MATH 220: PDES AND BOUNDARIES

We have used the Fourier transform and other tools (factoring the PDE) to solve
PDEs on R". We now study how we can use these results to solve problems on the
half space, or indeed on intervals, cubes, etc.

As you have shown on your problem set, the solution of the wave equation on
R™ (so u is a function on R” x R;) is even, resp. odd, in z,, if the initial conditions
and the inhomogeneity are even, resp. odd in z,,. That is, write x = (2, z,,) where

2’ = (x1,...,2p—1). The wave equation is

u — 2Au = f, u(z,0) = d(z), us(z,0) = Y(x).
If

f(xlvxnat) = :tf(x/v _xnvt)a ¢(x/’ xn) = i¢(xlv _xn)v w(x/, xn) = iw(x/v _xn)
for all z and ¢, i.e. if f, ¢, are all even (+), resp. odd (—), functions of z,,, then
u is an even, resp. odd function of z,, as well, i.e.
w(a', xn, t) = Tu(a’, —x,, t).

Recall that this was based on considering u(z’, zp,t) F u(z’, —x,,t), and showing
that it solves the homogeneous wave equation with 0 initial conditions. You also
showed that if w is continuous, and is an odd function of x,, then u(a’,0,t) =
0 for all 2’ and ¢, while if 4 is a C' and is an even function of z,, show that
Oz, u(z’',0,t) =0 for all 2’ and ¢.

These observations reduce the solution of the wave equation in x, > 0 with
either Dirichlet or Neumann boundary condition to solving the PDE on all of R™.
For the sake of definiteness, suppose we want to solve the Dirichlet problem:

Utt —CQAU:f, Tn 2 07

u(z’,0,t) = 0 (DBC),

u(z,0) = (), ue(x,0) =p(z), zn >0 (IC).
Here f, ¢ and 1 are given functions, defined in x,, > 0 only. To solve the PDE, we
consider the odd extensions of f, ¢, in x,, i.e. define

) | f@ ), Ty >0,
ded(x ’xn’t) n { _f(xlv _xnvt)’ ZTn < O’ 7
and analogously
/ _ (', ), Tn 2 0,
Podd (¥, Tn) = { —p(', —xp), o <0,

with a similar definition for 1. The resulting function is odd and continuous,
provided that f(z’,0,t) = 0 = ¢(2’,0) = ¥(2/,0), i.e. if the data are compatible
with the boundary condition. Indeed, for z,, < 0 then

¢odd(xla xn) = —¢($/, _xn) = _¢odd(xla _xn)a

and similarly in all other cases.



Now let v be the solution of the wave equation on R™ with these odd data:

Uit — CQAU = foddv
U(J?, 0) = (bodd(x)v ’Ut(xv 0) = wodd(x) (IC)

As we have seen, v is an odd function of z,, hence v(z’,0,t) = 0 for all 2’ and t.
Now simply let u be the restriction of v to x,, > 0, so

w(@',wp,t) = v(@' o, t), T, > 0.

Then wu solves the PDE, satisfies the initial conditions as well as the Dirichlet
boundary conditions, so we have solved our problem!

Concretely, if n = 1, we obtain the following result for the solution of the homo-
geneous wave equation with Dirichlet BC:

1 1 xr+ct
v(#,) = 5 (Poaa(® + ct) + Goaalr —ct)) + o~ / Yoad(0) do
x—ct
Then wu is the restriction of v to > 0, so it remains to work out these formulae in
terms of ¢ and 1 themselves. If x > 0, t > 0 and = > ct then x — ¢t > 0, so we
simply have
1 1 x+ct
u(z,t) = 2(¢(m +ct)+ od(x —ct)) + % / Y(o)do, x> ct >0,
CJz—ct

i.e. the standard solution formula, which was to be expected in view of the propa-
gation speed of waves: if > ct, the effects of the boundary cannot be felt yet. On
the other hand, if z > 0, ¢t > 0 and = < ¢t then x — ¢t < 0 (but = + ¢t > 0 stilll), so

1

o e
u(z,t) = =(d(x + ct) — d(ct — x)) ——/ Y(—o)do + — /0 Y(o)do

0 x+ct
(p(x + ct) — d(ct — x)) + 1 Y(o)do + 1 / Y(o)do
0

2¢ Joi—u 2c

N~ N~ N

x+ct
(6(x + ct) — plct — ) + / W) do.

2¢ Jop—n

We can solve the Neumann problem similarly:

Uy — AU = fy xpn >0,

(0, u)(a’,0,t) = 0 (NBC),

u(z,0) = ¢(x), u(z,0) =v(z), z, >0 (IC).

Again, f, ¢ and 1 are given functions, defined in x,, > 0 only. To solve the PDE,
we consider the even extensions of f, ¢, in x,,, i.e. define

/ _ ) f@ant), 2y >0,
feven(x 7xnat) - { f(xly_xnyt); xn < 0, )

and analogously

/ ] e ), zn >0,
¢8Ven(x ’xn) N { (b(l'/, _xn)v Tn < 0) ’

with a similar definition for ). The resulting function is even and C!, provided
that fy, (2/,0,t) = 0 = ¢y, (¢/,0) = ¥y, (2/,0), which again means that the data
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are compatible with the boundary condition. We again check, e.g. for f this time,
that for =, <0

feven(xla Tn, t) = f(xla —Tn, t) = feven(xla —Tn, t)a
and similarly in all other cases.
We now let v be the solution of the wave equation on R” with these even data:

Uit — C2AU = fevenv

U(J?, 0) = ¢even(x)a 'Ut(xa 0) = weven(x) (IC)
Now v is an even function of x,,, hence v, (2’,0,¢) = 0 for all 2’ and ¢t. We finally
let u be the restriction of v to x, > 0, so

w(@', xn,t) = v(@', 20, t), T, > 0.

Then u solves the PDE, satisfies the initial conditions as well as the Neumann
boundary conditions, so we have solved our problem!

If n = 1, a calculation analogous to the DBC gives for the homogeneous PDE in
x—ct<0,z>0,t>0 (the usual formula still holds if x — ¢t > 0)

0 x+ct
w(a ) = (¢(x+ct)+¢(ct—x))+$ y (—U)da+%/0 W(o) do

N = N

ct—x x+ct
(6 + cb) + dct — 7)) + %/0 W(o)do + L / (o) do.

2¢ Jop_o

The main reason our method worked is that for any function (or indeed distri-
bution) u, letting u_(x', zp,t) = u(a’, —x,,t), we have

(82 — AA)u_) (2, xp, t) = ((0? = M) (2!, =, 1).

Since
(0% 0Fu_) (2!, 2, t) = (0%0Fu) (2!, —xp,t)
for all @« € N* ! k € N, as these differentiations are not in the z,, variable, this
boils down to
(3.];”“7)(%/, Tns t) = (_1)k(a§nu)(x/7 —ZTn, t)a
and that only even number (in this case k = 2) x,-derivatives of u enter into
the wave operator. Thus, for instance, the wave equation for the bi-Laplacian,
(0?4 c2A%)u = 0 with appropriate boundary conditions, namely either the function
and its second derivative vanishing, in which case we could use odd extension, or
the first and third derivatives vanishing, in which case we could use even extensions,
could also be treated by this method.
The heat equation is completely analogous. Thus, to solve, for instance,

up — kAu=f, x, >0,

u(2’,0,t) =0 (DBC),

u(z,0) = ¢(z), z, =0 (IC),

where f and ¢ are given functions, defined in z,, > 0 only, we consider the odd
extensions foqq and ¢oqq of f and ¢ in x,, and solve
vt — kAv = foaa,

v(z,0) = ¢oaa(x) (IC).
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Once we check that v is an odd function of z,, hence v(2’,0,t) = 0 for all 2’ and
t, we are done as before: letting u be the restriction of v to z,, > 0, so

U(Z‘/,Z‘n,t) = U(xlaxnvt)a Ty >0,

u solves the PDE, satisfies the initial conditions as well as the Dirichlet boundary
conditions.

It remains to check that v is indeed an odd function of x,,. This can be done as for
the wave equation. Namely, consider w(z’, x,,t) = v(2’, zp,t) +v(2’, —2p,t). Since
v solves the inhomogeneous heat equation with odd f, w solves the homogeneous
heat equation:

(wy — kAw)(x,t)
= v (2, t) + v (2, =20, t) — k(AV) (2, 20, t) — K(AV) (2, —20, t)
= fodd(xlvxnat) + fodd(xlv _xnvt) = 07

since foqq is odd. In addition, w has vanishing initial condition:
’LU(Z‘, 0) = U(xla Tn,y 0) + U(xla —Tn, 0) = (bodd(xla xn) + ¢odd($la _xn) =0

as Podd is odd. Assuming, for instance, that v(x,t) — 0 as |z| — oo, hence the same
holds for w the maximum principle, as on Problem Set 4, shows that w vanishes,
so v is indeed odd.

We would still need to check the needed decay of v (assuming decay on f and
@), but this follows from our solution formula. Indeed, we can see directly from the
solution formula, at this point for f = 0, that the v we constructed is odd. Indeed,
the solution formula is

n

o, t) = (4mkt) ™"/ / e lemvI ) 6 a(y) dy,

SO

n

1}(3;’7 —Tn, t) = (47Tkt)_”'/2 / e—\m’—y’\2/(4kt)e—(—mn—yn)z/(4kt) (bodd (?/7 yn) dy

— (47Tkt)_n/2 / e_‘ml_yl‘Z/(4kt)e_(_mn+yw,)2/(4kt)¢odd (y/, _yn) dy

n

_ _(47Tkt)—n/2 / e_ll',_yl‘2/(41‘#’)e_(mn_yn)2/(4kt)¢odd (y/, yn) dy

n

= _U(xla xnat)v

where the second equality is a change of variables from y, to —y,, and the third
equality uses that ¢oqq is odd.



We obtain an explicit solution formula this way (for x > 0, ¢ > 0):

u(z,t) = —(47rkt)_"/2/ 6_‘m_y‘2/(4kt)¢(y/a —yn) dy
yn<0

Flamk) e [ e o) gy

Yn >0

— —(4rkt) "/ / =12/ =/ 12/ (4ht) =(oakn)/ (40 (0 dy

Yn 20

dlamkt) e [ a0 o) gy
Yn >0
= (47rkt)_"/2

/ e~ l2’ =y [*/(4kt) (€—<mn—yn>2/<4kt> _ €—<mn+yn>2/<4kt>) o(y) dy
Yn 20

- / Gz, y,t)d(y) dy,
ynZO
where

)

Gla,y,t) = (4rkt)~™/ 21’ =v'I*/(4kt) (efunfynf/(zxkt) _ 67<wn+yn>2/<4kt>)

and where the seond equality is a change of variables from y, to —y,. Note
that this is still an integral over the space, y, > 0 in this case, but the Gauss-
ian has been amended by subtracting its ‘reflection’ around the z,, = 0 plane,
e~ le'=y'1?/(4kt) o= (@ntyn)®/(4kt) | Tt ig also instructive to notice that we can see that
the boundary condition is indeed satisfied directly from

G(2',0,y,t) = (47rkt)7"/267|9”'7y/‘2/(4’“) (e’(’y")Q/(‘lkt) - e’yi/(‘l’“)) =0

for all 2/, y,t.
Laplace’s equation works similarly. Thus, to solve

Au=f, z, >0,
u(z’,0) = 0 (DBC),

where f is defined for x,, > 0 only, we take the odd extension f,qq of f to R™, solve

Av = fodd

on R", and let u be the restriction of v to x,, > 0. If f decays at infinity, so does
fodd, and by the maximum principle, Av = f,qq has a unique solution that decays
at infinity. Explicitly, as you show on your problem set, one has

o) === [ o=l ) dy,
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so, letting z_ = (a’, —x,) be the reflection of z around the z,-plane, one has

1 - 1 _
u@en) =~ [ el @y g [ eyl ) dy
47T Yn>0 47T yn<0
1 _
= >Olfﬂ—yI Yf(y) dy
Yn 2
1 _
+4- (12" =o' 2+ (@0 + ya)) V2 F (W yn) dy
0 Yn >0
1 _
:_E/ >Olﬂc—yl Yfy) dy
Yn 2
1 _
b [ =P =) ) dy
0 ynZO
1 ~ _
=1 >0(Ix—yl P em =yl f(y) dy
Yn =2

/ Gy

where

1 _ _
Glay) =~ (e =9l — oo —y| ™),

and where the second equality is a change of variables from y,, to —y,,, while the
third is rewriting

(Jo" =P + (@n +y2)*) 2 = (I —¢/P + (an = ya)*) 72 = | —y| 7"

Again, note that for all 2’ and all y, G(2’,0,y) = 0 since z_ = z if x, = 0, so
indeed the boundary condition is satisfied. In physics, Au = f finds the electrostatic
potential u associated to a charge distribution f. Correspondingly, considering foqq
means that we place imaginary charges in x,, < 0, with opposite signs to those in
z, > 0 and solve the problem in the whole space. Thus, this method is also called
the method of images.

These results can easily be generalized to quadrants, etc. For instance, to solve
the heat equation in the quadrant z,_1,z, > 0, write = (2/,zp_1,2,), ¥ =
(z1,...,Zn—2). Impose, for instance, Dirichlet boundary condition at x, = 0,
Neumann at x,—1 = 0, so the PDE is

ur — kAu=f, r,_1,2, >0,

uw(z', xp—-1,0,t) =0 (DBC), u(a’,0,z,,t) =0 (NBC)

u(z,0) = ¢(x), rp—1,z, >0 (IC),
where f and ¢ are defined if both x,_; and x,, are > 0. The method is then to
extend ¢ and f to all of R} in such a manner that the extensions dext, resp. fext,

are odd in z, and even in x,,_1. This can be achieved by first extending ¢ (and
similarly f) to be even in z,_1, defined now for only z, > 0:

/ _ (b(l'/, xn—laxn), Tn—1 Z 07
¢even($ 7$n71;$n) - { (b(aj/, _xn—laxn)7 Tp_1 <0, )

and then extending ¢even to be defined on all of R™ by making it odd in x,:

/ _ > 0
e (beven(x y Tn 1;xn); Tn =2 U,
¢ext( e n) _¢even(x/; Tn—1, _xn)a Ty <0,



Of course, we could have done the extensions in the opposite order. Then the
extensions gext and fext are odd in x, and even in x,_1, as desired.
We again let v be the solution of the PDE with the extended data on all of R"™:

Ve — kAv = fexta
v(2,0) = ¢ext () (IC).

It is now even in x,_1, odd in x,, so letting u(z,t) = v(z,t) if z,—1,2, > 0, we
have solved the PDE.

When solving PDEs in half spaces, quadrants, etc., it is sometimes easier to read
off properties of the solution of the PDE directly from the solution v on R™, rather
than trying to work out an explicit formula in the region. For instance, the solution
of the homogeneous heat equation on R™ x (0,00) is C* in ¢ > 0, even with merely
bounded continuous, or L', or tempered distributional, initial data, hence the same
remains true for the heat equation in half space with either Dirichlet or Neumann
initial data.

On the other hand, for the wave equation, singularities propagate along charac-
teristics. If n = 1, with either Dirichlet or Neumann boundary conditions, if the
original initial condition is C*° at some z with & > 0, the extension will be C'*®
at z and —z, and conversely, if the original initial condition is not C*° at some =z
with z > 0, the extension will not be C*° at x or —z. The situation at x = 0 is
more delicate; e.g. the function ¢(z) = x*, > 0, is a perfectly nice C* function,
but its odd extension is not: ¢eqq(z) = —x* for < 0, so lim,_oq ¢ (z) = 24,
while lim, o ¢* (2) = —24, so its 4th derivative is not continuous. This may be
avoided e.g. by assuming that all derivatives of ¢ vanish at 0, or even more strongly,
¢ vanishes identically near 0. Under either of these assumptions, the singularities
of the extensions of ¢ lie exactly at x and —z as x runs through the points on the
positive half-line at which ¢ is singular. Correspondingly, the solution of the wave
equation on R, x R; will be singular on the characteristics through the two points
(z,0) and (—z,0) for each such x. This gives that singularities of solutions reflect
from the boundary with the usual (equal angle) law of reflection: fixing xg > 0
at which ¢ is singular, in ¢ > 0 the characteristic through (xg,0) along which x
is decreasing, * = xg — ¢t (or & + ¢t = xg) hits x = 0 at t = x¢/c, which is
the same place where the characteristic from (—zg,0) along which z is increasing,
x = —xg+ ct, hits z = 0. Thus, restricted to = > 0, the singularity seems to reflect
from the boundary, since we do not ‘see’ the images that arose by our even or odd
extensions.

While we conveniently had all our boundaries on a coordinate plane, this is by
no means necessary. For instance, consider the PDE

ur = kAgu, z, > L,
w(x’,0,t) =0,
u(z,0) = ¢(z), x, > L.
Introducing the new variable, y = (v, y,) with y, = z, — L and ¢y = 2/, for the
function @(y’, yn,t) = w(y’, yn + L, t), the PDE becomes
iy = kAyi, yn > 0,
a(y',0,t) =0,
WY yn,0) = (Y, yn + L), yn 20,
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which we can solve as above. Then we let u(a’, z,,,t) = @(z', z, — L, t) to get back
the solution of the original equation.

Rather than going through this process, we could have obtained the the same
result by extending u directly to an odd function about the plane x, = L. The
reflection of a point (2/,x,) about this plane is (z/, L — (z, — L)) = (2/,2L — x,,),
so the extension we would have considered is

/ (', ), T, > L,
¢ext(x axn) = { —(gé(x',Z)L _ xn); Ty < L,

We can then solve the PDE on R”™ using these extended initial data, and restrict
to x,, > L to get the desired solution.

We can also work on intervals, cubes, etc., using further iterated versions of
these methods. As an example, consider the heat equation on [0, ], x (0, 00); with
Dirichlet boundary condition. We have seen that we should take the odd extension
around both z = 0 and = = ¢. This can be simplified as follows: we take the odd
2(-periodic extension of ¢. That is, first we extend ¢, which at first is defined on
[0, ], to an odd function on [, ¢]:

_ | o(=), x>0,
Poda(v) = { —¢(—z), x<0.

Next, we extend ¢oqq to a 2¢-periodic function on R, i.e. to a function ¢eys, i.e. to
a function satisfying
Dext (T + 20) = dext(x), T € R.

This can be done, since any x € R can be translated by an integer multiple of 2¢ so
that the result lies in [—¢, £], and the result is a unique point except if we started at
an odd multiple of ¢ (in which case both £/ are acceptable results). Moreover, gext
is still odd, for if z € R and x — 2k¢ € [—{,{] then —x + 2kl = —(z — 2k() € [—{, 4],
so the oddness of the 2¢-periodic extension reduces to the oddness of ¢oqq. This
way we obtain an extension to all of R which is odd and 2/-periodic, and it satisfies

¢ext(2€ - x) = ¢ext(_x) = _¢ext(x)7
where the first equality follows from being 2/-periodic, the second from being odd,
SO (ext 1s also odd about z = 4.
Now we solve the heat equation on R, x (0, 00):

Vg = kUgg, T € R,

v(2,0) = Poxt (),
and let u be the restriction of v to [0, €], X [0,00);. Since @exs is odd both about
x = 0 and z = ¢, we deduce that v is also such, and thus v(0,t) = 0 = v(¢, 1),
hence u satisfies the Dirichlet boundary condition. One can again work out the
formula explicitly, but now one will end up with an infinite sum corresponding to
the 2¢-periodic nature of the extension.

Solving the wave equation again works similarly. At the qualitative level, solu-
tions on these intervals, cubes, etc., behave just like the solutions on half spaces,
quadrants, etc., so in particular for the heat equation we get smoothness of the
solutions, and for the wave equation we get reflected singularities following charac-
teristics.



