CATEGORICAL GEOMETRIC SKEW HOWE DUALITY

SABIN CAUTIS, JOEL KAMNITZER, AND ANTHONY LICATA

ABSTRACT. We categorify the R-matrix isomorphism between tensor products of minuscule represen-
tations of Uy (sl,) by constructing an equivalence between the derived categories of coherent sheaves
on the corresponding convolution products in the affine Grassmannian. The main step in the construc-
tion is a categorification of representations of Ug(slz) which are related to representations of Uq(sly)
by quantum skew Howe duality. The resulting equivalence is part of the program of algebro-geometric
categorification of Reshitikhin-Turaev tangle invariants developed by the first two authors.
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1. INTRODUCTION

This paper is part of the program laid out in [CK2] for categorifying Reshitikhin-Turaev tangle
invariants using geometric representation theory. Let us briefly recall the main idea explained in
the introduction to that paper. Let G be a complex reductive algebraic group. If (A,...,\,) is a
sequence of dominant minuscule weights of G, then there is a smooth projective variety Gry, x - - - xGry,,
(constructed using the affine Grassmannian of the Langlands dual group) whose cohomology is naturally
isomorphic to Vi, ® --- ® V), (see [MVi]). The Reshitikhin-Turaev tangle invariants are maps between
various V), ® - ® V3, (or their quantum analogs). We proposed in [CK2] to lift these linear maps to
functors between the derived categories of coherent sheaves on the varieties Gry, x - - - xGry,, .

A first step in this direction is to define a functor corresponding to a crossing on two strands. This
will be an equivalence of derived categories

D(GryxGr,) — D(Gr, xGr))

which lifts the isomorphism V) ® V,, — V,, ® V) of Grothendieck groups. The main purpose of this
paper is to construct such an equivalence when A, 1 are minuscule representation of SL,,,. We will use
the notation Y (k,l) := Gr,, xGr,,. A concrete definition of Y (k,1) is given in section 2.2.

Directly constructing such an equivalence turns out to be surprisingly difficult, even though there
is a natural correspondence Z(k,!) between the two varieties Y (k,1) and Y (I, k). As one indication of
difficulty, consider the case k =1 = 2, m = 4; in this case there is an open subset of Y(2,2) isomorphic
to T*G(2,4) and it was shown by Namikawa [Nam| that the natural correspondence between T*G(2,4)
and itself does not give an equivalence of derived categories. Hence in order to construct the equivalence,
we use a more indirect approach involving categorical sly actions. To explain how this sl action enters
the picture, we must first describe geometric skew Howe duality.

1.1. Geometric skew Howe duality. Consider the vector space AN (C? @ C™). This vector space
has commuting actions of both SLs and SL,,, each of which is the other’s commutant. In particular,
we have a surjection
Usly - Endgy,, (AN(C*®C™)).
We can decompose AN (C? ® C™) into SLy weight spaces as
AV eCm) = P ACmeAlC™.
k+l=N

m

Then it is not hard to see that the vector space automorphism of AN (C? @ C™) = A*C™ ® AlC™
which permutes the tensor factors in the right hand side is (up to sign) the action of the reflection
element t = (91 [1)) € SLs.

A geometric setup related to this skew Howe duality was described by Mirkovic-Vybornov [MVy].
Under the geometric Satake correspondence, the SLy representation AY(C? @ C™) corresponds to the

perverse sheaf
@ T+ Cy (1)
k+l=N
on a piece Gr of the affine Grassmannian. Here Cy (4 ;) denotes the constant sheaf on Y'(k,[) and 7 de-
notes the map Y (k,!) — Gr (described in section 2.2). Since the geometric Satake correspondence is an
equivalence of categories, endomorphisms of AY (C? ® C™) go to endomorphisms of € pri=n T+ Cy (k)
and we get a surjection

Usly » End ( @ mCyup)= € Hip(Y(k 1) xc: Y(K,1)).
k+l=N (K1), (k1)

(The second equality follows from the fact that  is semi-small — see [CG, Theorem 8.5.7].)
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It follows that sly acts on the cohomology ®x11=nH*(Y (k,1)) , with the action of the generators
E, F coming from the correspondences W (k,[) described in section 2.5. Mirkovic-Vybornov [MVy]
explained that when restricted to certain transverse slices, this action of sl becomes the action studied
by Ginzburg [CG, Chapter 4] and Nakajima [Nak] (Mirkovic-Vybornov also considered a more general
setup where C? and sl, are replaced by C" and sl,,).

1.2. Categorical sl; actions and construction of the equivalence. The additional structure of an
action of sly on ®H*(Y (k,1)) suggests the following strategy for constructing our desired equivalence,
inspired by the work of Chuang-Rouquier [CR]. First, construct an action of sly on @& ;D(Y (k,1)).
Then use this action to construct an action of the reflection element ¢ € SLy on @y ;D(Y (k,1)).
This gives us equivalence T : D(Y (k1)) = D(Y(l,k)) lifting the isomorphism A*C™ ® AlC™ =
AlC™ @ AFC™ of sly weight spaces.

More precisely, we construct a geometric categorical sly action using the varieties Y (k, 1) (see The-
orem 3.3). We introduced the notion of a geometric categorical sl action in [CKLI1] (but review it
in section 3.1 of this paper). Roughly speaking, this means that we have functors E, F between the
categories D(Y (k,1)) which obey the relations in the Lie algebra sl at the level of cohomology of com-
plexes. An additional part of the data of a geometric categorical action are compatible deformations
Y (k,1) of the varieties Y (k,1); these deformations play a crucial role in lifting the sly relations from
isomorphisms at the level of cohomology to genuine isomorphisms of functors.

Using the main result of [CKL1], this geometric categorical sls action induces a strong categorical
sl action on the categories D(Y (k,l)). In [CKL2] (following ideas of Chuang-Rouquier [CR]), we
proved that a strong categorical sl action allows one to lift the reflection element ¢ € SL, to obtain
equivalences. Applying this to our situation we obtain the desired equivalence T : D(Y (k,l)) —
D(Y(l,k)) (see Theorem 4.1).

We work throughout with C*-equivariant derived categories. In particular the Grothedieck groups
are C[g, ¢~ '] modules and we construct an isomorphism of C[g, ¢~']-modules K (D(Y (k,))) — A% (C™)®
AL(C™) where A}(C™) denotes the Uy (sl,,) module corresponding to A*(C™).

The skew Howe duality picture described above extends to the quantum setting. Using a modification
of work of Toledano Laredo on the quantum Howe duality, we show that on the level of Grothendieck
groups, our equivalence T induces the braiding isomorphism A}(C™) @ AL(C™) — AL(C™) @ AF(C™)
up to multiplication by scalars (Theorem 4.1). In the case when k,I € {1,m — 1}, this gives further
evidence for Conjecture 7.1 from [CK2] — with some care it should lead to a proof of that conjecture.

1.3. Organization. The paper is organized as follows. In section 2 we describe our varieties and the
functors which define the sl; action. In section 3 we define the notion of geometric categorical sls
action and explain how we achieve such an action in our case. In section 4, we explain the equivalence
we construct and the map it induces on the level of Grothendieck group. In section 6, we prove that
we have a geometric categorical sly action using some technical results and calculations from section
5. For a quick overview of the paper one should read sections 2, 3 and 4.

1.4. Acknowledgements. We would like to thank Arkady Berenstein, Alexander Braverman, Dennis
Gaitsgory, Valerio Toledano Laredo, and Sebastian Zwicknag]l for helpful comments. S.C. was supported
by National Science Foundation Grant 0801939 and thanks the Mathematical Sciences Research Insti-
tute for its support and hospitality. J.K. was supported by a fellowship from the American Institute
of Mathematics. A.L. would also like to thank the Max Planck Institute in Bonn for hospitality and
support.
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2. GEOMETRIC SETUP

In this section we begin by reviewing the notation of Fourier-Mukai kernels and Grassmanians. We
then introduce the varieties Y (k,1), the deformations Y (k,1) and the sly functors E and F.

2.1. Notation. For a smooth variety X, let D(X) denotes the bounded derived category of C* equi-
variant coherent sheaves. An object in P € D(X) is represented by a complex of quasi-coherent sheaves.
The cohomology of this complex, which we denote H*(P), are coherent sheaves on X.

If Y is another smooth variety with C* action then an object P € D(X xY') whose support is proper
over Y induces a Fourier-Mukai (FM) functor ®p : D(X) — D(Y) via (+) + mo. (77 ® P) (where every
operation is derived). One says that P is the FM kernel which induces ®p. The right and left adjoints
®f and ®% are induced by Pg := PY ® mjwx[dim(X)] and Pr, := P¥ @ mjwy [dim(Y)] respectively.
If Q € DY x Z) then &g 0 Pp = Pg,p : D(X) — D(Y) where Q * P = my3.(n79,P ® m53,Q) is the
convolution product (see also [CK1] section 3.1).

Let G(k,n) denote the Grassmannian of k-planes in C"*. We will denote by H*(G(k, n)) its bigraded
symmetric cohomology. This means that we first shift the usual grading on the cohomology of G(k,n)
so that it is symmetric with respect to degree zero and then add a second grading {-} so that the
resulting bigraded vector space is supported on the anti-diagonal; thus every homogeneous subspace of
H*(G(k,n)) has beed given shift of the form [s]{—s} for some s € Z. For example, we have

H*(P*") = Cnl{-n}®Cn-2{-n+2}®d - & Cl-n+2|{n — 2} & C[-n]{n}
as a bigraded vector space.

2.2. The varieties. Fix positive integers m, N. Let k,I < m with £+ = N. We define varieties
Y (k,1) by

Y(k‘,l) = {(C[[Zﬂm =LogCLiCLyC C"® (C((Z)) czL; C Lifl,dim(Lz/Ll) = l,dlm(Ll/Lo) = k‘}

We will say that Y(k,) is a “weight space” with weight A = [ — k. Note that forgetting Lo describes
Y (k,1) as a G(I,m) bundle over G(k, m).

There are two natural vector bundles on Y (k,1) whose fibres over a point {Ly C L1 C Lo} are L
and Lo, respectively. Abusing notation we will denote these bundles by Ly and L.

To explain the relation of Y (k,1) to the affine Grassmannian, let Gr denotes the variety

Gr:={LyCLcC™"®C((z)): 2L C L}

Gr is a piece of the affine Grassmannian for GL,, (to get the full thing we would not require Ly C L).
For a dominant integral positive weight p = (u1 > -+ > py, > 0) of GL,,, let Gr, C Gr denote the
locus where z has Jordan type p on the quotient L/Lyg.

Then there is a natural map 7 : Y (k,l) — Gr, given by forgetting the subspace L;. The image of the
map Y (k,l) — Gr is Gr,, +u,, and the map Y (k,l) — Gry, 14, is exactly semi-small. Similarly, there
exists a map Y (I, k) — Gry, 4w, , so that Y (k,1) and Y (I, k) are birational and related by contractions
to their common image Gry, 4w, -

In fact Y(k,1) is the convolution product of Gr,, with Gr,, (see Proposition 2.1 of [CK2]).

We define correspodences W”(k,1) C Y (k,l) x Y (k +r,l—r) by

W7 (k,l) :=={(Le,L,) : Ly C L}, Ly = L}}.
Hence a point in W7 (k,1) is a flag Lo C Ly C L} C Ly = L, with jumps of size k,r,] — r such that
zLy C Ly and 2L} C Ly. To keep track of the various jump sizes we add the integers k,r,l — r as

superscripts above the corresponding inclusions. In this notation, the correspondence W7 (k, 1) would
be described as follows

W7 (k,1) = {Lo % Ly = L} =5 Lyt 2L} € Lo and 2Ly C Ly }.
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There are natural vector bundles Ly, L} and Ly on W (k,1).

2.3. The C* action. There is an action of C* on C((z)) given by t - 2% = #2¥2*. This induces an
action of C* on C™ ® C((z)). Notice that for any v € C™ @ C((z)) we have

t-(2v) = t?2(t - v).
Thus, as vector spaces, t-(zL;) = z(t-L;), soif zL; C L;—1 then t-zL; C t-L;_q; thus z(¢t-L;) C t-L;_1.
Consequently, the C* action on C™ @ C((z)) induces a C* action on Y (k,[):
t-(Lo,L1,Ls) = (t-Lo,t- L1,t - Ly).

We will always work C*-equivariantly with respect to this action. So, for example, in this paper
D(Y (k,1)) will denote the bounded derived category of C* equivariant coherent sheaves (as opposed
to the usual D, (Y (k,1))). The subvariety W™ (k,1) C Y (k,1) x Y (k+r,l —r) and the vector bundles
L; defined earlier are also C*-equivariant.

If Y carries a C* action we denote by Oy {k} the structure sheaf of Y shifted with respect to the
C* action such that if f € Oy (U) is a local function then, viewed as a section f’ € Oy {k}(U), we have
t-f' =t"k(t- f). More generally, if M is an C*-equivariant sheaf then we define M{k} :== M® Oy {k}.
Using this notation we have the C*-equivariant map z : L;11 — L;{2}.

2.4. The deformations. Each variety Y (k,[) has a natural 2-parameter deformation over A% = (z,v)
given by
{Cll2]|™ =Lo C L1 C Ly cC™ ®C((2));x,y € C*:
(z—x)Ly C Lo, (2 —y)La C Ly,dim(Ly/Ly) =1, dim(L,/Lo) = k}.
Notice that over (z,y) = (0,0) we recover Y (k,[). This deformation restricted to the diagonal z = y is
actually trivial but if we take any other ray in A% through the origin we get a non-trivial deformation
of Y(k,1). Which ray we choose will not be important but for the sake of symmetry we choose the
anti-diagonal x + y = 0 to obtain the deformation
Y (k1) :== {C[[z]|™ = Lo C L1 C Ly CC™ ® C((2));z € C:
(Z — l‘)Ll C Ly, (Z + LL‘)LQ C Ly, dlm(LQ/Ll) = l,dlm(Ll/Lo) = k}

The C* action on Y (k,[) extends to a C* action on all of Y (k,1). This action maps fibers to fibers
and acts on the base A} via z — t%z.

2.5. The functors. For r > 0 we define functors E")(k,1) : D(Y (k + 7,1 — 7)) — D(Y (k,1)) as the
Fourier-Mukai (FM) transform with respect to the sheaf

EM (k1) == Owr gy @ det(La/Ly) " det(L1/Lo)"{rk}

Similarly, define functors F(")(k,1) : D(Y(k,1)) — D(Y(k 4+ r,l — 7)) as the FM transform with
respect to the sheaf

FO k,1) == Oy ® det(LYy/Ly)' =" {r(l —r)}.
These Es and Fs are naturally left and right adjoints of each other up to shifts (see section 6.1).

3. CONSTRUCTION OF THE GEOMETRIC CATEGORIAL sl ACTION

In this section we give the definition of a geometric categorical C*-equivariant sl action. Then
explain how the varieties and functors introduced in section 2 induce a geometric categorical C*
equivariant sly action.
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3.1. Geometric categorical sl; action. We fix a base field k. A geometric categorical C* equivariant
sly action consists of the following data.

e A sequence of smooth varieties Y(—N), Y (=N +1),...,Y(N —1),Y () over k equipped with
C*-actions and with C*-equivariant FM kernels
EDN eDYA=r)x Y\ +7) and FON) e DY(A+7) x Y (A —1)).
We will usually write £(X) for £ (\) and F(X) for F () while one should think of £®)())
and FO(A) as Oa. .
e For each Y(\) a flat deformation Y (\) — A} carrying a C*-action which maps fibres to fibres
and acts on the base via x — t2x (where t € C*).

On this data we impose the following additional conditions.
e The &s and Fs are sheaves (i.e. objects supported in one degree).
e (Adjunctions)
The £s and Fs are left and right adjoints of each other up to shift. More precisely
(1) EM N g = FON)[rA]{=rA} or equivalently F) (N, = T (A)[rA]{—r\}
(ii) €M) = FON)[=rAl{rA} or equivalently F((\) g = EM(A)[-rA]{rA}
e (Composition of £s and Fs)
At the level of cohomology we have
HEN+7)« EM A —=1)) 2 TV (\) @y H*(P").
We also require a deformed version of this, namely
H* (jagEA + 1) f12:€ V(A = 1)) = ECFI N [=r]{r} @ TV N)[r + 1{—r — 2}

where the js are the inclusions

Ji2 YA =1=-r)xYA=14r) =Y A=-1-r)xY(A=147r)
Gos YA =147 XY A+147r) oY A=1+7r)xY(A+147).

e (Commutator relation)
If A <0 then

H(FA+D«EN+1))=ZEN-1)*xFA-1)aP

where H*(P) =2 Oa ®c H*(P~*71). Moreover A ¢ supp(E(A — 1) * F(A —1)).
In the deformed version we require the exact triangle

EN— 1)« F(A = D)[1]
SOA[-A{A -1}

where jio is the inclusion
G12: YA XxY(A42) = Y(\) x Y\ +2).
Similarly, if A > 0 then
HEN-D«xFA-1)=2FA+1)«EN+) P
where H*(P') 2 Oa @c H*(PA~1) and A ¢ supp(F(A+1)*E(A+1)). In the deformed version
we require the exact triangle
FA+1D)«EN+D[I{-2}
SOAN{-A-1} T

where j{5 is the inclusion

Gla YA X Y(A=2) =Y (\) x Y(\—2).

EA—1)* F(A—1)

{=2} = J12eF(A+ 1) # j12.EA+ 1) — SOAA+1{-A -1}

FA+1)*xEN+1)

g()‘_l)*jb*]:()‘_l) _)GBOA[*)\+1]{)\*1}
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e End(£M()\)) =k -1d and End(F")(k,1)) = k- 1d for r > 0.

Remark 3.1. It is probably more appropriate to call the above structure a C* equivariant Ug(sls)
action, since the C* action provides a second grading which allows for a categorification of the quantum
group U, (sly) (rather than just the Lie algebra sly). One may very well choose to ignore the C* action
and equivariance requirements in the above, in which case one should also ignore all the {-} shifts
in the definition of a geometric categorical sly action. For many purposes, such as constructing the
equivalence described in [CKL2], having a geometric categorical sly action without the C* action is
sufficient.

Remark 3.2. Having the conditions at the level of cohomology may seem strange but, as we will see,
it is often easier to work with the cohomology of a complex than with the complex itself. A great
example of this phenomenon is Lemma 5.1 which we use repeatedly. The statement there holds at the
level of cohomology and is simply not true at the level of complexes. To overcome this problem we use
the deformations (with the properties described above) to lift isomorphisms at the level of cohomology
to isomorphisms at the level of complexes.

3.2. The action. Fix m, N as in section 2. We work over the ground field k = C. For A = —N, —N +
2,...,N —2,N define Y(\) := Y(k,l) and Y (\) := Y (k,l) — Al where A\ = | — k is the weight and
k+1= N. The rest of the Y()\)s are taken to be empty.
For the FM kernels we take
EM(A) = €W (N _; - +; tr

):Y()\—T)—>Y()\+r)

and
N—-X—7r N+A+r

2 ’ 2
Theorem 3.3. Under the identifications above, the spaces Y (\) and }7()\) — A} together with kernels
EM(N) and F(N) define a geometric categorical C* -equivariant sly action.

Corollary 3.4. Under the identification above, the kernels £ (X) and F) () satisfy the categorified
sly relations. In other words, we have

./T(Tz)(k, l) * f(rl)(k —ri,l+ Tl) >~ ]-—(rlJrrz)(k —r, L+ 7"1) ®c H*(G(Tl, L+ 7‘2))
and similarly if we replace Fs by €s. Moreover, if k > 1 then
Flk=1,14+ 1) EK — 1,1+ 1) = E(k,1) * F(k,1) & Opa @c H*(PFI71)
while if k < then
E(k, 1) % F(k, 1) = F(k— 1,1+ 1) % E(k — 1,1+ 1) & Op @c H* (P71,

Proof. This follows immediately from Theorem 3.3 together with the main result of [CKL1]. The idea
is to use the results of Propositions 6.4 and 6.7 in the deformed setup to show that the results in
Propositions 6.2 and 6.5 are true on the nose (and not just at the level of cohomology). This can be
done whenever one has a geometric categorical sls action — see [CKL1] for a complete proof. (]

Corollary 3.5. The functors EM F(") induce an action of U,(sls) on ©pr=nK(D(Y (k,1)).

FIN) = FO < > CY(AN+7) = Y(A—7).

4. THE EQUIVALENCE
In this section we describe the equivalence of categories
T(l,k) : D(Y (k1)) — D(Y'(L, k))

which arises from the geometric categorical sly action. We will show that on the Grothendieck group
this equivalence is closely related to the R-matrix isomorphism.
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4.1. Construction of the equivalence. Fix k < [. We form a complex ©,(k,[) of functors whose
terms are

Os(k,1) = FUTF)(EG (1 — k + 5)[—s]{s}
where s = 0,...,k. The differential O, — O,_; is given by the composition of maps

F(l—k-‘rs)E(s) N F(l—k)-‘rs—l)FEE(s—l) N E(l—k)-‘rs—l)F(s—l)
where the morphisms ¢, € are defined in [CKL1].

Theorem 4.1. The complex O.(k,l) has a unique cone T(k,l). This cone gives an equivalence of
categories

T(k,l): D(Y(k,1)) — D(Y (L, k)).
The map induced by T(k,1) from K(D(Y(k,1))) — K(D(Y(l,k))) coincides with the action of the
quantum Weyl group element t € Ugy(sly).

Proof. By the main result of [CKL1], the geometric categorical sly action of this paper induces a strong
categorical sly action, as defined in [CKL1]. Once we have established a strong categorical sly action,
the main result of [CKL2] implies that the cone of the complex ©,(l, k) is unique and that this cone
induces an equivalence of categories D(Y (k,1)) ~ D(Y (I, k)). The statement about the Grothendieck
group is also proved in [CKL2]. O

It follows from dimension considerations that there exists an isomorphism of C[g,q '] modules
K(D(Y (k1)) = A¥ ® AL, where A% is a minuscule representation of Ug(sly,). We would like to fix
such an isomorphism and show that under this isomorphism T(k,) corresponds to the braiding. For

this we will need to examine quantum skew Howe duality.

4.2. Quantum skew Howe duality. The following results concerning quantum skew Howe duality
have not appeared in the literature, but are known to experts. In particular, they are modifications
of the corresponding results for quantum symmetric Howe duality (also known as the quantum matrix
function algebra) which has been studied extensively in [PW], [TL], following the work of Manin [M].

In writing this section, we were greatly helped by conversations with Valerio Toledano Laredo and
Arkady Berenstein.

4.2.1. The vector space and action. We begin with the algebra
Ay(C™) =Clg, ¢ "UXy, ..., Xn)/(XF, XiX; — qX;X; for i < j)

This is a free Clg, ¢~!] module with basis {X;, --- X;, } For i1 < -+ < i), (see for example [PW]).

A4(C") has an action of U, (sl,) in the following way. Consider V' = span{X;,..., X, }, the natural
representation of Uy(sl,,). Then Ay (C™) = TV/(R), where R C V ® V is a Uy(sl,,) subrepresentation.
Hence A4(C™) carries an action of Uy (sl,).

When we set ¢ = 1, we recover the representation A(C™) of sl,.

When n = 2, we will write X, Y instead of X, X5 as the basis for C2.

Now we consider the “exterior quantum matrix algebra” which is a vector space A,(C™ ® C?) over
Clg, ¢ '] with basis {Y;, -+ Y;, Xj, --- X, } for iy < -+ < i) and j; < --- < j;. It can also be defined
as a quotient of a tensor algebra, but we will not need the algebra structure here. In fact it is the
quadratic dual of the more familiar quantum matrix algebra (see [M], especially section 8.9).

We have isomorphisms of C[g, g~!] modules

(1) Ag(C™) @ Ag(C™) = Ag(C™ ® C%) — Ay(C*H)™
where on the left side of (1)
Vi, Y X5, X, Xy - X, © X, X,
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and on the right side of (1)
Y, Y X, X, e (—)HEDia<ily X o X 1@V ---

where we write Y X in the pth slot if p € {i1,...,4} and p € {j1,..., 1}, etc.
These isomorphisms allow us to give A4(C™) the structures of Uy(sl,,) and Uy(slz) modules. When
we set ¢ = 1, we recover A(C™ ® C?), the exterior algebra of C™ @ C2.

Lemma 4.2. The actions of U(sl,,) and U,(sly) on Ay(C™ ® C?) commute.

Proof. By consider root U,(sly) subalgebras of U, (sl,,), we see that it is sufficient to check the result
for the case m = 2. That case can be checked by an explicit calculation. O

These C[g, ¢~ '] vector spaces are graded by setting deg(X;) = deg(Y;) = 1. We will write Af]V (C"®
C?) for the homogeneous subspace of degree N. These graded pieces are invariants under the actions
of Uy(sly) and Uy (sly,). Under the left isomorphism in (1), we have

AY(C™ @ C?) - @pp_nAR(C™) @ AL(C™)

4.2.2. The relation between R and t. We now will consider two different operators acting on A4(C™ ®
C?). On the one hand, by (1), A,(C™ ® C?) is the tensor square of a representation of U, (sl,,,). Hence
we have the braiding

Bag@m)agcm) P Ag(C™ @ C?) — Ay (C™ @ C?),

which is defined as the composition

Ba,(€m),a,(cm) = FlipoR,
where R is the universal R-matrix of U, (sl,,) and Flip is the vector space isomorphism which exchanges
the factors. On the other hand by (1), A;,(C™®C?) is a representation of U,(sl2) and so we can consider
the action of the quantum Weyl group element ¢ € U,(sls) on A,(C™ @ C?).
The following result is analogous to [TL, Theorem 6.5] which dealt with the analogous question for
symmetric products. Our proof follows Toledano Laredo’s method.

Theorem 4.3. For v € AF(C™) @ AY(C™), we have B(v) = (—1)FlgF=F/m(v)

Proof. Both sides are U, (s(,,)-module morphisms. Hence it suffices to check this statement for Uy (sl,,)
lowest weight vectors.
The possible highest weights of U, (sl,,,) occuring in A,(C™ @ C?) are
i, N):=(0,---,0,1,---,1,2,---2)
where there are ¢ 2s and N — 2 1s.
For each i < k,I < N such that k +1 = N there are lowest weight vectors v/"! e AF @ AL of lowest

weight wo(A(i, N)). (Here we are writing A¥ for A%(C™).) These form a basis for the space of lowest
weight vectors.
We are free to normalize vf ! and we choose a normalization such that

k,l
UV, = Ym—k—l+it+l """ Ym—lYm—i+1 te Yme—l+1 e Xm +-

where - -+ is a linear combination of other monomials.

The statement of the theorem now follows from the following two Lemmas which describe the action
of B and t on these vectors vf ! Note that it is immediate that each of these operators takes vgk’l) to
a multiple of vﬁ’k. What is important is to see that the ratio of these multiples is independent of s.

Lemma 4.4. ﬁ(vf’l) = (—1)“’“(k’i)q’(l*i)(k*i)“*kl/mvgl’k).

Lemma 4.5. t(va) _ (_1)(l—z’)(k—z’)+qu—(k—i)(l—i)-q—z'—kvgl,k).
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Proof of Lemma 4.4. We will make use of the “half-twist” formula for the universal R-matrix, due to
Kirillov-Reshtikhin [KR] and independently Levendorskii-Soibelman [LS].

Let t,,, denote the long element of the quantum Weyl group of Ugy(sl,,,). There is some ambiguity
regarding these elements. Here we are using the inverse to the definition in [KT]|. The element t,,
satisfies the following commutation relations (see for eg [KT, Lemma 5.4])

(2) twoFi = _EmfiKmfitwoa toni = _K_l ‘meitwoa twoKi = Kmfitw(y

m—1

Let vy denote the highest weight vector of an irreducible U, (sl,,) representation of highest weight A

and let vg\ow denote the corresponding lowest weight vector (which is obtained by applying a maximal

chain of divided powers of F;s to vy). Then we have that
(3) Lo Ux = v&ow
(see [KT, Comment 5.10]).
The half-twist formula gives us that
R=q"®Mt, @ tu,Alty,))
where ¢®H denotes the operator which acts by ¢(**) on a tensor v ® w of vectors of weight p, v.
Now we apply the half-twist formula and write our computation inside A’; ® Aé. Successive appli-

cation of raising operators E; shows that see the vector vf ' is the lowest weight vector of a subrepre-
sentation whose highest weight vector is

X1 Xp @ Xy XiXigr - Xiggp—i + 0

Thus A(t;(})(vf’l) =X Xp @ Xy XiXpp1 - Xigp—i + -, by (3).
Similarly, Xj ---Xj is a highest weight vector in a representation whose lowest weight vector is
Xm—k+1 -+ Xm- On the other hand,
X1 XX Xigpei = Fr o B Xy - X

where there are (I —)(k—1) different F's in the expression on the right hand side of the above equation.

Thus
tuo (X1 XiXig1 -+ Xigr—i) = two (Fr - Fre(X1 -+ - Xg))
= (71)(l*i)(k*i)Em_le_l o By 6 Ko (b X1 -+ X3)

- (—1)(l_i)(k_i)q_(l_i)(k_i)Xm,k,lHH o X1 X—ig1 - Xom

where we have used the commutation relations (2) and also (3).
Hence

va’l = CIH®Htwo ® twoA(two)(UfJ)
= g0, Dty (X1 Xp @ X1 X X1 Xpgpi +--)
=X, i1 X ® (_1)(l_i)(k_i)q_(l_i)(k_i)Xm—k—l+i+1 o X1 X1 X )

(= 1) (=) g (=) i)t /m X o X it e Xon i Xomiat - Xom

where in the last step we used that (wows, woA(i, N)) =i — lk/m.
Now applying Flip gives the desired result. O

Proof of Lemma 4.5. Fix i, N as above, so that A\(i, N) = (0,---,0,1,--- ,1,2,---2), where there are
i 2s and N — 2i 1s. Since the U,(sl3) action on A,(C™ ® C?) commutes with the U, (sl,,) action, the
vector space of (¢, N) lowest weight vectors forms a Uy(slz) submodule. So Span{vafi’i, . ,vf’Nﬁi}
is a Uy(sly) subrepresentation. Since vf’l is a Ugy(sly) weight vector of weight (I, k), we see that this

subrepresentation is in fact the irreducible U, (sls) representation of highest weight (N —1,4).
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Let
=1 R1Y®---Y®X® - XQYX® --QYX,

so that under the isomorphism (1), vf’l is taken to (_1)1(1‘—1)/24-(1_1‘)%?,1.
Now, we claim that
~’?’l — F(k—i)%Nfi _ E(l—i)~Nﬂ',i

5N must be a multiple of 3°'; so it suffices

i,N—1

To see this, note that from weight considerations F*~ ’)v
to show that the coefficient of the “leading” monomial in F®*~ Z)v is 1. Applying the coproduct
many times to F*~?, we see that this coefficient can be written as a sum over the symmetric group,
where the symmetric group elements which index the summation indicate in which order the F's act
on the tensor factors. In particular this leading coeffient equals

Z ]ﬁq2#{a<j:a(a><"(j)}fj =1

oc€SK_; j=1

A similar argument holds for E(— ’)UN b

It follows that

1
[k — ]!
where we use that N —2i+ -+ N —2(i+k—i—1)=(k—i)(N—k—i+1) = (k—i)(l —i+1).

Hence t(uf’l) — (_1)i(i—1)/2+(l—z‘)z‘+i(z’—1)/2+(k—i)i+z—iq—(ze—i)(z—iﬂ)vﬁ,k

Since

t,ﬁf,l _ tF(k*i),D;—,N—'L— _ ( EK)k Z~N i, —_ (71)l*iqf(k:fi)(lfﬁkl){)j,k’

i(i— 1)+ —d)i+(k—ii+l—i+kl=(k—i)l—1i) (mod2),

the result now follows. ]
O

4.3. The map on the Grothendieck group. Now, we are in a position to prove the main theorem
of this section which states that on the level of the Grothendieck group, our equivalence recovers the
R-matrix.

Theorem 4.6. There exists isomorphisms of Clg,q~'] modules, K(D(Y (k,1))) — A} @ AL such that
the diagram

K(D(Y (k1)) ET—— K(D(Y(1,k)))

! !

k l l k
Ao AL — AL @ Ak
commutes.

Proof. We abbreviate K (k,l) = K(D(Y (k,1)))

By Corollary 3.5, ®rpi=nK(k,1) is a Uy(sly) representation, with each K (k1) a Uy(sly) weight
space. By the argument of Proposmon 7.2 of [CK2], we have that dimK (k,l) = dimH*(Y (k,1)). It
is also easy to see that dimH*( ( )( ) using the description of Y (k, 1) as an Grassmannian
bundle over a Grassmanian. Thus the Uy (sl3) weight space dimK (k,[) has dimension (%) (7).

Now, @gyi= NA ® Al is also a U,(sl2) representation with weight spaces Ak ® Al of dimension

m m
() (7)-
Since U,(sl2) representations are determined by the dimensions of their weight spaces, we deduce
that there exists an isomorphism &y K (k1) — @k’ZA’;@)AIq compatible with the U, (sl2) actions. Fixing

).
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such an isomorphism, the theorem now follows from Theorem 4.3, since [T] = ¢ is the quantum Weyl
group element.
]

5. PRELIMINARIES

In this section we prove three technical results we will need later. The first is a lemma (Lemma 5.1)
which somewhat generalizes the standard result that “cohomology commutes with flat base extension”.
We then give a “train” description of the functors E and F, that is, we describe E and F using a series of
pushforward and pullbacks (Proposition 5.3). Finally, in section 5.3 we compute the canonical bundles
of certain varieties while using their structure as iterated Grassmannian bundles.

5.1. Cohomology and base change. Many of the proofs in this section involve taking fibre products,
and as a result we will make frequent use of the following lemma.

Lemma 5.1. Let Y be a smooth variety and let
f12X1—>Y ande:X2—>Y

be maps satisfying the following:
(1) f1 and fo are flat over their images f1(X1), f2(X2).
(ii) f(X1) and f(X2) are local complete intersections.
(iii) There is a local complete intersection Y' C Y containing f(X1) and f(X2) such that the
intersection f(X1) N f(X2) in Y’ is of the expected dimension.

Then the kernel K € D(X; x X3) inducing the functor fy o fi, : D(X1) — D(X2) has cohomology
given by
H(K) = p" (A" Ny )y )
where p: X1 Xy Xo — Y’ is the natural projection.
Moreover, if X1, Xs andY carry C* actions and the maps f1, fo are C* -equivariant then the same
18 true C* -equivariantly.

Proof. Consider Ox, € D(X; xY) and Ox, € D(Y x X3) via the inclusions X; < X; x Y. Then the
kernel /C is by definition the convolution Ox, * Ox,. Thus

K = ms.(r,0x, @ m330x,).-
Now both V; := 715 (X1) and Vs := 7p3' (X2) have codimension dim(Y) in X; x Y x X,. On the other
hand, if we consider the map V; NV, — Y the image has codimension

codim(f1(X1),Y) + codim( f2(X32),Y) — codim(Y",Y).

Moreover, since f; and fo are flat over their image, the fibers of this map all have dimension dim(f;) +
dim(f2). Thus V3 NV, has dimension

—dim(Y") + dim(f1(X1)) + dim(f2(X32)) + dim(f1) + dim(f2) = dim(X;) + dim(X3) — dim(Y”)

Equivalently, codim(V; NVa, X1 X Y x X3) = dim(Y) 4+ dim(Y”); note that this may be less than the
expected codimension, which is 2dim(Y"). Since both V; and V5 lie inside

Z7:=X1xY' xXoCX1 XY x Xy,

we find that V7 N V5 is of the expected dimension in Z.
Denote by ¢ and j the sequence of inclusions V; «— Z — X; x Y x X5. Then

(a2

T120x, @ T330x, = (j 0 1)«(j 01) Oy, = juini™(§7jOv, ).
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Now
S

JxJ"3xOv, = Oy, ® Oz = @Ng/XleXXJVz [S] = /\(F*N¥’/Y)|V2 [8]

where 7 : Z — Y’ is the natural projection. Then
H™*(575:0v,) = (7" A° Ny jy ) lvs -
Finally, i*(7* Ny /vy |v,) = (7* Ny /v )lvinv, since Va and V; intersect in the expected dimension inside
Z. Thus
H™(n1,0x, @ m330x,) = (1" A° N%/Y”W;;(Xl)mr;;(xz)'
The projection 713 maps 771_21 (X1)n 71'2_31 (X3) one-to-one onto X; Xy Xy C X7 X X5 and thus
H™*(Ox, * Ox,) = p* (N Ny y).
The equivariant case is the same. (|
5.2. Train descriptions. For nonnegative integers a, b, ¢, let
Y(a,b,c) = {C[[e]|" = Lo % L1 % Ly S Ly CC™ @ C((2)) : 2L; C Li_1}-

For i = 1,2, let X(a,b,c); denote the subvariety of Y (a,b,c) where zL;11 C L;—1. Note that the map
X(a,b,c)1 — Y(a+b,c) which forgets L; describes X (a,b, ¢); as the total space of a G(a, a+b) bundle;
from this it follows that the inclusion X (a, b, ¢); — Y (a, b, ¢) has codimension ab. Similarly, X (a, b, c)s
is a codimension bc subvariety of Y (a,b, c) and a G(b, b+ ¢) bundle over Y (a,b + ¢).

Lemma 5.2. The scheme-theoretic intersection of X(a,b,c)1 and X(a,b,c)s inside Y(a,b,c) is the
reduced, smooth variety

{LO 4 Ly i> Lo 5 L3 :zLy C Lg,zL3 C Ll}
which has the expected dimension.
Proof. Since X (a,b,c)1,X(a,b,c)y are codimension ab,be respectively in Y (a, b, c), the expected di-
mension of their intersection is ab+ bc. On the other hand, the description of X(a,b,c); — Y(a+b,¢)
as a G(a,a + b) bundle gives

dimX (a,b,¢); = ab+dimY(a+b,¢) =ab+c(m—c)+ (a+b)(m—a—>)
which has codimension
e(m—c)+b(m—>)+alm—a)—ab—c(m—c)— (a+b)(m—a—>b) =ab.

Similarly, X (a,b, ¢)2 has codimension bc in Y (a, b, ¢). Now, forgetting L3 first, then Ly, and finally Lo
shows that X (a, b, c); N X (a,b,c)2 has codimension

dimY (a,b,¢) —c(m —b—c¢) —ab— (a+ b)(m —a—b) = ab+ be.

Thus X(a, b, c); N X(a,b, c)s has the expected dimension.

What remains to check is that the scheme-theoretic intersection is reduced. To see this, it is enough
to show that X (a,b,c); and X (a,b, )2 meet transversely.

By Theorem 3.1 of [CK2], we have a diffeomorphism

Y(a,b,c) — Y’ :=G(a,m) x G(b,m) x G(c,m).
Under this diffeomorphism X (a, b, ¢); is carried to
X1 = {(Wy,Wo,W3) €Y' : Wy 1L W5}
and X(a, b, ¢)y is carried to
X5 = {(Wy,Wa,W3) €Y' : Wy L W3}.
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So it suffices to check that X] and X/ intersect transversely which can be done by an explicit local
calculation. (|

Consider the following diagram of maps
X (k0 — 1)) ——= Y (k,r,l — 1) <—— X(k,r, 1 —1)s
qll ”l
Y (k1) Y(k+rl—r)
As a computational tool we will use the following “train” descriptions for the functors E, F.
Proposition 5.3. We have F")(k,1)(-) = 2,45 (i1.q7 (-) ® det(La/L1) = * =" {r(l — r)}).

Remark 5.4. It turns out that even more is true. Each injection/surjection X — Y in the above
diagram can be viewed as a FM transform with kernel Ox € X x Y. Convolving these four kernels we
obtain a kernel K € D(Y (k,1) x Y (k + 7,1 —7)). In fact K = F")(k,1).
Proof. By Lemma 5.2 the intersection X (k,r,[—r)1NX (k,r,{—7)2 is smooth of the expected dimension,
with
X(k,T,l — T)1 XY (k,rl—r) X(k,’f‘,l — 7‘)2 = {L. 2 zLo C Lo, zL3 C Ll} = Wr(kJ)
Thus, by Lemma 5.1 the kernel inducing the functor
(-) = i3 (i1. (") @ det(La/L1) %) : D(X (k,r, 1 = 7)1) — D(X (k7,1 —1)2)
is det(La/L1) " * " lwry = F(k,1), thought of as a kernel in D(X (k,r,l — 1)1 x X(k,r,l —1)).
The result now follows.
O

5.3. Basic Calculations. Recall that the map which forgets Ly describes Y (k,1) as a G(I,m) bundle
over G(k,m). There is an analogous iterated Grassmannian bundle description of W7 (k,[) given by
first forgetting Lo, then Lj, then finally L. It follows from this that

dimW" (k1) = 1/2(dimY (k,1) + dimY (k + r, 1 — r)).
We will use these descriptions in the lemmas below to compute the canonical bundle of Y(k,1) and
wr(k,l).
Lemma 5.5. Let m : W(k,l) — Y (k,1) and mo : W(k,l) = Y (k+ 1,1l — 1) be the two projections.

(i) For k <1, m is generically a P'=F=1 bundle.
(ii) The image of mo(W (k,1)) C Y (k+ 1,1 — 1) is a subvariety of codimension l —k — 1.

Proof. This follows immediately from the definition of W (k,1). O
Lemma 5.6. ForY =Y (k,l) orY = W"(k,l), we have
(i) det(27"Li/Li) = Oy {2b;}
(11) dCt(ZilLi/LH_l) = dCt(Li_H/LZ‘)V{Zbi + 2m}
where b; = rank(L;/Lo).
Proof. (i). From the exact sequence 0 — z~'Lg/Lo — 2 L;/Lo = L;/Lo{2} — 0 we get
det(z7'L;/L;) = det(27*L;/Lo) ® det(L;/Lg)"
=~ det(Z_lL()/L()) (39 Oyﬁ{le}
~ Oyﬁ {Qbi + 2m}

where, to get the last equality, we use the isomorphism z~!Lg/L¢ = (9;‘?;"{2}.
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(ii). Similarly, using the exact sequence 0 — L;y1/L; — 2 'L;/L; — 27 *L;/L;11 — 0 we have

det(27'L;/Liy1) = det(27'L;/L;) @ det(Liy1 /L)Y = det(Liy1/Li)Y {2b; + 2m}.

Lemma 5.7. We have the following canonical bundle isomorphisms

(1) LUy(kJ) = dCt(LQ/Lo)m{—Qm(kJ + l) - le}

(ii) WWr (k1) = det(Ly/Lo)™ det(Lg/L/l)_r det(Ly/Lo)" det(Lll/Ll)l_k_r{—Qm(k‘ +1)—2k(l— 7“)}
Proof. The basic fact we will use repeatedly is that the tangent bundle of the Grassmanian G(k,n) is

Hom(S, Q) where S is the tautological bundle and @ is the corresponding quotient bundle. This means
that

We(kn) = det(S®@QY) = det(g)dim(Q) ® det(Q)—dim(S).
(i). Using the usual G(l,m) fibration p : Y (k,1) — G(k,m) given by forgetting L» we have

Wy (k) =T wWp @ We(k,m)

det((La/L1) ® (27" L1/La)") @ det((L1/Lo) @ (7' Lo/L1)")

det(Ly/Ly)™ " det(Lo/Ly ) {—1(2k + 2m)} det(L, /Lo)™ * det(Ly/Lo)*{—k(2m)}
det(La/L1)™ det(Ly /Lo)™ {—2m(k + 1) — 2kl}

det(La/Lo)™{—2m(k + 1) — 2kl}

1R 1R

1%

where we used Lemma 5.6 to obtain the third isomorphism.
(ii). We first use the G(I — r,m — r) fibration
W” (k1) — {Lo % Ly & L : 2L, C Lo}

given by forgetting Lo. We then forget Ly which gives a G(k,r) fibration over G(k+r,m). Using these
iterated fibrations (like in the calculation of wy-(;,;) above) gives us
wir(ry = det((La/L) ® (27" L1/La)") @ det((L1/Lo) ® (L} /L1)") @ det((Ly/Lo) ® (27" Lo/L})")

=~ (det(Lo/L})™ " det(La/L1)"""{—(2k 4+ 2m)(I — r)}) ® (det(L1/Lo)" det(L}/L1)~") ®

® (det(L}/Lo)™ * =" det(L}/Lo)**"{—2m(k + r)})
>~ det(Ly/Lo)™ det(Ly /L))" det(Ly/Lo)" det(L} /L) " {—2m(k + 1) — 2k(l — r)}

where we used Lemma 5.6 to obtain the second isomorphism. O

6. PROPERTIES OF THE FUNCTORS

In this section we study properties of the functors E(k,) and F(k,1) induced by kernels £(k,1) and
F(k,l). Putting together the results of Propositions 6.1, 6.2, 6.4, 6.5, 6.7 and 6.8 proves the main
Theorem 3.3.

6.1. Adjunctions. The following adjunction relations hold.

Proposition 6.1. We have

(i) FO k) = ED(k,Dr(k — 1+ r){—r(k—1+7)}
(i) FO kD) = £k Dlr(L k= r){=r(l ~ k= 1)}
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Proof. We have

FO k,D)g = FO (k,1)Y @ mhwy g [dimY (k, 1)]

> wyr (k) ® det(LY /L) H—r(l = 1)} @ miwy gy gy [AImW (K, 1) — dimY (k + 7,1 —7)]
(det(L2/Lo)™ det(La/Ly) " det(L1/Lo)" det(Ly /Ly ) " " {=2m(k + 1) — 2k(l — 7)}) lwr )
@ det(Ly /L)t @ (det Lo/Lo) "™ {2m(k + 1) + 2(k + 7)(I — r)}[r(k — L + r)[{—r(l — )}
= €O (b, D[r(k — 1+ r){—r(k—1+7)}.

where we use that dimW" (k, 1) —dimY (k+r,l—r) = 3 (dimY (k, 1) —dimY (k+r,l—7)) = r(k—I+r) and
the expression for Wy (xyr,1—r) and wyyr(x,;) from Lemma 5.7. The second equality follows similarly. [J

1

6.2. Composition of Es or Fs. In this section we study the composition of Fs (or equivalently of Es).
We begin with the “non-deformed” version.

Proposition 6.2. We have
HH(FD (k1) % FUD (k= 1,0+ 1)) 2 FOFD (b — 14 71) @ H(G(r1, 11 +72))
and similarly if we replace the Fs by Es.

Proof. We will work at the level of functors keeping in mind that the corresponding statements hold
at the level of kernels. By Proposition 5.3, the composition F("2)(k,1) o FO'1)(k — r, 1+ r;) is given by
the following sequence of maps

(4) X(k — 7"1,7’1,1)2 141> Y(k‘ — T’1,’/‘1,l) <Z;2 X(k‘ — 7’1,’/‘1,1)1
fhl \
q2
Y(k‘ — T‘1,l+ 7‘1) Y(k’l)

X (k2,0 =72)2 R Y (k,ra,l —12) S X(k,ro,l —12)1
a2
Yk Y (k4 ra, — o).
Here Y (k — r1,7r1,1) and Y (k, 72,1 — r2) carry the line bundles
det(La/L1)" " F*™{r 1} and det(La/L1)" "2 {ra(l — r2)}.

As in the case of Proposition 5.3, more is true- the convolution F2) (k1) « FU)(k — ry, 1 + 1) is
actually equal to the convolution of the kernels given by the sequence of maps above- though we prefer
notationally to work with the maps instead of with the kernels.
Using the maps g2 and ¢} above, we construct the fibre product
B = X(k—r1,r1,01 Xy @) X(k,ro,l —12)2
~ (Lo Ly IS Lo ™ Ly 5 Ly 2Ly € Lo and 2Ly C Lo}

We also have fibre products

Ay = X(k—r1,71,0)2 Xy (h—rym ) B

~ (Lo A Ly IS Ly 5 Ly 2 Ly 2Ly C Lo and 2Ly C Ly}
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and

Ay = B Xy(grgi—ry) X(k,r2,1 —12)1

1%

{LO ﬂ)[/l T—1>L2 T—2>L3 iLLLZZLg C Lg and zL4 CLQ}.

By Lemma 5.2 X (k — r1,71,0)2 and X (k — r1,71,1)1 are smooth and intersect in the right dimension
inside Y'(k — 71,71,1) (similarly for X (k,r2,{ —r2)2 and X (k,re,l — r2); inside Y (k, r2,l — r2).) Since
g2 and ¢ are flat we can use Lemma 5.1 to replace diagram 4 above by the diagram

-1 =1
31 2

Ay B A

N N
X(k—ry,7r1,0)2 X(k,ro,l —19)1

q1l (Jél
Y(k—ri,l4+m) Y(k+ro,l—r3)

Here B is equipped with the product of the pullback of the line bundles from Y (k — ry,71,1) and
Y (k,7a,1 — 73), which is the line bundle det(Ly/L1)"=**™ @ det(Ls/Lo)""F="2{ril + ro(l — r3).

A straightforward calculation shows that dim(B) = dimY (k,1) +r1(k —r1) +r2(I —r2). Calculating
the dimension of A; we find that i} is a codimension r1l embedding while ¢} is codimension r2k. On
the other hand, the intersection

AlmAQZ{Loﬂ)Ll T—1>L2T—2>L31_£>L4ZZL3CLO andzL4CL1}
has codimension r1l + rok + r17ro inside B. Thus A; and As meet in the expected dimension inside
D={L.:zLy C Ly and zL4 C Ly and zL3 C Lo} C B,

which has codimension r175. D is carved out inside B by the section z : Ls/La — Lo/L1{2}.

It follows from Lemma 5.1 that the kernel for i~ o/ has cohomology in degree —s given by

N (Ls/La @ (L2/L1)"{=2})| a1na,-

In other words, we have simplified F(2) (k1) * F")(k —ry,14r1) to a kernel K € D(A; x Ay) whose
cohomology is

H™3(K) = A*(Ls/La® (Ly/L1)V {—2}) @det (Lo /L1 ) %" @det(Ls /L) ¥ "2 {ril+ro(l—1r2) 4, n A, -

(The corresponding functor is (+) — pa.(pi (1) ®K) where p; and ps are the two projections from A; x Az
to Y(k — 71,0+ 1) and Y (k + 72,1 — r2) respectively.)
Next we should calculate

T (T (1) @ A*(Ls/Ly ® (La/L1)Y{~2}) @ det(La/L1)" "™ @ det(Ls/La)' ¥ "2 {ril + ra(l — r2)})

where 7 and 7o are the two natural morphisms from A1 N A to Y(k—r1,l4+71) and Y(k+179,1 — 12)
respectively.
To do this notice that both m; and 7y factor through the map

(5) e A1 N AQ — {LO ko Ll T L3 Lore L4 : ZL3 - Lo, ZL4 C Ll} = WTIJFTZ(]C - Tl,l+ 7"1)
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which forgets Lo. The map 7 is a G(ry,r1 4+ r3) Grassmannian bundle with relative cotangent bundle
Q_}r = (Lg/Ll) ® (L3/L2)v. Thus
A*(L3/Ly ® (Lo/L1)Y{=2}) @ det(La/L1) " F™ @ det(Ls/La) K ~"2){r1l 4 ro(l — r5)}
= /\S(L3/L2 ® (LQ/L1>V){—2S} R wr @ det(Lg/Ll)l_k—i_h_rQ{Tll + 7“2(1 - 7“2)}
=~ /\TlrziSQ}r ® det(Lg/Ll)likJrrlirz{—QS + 7’11 + 7“2(1 - 7‘2)}.

Therefore

Ty (N°(Lg/La ® (L2 /L1)¥{-2})[s] ® det(Ly/Ly)' ™% @ det(Ls/Lo)' ™72 {11 + ro(1 — r2)})
T (0727 [s] @ det(Lg/Ly) ™7 2) {25 + 1yl + ro(l — 72)}
= Owritrs (heryiry) et (La /L) M2 { (1 4 r2) (1= 1)}
RcH?> 1272 (G (ry, 1 + 12))[~r172 + 28]{r1ry — 25}
> FrAr) (g b)) @c H275(Gry, 1y + 12))[—rire 4 28] {r1re — 25}

1%

where to obtain the second isomorphism we used that @sH*(2°) contains all the cohomology of a
Grassmannian.

It follows from the above computation that the spectral sequence which computes H*(7.K) from
the cohomology of H*(K) degenerates at the Es term and hence

H* () = @.7—'<T1+T2)(k —ri, L+ r1) @c H272(G(ry, ry + 12))[—rire + 28]{rime — 25}

1%

]_-(nJrrz)(k —r1,l+71) Q¢ H(G(r1,m1 + 1r2)).

This proves the statement for the Fs. The analogous result for £’s instead of Fs follows by adjunction.
O

Remark 6.3. To check the defining condition of a geometric sly categorification in fact we only needed
to prove Proposition 6.2 in the case (r1,72) = (r,1). The more general case of arbitrary (rq,r2) then
follows as a formal consequence. However, we proved the more general case because it is interesting
to see where the cohomology of the Grassmannian shows up geometrically- namely, via the fibration
described in equation (5).

_ Next we must perform a calculation analogous to that of Proposition 6.2 for the deformed varieties
Y (k,1). The argument is quite similar to that in the proof of 6.2, but we include it for completeness.

Proposition 6.4. Consider the inclusions

Jio:Y(k—rl4+r)xY (k1) = Y(k—rl+r)xY(kl)

Goz Y (k) xY(k4+1,1—1) = Y (k1) x Y(k+1,1—1).
Then we have
H* (JozaF (k1) % j12.F O (k — v, 0+ 7)) = FOD(k — 1 + 1) ®@c (C[—r]{r} & Clr + 1]{—r — 2})
and similarly if we replace Fs by Es.

Proof. We immitate the proof of Proposition 6.2 in the case (r1,72) = (r,1). Using Proposition 5.3 the
functor corresponding to jas« F(k, ) * j12.F (k — 7,1 + r) is the composition of functors induced by the
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following sequence of maps
X(k—mrr1)s 2‘*1>Y(k—7",7',l) <Z—2X(k —rrl)

| |

Y(k—rl+r) Y (k,1)

J2

X(k,1,0— 1)y ——>Y (k1,1 — 1) =2 X(k, 1,1 — 1),

qil qéi

V (k1) <2 Y (k,1) Y(k+1,0-1).

In the above diagram, Y (k — r,7,1) and Y (k,1,I — 1) carry the line bundles det(Lo/L;)"~**" and
det(Lg/Ll)likil.
We construct the fibre product

B = X(k—rmr 1 xXgg,) X(k1,1-1),

~ (Lo 00 DL, 5Ly SN Lyt 20y € Lo and 2Ly C Lo}
with respect to jo 0¢o and js 0¢j. Unfortunately, unlike in the non-deformed setting, ¢i* 0 j5 0 jo. 0 gox #
p2s © pi (where p; are the projections from B to X(k — r,r,1); and X (k,1,1 — 1)3) because neither
J2 © g2 nor js o gy is flat.
Instead, we claim that
qll* 0 J O Jox © G2« = P2« Oj/* Oj; o pj

where j' is the codimension one inclusion of B into

B={Lo o0, 5L, 50, 5 LyzeC:

(z—x)La C Lo and (2 + x)Ly C Lo}.

To see this we use the fibre diagram

X(k_/'a?er)lJHQX(k_rvrvl)l

Yk, 1) —2 =V (k, 1)
where
X(k—rmr):={Lo LNy Ry PR XX o
(z —x)Ls C Lo and (2 + x)L3 C Lo}.
Then

j; Oj2* O g2« :J; 0(52* 052* = ({2x 05; 0:7:2*
where the second equality is by the base change Lemma 5.1. Now we repeat again with the fibre
diagram
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to get that qa, 0 j3 0 jo. = j™* 0 j o p¥, which proves the above claim.
Next we consider the fibre products
A = X(k—rr )2 Xy(—rrp) B
and
Az = BXy@ai-1 X(k,1L,1-1)

The images of B and X (k — r,r,1)3 inside Y (k — r,7,1) meet in the expected dimension, as do the
images of B and X (k,1,l —1); inside Y (k, 1,1 —1). So we may use Lemma 5.1 to reduce to the kernel
corresponding to the composition of maps in the following diagram

i =11
1 13

Aq B A

N N
X(k—mrrl)s X(k,1,1—1),

QI\L qél
Y(k—rl+7) Y(k+1,0-1).

Here B is equipped with the line bundles det(Ly/L1 )" *+" @ det(Ls/Lo)! " *~{rl + 1 —1}).
As in the proof of Proposition 6.2, A; and As meet in the right dimension inside

D={L.:2zLy C Ly and zLy C Ly and zL3 C Ly} cB

which has codimension r + 1. Now, however, D C B (instead of D C B) is cut out by the section
z . L3/L2 — L3/L1{2} (instead of z: L3/L2 — Lg/Ll{Q})

By Lemma 5.1 this means that the kernel for ¢5* o if _ has cohomology in degree —s given by

N*(L3/Ly @ (L3/L1)"{—2})|a,n4,-

Thus we have simplified joz. F (k, 1) *j12.F ") (k—7r,147) to a kernel K € D(A; x A) whose cohomology
is

H™3(K) 2 (A*(Ls/La ® (L3/L1)V{—2}) ® det(La/L1) """ @ det(Ls/Lo) " {rl +1 = 1}) |a;na,-
(The corresponding functor is (+) — pa.(pi (1) ®K) where p; and ps are the two projections from A; x Az
toY(k—rl+r)and Y(k+ 1, — 1) respectively.)

Now, just as in the proof of Proposition 6.2, we have the map
m: A1 NAy — {Lg k;T>L1 i>L3 i>L4 1203 C Loand 2Ly C L1} = Wk —r 1 +7)
which forgets L. 7 is a P” bundle and det(Ls/Ls) restricts to Opr(1) on its fibers. Also
A*(L3/Lo ® (L3/L1)V{—=2}) @ det(Lo/L1) " F " @ det(Ls/Lo) = F " Hrl +1 -1}
> A*(Lz/L1)Y @ det(Ls/La)* "t @ det(Ls/Ly) " {rl +1 1 — 2s}.
For s =1,...,7r. m.det(L3/Ly)* "~1 = 0, while for s = 0 we get
mo(det(Ls/Lo) """t @ det(Lg/Ly) " {rl +1 - 1})
Ty (wr @ det(Lg/Ly ) el +1—1})
Owrtt (k—r ) det(Lg /Ly ) FH =] {rl +- 1 — 1}
FO(k — v, L+ 7)[—r]{r},

1

Il
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where we used that w, = det((Ls/L1) ® (Ls/L2)Y) = det(Ls/L1) @ det(L3/Ls)~". For s =7+ 1 we
get

m(det(Ls/L1)Y @ det(Ls/Ly) F T r + 1{rl +1—-1-2(r +1)})
>~ Ot (b—riir det(Ls /L) F = (r + 1)(1 = 1)}r + 1]{—r — 2}
> FUD(f — )+ 1]{-r -2}

We conclude that the spectral sequence which computes H*(7.K) from the cohomology of H*(K)
degenerates at the F5 term and hence

H* (1K) = FOHY(k — vl + 1) @c (C[-r){r} @ Clr + 1]{—r — 2}).
The result follows. The analogous result for £s instead of Fs follows by adjunction. O

6.3. The commutator relation. In this section we categorify the commutator relation. Roughly
speaking, this says that EoF = Fo E @ Id @ H*(P).

Proposition 6.5. If k > [ then
Fk-11+)«Ek-11+1)=2EE D)« F(k)dP

where H*(P) =2 Oa @c H*(P*~171) and A ¢ supp(E(k, 1) * F(k,1)).
Similarly, if k <1 then

kD)« Fk )= Flk— 1,1 +1) €k —1,1+1) &P’
where H*(P') =2 Oa @c H*(P=F=1). Moreover A ¢ supp(F(k — 1,1+ 1) E(k — 1,1+ 1)).

Proof. We deal with the case k <[ since the case k > [ is analogous.
Proposition 5.3 implies that the kernel £(k,1) * F(k,[) is isomorphic to the convolution of kernels
corresponding to the following sequence of maps

X(k, 1,0~ 1)s — =Y (k, 1,0 — 1) =2 X(k,1,0 — 1)

1) Y(k+1,0-1)

X(k,1,0— 1)) ——>V(k, 1,1 — 1) <=2 X(k, 1,1 — 1), .

/ /J/
a3
Y(k+1,01-1) Y (k1)
Here the upper Y (k, 1,1 —1) carries the line bundle det(Lo/L;) ~*~1{l—1} while the lower Y (k,1,1—1)

caries the line bundle det(L3/Ly)Y ® det(L1/Lo){k}.
As in the proof of Proposition 6.2 we first construct the fibre products

B = X(k, 1,l — 1)1 XY(k+1,l—1) )((,l{}7 1,1 — 1)1
k pg 1 -1
>~ {Lo= '=Ly— L3:zLy C Ly}

e L1

with respect to go and ¢}, as well as the fibre products

A1 = X(k, l,l — 1)2 XY(k,l,l—l) B
k Ly 1 -1
= {Loj 1jL2—>L3:ZL2CL0 andngCLl}

e L1
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and

AQ = B XYk,l,l—l X(k‘, 1,l — 1)2

k /1
= {L0:§§1:§L2F—1>L3:ZL2CLO and ZL3CL/1}.
k 11

Since X (k,1,1 — 1)1 and X (k, 1,1 — 1) intersect in the expected dimension in Y (k, 1,1 — 1) and g2, ¢}
are flat, we can use Lemma 5.1 to replace the sequence of maps above by the following sequence:

X(k,1,1— 1), X(k,1,1— 1),
Y (k, 1) Y (k. 1).

Here B carries the product of the pullback of the line bundles from the two copies of Y (k, 1,1 — 1),
which is det(Lo/L1 )%~ @ det(Ls/Lo)" @ det(L}/Lo){l + k — 1}.

Unfortunately, the intersection A; N Ay C B contains two components of different dimensions. This
means A; N As cannot be an intersection of the right dimension in any subvariety of B. So we introduce
two new spaces:

k Lyt 1—k—1 k
C:{LOjL =Ly —— L3y — Ly:2zLy C Ly andzL4CL2}
k 11
and
/ k Ly 1 I—k—1 k
Al ::{L()?Ll:1§L2—>L3—>L4ZZL3CL0 andzL4CL1}CC’.

There are natural maps m : A] — Ay and 7 : C' — B obtained by forgetting L3; but note that A} is
not the fibre product A; xp C. Instead, we have the following commutative diagram:

./ -/
J1 J2
Al ——=(C<——CxpA;.

LI

J1 J2

Ay B Ao

The middle vertical map 7 is a G(I — k — 1,1 — 1) bundle (hence flat) while the left vertical map m is
a birational map between smooth varieties (hence mq, o 77 = id). Consequently

- . AU ok . * Ay ik -/ * Ay -/ * -/ *
J3 01 = j3 0 (Jruom,)om Zjiom 0j), om Eme, 045 ojy, 0m.
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Notice that if we also tensor by a line bundle on B then the same equality holds after tensoring with
the pullback of this line bundle to C. Thus we have the diagram

A i o Jh O xp A

™ ™2
A Ay

@ @

X(k,1,1—1)9 X(k, 1,1 —1)9
@ a2
Y (k,1) Y (k,1)
where C' is equipped with the line bundle £, the pullback of the line bundle carried by B
L = det(Ly/L1) " det(Ly/Ly)" det(L)/Lo){l + k — 1}

>~ det(Lo/Ly) " Fdet(Ly/Ly)Y det(L) /Lo){l + k — 1}.

The intersection A} N (C' xp A3) inside C consists of two pieces. The first,

k pq 1 I—k—1 k /
Py :{L():;L i{LQ—>L3—>L4IZL4CL1:L1 aHdZLgc.Lo}
kL1
is the locus where Ly = L), while the second
k 7/
Pri={Lo= B Sy EE N B Ly oLy € LA L) and 2Lg C Lo and dimker(2|p, /1) > 1 +1}

kD11
is the closure of the locus in A} N (C xp As) where Ly # L.

A dimension count shows that dim(P;) = dim(P;) = dimY'(k,1) + 1 — k — 1, while the codimensions
of A} and C' x g Ay inside C are (I—1)+k(I—k—1) and [ —1 respectively. This means that the expected
dimension of A} N (C xp As) inside C is dimY (k,1). A quick check shows that A} and C xp A, are
both contained inside

k /1
D::{LO?E:I;LQH—_1>L3ﬁ>L4:zL2CLO and zLy C Ly and zLs C L)}

which has codimension [ — k — 1. Thus A} and C' x g Az intersect in the expected dimension inside D.
Now

(*) D is carved out by the zero locus of z : Ls/Ls — Lo/L{{2}.

Thus we can apply Lemma 5.1 to conclude that j57(ji,(-) ® £) corresponds to a kernel K whose
cohomology is
H*(K) = (L ® A (Ls/L2 @ (La/L1) " {=2}) |Pup,-

To summarize, we have shown that the functor E(k,l) x F(k,l) is given by the FM transform
p2:(Pi(-) ® K), where p; and py are the two projections from P; U Pe to Y (k,[) given by forgetting
LY, Ly, L3 and Ly, Lo, L3 respectively.

What remains is to compute p,(K) where

p: PLUP, = Y (k1) x Y(k,I)
is the map which forgets both Ly and Ls. To do this we use the exact sequence for Op,p,

0*>Oplup2 —>Opl @Op2 — O —0
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where E = P; N Py is a divisor in both P; and P». This allows us to calculate
pe (L@ N (L3/La ® (Lo/L7)"{-2}))

in a few distinct steps by studying the restriction of the this bundle to E, P; and P, separately.
Step 1. We first show that for all s

(6) P«(L @ A*(L3/La ® (L2/LY)"{=2})|) = 0.
Notice that
Ex{Lo S L5 Ly E5N 1y B Ly 20y € L, 204 € Ly, and dimker(z|,,,1,) > 1+ 1}.
The map which forgets Lo is a P'~*~! bundle f; : £ — E;, with
By ={Lo 5 L “5 Ly & Ly : 205 € Ly and 2Ly C Ly and dimker(z|,, /1,) > 1+ 1}.
Now the relative cotangent bundle Qy, is (La/Lq) ® (Ls/L2)". Thus:
(det(La/Ly)' "' @ det(Ls/L2)") ® A*(Ls/Ly ® (La/L1)"{—2})

ANTFI=5(Ly/Ly) ® (L3/L2) Y ){—2s}
o~ Qlf:k_l_s{—Qs}

1%

so that
fie(LRN(L3/Lo® (La/L)V{—2})|g) = det(Ly/L3)Y @det(Ly/Lo)[~l+k+1+s]{l+k—1—-2s}g,.
So to compute px = f3.f14, we must compute the pushforward by the map f3 : Fy — p(E) which
forgets L3. This map is not flat, so we first resolve the singularities of F using
By ={Lo &L, 5, b Lg: LNy A 2Lg1 C Lo and 2Ly C Ly},
This gives a commutative diagram
Ey
7N
Ey E]
N
p(E)
where f} forgets Lz and f} forgets Ly 1.
Now Fs is an iterated Grassmannian bundle, hence smooth. Also, the map fo : Fy — E

given by forgetting L 1 is generically one-to-one and surjective, because for a general point in Fj,

dim(ker(z|p,/1,)) = | + 1. This shows that fo is a resolution of F;. By Lemma 6.6 E; has rational
singularities, which implies that that fs, o f3 = Id. Thus we have

f3* = f3* of?* Of2* = fé* Ofé* Of;

Finally, the map f} is a flat P'~* bundle and the restriction of f3(det(Ls/L3)" ® det(L1/Lo)) to a
fibre of f4 is O(—1). Hence its pushforward via fj, vanishes and we have proven 6.

Step 2. Next we show that
(7)
P« (L@ N (Ls/La ® (L2/L})"{=2}))|p,) = Oals—(I=k—1){-2s+(—k—1)} € DY (k, 1) x Y (k,1)).
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On P, (where Ly = L)) we have
L® N (Ls/Ly ® (L2/L})"{-2}))

> det(Ly/Ly) " Fdet(Ly/L1)Y det(Ly/Lo){l + k — 1} ® A*(L3/Ly @ (Ly/L})V{—2}))
= det(L4/L3)v det(Ll/L()) det ((L3/L2)V & (Lg/Ll)) ® /\S(L3/L2 ® (LQ/Ll)v)){—QS + l + k — 1}

1%

det(Ly/Ls)" det(Ly/Lo) @ AF 175 (L3 /Ly)Y ® (Lo/L1)) {—2s + 1+ k —1}.
Forgetting Ly gives a P'=%~1 fibration P, — P},
Pli={Lo 5L, =5 03 5 0y 205 € Lo and 2Ly C Ly},
with relative cotangent bundle (L3/L2)Y ® (L2/L1). So pushing forward
det(Ly/L3)Y det(Ly/Lo) @ AF 175 ((L3/L2)Y @ (Lo/Ly1)) {~2s + 1+ k — 1}
via the map which forgets Lo gives the line bundle
(det(Ly4/L3)" ® det(L1/Lo))py [s — (I =k —1){-2s+1+k—1}

on Pj.

Now the map f3: P — A C Y(k,l) x Y(k,I) given by forgetting L3 is generically one-to-one since
there is no condition on the dimension of ker(z|z,,r,). The exceptional divisor of f3 is the locus where
dimker(z|,/1,) > [ + 1, which is precisely F; from Step 1. Thus E; is carved out as the degeneracy
locus of z : Ly/Ls — L1/Lo{2}, and

Op/(Ey) = det((Ls/Ls)" ® det(L1/Lo){2})
det((L4/L3)Y @ det(Ly/Lo)){2k}.
Since f3 is a birational map onto the smooth variety A = Y (k, 1),
f3:0p; = Op € D(Y (k, 1) X Y (k,1)).

Since Ey C Pj is cut out by the section det(z) : det(L4/L3) — det(L1/Lo){2k}, we have

Op, (B1) = ((La/Ly)” @ det(L1/Lo) {2k},
As in Step 1, the pushforward f5.0pg, (F1) = 0. Thus, from the exact triangle

Op; — Op(E1) — O, (E1)
we find that f3.Op;(E1) = Oa. Hence the pushforward of
(det(Ls4/L3)" @ det(Ll/Lo){%})Pl, [s—(I—k—-1D}{-2s+1—-k—1}

is Oals — (1 —k —1)]{-2s+ (I — k — 1)} which proves (7).
Step 3. Finally, we show that

1%

®) 2 (LN L/ L2 (LT (-2 = { FETHIFDERLEED 2

0 ifs#0
By Lemma 6.6 P, has rational singularities. So,just as in Step 1, we can first pull back to the natural
resolution Qs of Py

_ k—1 Lyt I—k—1 1 k—1 )
QQ—{L0—>L%:§L :§L2—>L3—>L3%—>L4.ZL4CL%aHdZL3%CL0}
1 11

and then push forward from there.

The first map g : Q2 — P» forgets L3 and projects onto
= k—1 Lyt I—k k—1
Py:={Ly — L% = I = Ly — L3% — Ly:2L4 C L% and ZLZ% C Lo}.
1 L1
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Notice that g is a G(Ls/La, L1 /L) = P'~*" fibration. The restriction of £ to any fibre of g is trivial,
so L ® N*(Ls/Ly ® (La/L})Y) restricts to A®(Ls/Ls). Since L3/Ls is the tautological bundle on the
Grassmannian, the pushforward g. ((£L ® A*(L3/Ly ® (L2/L})Y{—2})|p,) vanishes for s # 0. When
s = 0, this pushforward gives

L :=det(Ly/L1)" % @ det(Ly/L1)" @ det(L} /Lo){l + k —1}.

We now push forward from P, to
L[ =kt

= Lgs LEtNy SN C Ly and zLgy C Lo}

—L—>L
{Lo 11L1lk+1

via the map [ Pg — P2 which forgets L,. Notice that 152/ and ]52 are both smooth and that

f:Py— PQ is a blowup along the locus where Ly = L’. The exceptional divisor Ey of f is cut out as
the zero locus of the natural inclusion map L7 /Ly — La/Ly so that Op, (Ef) = (Ll/L%)v ® La/Lq.

On the other hand, since the fibres of f|g, are Pl—Fs, f*(Oﬁz (E}@)) = Op, fori=0,...,l — k.
Thus

fo(Llp,) = fe(det(La/L1)""* @ det(La/L1)" © det(L;/Lo){l + k — 1})
foBF'TF @ (L1 /Ly)' ™" @ det(La/L1)" @ det(Ly/Lo)){l + k — 1}

((Ll/L%y*k © det(Ls/L1) ® det(L’l/Lo)) sl + k- 1)

1%

1

where we use the projection formula to obtain the last line. Consequently, the left side of (8) when
s = 0 is equal to

9) FU(Lr /L)' 7" @ det(La/ L)Y @ det(Ly/Lo){l + k — 1})
where f': P} — Y (k,1) x Y (k,1) forgets L, and L.

Finally, we need to calculate F(k — 1,1+ 1)« E(k — 1,1+ 1). This can be done directly. Namely, the
intersection

W=, Wk 1,l+1)ﬁ7r2_31W(k—1,l+1) CYk,D)xY(k—-1,1+1)xY(k])
equals

1 !
{Lo LN Ly :; é,l, = Lo: 2Ly C Lo and 2L} C Lo and 2Ly C L}

which is of the expected dimenswn. Thus

Flh—11+1)%Ek—1,1+1) = mg(mi(Owk-1,41) ® det(La/L})" det(L1/Lo){k — 1})
©m33(Ow (1,041 @ (L1/L1)' 1Y)

T13+(Ow @ det(Lo /L)Y det(L1/Lo) @ (LY /L)' =1 + k — 1})
7134 (Ow @ det(Lo/LY)Y det(Ly/Lo) ® (LY /L) {1+ k —1}).

By Lemma 6.6, W has rational singularities, so we can first pull back from W to

1%

1%

k1 , 1 Ll l—k+1 ,
n = {LO — Ll = ., = L 1 —> Lo ZLll C Lo and zLy C L }
1 1 1-k+1

Then E(k — 1,1+ 1)« F(k— 1,14 1) is equal to
FULY /LY @ det(La/LY)Y @ det(Li/Lo){l + k — 1})

where f’ is the map from P, which forgets Ly and Ly 1. After relabeling Ly <> Ly, Ly < Li, LY < Ly,
Lys < L3y and Ly <> Ly we find that this is the same as (9). This completes the step.
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Notice that f/(Pj) does not contain the diagonal, so that we also have A ¢ supp(F(k — 1,1 + 1) %
E(k — 1,14 1)) (this was one of the conditions required in the definition of a geometric categorical sy
action.)

Step 4. We now put together the calculations from Steps 1, 2 and 3 to compute p, (). Consider
the exact triangle K’ — K — H°(K ® L) = L obtained by projecting onto the top cohomology of K
(recall that we only know the cohomology of K and not K itself). The cohomology of K’ is

H*(K') =2 (L&A (Ls/La ® (L2/LY)Y{—2}) | p,up,

where s > 1. From the calculations above we see that for s > 1
Pe(L@N(L3/Ly ® (La/L1)"{~2})) 2 Oals = (1 =k = ){-2s+ (I -k — 1)}
Therefore the spectral sequence which computes p,(K') degenerates at the Eo term, and we obtain
H (KN 2 OpAll =k —1{-l+k+1} D - ®OA[-l+k—1]{l —k+1}.
Now ps (L) = Oal-l+k+1){l—k—1}& F(k— 1,1+ 1)« E(k — 1,1+ 1) and
p«(K) = Cone(p.(£)[~1] — p.(K")).

However, we also have that (omitting the {-} shifts)
Hom(F(k - 1,1+ 1)« E(k — 1,1+ 1)[-1],0Aa[j])
Hom(E(k — 1,1+ 1)[-1], Fr(k — 1,1+ 1)[])
Hom(E(k — 1,1 +1),E(k — 1,1+ 1)k — 1+ j]),
which is zero if j <1 — k& (since all the £s and Fs are sheaves). Thus

Hom(F(k — 1,1+ 1) % E(k — 1,1+ 1)[~1], p (K')) = 0

1

1

and hence
p(K)2Flk—1,1+1)*xEk-1,1+1) P
where H*(P') =2 Oa @c H*(P'=%=1). This completes the proof. O

Lemma 6.6. The varieties E1, P, and W in the proof of Proposition 6.5 have rational singularities.

Proof. A variety X has rational singularities if for some (or equivalently any) resolution of singularities
m:Y — X one has 7, (Oy) = Ox.

Given a resolution 7 : Y — X of singularities, to show that 7.(Oy) = Ox it suffices to show that
X is normal, Cohen-Macaulay, and that ROm.wy = wx (see Theorem 5.10 of [KM]). But if one can
show that R°m,wy and wyx are isomorphic up to tensoring by a line bundle then it follows that they
are isomorphic, since they agree in codimension one (away from the indeterminacy locus of X --» Y).
Thus, to show that X has rational singularities it suffices to show that X is normal, Cohen-Macaulay,
and that for some resolution of singularities, wy and R°7,wy are isomorphic up to tensoring by a line
bundle.

Begin first with the variety

E1 = {LO L L1 i L3 L L4 : ZL3 C L() and ZL4 C L1 and dimker(z|L4/L0) > I+ 1}
F is a codimension one subvariety of the smooth variety
{LO L Ly i Ls L Ly:zL3 C Ly and zLy C Ll}

(E7 is cut out by det(z) : det(L4/L3) — det(L1/Lo){2k}). Thus E; is a local complete intersection
(and hence Cohen-Macaulay). Since it is codimension one in a smooth variety, it is also normal.
Now Ej has a resolution of singularities given by

By ={Ly % L1 =% Ly 5 Lyy *=5 Ly : 2Lyy € Lo and 2Ly C Ly}
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The dualizing sheaf of Fj is
wi, = [det(Ls/L1)det(Lyy/Ls)~ "M @ [det(Ly/Lyy)™ " det(z~"L1/Ls)"* V)] &
[det(L1/Lo)" ¥ det(Lzs /L1) ")) @ [det(Lyy)™ " det(z~ Lo/ Lay) ']

where we describe E5 as an iterated fibration by first forgetting Ls, then L4, Ly and Ly 1 in that order.
We do not need to simplify this expression completely- if we factor out all copies of det(Ls 1 ) so that
the remaining factors do not contain any expression involving L 1, we find that we have collected

—(l=kE)—(m-0)+(-k)+m-I-1)+(1+1)=0
copies of det(Ly 1 ). This means that wg, is the pullback of a line bundle on E;. So, by the projection

formula, the pushforward of wg, is a line bundle on E;. Thus wg, and R°7,wE, agree up to tensoring
with a line bundle, as desired.
Next we consider

k L}
Py, ={Ly le

Recall that P; and P, are the irreducible components of

:; Pty JNY R Pl A N L} and zLs C Lo and dimker(z|z,/1,) > 1 +1}.
1

/
L, ? Lo —> Ls —> Ly:2zLys CLy,2zL4 C Lll and zL3 C LO}

P=PUP,={Lg :;

and that
P={Lo 5L, 5L, 1o 5 Ly 20, € Ly and 2Ls C Lo}
is smooth. Now P is naturally a codimension k subvariety of the Grassmannian bundle G(k, Ly/Ly) —
Py. Explicitly, it is cut out by the section of the map z : Lys/Ls — Lo/L}{2}, where L] is the
tautological bundle of the Grassmannian bundle G(k, Lo/ Lg). It follows that P; U P, is a local complete
intersection. Moreover, the locus where P, is singular is contained in the locus where dim ker(z|r, /z,) >
[ + 2; this locus has codimension at least 2, so P is normal and Cohen-Macaulay.
Now P, has a natural resolution 7 : Q — P>,

! I—k—1

—{L0—>L1 jL :;LQ

I L3—>L4 zL4CL1 and zL3 C Lo},
11

where the map 7 forgets L1 We claim that wp, and ROW*(wQ) agree up to tensoring with a line
bundle. The canonical bundle of () is

wo = (det(L1/Ly)det(La/L1)~")(det(Ly/Ly)det(Ly/L})~")(det(La/Ly)' """ det(Ly/L2)7?)
(det(La/Lg)™ """ det(2~" Ly /La) ") (det(Ly/2/Lo)' " det(Ls/L1) ™)
(det(Ls/Lo)™ " det(=""Lo/L3)™")
obtained by forgetting Ll,L’l,Lg,L4,L% and L3 in that order. We collect all the factors involving
det(L%/Lo), finding
—1-1-(l-k-1)—-k+(l-k+1)—(-k+1)=-1
such factors. So, by the projection formula,
RO, (wg) =~ ROW*(det(L%/Lo)fl) ®L

for some line bundle L.
Now consider the zero locus of the map L’l/L% — Ly/L; inside . This is the divisor D where
L, = L. The short exact sequence

OQ(*D) — OQ — OD
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produces a long exact sequence
R°m,0q(—D) — Op, = Orpy — ..

where we use that R°m,(Oq) = Op, (P, is normal) and R°m,Op = O (py (w(D) is also normal). Thus
R7,0q(—D) = Op,(—7(D)) since w(D) C P is the divisor in P, where L; = L. Since

O(=D) = (L2/L1)~" @ (Ly/Ly) 2= (L2/L1) ™" det(L} /Lo) det(Ly /Lo) ™"

this means that ROm,.(wg) is equal to Op,(—D), up to tensoring with a line bundle. If Op,(—D) were
locally free we would be done — unfortunately, it is not at all clear that Op,(—D) is locally free.
On the other hand, we can compute wp, as follows. Let D’ = P, N Ps, and consider the standard
exact triangle
OPI(_‘D/) - OPIUPZ - OPz

inside the Grassmannian bundle G(k, La/Lg) over P; mentioned above. Now P; is smooth, Op, (—D)
is locally free, and P; U P is a local complete intersection (hence Gorenstein). Dualizing the above
triangle we get the exact triangle

Wp, =7 Wpup, — Wh, (D/)

where the right two terms are locally free sheaves. We may compare this exact triangle with the
standard exact triangle
OPz(_D) - OP1UP2 - OPI

and find that wp, is isomorphic to Op,(—D) up to tensoring by a line bundle. This means that
RO, (wg) and wp, agree up to tensoring with a line bundle, as desired.

Finally, we show that
k—1 / 1 L1 ! " U
WZ{L0—>L1?L,1/IZ§L2IZL1CL0 and zL{ C Lg and zLy C L1}
has rational singularities. Note that we have k < [ in the above description of W. W is naturally a
subvariety of the Grassmannian bundle

G(1, L)L) = {Lo =5 10 5 1y L Ly 2Ly Lo and 2L, € L)}

The fibres of W' are generically G(1, (I + 1) — (k — 1)), since ker 2|z, /1, on the base generically has
dimension [ + 1. This means that W C G(1, Ly/L}) has codimension I — (I —k +1) = k — 1 and is cut
out by the zero section of z : LY /Ly — L} /Lo{2}, where L{ is the tautological bundle on G(1, Ly/L}).
Thus W is a local complete intersection. The singular locus of W is contained in the locus where
dim(ker 2|1, /1,) > | + 2, which is codimension > 2. Thus W is Gorenstein and normal.

Now a natural resolution of W is

/ k—1 / 1 L1 1 -1 /
W:{L0—>L1:§L,,:§L%—>L212L%CLoandngCLl}
1 11

whose canonical bundle is
w2 (det(Ly/Ly)det(Lg/Ly)~")(det(LY/Ly) det(Lg /L))
(det(Lo/Lg)™ "~  det(z~" L7 /La) ™"+ ") (det (L} /Lo)* det(Lg /Ly) 1)
(det(Lg/Lo)™ " 'det(z~"Lo/Lg) """

In order to obtain this description of wy, we forget Ly, LY, Ly, L} and L 3 in that order. Collecting
all factors involving det(Lz /Lo) we find

—1-1-(m—-1l-1)+(-k+1)+(m—-k-1)—(-k-1)=1-k2>0
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such terms. Now the exceptional divisor of the forgetful map = : W’ — W which forgets L 3 is the
locus D C W' where Ly = LY. D is cut out by the zero locus of the natural map Li/L} — Lz /LY.
Thus O (D) = det(L%/L’l’) det(Ly/L})~t. But RO, (Ow-((I — k)(D))) = Oy since [ — k > 0. Thus

Rm.(det(Ls/Lo)'™") = Rm.(Ow:((l - k)(D)) ® det(Ly1/Ly)"* det(LY/Lo)" )
& det(Ly/L}) " *det(LY/Lo) "

by the projection formula. Hence R, (wy ) is a line bundle, which completes the proof. U

Now we need to repeat the calculation in Proposition 6.5 but with the deformed varieties f/(k, 0).

Proposition 6.7. If k > [ then we have the exact triangle

E(k, 1) = F(k,D[1]{—2}
SOk — {1 — k- 1}

. . E(k,1) = F(k,1)
=Pk = LIt Dbk =LA = g0 1k 1)1 k-1
where j1a is the inclusion

Gi2: Y (k) xY(k—1,1+1) = Y (k1) x Y(k—1,1+1).

Sitmilarly, if k <1 then we have the exact triangle

Flk—1,0+ 1)« E(k — 1,1+ 1)[1]{—2}
DOA[l — K){~1+k — 1}

Flk—1,1+1)xEKk—-1,141)

-/ -/
= J12.E (K, 1) % j1o, F (K, 1) — BOA[—l+k+1){l —k —1}

where j14 is the inclusion
Glo  Y(k) xY(k4+1,1—1) = Y (k1) x Y(k+1,1—1).

Proof. We deal with the case k <[ since the case k > [ is analogous.

The proof of Proposition 6.4 (which also involved deformations) followed from the proof of Proposi-
tion 6.2 with slight modification. Similarly, the proof of the above proposition follows very closely the
proof of Proposition 6.5. Instead of repeating that entire argument, we highlight the places where the
current proof differs from the proof of Proposition 6.5.

By Proposition 5.3 the kernel j1,.E(k,1) * j15,F (k,1) is isomorphic to the convolution of kernels
corresponding to the following sequence of maps

X(k, 1,0 — 1)y — =Y (k, 1,0 — 1) =2~ X(k, 1,1 — 1),

| |

Y (k, 1) Y+ 1,1-1)—Z=V(k+1,0-1)

X (k1,0 — 1)1 —> Y (k1,0 — 1) ==2— X (k, 1,1 — 1), .
qil q;l
V(k+1,0—1)<"—Y(k+1,0-1) Y(k,1)

Here the top Y (k, 1,1 — 1) carries the line bundle det(Ls/L1)""%~1{l — 1} and the bottom caries the
line bundle det(Ls/L2)Y @ det(Ly/Lo){k}.
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Proceeding as in the proof of 6.5 we can replace this composition by the sequence

I - Ja

Al C C xp Ay

™ 2
Aq Ay

q1 92

X(k,1,0—1)s X (k1,0 —1)s
a a2
Y (k,1) Y (k,1)
where
C = {Lo%ﬁ :}L2 l_k—_1>L3 ﬁ>L4 :(z—x)La C Ly and (z+x)Ly C Lo}

is equipped with £ := det(Lo/L1) "% @ det(Ly/L1)Y ® det(Ly/Lo){l + k — 1}.
A} and C x g Ay intersect in the expected dimension inside

E 7/ o1 ~
D::{LojéleguLg,LLAL:zLQCLOandzL4CLgandzL3CL’1}CC
g L1 1

However, that in this case
(**) D is carved out by the zero locus of z + x : Lg/L} — Lo/L}{2}.

Thus we conclude that j5*(j4,(-) ® £) is induced by a kernel K whose cohomology is
H=*(K) 2 (L@ A*(Ls/Ly ® (Lo/L)Y{=2}) |pups-

As it the proof of Proposition 6.5 we now just need to compute p.(K), where

p:PLUP, = Y(k 1) x Y (k1)

31

is the map which forgets Lo and Ls. To do this, we calculate p. (£ ® A*(L3/L} ® (L2/L})V{-2}))

using the exact sequence
0— Op,up, = Op, ®Op, = O — 0

just as in the proof of 6.5.
Step 1. We first show that for all s

(10) p((L®A(Ls/Ly ® (L2/L1)"{-2}))|E) = 0.

This is analogous to equation (6) in the non-deformed setting. The map f; : F — E; which forgets Lo
is a P'=%=1 bundle and the restriction of £ ® A®*(Ls/L} ® (La/L})V{—2})) to a fibre of f; is a direct
sum of line bundles Opi—x—1(—l + k + s) (here we use that Lo/L; restricts to Opi—x—1(—1)). Thus the

pushforward via fy, is zero unless s =0 or s =1 — k.
Now the relative canonical bundle of f; is
wp, =det((La/L1) ® (L3/L2)") = det(La/L1)" ™" @ det(L3/L1)".
Thus
fl*(ﬁ) fl* (wfl ® det(L4/L3)v det(Ll/Lo){l + k- 1})
(det(Ls/L3)" @ det(Ly/Lo)[~l +k+ 1{l +k —1})|g,

1
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while
fie(L®NTF(Ls/L} @ (La/LY)Y{-2}))

fie (C®det(Ls/Ly) det(La/Ly) "M {=2(1 — k)})
fl* (det(Lg/Ll) det(L4/L1)V det(Ll/Lo)) {—l + 3k — 1}
(det(L4/L3)V (9 det(Ll/L0>)|E1{—l + 3k — 1}.
By the calculation from Step 1 of 6.5, it follows that the pushforward of det(L4/L3)" det(Ly/Lo) by
the map which forgets L3 is zero. Thus
P((L®A*(Ls/Ly ® (L2/L1)"{-2}))|E) = 0.
Step 2. Next we show that

1%

1%

Oal-l+k+1{l—k—-1} ifs=0
(11)  pe (L@ AS(L3/Ly @ (La/L)Y{-2))|p,) 2K Oa{—-l+k—1} ifs=101—k
0 otherwise .

This is analogous to equation (7). Consider, as before, the P'=*~1 fibration P, — P] given by forgetting
Ls. The restriction of L& A*(Lg/L} ® (La/L})V{—2}) to a fibre of this bundle is Opi—x-1(—1 + k + s),
just as in Step 1, so the relevant pushforwards are zero except when s =0or s =1 — k.

When s = 0 we get (Ls/L3)" det(L1/Lo)|p;[~1 + k + 1]{l + k — 1} and when s = | — k we get
(La/L3)" det(L1/Lo)|p;{—1+ 3k — 1} where the calculations the same as in Step 1. It remains to show
that the pushforward of (L4/L3)Y det(L;/Lg) under the map which forgets Lg is Oa{—2k}. But this
is precisely what is shown in the last part of Step 2 in Proposition 6.5.

Step 3. Finally, we show that

(12)
(€@ A*(La/ 4 8 Lo/ L) {-2hlp) = { 87 BT DB LI 0 20

otherwise .
This is analogous to equation (8).
Just as in Step 3 of Proposition 6.5, we pull back to
11
QQ:{LOE»L%:;?:;LQMLSLL% k;l>L4:zL4CL% and zLg; C Lo}
1 L1

and then pushforward via g : Q2 — P, by forgetting Ls. The map g is a P:=5~1 fibration.
Now
L&A (Ls/L} ® (La/Lh)V{-2}) 2 L ® (La/L}) ™ ® A*(Ls/ L} ){—2s}
so the projection formula gives
9+ (L ® N(Ls/Ly ® (L2/L1)"{~2})) = L ® (L2/L}) ™" ® g« (A"(Ls/L1)){—2s}.
Since L3 /Ly restricts to the tautological bundle on the fibres of g, it follows that g.(A*(Ls/Ls)) is
zero unless s = 0. To use this fact, consider the short exact sequence
0 — Ly/Ly — L3/L} — L3/Ly — 0
gives the short exact sequence
0 — A*!(L3/Ls) ® (La/L}) — A*(Ls/L}) — N*(L3/Ls) — 0.

Thus g.(A*(L3/L7)) is zero unless s = 0 or s = 1. If s = 0 we have g.(0) = Op , while when s = 1 we
have
9+(La/LY) = g.(L2/L7) = (L2/L1) ® g.(0) = (L2/L})
where again we use the short exact sequence above together with g.(Ls/Ls) = 0.
So we may conclude that

IR

9+ (L® N (Ls/Ly @ (La/L7)"{-2})) = L



CATEGORICAL GEOMETRIC SKEW HOWE DUALITY 33

on P, if s =0, and

9:(L® N*(Ls/Ly ® (L2/Ly)"{~2})) = L(L2/L}) ™ (La/L)){~2} = L{-2}
if s = 1. From Step 3 in Proposition 6.5, the pushforward of £ via the map which forgets L%,LQ and
LS% is F(k—1,1+1)*«E(k— 1,14+ 1). Thus the claim of Step 3 follows.

Step 4. We now put together the calculations from Steps 1, 2 and 3 to compute p*(le) Consider
the exact triangle K/ — K — 'HO(I@) > [ obtained by projecting onto the top cohomology of K. The
cohomology of K is )

HH(K') = (L@ A (Ls/Ly @ (L2/L7)"{=2}) [Pup,
where s > 1. From the steps above we see that for s > 1
Fk-—11+)«Ek-11+1){-2} ifs=1
po(L @ N (Ls/L} @ (Lo /LY)V{-2})) =2 Oa{-l+k—1} ifs=1—-k
0 otherwise
Now, in Step 4 of Proposition 6.5, we showed that Hom(F(k — 1,1+ 1)« E(k—1,1+1),0a[l —k]) =0
so that
pe(KN) =2 Fk— 11+ 1) Ek — L1+ D[1]{-2} © Ol — K]{~1+k —1}.
Finally,
p(L) 2 Fk—1,1+1)xEk—-1,141) P OA[-l+k+1]{l —k—1}.
Thus we get an exact triangle

Flk—-—11+1)*Ek—-1,1+1)1{-2} @ Oall —k{-1+k -1} — p.(K)
S Fk—114+1)%Ek-1,14+1) B Ol +k+1]{l -k — 1},
as desired. d
Finally, we check that:
Proposition 6.8. End(£() (k,1)) = C-1d and End(F") (k1)) = C-1d.
Proof. Since F"(k,1) = Oy (x1y ® det(L; /L1)!="*{r(l — )} we have
End(F")(k,1)) = End(Ow 1)) = H(Owr (i)

which is one-dimensional, since W”(k,1) is proper over C. The statement for £ follows by adjunction.
O

As a corollary of the propositions of section 6, we conclude the proof of Theorem 3.3.

Proof of Theorem 8.3. The requirements for a geometric categorical C* equivariant sls action are given
in section 3.1, and are checked in Propositions 6.1, 6.2, 6.4, 6.5, 6.7 and 6.8. (|
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