume that 77 > 0.
We start by claiming that C contains an element of minimal norm. Indeed, take z; € C

such that ||z;|| — 7. The convexity of C implies

Zi + zg
Izj + z||* = 4| - 5— ] 1> > 4n°.

Recall now the parallelogram law for a Hilbert space:

I =yl + x4+ w2 = 2 (1Ix2 + Iy ]12)

Applying this we have that

Iz =2l = 2 (2l + I1z]12) = llzj + 212

<2 (Jlzil+ l1z]12) —47* — 4n* — 4> = 0

as j,k — oo. Thus the z; are a Cauchy sequence and so converge to some z € H. Cis
closed, so z € C, and the norm function is continuous, so ||z|| = #, so that C contains an
element of minimal norm.

The uniqueness of this element also follows from the parallelogram law and the con-
vexity of C. If x, y are two such elements, then by the above we must have

lx+yl* > 4%,
and so the parallelogram law implies that
lx =yl = 2l|x 1> + 2l[y|1* - [lx + ylI* < 47* — 44> =0,

and so x = y. .

1.1 Let f € C%([w,B]), where 0 < & < B < 1. Foreachn = 1,2,..., define

S Fl — (u = x))"du

Pnlx) = f (1 - uz)"du

Show that P, (x) is a polynomial of degree at most 21 and that for any closed subinterval
[a,b] C («,B), P, — f uniformly.




Consider first the polynomials

(1—)"

nlt) = f_ll(l —u2)rdy

Observe that fil kn(t)dt = 1, and that k,(t) > 0. We claim that for any § > 0, k,(¢)
converges uniformly to 0 on [—1,1]\ (-4, 9).
We'll start by computing a formula for

1
Ay = / (1 — u?)"du.
-1

Indeed, observe that by integrating by parts, we can see that

1 t 1 1

t2 1—t2 ndt:_— 1—t2 n+1|1 +—/ 1_t2 7’l+1dt
/_1 ( ) 2(n+1)( R 2(n+1) —1( )
An+1 o An+1

=0 = :
+2(n+1) 2n +2

We then have the recurrence relation

1

1
n+l /1( ) "2+ 1) Y

i.e.
2n+2

n+1:2n+3 ne

We can easily verify that

so we have
p 2] 2
n Y
i1 2j+1
Now fix & > 0. If n is large enough, then 342 > (1 — 62)!/2, and so

(1—-82)A,

i kn(8) < (1—06%)Y2k,(6).

knt1(0) =
In particular, we have that if N is large, then for alln > N,
kn(8) < (1= 6%) "N 2y ().
kn(t) is decreasing for t > 0 and is also an even function, so this tells us that for all
x € [-1,1]\(-94,6),
K (x) < (1= 82N 2k (6),
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so we have shown the desired uniform convergence.
Now that we know these properties of k,, we wish to show that P, converges uni-
formly to f. We can write

Pae) = [ flapkaCe— i = [ fpka(x—wiu = [ fe ek (u)e

where y is the characteristic function of the interval [«, B].
Fix e > 0 and [a,b] C («,B). Let § > 0 be such that |[b — 8| < J, |a — a| < J, and that
|f(x) = f(y)| < 5§ whenever |x — y| < J. Let N be such that foralln > N,

€

4| fllco

whenever x € [—1,1]\(—6, ). We then use that fil k, =1 to write

[Kn ()] <

Pax) = £ = | [ (1 = uxte =) = FCOn(e)s )
<oy OORG) = Fe = (= w) )
4 [ 1w ) — () ()

€ 1
<9 / k. (1)d —/ k, (11)d
<Al [ bl § [
<E+E—€
_2 2_ V4

because |x — (x — u)| = |u| < 4.
That P, are polynomials of degree at most 2n follows from the fact that we may write

ky(x —u) = 21220 gni(u)x', where g, ; are polynomials in u, and then

Pae) = 1o [ g (i
i=0 7

IL.2 Let W be any vector space, and suppose that u,vy, ..., vy are linear functionals on
W. Endow W with the weakest topology such that the functionals vy, ..., v} are contin-
uous. Suppose that u is continuous in this topology. Prove that u is a linear combination
of the v;.

]

We first claim that ;

ﬂ ker v; C ker u.
j=1



Indeed, we know that a basis for the topology of W at 0 consists of the sets
Ue = {w e W: |vj(w)| <eforallj=1,... k}.
u is continuous with respect to this topology, so there is some € > 0 such that
Ue C{w e W: |u(w)| <1},
and so for all § > 0,
Use C {w e W : lu(w)| < 6}
We know that )
ﬂ kerv; C Ue
j=1
for all €, and so
k
[ kerv; C {w € W : |u(w)| < 5}
j=1

for all 6. Thus if x € Nkervj, then u(x) = 0, i.e. x € keru.

Now we claim that if )

() kerv; C keru,
=1

then u must be a linear combination of the v;. Without loss of generality, we may assume

that the v; are linearly independent. Consider the map W — R*+1 given by

w— (v1(w), ..., o(w), u(w)).

We know that N ker v; C keru,so (0,...,0,1) is notin the image of this map. There is thus

some non-zero vector (B1, ..., B, &) orthogonal (by the standard dot product on R¥+1) to

the image of this map. This tells us that for allw € W,

k
au(w) + Z; Bjvj(w) = 0.
=

In other words, au + - B;v; = 0. The v; were linearly independent, so a # 0 or else this

would give a linear dependence among the v;. Thus

1 k
u=——» B
j=1

so that u is a linear combination of the v;.



