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Propagation of singularities
°

Consider the wave equation
Pu=0; Pu=Dfu 4y

on manifolds with cornerd!; here 4 0 the Laplacian,
Di = 1@, i.e.u is a distribution onX = M Ry.

If @M = ;, Hermander's theorem states that singularities af
propagate along bicharacteristics, in the sense that

WF(u) Char(P) and WF (u) is a union of maximally extended
bicharacteristics insid€har(P). Here recall that

e p= ,(P)2C! (T Xno)is principal symbol oP,
e Char(P)= p (fO0g) T X is the characteristic set oP,

e bicharacteristics are integral curves of the Hamilton varct
eld Hp insideChar(P), and their projections toM are
geodesics.
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If M has aC! boundary, there is a very similar result due to
Melrose, Spstrand and Taylor. The basic picture is that ama
geodesic hits the boundary kinetic energy and tangential
momentum are conserved, but the normal momentum may jump.
(But its magnitude is conserved!)
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Bicharacteristics are now best thought of as curves in (i.e.
continuous maps from an interval into) a compressed versioh
the characteristic set = Char(P) in which points in T X
di ering by an element ofN @X are identi ed.

Thus, one has a projection & | . _is given a topology via "
Using _encodes the law of re ection. (In fact, it is best to
consider _as a subset of the b-cotangent bundI&T X.)
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Generalized broken bicharacteristics are

e continuous maps : 1! _

e for f continuous real valued onsuch that » f isC! on ,
iminf. & T (%)
sl so S S

inff Hof () : 92~ *( (o)) g

In the C1 setting one can strengthen this de nition to rule out
certain bicharacteristics gliding along the boundary, sweom
corners.



Propagation of singularities
00000

The prototypical example is a broken bicharacteristic: if
:(&0]! and 4 :[0;b)! are bicharacteristics in the
usual sense, and(*+ (0)) =~ (  (0)), then the curve

@b)! o jag =" ) dppy =M+

is a (generalized broken) bicharacteristic.

If g 2 s “hyperbolic', i.e. » 1(fqg) consists of more than one (in
this case automatically two) points, then every (generatiz
broken) bicharacteristic througly has this form, and indeed is
uniquely determined by. (Not true in general!)



Propagation of singularities
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In the presence of boundaries and corners, one needs an
admissibility criterion for solutions of the wave equatiol X is a
manifolds with corners equipped with@' metric, we say thatu
is admissible if there exists 2 R such that

D Ku2 L2 (X) and hDii Kdu2 L2.(X;T X);

i.e. if D¢ Ku2 H,%C(X). Note that imposing Dirichlet boundary
conditions onu amounts to requiringD;i u 2 HE,(X), where
H3(X) is the completion ofC} (X ) in the H norm.

For admissible solutions of the wave equation on manifolds w
corners, there is a wave front set alsofifi X no, due to Melrose,
denoted byWFy(u). Away from @X, this is simplyWF (u), and at
@X it measures ifu is microlocally conormal tag@X relative to
L2(X), i.e. it microlocally tests whetheWy :::Vmu 2 L%(X) for all



Propagation of singularities
00000e

The theorem of Melrose, Spstrand and Taylor in this formatibn
is that if Pu =0, u is admissible, and satis es Dirichlet or
Neumann boundary condition thewFy,(u) ,-and it is a union
of maximally extended generalized broken bicharacteristn —
(The result also holds in the analytic category, althoughrtedn
tangential curves that are not bicharacteristics in ti@' setting
must be allowed there.)

If M, henceX, are manifolds with corners, and we impose Dirichlet
or Neumann boundary conditions on the boundary hypersweac
then the analogous theorem is still true. In the analytic theg this

is due to Lebeau, in th&€! setting to A.V.
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The de nition of _in this setting is that if F is the interior of a
boundary face- of X, then overF , points in diering by a
covector inN F are identi ed. This again is the law of re ection:
kinetic energy as well as momentum tangential Foare conserved,
but the normal momentum may change.




Propagation of singularities
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Bicharacteristic segments as above again give rise to
generalized broken bicharacteristics, but now even fommalty
incidence these are not the only ones as the incoming/outgoi
ones can be tangent to another boundary face. Notice alsd tha
the continuation of an incoming ray is not unique: one gets a
whole cone of re ected rays.

If u is an admissible solution of the wave equation, satisdyi
Dirichlet or Neumann boundary conditions at codimensioreon
hypersurfaces, thelWF,(u) —is a union of maximally extended
generalized broken bicharacteristics.



Propagation of singularities
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This result is optimal for normally incident bicharacteits  in
the sense that in general a solution will have wave front setad
generalized broken bicharacteristics extending

The result also holds for Sobolev wave front s&-['(u), which
measure inX whetheru is microlocally inHZ.(X ). The proof
relies on positive commutator estimates (microlocal energ
estimates) relative toH1(X) using Melrose's (X) (totally
characteristic operators) as microlocalizers and comnmisa
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Geometric improvement?

One can then ask whether the Sobolev result is optimal for
normally incident bicharacteristics. Indeed it is, but tieeis a
special and rather large class of solutions of the wave eiguat
namely those "not focusing' on the corner, for which it can be
improved.

To see how, remark that not all generalized broken bichaeaistics
are ‘geometric’ in the sense that they are limits of bichasaistics
that just miss the corner under consideration. One expedttatt
unless one is dealing with a solution that focuses on the egron
the "non-geometric' broken bicharacteristics the re edtevave
should be less singular than the incident one.



Geometric improvement?

This is most easily illustrated by spherical waves emargfiom a
source near the boundary or corner. Then most of the sphérica
wave misses the corner (i.e. only a lower dimensional pa# ),
unlike in the case of a spherical wave hitting a smooth bougda
Thus, one expects that part of the solution comprising theeeted
rays from the corner, but away from the re ected rays from the
boundary hypersurfaces, is less singular than the sphleviese.

With the current state of technology the geometric improvent
at corners is too hard to obtain, although the machinery usad
obtaining the “model' result below can be adapted to get edgmt
partial results on manifolds with corners (with corners abitrary
codimension).

In the codimension 2 corner setting, in the analytic categdhere
is a corresponding result due to Gerard and Lebeau for caomadr
incident waves. There is also a long history of the subject in
applied mathematics, especially in the work of Keller.



Edge manifolds
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So we consider a model which is a manifold ;(g) with boundary
equipped with a singular Riemannian metric of “edge-type":
@ @W has a bration o: @7 ! Y, with compact ber Z,
@ M has a boundary de ning functiorx,
@ near@v;
g=dx’+ h+x%k
with h2 CL ([0; ) Y;Sym’T ([0; ) Y))and
k 2 C! (U;Sym?T M); we further assume thahjy=o is a

nondegenerate metric ol andkjy=o iS a nondegenerate
ber metric.

Here we extended the brationgtoa braton :U! [0;) Y
on a neighborhoodJ of @W.
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A typical example is if we blow-up a submanifotd of R" (or any
Riemannian manifold) and lift the metric to the blown-up spa
M =[R";Y]. In other words, we introduce “geodesic polar
coordinates' aroundy , although in this case the propagation of
singularities result is trivial, for the metric oR" is not singular at
Y. The bers Z in this case are spheres, of dimension equal to
codimY 1, while the base i&¥ . A more interesting example is
obtained in this case if the metric is altered, provided itlishas
the same form.

The truly relevant setting for us arises by taking a domairttwi
cornersM in R", or taking a manifold with cornerd! as before,
and blow up all corners, in order of increasing dimension (or
inclusions) to obtain the total boundary blow-ul! of M. In this
case, however¥ itself is a manifold with corners, and the bera
are manifolds with boundary or corners.



Edge manifolds
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As we study the wave equation, we work wikh= M R, which
still has a bration, with baseY R and ber Z.

Much like before, there are two phase spaces and charatieris
sets (analogues of and):

o the identi cation giving -is not only in the momenta, but
also in the base spacs,

o the compressed (or collapsed) versionXfis
X=X [ (Y Ry) (disjoint union), with the projection over
@X given by the bration ¢ id,

e if X is the blow-up of a spacX, then X = X,

e over the interiorX of X, the characteristic sets are
p Y(fog\ T X,

e at @X, -is obtained from by identifying covectors with
di ering dx and x dz components and dropping the ber
coordinatez.



Edge manifolds
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Generalized broken bicharacteristics are de ned as cuimes
using a Hamilton vector eld condition on . Their projectio to X
is continuous { they usually do not lift to continuous curves X.

The theorem on the propagation of singularities for solutsou of
the wave equation holds as before. It is again proved by pasit
commutator estimates, using ,(X) as microlocalizers.



Edge manifolds
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Suppose now thatg : (0;tg) ! T X is a bicharacteristic
segment, approaching the boundary normallytals 0. Then the
projection of ¢ to M is a geodesic; this geodesic extends to a
smooth curvec de ned on [Qtp). In particularc(0) 2 @X is
well-de ned; we say that g is outgoing fromc(0).

Let denote the set of all generalized broken bicharactédds
extending o (extending backwards is the interesting part here).

The theorem on the propagation of singularities states thht

[
= f(C ;0 29

is disjoint fromWF(u), then so is the image of g; similarly for
WF ' (u).



Edge manifolds
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Among bicharacteristics hitting the edge normally, the geetric
bicharacteristics are those which are limits of bicharaigics in

T X . Itis straightforward to make this concrete: this means tha
the incident and outgoing points for the corresponding gesit lie
in the same ber, distance away from each other with respect to
the ber metric k.

If M arises from a blow-upM ;Y ], the front face of M; Y] is
isomorphic to the spherical normal bundle ¥f, i.e. points in the
same ber correspond to approaching from di erent (normal)
directions, so, if the metric is just a metric oll lifted by the
blow-down map, distance corresponds exactly to going "straight'
in M, without breaking atY .



Edge manifolds
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The non-focusing assumption can be stated via the “backward
ow-out' F of the edge microlocally near . HereF consists
of bicharacteristics hitting the edge. Away from the edde, is a
smooth coisotropic submanifold &f X , and indeed it extends to
a smooth submanifold of the edge cotangent bundi&, X, which
we discuss later.

Let M Dbe the set of rst order ps.d.o's with symbol vanishing
alongF , and letM ! be the set of nite sums of products of at
most | factors, each of which is i .

The non-focusing condition of orda®for g is that, for some
> 0, microlocally near , and for someN,

X 0
u=  Av; A2M Ny 2 H™:
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We still need the analogue of boundary conditions, which st
case are obtained by taking the self-adjoint realizationtioé
Laplacian to be the Friedrichs extension of the Laplacian on
ct (wm):

@ the quadratic form domairD is de ned as the completion of

cl (™ ) with respect to the normkukfé + kdukfg,

o the domain of is D= fu2D: wu2lL3g
In general,Ds will denote the domain of 572,

An admissible solution of the wave equati®tu =0, P = th ,
is then one satisfying

u?2 L%(R;Ds); Diu2 L?(R;Ds 1);

for somes 2 R. Fors = 1, this states thatu 2 L?(R; D),
Dru 2 L%(R; L).
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Theorem

Suppose that(M; g) is a manifold with an edge metric,
X =M R, andu is an admissible solution of Ru0,

P= Dt-’- . Let ¢ be a bicharacteristic segment as above, and
suppose that u satis es the non-focusing assumption of ordfor

0-

Then for R< r% ¢\ WFR(u) = ; provided that, for some > 0,
all geometricgeneralized broken bicharacteristics2  extending
o satisfy (( ;0))\ WFR(u) = ;.

That is, singularities of ordeR < r°can only propagate into g
from geometric generalized broken bicharacteristics agiag it.



Edge manifolds
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The proof of this theorem relies on

o the propagation of singularities, in the sense of a compeess
phase space, and

o the microlocal propagation of coisotropy.

Thus, along bicharacteristics which are not geometricalyated to
incoming bicharacteristics carrying singularities, orffews thatu
is coisotropic of an order given by the background regwadt u {
this doesnot require the non-focusing hypothesis. (The
“background regularity' is the regularity along all reldtécoming
bicharacteristics, not only the geometric ones.)

The combination of non-focusing (which is dual to coisotymand
coisotropy gives the improved result of the theorem via
interpolation.



Edge manifolds
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This statement is quite natural: the non-focusing conditioin this
form, states that whileu 2 H™ N only, it is in a better spacetH'’,
“to nite order along ' (rather than in any neighborhood of ), as

re ected by the presence o1 N in the condition. (This " nite

order' corresponds to saying that an operator i , while rst

order, is in fact zeroth order to " rst order along§ '.) Thus,
moduloH'’, one can expect singularities to follow limits of integral
curves ofHy, i.e. geometrically related broken bicharacteristics.

In the conic setting, wherer' is a point, the metric can be brought
to the form g = dx? + x?k near x=0, 7 2 M 2. Thus, the
non-focusing assumption is equivalent to the non-focusing
assumption used in previous work of Melrose and Wunsch faiaco
points: u=( 7 +1)Nv, with v microlocally inH"".



Edge manifolds
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Lagrangian distributions, such as the fundamental solatiwith
initial condition a delta distribution near, but not at, thedge,
often satisfy the non-focusing condition simply by virtuéthe
Lagrangian intersecting the coisotropic manifold
transversally inside the characteristic set.

Inside , the codimension of this intersection is the diméms f of
the bers (i.e. in the corner setting this would be the codimsion
of the corner before the blow up, minus 1), which implies that
satis es the non-focusing condition with an improvement fof2.

Roughly speaking, a Lagrangian distributionassociated to is
smooth along , so one can divide by some rst order factors
vanishing atF  \ (symbols of ps.d.o.'s) and still improve
Sobolev regularity.



Phase space geometry

One can associate to a boundary bratiorpy id; an edge
tangent bundle fT X, whose smooth sections are the vector elds
on X which are tangent to o id;.

In local coordinatesx;y; z) as above, sg; are the ber variables,
y; are coordinates oY Ry, these vector elds have the form

X X
ax@ + bjx@j + cj@;

with a;bj; ¢ 2 C! (X) arbitrary. Correspondingly?T X is locally
spanned byx@;x@; @ . The dual bundle is the edge cotangent

bundle,®T X; it is spanned byi ;dz, with corresponding
dual coordinates; j; ;.

7x7

The analogue of the phase spage X from beforehand ¢ a
manifold with corners with a non-degenerate Riemannian mogtis
Xx®T X: this consists of covectors of nite length.



Phase space geometry

@ The principal symbop = (P) has the property that
x?p2 C! (°T X no),

o the characteristic set = p (f0g) is aC! submanifold of
€T X no,

o the Hamilton vector eldH, is such thatW = x?Hj is aC?t
vector eld on®T X no, tangent to its boundary and to ,

e in , W is radial only at@X, and there precisely at the sd®
of points (Qy;z; ;; )with =0,

e working on®S X = (®T X no)=R", the non-tangential
ow-out F of the edge is the stable/unstable submanifold of
R%= R=R* outsidex = 0 (depending on the sign of;

60),

@ maximally extended integral curves W over @X conserve
the “slow variables'y(; ), the projections to@X are
(reparameterized) geodesics # of length ; they tend to the
radial setR%ass! 1



Phase space geometry

The result on the propagation of coisotropy is thus a resuft o
propagation through radial pointsand is thus related to earlier
work of Hassell-Melrose-V. It roughly states that if a sdrt of
the wave equation is coisotropic along bicharacteristicsving
towards a radial point, then it has no edge wave front set on
bicharacteristics owing out of this radial point inside &
boundary, and conversely. (This statement needs to be made a
little more precise.)

The propagation of singularities theorem on the comprespbdse
space only keeps track of the “slow variables' at the edge.
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One can also describBg rather explicitly. For 0 s < “Tl where
f =dim Z,
Ds = X°H3(M);

whereHZ (M) is the Sobolev space associated\g(M), consisting
of smooth sections of T M, relative to LS(IVI). For generals, a
similar description is possible, and one can also desctiee t
admissibility criterion for solutions of the wave equatisimilarly.
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