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Problem 1 By Prop 0.11 (in Inner product handout), ||f — ¢| is minimal if
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Problem 2
(i) Let A be an eigenvalue and v be a nonzero eigenvector corresponding to M. If A

is positive, then
A< vv>=< A, v >=< Av,v >2 0.

Since < w,v >> 0, A > 0.
{ii) Let f,g € D. First, we show that A is symumetric. By integration by part and
the fact that {0} = f’({) = 0 and g(G) = ¢'({) = 0, we obtain that
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Next we show that A is positive. By the same argument as above, we have

cont= [ (30) ()= [ 200]

(iii) Let f,g € D. First, we show that A is symmetric. By integration by part and
1

<Al 9>

1l

dz > 0.




2 HOMEWORK 9 MATH 220

the fact that f(0) = f/(0) = f{I) = f'(1) = 0 and g(0) = ¢"(0} = g{I) = ¢'{I} =,
we obtain that
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Finally we show that A is positive. Following the arguments above, we have
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(ii) We need to show that for a fixed z, fo(x) = O0asn s co. Wz =0, £,(0) =0
foreachn. fx > 0, fpo{x) =0 for z > 1/n.

(iii} The convergence is uniform if supyep, 1 1fa (%) — 0] = @ as n — co. However
SUP,¢o,1] [fa{2)] = 7 whichk does not converge to 0 as n — co.

(iv)
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asn—oo.
(V) | fnl3: = 32 = 6n — oo asn — o0,

Problem 4

{i) Let the Fourier sine series of ¢ be 3 oo . Apsin(nma/l). We can compute
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An= f plo)singure1) do = 2D (i) '
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From p.4 on handout (convergence of Fourier series), the Fourier sine series con-
verges to an odd 2l-periodic extension function of ¢ since ¢{0) = ¢(I} = 0.
(ii} Let the Fourier cosine series of ¢ be 3700 | By cos{nwa/l). We can compute

1/t 15
Bg=iL qb(a:)d:r—g.
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Bp,= % /i &{x) cos(nazfl) de = —(1 + (—1)™)
o

The Fourier cosine series converges to an even 2i-periodic extension function of ¢.
(iii) An, decays as n—3 while By, decays as n~?. The former one is faster. The reason
is that the odd extension of ¢ is continuously differentiable and the even extension
of ¢ is merely continuous. The smoother the function is, the faster the Fourier
coefficients decay.

n?a?’

Problem 5 For Fourier sine series, we first make odd extension for ¢(x). Now
our ¢ is defined on [, 1]
(i) Fourier sine series converge pointwisely to ¢ in (--{, ) and to (¢()+4{-}}/2=0
at . ¢(—I) = —1 # 1 = ¢{l}, so the convergence is not uniform (otherwise, the
limit function should be continnous.)

Also fil &(z)? dr < co. This implies ¢ € L2(—1,1). Therefore, the Fourier sine
series will converge to ¢ in L2
(i) Fourier sine series converge pointwisely to ¢ in (—1,1) and to (@({)-+¢(-1)}/2 =0
at I Here we know that ¢{1} = ¢(—1) = 0 and ¢'({) = ¢'(—1) = 0. Therefore ex-
tension of ¢ is in €2, and the Fourier sine series converges uniformly to ¢. Moreover,
it also convereges in Z? since uniform convergence implies convergence in L2, (This
can also be shown by showing ¢ € L2(—1,1).}

Problem 6
(1) ulz,t) = 30> | un(t) sin(nmz/l). We obtain similar expressions for f, ¢, v as the
followings:

flz,t) = Z Falt) sin{nmx /1),

n=1

é(z) = ¢nsin{nrz/l),

n=1

wz) = Z i sin{nwa/1).
n=1
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(il) Assume that we can differentiate term by term.

(@, t) = Y un{t) sin{nmz/l).

n=1
Uge (2, 1) = i (__nl:- un(t)) sin{nwz/l).
n=1
(iii) Now we get our ODE
wsfe) + & (50) unlt) = 10,

where un{0} = ¢, and u},(0) = (n). Using Duhamel’s principle, this ODE has
solution

Un(t) = anw + ¢ cos{enat /1) + /Dt W:—Z(jt/_liMan(s} ds.
(iv} By integration by pazt, we obtain
we(t) = %/1 Upe{, 15)sirlnlLm dz
2mr

1
= juzxtcos—ds:
0

Iz
=! 1
+E/ u(z,t)sinﬂir—x_dm :
z=0 { 0 1
n2r

= BTy - k) - 2 ),
where 1q(£) = 2 [ u.(n: ) sin 892 gy
() The ODE is
WA8) = Cun8) 4 Fult) = Fult) — T (10 ~ K — St
o o2n2q? ch T

up () + —5— () = Fult) - {-1)"3() — k(2))
with initial conditions un(0) = ¢a,ul,{0) = 1,bn. Using Dubamel’s principle, this
ODE has solution

% + ¢ cos{enat/1) + fo

where gn(t) = falt) — 2"” e ((—1)"5(t) — K(8)).

t sin(enw(t - s)/1)

ena fl an(s) ds,

Un (t) =



