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VERTEX OPERATORS AND THE GEOMETRY OF MODULI SPACES OF
FRAMED TORSION-FREE SHEAVES

ANTHONY LICATA AND ALISTAIR SAVAGE

ABSTRACT. We define complexes of vector bundles on products of moduli spaces of
framed rank r torsion-free sheaves on IP?. The top non-vanishing equivariant Chern
classes of the cohomology of these complexes yield actions of the r-colored Heisen-
berg and Clifford algebras on the equivariant cohomology of the moduli spaces. In
this way we obtain a geometric realization of the boson-fermion correspondence and
related vertex operators.

INTRODUCTION

Vertex operators play a vital role in the representation theory of affine Lie alge-
bras. The central idea is that instead of considering individual generators of certain
algebras, one should construct formal generating series of such operators. In this
formalism, the necessary relations in various constructions become tractable (for an
introduction to these topics, see [5,[13]). One of the fundamental building blocks of
the vertex operator calculus is the boson-fermion correspondence (see [6]), which
also plays an important role in mathematical physics.

The relationship between Hilbert schemes of points on surfaces and the represen-
tation theory of Heisenberg algebras has been well studied. In particular, Nakajima
[21] defined an action of the Heisenberg algebra on the cohomology of such Hilbert
schemes, endowing this cohomology with the structure of bosonic Fock space. Re-
lations to vertex operators were demonstrated by Grojnowski [8], Lehn [11], Li-Qin-
Wang [14], and Carlsson-Okounkov [2]. The construction of the Heisenberg algebra
was then extended to the case of equivariant cohomology by Vasserot [27]. In this
setting, connections to vertex operator constructions appeared in [15]. These rela-
tionships suggest that vertex operators themselves should have geometric descrip-
tions in terms of the Hilbert scheme and related moduli spaces. In this paper, we
give such a description (see Section [6.1)).

In [24], the second author pointed out that the C*-fixed points of the Hilbert
schemes of points in C? can be naturally identified with quiver varieties of type A...
By a general theory of Nakajima [19] 20], the homology (or equivariant cohomology)
of these quiver varieties can be given the structure of a level one representation of
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gl Thus, the localization theorem, which relates the equivariant cohomology of a
space with that of its fixed point set, yields a geometric setting for the Fock space
realization of the basic representation of gl_,. A similar idea was used by the first
author in [16] to construct the action of the Clifford algebra instead of the Lie algebra
ol

While these approaches provide a geometric interpretation of the boson-fermion
correspondence, the action of the Clifford algebra is via correspondences on a finite
fixed point set of a torus action while the action of the Heisenberg algebra is defined
via correspondences on the entire Hilbert schemes. It would be interesting to put
the action of the Clifford algebra on the same footing as that of the Heisenberg al-
gebra. That is, one would like to have globally defined operators, rather than just
operators living on torus fixed point sets. In this way, the boson-fermion correspon-
dence would appear as the action of both the Clifford and Heisenberg algebras on
the same space — the equivariant cohomology of Hilbert schemes or their higher
rank generalizations. Apart from being satisfying in its own right, this should be an
important step in the program of understanding the entire vertex operator calculus
in terms of the moduli space geometry.

In the current paper, we accomplish the aforementioned task as well as the gen-
eralization to higher rank. Namely, we define actions of the r-colored Clifford and
Heisenberg algebras on the equivariant cohomology of moduli spaces of framed
rank r torsion-free sheaves on P2. The action is defined using equivariant Chern
classes of vector bundles defined via complexes on products of these moduli spaces,
yielding a new and uniform realization of the Heisenberg and Clifford algebra ac-
tions. This method of defining operators was inspired by the work of Carlsson and
Okounkov [2], who realized a large class of vertex operators as Chern classes of vir-
tual vector bundles on Hilbert schemes on an arbitrary (quasi-)projective surface.
Indeed, our vector bundles have a natural description in the language of sheaves,
and in the case of framed rank one sheaves on P?, they are closely related to the vir-
tual vector bundles considered by Carlsson and Okounkov for the surface C? (see
Section 3.4 for details).

Our extension to higher rank is important in that the r-colored Fock spaces play a
key role in other constructions in the theory of vertex operators, such as the vertex
operator realization of the basic representations of affine Lie algebras. In particular,
we predict that complexes similar to those defined in this paper will lead to moduli
space constructions of all vertex operator realizations (including the homogeneous
and principle realizations) of the basic representations. Since our constructions are
defined via complexes of vector bundles, we expect this method to extend naturally
to K-theory and even to a full categorification of representations of the Heisenberg
algebras, Clifford algebras, and affine Lie algebras. We also anticipate obtaining nat-
ural interpretations of level-rank duality as a certain compatibility between different
geometrically defined operators on the equivariant cohomology of moduli spaces.
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The organization of this paper is as follows. In Section [Ilwe review the r-colored
bosonic and fermionic Fock spaces. The moduli spaces of framed rank r torsion-free
sheaves and various results about their equivariant cohomology are discussed in
Section 2l There we also discuss how one can define operators on this equivariant
cohomology via equivariant Chern classes of virtual vector bundles. In Section Blwe
define the geometric Clifford and Heisenberg operators, leaving the proofs of the
main theorems to Sections 4l and 5l We make some concluding remarks as well as
indications of direction of further research in Section

The authors would like to thank I. Frenkel, H. Nakajima, and W. Wang for help-
ful comments on an earlier version of this paper. They would also like to thank H.
Nakajima for helping point out the explicit relationship between some of the con-
structions appearing in this paper and those in [2] (see Section [3.4). The research of
the second author was supported by the Natural Sciences and Engineering Research
Council (NSERC) of Canada.

1. FOCK SPACES

In this section we introduce the r-colored bosonic and fermionic Fock spaces. Fur-
ther exposition can be found in the references mentioned in Section

1.1. Bosonic Fock space. A partition is an infinite sequence

)\: ()\1,)\2,...)
with a finite number of non-zero terms and such that A; > A, > .... We identify
a finite sequence (\y, ..., \,) with the infinite sequence obtained by setting \; = 0

for i > n. Let P denote the set of all partitions. For a partition A = (A1, Ao, ...), let
A= (A1, (A)g, . ..) denote the dual (transposed) partition. That is,

ANo=#{j| N\ =i}

The largest integer 7 such that \; # 0 is called the length of X (if \; = 0 for all 7, the
length of X is zero). Denote the size of the partition A by |A\| = . A;. Following [23],
we will identify a partition A with the set

When we write s € A\, we are referring to this identification. Note that this conven-
tion differs from the usual English or French notations for Young diagrams.
For s = (i,7) € N?, we define the arm and leg length of s in A by

ax(s)=Xi—j and Iy(s)=(\); —i

respectively. Note that these numbers are negative if s & \.
Given a pair of partitions ), 4 and s € N?, define the relative hook length of s to be

h)\”u(s) = a)\(S) + lu(S) + 1
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and the relative hook number

hA,M = H h)\7u(8).

SEX

The usual hook length of s in ) is then
ha(s) = hax(s)

and the hook number hy of X is
h)\ — h)\,)\.

Lemma 1.1. Suppose \ # v are partitions with
e > g, and N =, 1 <i<k.
Then hy ,((k, \i)) = 0.
Proof. We have
hu (ks Ae)) = ax((ks Ae)) + Lu((k; A)) +1 =04 (=1) +1=0.
O

Let A denote the ring of symmetric functions with complex coefficients. We let
{Pn}nen and {s)}rep denote the power sums and Schur functions respectively. The
Schur functions form a basis of A and we also have

A = C[pl,pg,...].

We fix the bilinear form (-, -) on A with respect to which the basis of Schur functions
is orthonormal.
Fix r € N and define the r-colored oscillator algebra to be the Lie algebra

5 = @ Cp'(m) ® CK

with commutation relations
1
[s, K] = [5,p°(0)] =0, [p"(m),p'(n)] = — O, -0 K, M # 0.

The subalgebra spanned by p'(n), I € {1,...,7},n € Z \ {0}, and K is an r-colored
infinite-dimensional Heisenberg algebra.

The oscillator algebra has a natural representation on the r-colored bosonic Fock
space

B=B" BY¥Cp.py,...10,0" ]2 A®cClg,q "]
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given by:
pl(m) — id®(l—1) ®ai ® id®(r_l)7 m >0,
Pm
l 1@(-1) o L @ (1)
p'(=m) —id @—pm @1d70, m >0,
0
P(0) = id® Y g5~ ©id®0, K id
q
Note that
B: @ Bfm BSL d:ﬁ{(qclfl’_._,qur) fa GAVOK, Zdegfa:n}
CEL" n€l>q a=1

We fix the bilinear form on B given by

<(q01f1= o d ), (qdlglv x -qurgr)> =0t g1+ Ocrar (f1,91) - (frs 9r)

for fa, 9o € A, a € {1,...,r}. Ttis easily verified that the operators p'(m) and p'(—m)
are adjoint for m € Z.

For an r-tuple A = (A\',...,\") of partitions, define hy = [[._, ha and |A| =
S |AY]- We call r the rank of the oscillator algebra and bosonic Fock space.

1.2. Fermionic Fock space. An infinite expression of the form

i Nig Adg A ...
where iy, 45, ... are integers satisfying
11 > 19 > 13 > cey in:in_l—lforn>>0,

is called a semi-infinite monomial. Let F' be the complex vector space with basis con-
sisting of all semi-infinite monomials. ' is called fermionic Fock space. Let

lc) =cANc—1ANc—2A...

be the vacuum vector of charge c. We say that a semi-infinite monomial has charge c
if it differs from |c) at only a finite number of places. Thus I = i; Aiy A ... is of
charge cif iy, = ¢ — k + 1 for £ > 0. Let I'° denote the linear span of all semi-infinite
monomials of charge c. Then we have the charge decomposition

F:EBF?

A semi-infinite monomial / = i; A iy A ... determines a partition A\(I) € P by

This gives a bijection I — (A(I), ¢(I)) between the set of all semi-infinite monomials
and the set P x Z. We define the energy of I to be |I| = |A(])|. Let F; denote the
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linear span of all semi-infinite monomials of charge ¢ and energy j. We then have

the energy decomposition
Fe= P Fr.

J€Z>o

For j € Z, define the wedging and contracting operators ¢ (j) and ¢ (j)* on F by:

NP 0 if 7 = i, for some s,
1NN ...)=
V) ) {(—1)%’1/\-~-/\is/\j/\is+1/\... if iy > > igp1.
WG) iy Aig ) = 0 if j # i, forall s,
(=) Yy Ndg Aoe s Ny Nigy A ... if j =g

Fix r € N. We define the r-colored Clifford algebra Cl to be the algebra with genera-

tors ¢'(4),v!(j)* 5 € Z, 1 € {1,...,r} and relations

{W'() ¢ )Y =05, '), ' (O} = 0= {'(j)" ¥'(1)"},

WG, (D) = [ G), v ()] = W'G) ¢t (@) T =0, 1+,
where {a,b} = ab+ ba. Note that we choose the convention that generators of dif-
ferent colors commute since it turns out that this is more natural from the geometric
viewpoint. If one prefers to consider a Clifford algebra where generators of different
colors anti-commute, it is only necessary to insert an appropriate sign in the geomet-
ric operators to be defined. We define r-colored fermionic Fock space to be the vector
space

F=F%.

We call an r-tuple I = (I', ..., I") of semi-infinite monomials an r-colored semi-infinite

monomial. These form a basis of F and we let (-, -) denote the bilinear form on F for
which this basis is orthonormal. For [ € {1,2,...,r} and j € Z, the maps

v'(5) =1d*V @u(j) @1d*" ), and
D) = id®D @ob(f)F @ id®0D
define a representation of Cl on F. Note that
YIG)ES) C et pl(G) (Fe) € Fooh,

where 1; € Z" has a one in the /th position and a zero everywhere else. The operators
Y!(j) and ¢! (j)* are called free fermions. One can check directly that ¢'(j) and ¢'(j)*
are adjoint with respect to the bilinear form (-, -) and that F is an irreducible Cl-
module. We call r the rank of the Clifford algebra and fermionic Fock space.

We have the charge decomposition

F=@PF, F=r'o oF,

ceZ"
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and energy decomposition

FF=(PF, FF= P o -oF.

n€Z>q Jitjr=n

In order to simplify notation in what follows, for a semi-infinite monomial /, we
define
ar(s) = axay(s), 1i(s) = Lyay(s).
We define hy(s), hy, by s(s) and h; ; similarly. For an r-tuple I = (I, ..., I") of semi-
infinite monomials, we define A(I) = (A(I'),...,A(I")), h1 = haq), |I| = |A(I)], and
c(I) = (e(IY),...,c(IM)).

1.3. The boson-fermion correspondence. The boson-fermion correspondence is a
precise relationship between bosonic and fermionic Fock space (see [6]). It uses
vertex operators to express bosons in terms of fermions (bosonization) and fermions
in terms of bosons (fermionization). We do not present the details here but instead
refer the reader to the expository presentations of this topic found in [9, Chapter 14]
and the introduction to [26]. In Section we present a geometric version of the
boson-fermion correspondence.

2. MODULI SPACES OF FRAMED TORSION-FREE SHEAVES ON P2

In this section we discuss our main object of study: the moduli space of framed
torsion-free sheaves on the complex projective plane P? and its equivariant coho-
mology. For background on equivariant cohomology, especially equivariant Chern
classes, we refer the reader to [4, Chapter 9].

2.1. The moduli space M(r,n). Let M(r,n) be the moduli space of framed torsion-
free sheaves on P? with rank r and second Chern class ¢z = n. More precisely, points
of M(r,n) are isomorphism classes of pairs (£, ®) where E is a torsion free sheaf
with rank £ = r and ¢;(£) = n which is locally free in a neighborhood of /., and
O E =N O] is a framing at infinity. Here [ = {[0 : 2, : 23] € P2} is the line at
infinity. The existence of a framing implies ¢; (£) = 0.

There is another description of M(r, n) (basically due to Barth [1]) which will be
important for us. Fixr € N,n € ZspandletV =C", W = C".

Proposition 2.1 ([21, Theorem 2.1]). There exists an isomorphism of algebraic varieties
M(r,n) = {(A,B,i,j) | [A,B]+ij =0, (A, B,1,7) is stable} /GL(V)
where A, B € EndV, i € Hom(W,V), j € Hom(V, W) and the GL(V')-action is given by
9(A, B,i,j) = (gAg~ ', gBg ", gi,jg™"), g€ GL(V).

We say (A, B, i, j) is stable if there exists no proper subspace S C 'V such that A(S) C S,
B(S) C Sandimi C S.
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We call the quadruple (A, B, i, j) in the above proposition the ADHM data cor-
responding to the framed sheaf (£, ®). We note that M(1,n) is isomorphic to the
Hilbert scheme of n points in C2. Thus, the moduli space M(r, n) can be thought of
as a higher rank version of this Hilbert scheme.

2.2. Torus actions on M (r,n). Fix the torus 7' = (C*)" x C*. Elements of (C*)" will
be written
e=(er,...,e).

We denote the one-dimensional T-modules
(e,t)—e; and (e, t) —t

by e; and ¢ respectively and the tensor product of such modules by juxtaposition. If
pt is the space consisting of a single point with the trivial T-action, then H7.(pt) =
Clby, b, ..., b, e where eand b;, i € {1,2,...,r}, are the second Chern classes of the
one-dimensional 7-modules ¢ and e; respectively. They are elements of degree 2.
We fix a decomposition W = @) _, W* where W* = C for all o. Then (C*)" acts on
W by

er— e idyr1 @ Beidyr .
For c € Z", let M(r,n) denote the moduli space with the torus action
(e,1) %c (A, B,i,5) = (tA, t7'B ie 't et%)),
where
e= (..., t) e (C).

Note that the underlying variety of M.(r, n) is independent of c. It is only the 7-
action that changes.

The T-fixed points M.(r,n)? are in natural bijection with r-tuples of semi-infinite
monomials I = (I',..., "), with ¢(I) = c and [A(I)] = n (see [23, Proposition 2.9]).
We shall identify T-fixed points with such r-tuples in what follows. LetI = (I',...,I") €
M (r,n)T and let 71 denote the tangent space to M.(r, n) at the point I. Then T acts
on 71, which decomposes into one-dimensional 7-modules.

Proposition 2.2. As a T-module, Ty is given by

T

IZ:‘[ — @ eﬁegltc(lﬁ)—c(fu) @ t_hl(y,lﬁ(s)@ @ th]ﬁ,]a(s)
)

a,p=1 sex(Ie sEA(IP)

Proof. This follows from [23, Theorem 2.11] after replacing ¢; by ¢, t> by t7!, and e,
by e,t°U*) everywhere. O
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It will be convenient to consider the splitting 71 = 7;~ & 7;" where

,]i_: éa (656 1tc(I c(I*) @ t~ Pra 8(s )’

a,f=1 sEN(I®)
T
7}+ _ @ 1tc(la c(IP) @ t ra 18(s )
a,f=1 sEN(I®)

Lemma 2.3. The equivariant Euler classes of T, and T;" in the T-equivariant cohomology
of a point are given by

H IT (85 — b+ (c(I%) = c(I) = g 1a(s))e),

a,B=1seX(I*)
H [T (6o = b+ (c(I*) = cI7) + hya gs(5))e) = (1) Mer(T;).
a,B=1seA(I%)
Proof. This follows easily from the definition of 7;” and ’]}+. O

2.3. Bilinear form and the space A. Let
H}(MC<T7 n)) = H;(MC(Tv n)) ®<C[b1 ----- br €] C(blv ceey brv 6)
denote the localized equivariant cohomology. Let
i Me(r,n)T — Mc(r,n)
denote inclusion, and let
p: Me(r,n)" — {pt}
be the projection to a point. We define a bilinear form (-, -),, . on H¥"(M.(r,n)) by
(A, ) e = (=1)"p.(ix) (@ U D).
and extend it to a bilinear form

n,c

on P, . H¥"(M.(r,n)) by declaring classes from different summands to be orthog-
onal. For T € M.(r,n)T, let

= A g2t g (1)),

Here 1y denotes the unit in the T-equivariant cohomology ring of a point and the de-
nominator ey (7; ) is to be interpreted as an element in this ring. By the localization
theorem in equivariant cohomology, the elements [I] form a C(by, bo, .. ., b,, €)-basis

of @, . Hi-(Moc(r,n)).
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Proposition 2.4. The classes {[1]} are orthonormal.

Proof. For1,J € M.(r,n)" we compute
ix(11) U ix(13) )

([0, 13]) = (=1)7pe(ie) (MU ] = (=1)7p. (i)~ <eT<Tf> er(Ty)

which is clearly 0 unless I = J. If I = J, then by the projection formula the above is

equal to
e (G (i) O e

Note that the last equality in the above line follows from our splitting of 7;, which
gave

er(Tr) = er(Ty Jer(T") = (=1)"er(Ty Jer(Ty).
0

A priori, the classes [I] are elements of the localized equivariant cohomology
H3™(Me(r,n)). However, despite the division by the equivariant Euler class in the
definition, we have the following lemma.

Lemma 2.5. We have
1] € HF"(Me(r,n)).
Proof. We use arguments similar to those found in [18]. Consider the (C*)"*?-action
on M(r,n) given by
(617 <oy 6y tla t2) ’ (A7 Ba Za]) = (tlAa tZBa 2.6_17 6])

Then define two C*-actions on M(r, n) by

zoy (A, B,i,j) = (2",..., 2", 2™, 2") (A, B,i,j), and

z 02 (A7 B7Z7]) = (an’ A '7an7z7 1) : (A7B?i7j)7
where ny > ny > -+ > n, > my > my. The fixed points of the first action are the
same as those of the T-action considered earlier. For each such fixed point I, let

Up={xeM(r,n)| lim zo0,z =1}

be the unstable manifold corresponding to I. By [22) Proof of Theorem 3.7] we have
U; Ut = M(r,n) and there exists an order on the fixed points so that J;.; Us is
closed in M(r, n) for all fixed points I. -

Now, consider the fixed point set of the second C*-action defined above. It is
easily shown that each connected component of this fixed point set contains exactly
one fixed point I of the first C*-action and each such I is contained in one of these
connected components. Let Z; be the connected component containing I and define

Cr={reM(r,n)| lim zoyx € Zt}.
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Since the second C*-action multiplies the natural symplectic form on M(r,n) (see
[19, Equation 3.3]) by z, it follows from [21, Proposition 7.1] that the Cj are la-
grangian submanifolds of M(r,n) and are thus half-dimensional. Using [23] The-
orem 2.11], one can show that Ct C Uy. Therefore, the closure of Ct only contains
points J for J < I. Consider the fundamental classes [?1] of the closures of the Cj.
These are elements of H2(M_.(r,n)). By the localization theorem and the definition
of the classes [I], we have that
=+ I] + Z ayg

for some classes ay € HZ™"(M_.(r,n)) supported at the points J. Then the classes [I]
are obtained from the classes [Cy] by the Gram-Schmidt algorithm and so the [I] lie

in HZ™"(Mq(r,n)). O
Let
Ac(r,n) = Spanc{[I] | T € Mc(r,n)"} € HZ"(Mc(r,n)),

)
A = @ Ac(ryn).

ceZr, nEZZO

Recall that the set {[I] | T € Mc(r,n)"}isa C(by, . .., by, €)-basis of @, , Hi(M.(r,n)).
Thus A is a full C-lattice in this space.

Corollary 2.6. The restriction of (-,-) to A is non-degenerate and C-valued.

2.4. Operators on equivariant cohomology. We define a bilinear form on the local-
ized equivariant cohomology of a product of moduli spaces Mc(r,n;) x Ma(r,ns)
in a matter analogous to that introduced in Section 2.3l Namely,

<a7 b>n1,0,n2,d - ( 1>Tn2p*<<i1 X i2)*)_1(a U b)?

where i; and i, are the inclusions of the 7-fixed points into the first and second
factors respectively. We extend this to a bilinear form

<'7 > = @ <'7 ')nl,C,TLz,d

n1,¢,n2,d

on @, cn.. JHIME) (M (7, ny) X Ma(r,ns)) by declaring elements in different
summands to be orthogonal.
If o € Hor "2 (M (r, 1) x Maq(r,ny)), then « defines an operator

o HE" (Me(r,ny)) — HE™(Ma(r, ng))

by using the bilinear form to define structure constants:

d
<Oé.1} y>n2d _e <.§L’®y, >n1,c,n2,d-
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In particular, if E is a T-equivariant vector bundle on M.(r,n1) x Maq(r,ns) and
B € HA(Me(r,n1) x Ma(r,ns)) then U ¢ (n,4n,)—1(E) defines such an operator. We
note that in the sequel, our choices will yield operators that restrict to non-localized
equivariant cohomology.

The following lemma is the basic localization tool we will use to compute the
action of our geometric Heisenberg and Clifford operators.

Lemma 2.7. Suppose I € Mc(r,ny)" and J € Mq(r,n2)". Let E be a T-equivariant
vector bundle on M(r,n1) X Ma(r,ny) and 3 € HZ(Mc(r,n1) x Mq(r,n3)) for some
l e ZZO' Then

U r(ni+nz)— E ,
(U oy EYIL 1) = 222 00,

where ¢y(n, 1ny)—1(Ey)) € Hp(pt) = Clby, ..., by, €] is the polynomial given by the equi-
variant Chern class of the fiber of E over the point (I,J) and fry = if 5(B) where iy :
(I,J) — Mc(r,n1) x Ma(r,ns) is the inclusion of the fixed point.

Proof.
(BU a1 (BN, [I]) = (=1)™pu((in % i2)) ™ (1 @ [I] U BU ooy na)1(E))

. . _ . . 6 U Cr’(n 4+n )_l(E)
=(—-1)" * * ! * 1 U 1T .
(1™l ) (G ). (L) 0 E st
where the last line just used the definition of [I] and [J]. By the projection formula
and the functoriality of Chern classes, this is equal to

i X i2)* (B U Crinyng) 1 (E
(=1)"p. (1(1,3) ol e)T((ﬁTIL—J)eT((z—)) ! )))

= (—1)"p, <1<I,J> U

_ Br,3 U Cringna)—1(Ea,y))
er(Z; )er(T5h)

(il X 22)*(6) U Cr(n1+n2)—l((i1 X 12)*E))>
er(Ty )er(7y)

3. GEOMETRIC HEISENBERG AND CLIFFORD OPERATORS

3.1. A complex of tautalogical bundles. One has the tautological bundles
V xarwvy M(r,n) — M(r,n), W x M(r,n) — M(r,n)

where M(r,n) = {(A, B,i,j) | [A,B] +ij =0, (A, B,1i,7) is stable}. We denote these
vector bundles by V' and W respectively. They are T-equivariant via the natural
action of 7" on M(r,n) and W. We can then consider A and B to be sections of
the bundle Hom(V, V) and ¢ and j to be sections of the bundles Hom(W, V') and
Hom(V, W) respectively. Over the product M. (r,n1) x Ma(r,n2), we then have the
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tautological bundles V;, and W, and sections Ay, By, i, and ji, where k£ = 1,2,
coming from the tautological bundles and sections on the kth factor.
Fixl € {1,...,r}. We define a T-equivariant complex of vector bundles on M.(r, ny) x

Mq(r,ny) by

t Hom(Vy, V3) @t~ Hom(V7, Va)
(3.1) Hom(V1, V) = S — Hom(V;, V2),
Hom(W;, V) @ Hom(Vi, W)

where o and 7 are defined by

AL — Axé C

EB1 — By¢ D
i

I

J

0(5) = £iy ) = ([A> D] + [07 B] + i + Ijl)a

—J2§
where
A, D] = A,D — DAy, [C,B]=CB; — ByC.
One easily checks that 7o = 0.

Remark 3.1. In the case when ¢ = d and n; = n,, the cohomology of this complex is
the tangent bundle to M. (r, n;) (more precisely, the tangent bundle to the diagonal
copy of Mc(r,ny) inside M(r,n1) x Mc(r,n2)). See [23], in particular, the proof of
Theorem 2.11. Thus, can be seen be as a generalization of the complex com-
puting the tangent bundle. It is also related to the complex [20, Equation (5.1)] used
by Nakajima to define Hecke correspondences yielding the action of Kac-Moody
algebras on the homology of quiver varieties. Nakajima identified a section of the
cohomology of that complex whose zero set defined the correspondences used in
his construction.

Lemma 3.2. The cohomology ker 7/ im o is a vector bundle on Mc(r,n1) x Maq(r, no).

Proof. We must show that 7 is surjective and that o is injective. The argument is anal-
ogous to the proof of [20, Lemma 3.10] but since our notation and stability condition
differ from those used in [20], we include the proof here.

To show that o is injective, suppose £ € ker 0. Then ker { C V; satisfies

imi; Ckeré, Aj(kerf) Cker{, Bj(keré) C keré.
Thus, stability of the point (A;, By, i1, j1) implies ker £ = V; and so £ = 0. Therefore
o is injective.
To show that 7 is surjective, suppose that ( € Hom(V3, V}) is orthogonal to im 7
with respect to the (non-degenerate) trace pairing

(-,+) : Hom(V}, V3) x Hom(V,, Vi) — C.

Then we have
Ai(=CAy, Bi(=(DBy, (ip=0.
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Thus ker { C V; satisfies
imiy C ker(, As(ker() Cker(, By(ker() C ker(,

and so the stability condition for (A, Bs, i3, j2) implies that ker { = V5. Thus ¢ = 0
and therefore 7 is surjective. O

Denote the vector bundle ker 7/ im o by K¢ a(7,n1,n2). The rank of K¢ q(7, 1, n2)
is equal to r(n; + ny) as can be seen from the following lemma.

Lemma 3.3. Let (I,J) € Mc(r,n1)T x Ma(r,n2)?. The equivariant Euler class of the
restriction of K¢ a(r, n1,ng) to the point (1,J) is given as follows:

(3.2) er(Kea(r,ni,n2)a H [T (b5 = b+ (&% = ¢ = hya ss(s))e) x

a,B=1seA(I¥)

< ] (0a—bs+ (@ = + g 15(5))e).
SENJY)

Proof. The T-module decomposition of K. 4(r, n1,n2) for the case ¢ = d = 0 is com-
puted in [23, Theorem 2.11] (one must set t; = ¢ and ¢, = ¢! there). The gen-
eral result follows after replacing b, by b, + c¢%¢ or b, + d“e as appropriate for all
aed{l,...,r} O

3.2. Geometric Clifford operators. We will see in Corollary 3.7 that
Crnitng) (Keet1,(rsn1,m2)) 0, ni,ng € Zso, Le{l,...,1}, c€Z,
and so we define

def
Ctnv(lcc,c:tll (7’, ny, nz)) = Cr(nl—i-ng)(lcc,c:tll (7’, ny, nz)%

the top non-vanishing equivariant Chern class of K¢ c11,(7, 71, n2)).

Definition 3.4. For [ € { 1,...,r} and n € Z, define operators
@ H2rk @ H2rk )

by
V(1) ek (Mo = Conv (Koot (b b+ — ¢ = 1))
€ Hy =D (M (r, k) x Moy, (r,k +n — ¢ — 1)),
‘I’l(n)*|H2Tf'k(Mc(r,k)) = Ciny(Ke o1, (r bk —n+ )
c H%(%_"“l)(,/\/lc(r, k) X Me_y,(rk —n+ ).
These operators will be called geometric Clifford operators (or geometric fermions).

Lemma 3.5. Forl € {1,...,r} and n € Z, the operators ¥'(n) and W'(n)* are adjoint.
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Proof. ForI € M.(r, k)T, J € Mcyu(r,k+n—c —1)T, we have
Co(Keesr, (r b ktn—c =1)q ) = (=1 &V (K, o(r k+n—c =1, k) gp)
by Lemma 3.3l Thus, by Lemmas[2.3]and 2.7, we have
Icc,c-l-ll (Tu ku kE+mn— Cl - 1)(17-]))
er(T; )er(73")
B (_1>T(2k+n_cl_l)0tnv(’CC—I—IZ,C(Tu E+n—c— 1, k?)(.],l))
(=1)rker(T;)(—1)r = =Deqr(Ty7)
Cooy (Kot e(r b +n—c =1, k)gn)
er(T)er(Ty)
= (U'(n)*(J], [1]).

@), ) =

O

Theorem 3.6. The geometric Clifford operators W'(n), W'(n)* preserve A and satisfy the
relations

{U'(n), ¥'(m)} = bpmid, {¥'(n),¥'(m)} =0 ={¥'(n)", ¥ (m)},
(W (n), UF(m)] = [ (n), ¥*(m)*] = [W'(n)*, ©¥(m)"] =0, 1#k
In particular, the maps
Yl(n) — Tln), P'(n)* — TN, neZ 1e{l,.. . r}

define a representation of Cl on A and the linear map A — F given by [I| — 1 is an
isometric isomorphism of Cl-modules. This isomorphism sends A.(r,n) to F¢.

The proof of this theorem, which involves a series of technical combinatorial com-
putations, will be given in Section (4l

Corollary 3.7. For ny,ny € Z>o, Ll € {1,...,r}, and c € Z", we have
Cr(ny+ng) (Ke,et1, (1,11, 12)) # 0.
Proof. Letn = ny —ny + ¢ + 1. Then, by Definition
\Ifl(n)\Hngl (Me(rm1)) — Cr(n1+n2)(lcc,c+ll (r,n1,1n2)).

We claim that ¢ (n) is a non-zero operator on F¢ . If ny = 0, let I' = |c'). Otherwise,
if N9 > Ny, let

I'=d+1indnd—1n-Ad—m+2Ad—mAd —ni—1A ...,
and if ny, < ny, let

I'=d+14mAdAd—=1A - Ad—=ni+ns+ 2N —ni+naAd —ni+ns—1A .. ..
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One easily checks that ¢(I') = ¢! and |I'| = n;. Thus if we set
I= (‘cl> ey }cl_1> I cl+1> e \cr>) ,

we have ¢(I) = c and [I| = n;. Since ¥!(n)(I) # 0, we see that ¢'(n) is a non-
zero operator on F¢ . Therefore U!(n) is a non-zero operator on H7 "' (M.(r, n1)) by
Theorem [3.6l and the first statement follows. The proof of the second statement is
analogous. O

As mentioned above, this corollary justifies our calling ¢, (, 11n,) (K¢ ct1,(7, 121, 12))
the top non-vanishing equivariant Chern class of K¢ c11,(7, n1, n2).

3.3. Geometric Heisenberg operators. Let (I,J) € M.(r,n1)" x Mc(r,n2)". By
Lemma[3.3] we see that

er(Kee(r,ni,ma)rg) = [[ I (06— ba+ (¢? = ¢ = hya sa(s))e)x

0576:1 SE)\(IO‘)

I (b= b+ (= ¢ + hya a(s))e).

SENJ)

Now, if n; # ny, then we must have /¢ # J for some «. But then, since ¢(/%) =
c(J*), we have A\(I*) # A\(J*) and s0 hja_jo = 0 Or hjo o = 0 by Lemmal[l.1l There-
fore

6T(Kc,c(ra ni, nz)) = Cr(n1+n2)(l€c,c(7’, n1>n2)) =0 for n; #ny
by the Localization Theorem. We will see in Corollary that

Cr(n1+n2)—1(ICC,C(T> ny, 77,2)) 7& 0

and so we define

def
Ctnv (Icc,c (T, ny, n2)) = Cr(n1+n2)—1 (Icc,c (T, ni, 71,2)),

the top non-vanishing equivariant Chern class of K c(r, n1, n2).

Lemma 3.8. Let (I,J) € Mc(r,n1)T x Me(r,n9)T such that X(I') # X(J') and let k be
the smallest integer such that \(I1');, # X\(J')x. We have

T

Ctnv(/Cc,c(T, ni, n2)(I,J)) = H H (bﬁ —bo + (Cﬁ —c" = hla,Jﬁ(S))e)x
o,f=1 sex(I®),
s#(kAINg) if a=6=1
X H (ba —bg + (¢* — ¢ + hja 15(s))e)
SENJ¥)
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lf)\(]l)k > )\(Jl)k, and

Ctnv(Kc (7, n1,m2) (IJ H H bﬁ — b + (¢” =" = hIaJﬁ(S))E)X
a,B=1seA(I®)
X 1T (b — bg + (¢ — ¢ + hya 15(s))e).
SENJY),
s# (kAT g) if a=p=1
lf)\(e]l)k > )\(Il)k
Proof. By the above comments, ciny(Kco(7,71,72)1,7)) is obtained by removing one

factor of zero from the product appearing in (3.2). The result then follows from
Lemmal[L.1l O

Remark 3.9. If (I, J) € M(r,n1)T x Mc(r,ny)T such that A(I') # A\(J') for more than
one choice of [, then ¢,y (Kc.c(7,n1,n2)1,3) = 0. Thus it does not matter which | we
choose in Lemma 3.8

If ny = no, then we will see in Corollary 3.15] that the r(n; + ng)-th equivariant
Chern class of K. (7, n1,n2) does not vanish and so we define
Ctnv(lcc,c (’f’, n, n)) d:ef CZrn(ICC,C(ra n, TL))
Lemma 3.10. Let (I, J) € Mc(r,n)" x Mc(r,n)". Then
Ctnv(lcc,c('ra n, n)I,J) =0
if I # J and
Ctnv(/Cc,c(T, n, n)I,I) = €T(7i)-

Proof. The case I # J follows as above. The case I = J follows immediately from
Lemmas[2.3land 3.3 O

Fix n # m and consider the action of the subtorus (C*)" C T on Mc(r,n) x
M(r,m), acting on the framing over I, C P?. The connected components of the
fixed point set of this action are products of Hilbert schemes

(Me(r,m) x Me(r,m) @ = | ] (€2 o @) (et

n,m

where the union isovern = (n',...,n"), m= (m',...,m") with )}, n' =n, > m' =

m, and C2"*! denotes the Hilbert scheme of k points in C2. We have the inclusions
inm (CQM X e X (CQM> X <Cz[ml} X X Cz[mq> — Me(r,n) x Mc(r,m).

Define disjoint sets 4;, 1 € {1,...,7}, by
A= {(n,m) | n® =m*fora < I, n' #m'}.
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Then, for [l € {1,...,r}, n # m, we have a partition of the (C*)" fixed-point compo-
nents

(Me(r,n) x Me(r,m))©" |_|Al,

A = |_| (CQW oo 2 ) % ((CZ[’”” %o x Cz[#ﬂ) 7

(n,m)eA,

and the associated inclusions i; : A; — M.(r,n) x M.(r,m). By the Localization
Theorem, the restriction

i* — Zi:,m : H; (MC(T, n) X MC(’/’, m)) —_— H; ((MC(T, n) X MC(’/’, m>>((c*)r)

is an isomorphism. By construction, the classes
< def ., " eyr
FEGD = ) w1 € H(A) CH (Me(r,n) x Me(r,m)) )
(nvm)eAl

are orthogonal idempotents (7* U5’ = 05 ,7"), and they decompose the identity:

1= Z € HY (Me(r,n) x Mc(r,m))€)").

Forl e {1,...,r}, let

7 =eU(*)7'(F) € HR((Me(r,n) x Mc(r,m)).
It follows from the definitions that
l {e if |12 = |J°| for o < Land |I'| # |.JV],

= 0 otherwise,

where 7; 5 = if ;(7") and i 5 : (I,J) — Mc(r,n) x Mc(r,m) is the inclusion of the
tixed point.

Definition 3.11. For [ € {1,...,7} and n € Z, define an operator
@ H2rk @ H2rk )

by
"U iy (Kee(r,k,k—n))  n<0
Pl i, — Y tnv c,c\ly vy )
<n)|H2T F(Me(rk)) {—7l U ctny (Kee(r kb —n)) n >0,
€ HEE (M. (r, k) x Mo(r,k —n)),
Pl(O)‘H%Tk(MC(T,k)) = ClCth(ICqC(T, ]f, k)) - Cl 1d
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(the last equality follows from Lemmas[2.7land . These operators will be called
geometric Heisenberg operators (or geometric bosons).

Remark 3.12. Note that the decomposition € = }_,_, 7' implies

eU Ctnv(lcc,c(,r7 ka k— n)) = Z Pl(n)|H¥k(Mc(7‘,k))
=1

Thus, we have decomposed the operator € U ¢y (Keo(r, k, k — 1)) as a sum of r dif-
ferent operators. In particular, for r = 1, the Heisenberg operators are simply given
by the classes € U ¢y (Ke o7, k, K — n)).

Lemma 3.13. Forn € Z, | € {1,...,n}, the operators P'(n) and P'(—n) are adjoint.

Proof. For n = 0, the statement is obvious. Assume n > 0. For I € M.(r, k)7,
J € M.(r,k —n)T, we have
Conv(Kee(1, k, k= 1)) = (_1)T(2k_n)_lctnv(Icc,c(ra k—n,k)a)
by Lemma Thus, by Lemmas and 2.7, we have
—Yi3 U oy (Kee(r, ky k —n)w3)
er(Ty )er(75")
—(=1) g U e (Keo(r, b = n, k) g p)
(=Drker(Z)(—1)*E=er(Ty)
Mg Yy (Kee(r, k —n, k) )
- er(T;)er(Ty)
= (P'(=n)[J], [1]).

(P'(n)[T, [J]) =

O

Theorem 3.14. The geometric Heisenberg operators P'(n) preserve A and satisfy the rela-

tions

[P*(n), P1(0)] =0, [P*(m),P'(n)] = %5m,_n5k,l id, m # 0.

In particular, the maps
p'(n)— P(n),neZ le{l,...,r}, K id,
define a representation of s on A and the linear map A — B given by
I} — (qc(ﬂ)s,\(p), . ,qc(ms/\(]r))
is an isometric isomorphism of s-modules. This isomorphism identifies A.(r,n) with B.

The proof of this theorem, which involves a series of technical combinatorial com-
putations, will be given in Section 5l
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Corollary 3.15. For ny,ny € Z>o, n1 # no, and ¢ € Z", we have
Cr(n1+n2)—1(lcc,c(ra ni, n2)) 7"é 0 and Corn,q (Kc,c(ra ny, nl)) 7é 0.
Proof. Let n = ny — ny. Then, by Definition 3.11]
Pl(n>|7-(§f”1 (Me(rn1)) = :l:’yl U Cr(nl—i-nz)—l(lcc,c(ru ny, ’flg))

It is easily seen from the description of the operators p'(n) in Section [.1] that p'(n)
is a non-zero operator on B, . (note that our assumptions imply n < n,). Therefore,
P!(n) is a non-zero operator on H> "' (M.(r,n,)) by Theorem and the first re-
sult follows. The second follows analogously from the fact that p'(0) is a non-zero
operator. U

As mentioned above, this corollary justifies our calling c,(n, 4ny)—1(Ke,c(7, 121, 12))
and ¢y, (Ke o (7, n, 1)) the top non-vanishing equivariant Chern classes of K (7, 1, n2),
n1 # ng, and K¢ (1, n, n) respectively.

3.4. Sheaf theoretic interpretation of the geometric Heisenberg and Clifford oper-
ators. Using arguments similar to those appearing in [23] Section 2], one can inter-
pret our geometric Heisenberg and Clifford operators in the language of sheaves. In
so doing, we see that in the rank 1 case they are closely related to operators defined
by Carsslon-Okouknov in [2]. In particular, we have the following.

Proposition 3.16. Let ((Ey, 1), (Es, ®2)) € Mc(r,n1) x Mq(r,n2) be a pair of framed
torsion-free sheaves. Then Ke a (7, 11, n2)((By #1),(F,d2)) = Ext' (E1, Ba(—ls)).

Proof. Let (E,®) € M.(r,n) be a framed torsion-free sheaf with corresponding
ADHM data (A, B, 1, j) (see Section[2.1)). The tangent space to M.(r,n) at (E, ®) can
be computed in two ways, one using sheaf theory and the other using the ADHM
description (see [23], in particular, the proof of Theorem 2.11). In the first case, the
tangent space at (F, ®) is given by Ext' (E, F(—l.,)). In the second, the tangent space
at (£, @) is the middle cohomology of the complex

tHom(V, V) &t~ Hom(V, V)
(3.3) Hom(V, V) % ® L Hom(V, V),
Hom(W, V) @ Hom(V, W)

where o and 7 are defined by

A Ag c
A= || FuDseB i
—J§ J

Now consider the particular case of the framed rank 2r torsion-free sheaf
(B, ®) = (E1 & By, @1 © )
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which is a point of M cq)(2r, 1 + ny) where (c,d) = (c¢!,...,¢", d",....d"). In the
language of sheaves, the tangent space at (£, @) is then

Ext! (B, @ B, Bi(—ls) ® Ey(—ls))
while in the ADHM description, it is the cohomology of the complex

tHom(Vi @ Vo, Vi @ Vo) @t~  Hom(V; & Vo, Vi & V3)
(34) Hom(Vi @ Vo, Vi Vo) S S5
Hom(W; & W, Vi @ Va) @ Hom (V) @ Vo, W1 @ Wa)

= Hom(Vy © Vo, V1 @ Va).
Define a C*-action on M q)(27, 71 + n2) using the one-parameter subgroup
S ldm/1 Ds 1dW2 € GL(Wl) X GL(WQ) C GL(Wl D Wg)

The fixed points of this C*-action are those rank 2r torsion-free sheaves which are
isomorphic to a direct sum of two rank r torsion-free sheaves (see [23, Proposi-
tion 2.9]). In particular, (E; @ Es, ¢, & ) is fixed by this action and thus the tangent
space Ext!(E, ® Ey, Ei(—ly) ® Fy(—l)) has an induced C*-action and decomposes
into isotypic components for this action. Over the C*-fixed point (£ & Ey, &1 & ©9),
the complex also decomposes into isotypic components. As in the proof of [23]
Theorem 2.11], ones see that the complex is the isotypic subcomplex of of
weight 1. Similarly the subbundle Ext'(E;, Fy(—l.,)) is the isotypic subbundle of
Ext!'(E), @ Fy, Bi(—ls) ® Ea(—ls)) of weight 1. O

Consider now the case » = 1 and recall that M(1,n) is the Hilbert scheme of n
points in C2. Note that if one takes £ = O(—l) in [2] Section 1.2], then x(£) = 0
and thus

Egn=—x(I,J(~lx)) = — Z(—W’ Ext'(I,J(—ls)) = Ext' (1, J(—lx))

1=0

for ideal sheaves I and J. Here we use the fact that Ext’(I, J(—l)) = Ext*(I, J(—ls)) =
0 (see [23 Proposition 2.1]). Therefore, in the rank one case, our vector bundle
Kea(l,n1,n2) is an example of the virtual vector bundles considered in [2] with a
modified torus action.

4. PROOF OF THEOREM [3.6]

4.1. Notation. In order to simplify notation in what follows, for r-colored semi-
infinite monomials I = (I',...,I") and J = (J',...,J") with ¢(I) + 1; = ¢(J) for
somel € {1,...,r}, define

fI,J = Ctnv (ICC(I),C(J)(T7 |I|, |J|)(I,J)) .
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When non-zero, fi j is homogeneous of degree 2r(|I| 4+ |J|). Whenr = 1 and ¢(J) =
cl)+1,

fr 1)1 H ar(s)+1;(s)) [ (as(s)+1i(s) +2).
sex(I seX(J)
ForI € M.(r,ny)%,J € Mq(r, ng) , we also define the polynomial
diy = er(T; Jer(737) € Clby, ..., by €.
Note that when r = 1, we have
drg= (—1)|I|h1hjem+|‘”.
Thus
Fra = (D gL,y = (~1)1dy el
where
fro= I (ails) +15(9)) [T (as(s) + t(s) +2),  dry = hrhy.

seX() seEX(J)

4.2. Combinatorics of the rank one fermionic Fock space. Let I = i; Aiy A ... be
a semi-infinite monomial of charge ¢, and let J = j; A jo A ... be a semi-infinite
monomial of charge ¢ + 1.

Lemma 4.1. Suppose i, = j;. Let [ be the largest positive integer such that iy = 1, — [ + 1
(in other words, A(I), = \(I)1) and let

I'=ijp1i Nigo Aoy, T =G Aisa A
Then we have

f[ = (_1)lfl’,J’ HseR(I) hi(s) HseR(J) hi(s) ifir=gp V1 <k <L,
7 0 otherwise,

where

R(I) = XD\XUI") = M), X()ay ..., A()y), and

R(J) = MINAT) = (A)1, A )2, - A )
Proof. Suppose iy, # ji for some 1 < k < [. Choose k to be minimal. Then \(/J), =
AI),—1=A{I);—1foralll <p<k—land A(J)r < A({)r—1. Lets = (k,\({)r—1).
Then

ar(s) +1,(s) =1+ (=1) =0
and the result follows. Therefore we assume i, = j, forall 1 < k
1<k<liwehave A(I)y = A1), N(J)r, = AM(J)1 and A\(I)r = N(J) +
choice of [, we have A\(1);.1 < A(I); = A(I);. Note that
M) = (A1, A1z, .- ),  and

AT = M) i1, M g2, - - - ).

. So for all

<
1. Also, by our
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We have
fro= I (ar(s) +15()) T (as(s) +1r(s) +2)

s€R(I) sER(J)

IT (ar(s) +10(s)) (ay(s)+1p(s)+2)

sex(’) sEA(J’)

= f[/“]/ H (CI,](S) + ZJ(S)) H (CLJ(S) + ZI(S) + 2)

seR(I) sER(J)

Now, for s € R(J), we have a;(s) = a;(s) + 1. Therefore

[T @+ = [ (als)+is HhJ

seR(I) sER(I\R(J) SER(J
and

H (as(s) +li(s) H hr(s

sER(J) sER(J
Now,

[T (@) +106s) = (=D)(=2) - (=) = (=" [ hls).
seR(I\R(J) seR(I\R(J)

Therefore

fro=(— fI’J’ H hi(s H hy(s

seR(I) seR(J

Lemma 4.2. If i), = jj1 forall k > 1, then
fr.=hrhy.

Proof. The hypotheses imply that the partition A\(/) is obtained from the partition
A(J) by removing the largest part A(./);. Therefore,

li(s)=1;(s)+1, seJ),

and so
I (ar(s) +15(5)) = ] (ar(s) +li(s) +1) = by,
seX(]) sex(I)
H (CL](S)‘FZ[(S)‘FQ) = H (aJ(S>+lJ<S>+1):hJ,
seX(J) seXJ)
and the result follows. ]

Lemma 4.3. If iy # jy and iy, # ji+1 for some k > 1, then fI,J =0.
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Proof. Suppose i; # j; and let k be the smallest positive integer such that i, # jj41.
Thus £ is also the smallest positive integer such that (1), # A(J)i+1. Suppose
Jra1 > g Then A(J) g1 > A(I)g. Set s = (kK + 1, \(J)g+1)- Then ay(s) = 0. Also, since
A k-1 = ANJ)g > MJ)k+1, we have [;(s) = —2. Then

ay(s)+1;(s)+2=0+(-2)+2=0.

Now suppose ji+1 < ix. Then \(J)p11 < A(L). If s = (k, A({)x), then a;(s) = 0. Also,
for k > 1, since A(J)y = A({)x—1 > A1), we have [;(s) = 0. Therefore

ar(s)+1;(s) =0.

If £ = 1, then either A(J); > A(I);, in which case the above still holds, or \(J); <
A(I); — 2 (we cannot have A\(J); = A({); — 1 since this would imply i; = j;). In this
case, lets = (1, A({); — 1). Then a;(s) = 1 and /,;(s) = —1 and we have

ar(s)+1;(s) =0.

Proposition 4.4. We have

(=)"dr; if J = (—=1)"(k)I for some k,n € Z,
fro = )
0 otherwise.

Proof. It suffices to consider only the coefficients f; ; and d; ;. We first note that there

exists a k such that J = £ (k) if and only if there exists an [ such that ,,, = j,, for

allm < 1, j; = k and j,,,.1 = i,, for all m > (. In this case, we have J = (—1)""¢(k)I.
Let [ be the smallest positive integer such that i; # j; and let

I'=iNiga Aoy T =0 ANjiia N ..
Repeated application of Lemma 4T gives

fro=E0" oy H hi(s) H ha(s).

seA(I)\NI') SENINA()
By Lemmas 4.2l and [4.3] f .y = 0 unless i,, = jn1 for all m > [, in which case
f[’,J’ = h[’hJ/7

and so ) )
frr= (=" hihy = (=1)""td; ;.
Thus, we have
. (=1)"d;; if J = (=1)"p(k)I for some k,n € Z,
S ) otherwise.

as desired. 0
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4.3. Combinatorics of the r-colored fermionic Fock space. Suppose I and J are r-
colored semi-infinite monomials and «, 3 € {1,...,r}. In order to simplify notation
in the following proofs, we define

Xiy = I (b =bs+ (c(I*) = e(J%) + hro yo(5))e)
sENI)
Proposition 4.5. If I and J are semi-infinite monomials with c(I) + 1, = c(J), then

(=D)dyy if I = (=1)"' (k)1 for some k,n € Z,
fia= )
0 otherwise.

Proof. We have

T

(4.1) fig = H (—1)‘IQ‘XICf&ﬁX?,’Iﬁ = fn g H (—1)|IQ|XICf&ﬁX?,’Iﬁ-
p=1 1<a,B<r

a#l or B#l

If a« =3 #1, then

Xpy X537 = X0 X5 = [ hrese(9)e JT hoere(s)e = huegohge gud
sex(I®) SEXN(J®)
By Lemma this is equal to zero unless /* = J*. We thus need only consider the
case where /* = J° for all o # [.

Note that
xXpy =X537, X5¢ =X7{, ifa#l and
7/6 _ 7/6 7/6 _ 7/6 1
Xﬁ] —XffI , X;I —X‘?’J, if 3 # 1.
Therefore

Ia 71[3 76 ICY 76 71[3
T o"xyxsd= I C0"7xfxsy.

1<a,B8<r 1<a,8<r

a#l or B#l a##l or B#l

By Proposition 4.4, we have
i = (=1)"dp = (=1 (~D)TIXPEX5

if J' = (=1)"(k)I' for some k,n € Z and fp n = 0 otherwise. The result now
follows from the definition of 1!(k) and the fact that

T

dyy = H (—1)‘IQ‘XIOfiﬁX§,’Jﬁ'

a,f=1
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4.4. Proof of the theorem.

Proof of Theorem3.6l Letn € Z,1 € Mc(r, k)" and J € Mcyy,(r,k+n — ' —1)T. By
Lemma[.7] ( )

. Conv (Ke),e@) (r, [T}, [I]) @.3) Ji3

(), 3] = TR s -

The set {[I] | c(I) = c, |I| = n} forms a C(by, ..., b,,¢€) basis of the localized equi-
variant cohomology of M.(r,n). Since the above structure coefficients are com-
plex numbers by Proposition we see immediately that operators ¥!(n) (and
hence their adjoints ¥!(n)*) preserve the subspace A. Let ¢ be the vector space
isomorphism A = F given by ¢([I]) = I. It follows from Proposition that
o(T(n)[1))) = Y (n)p([T]) foralln € Zand l € {1,...,r}. Since ¥!(n)* and ¢!(n)* are
adjoint to ¥!(n) and ¢! (n) respectively, we see that o(¥'(n)*[I]) = ¢'(n)*([1]) for all
n€Zandl € {1,...,r}. The result follows. O

5. PROOF OF THEOREM [3.14]

5.1. Notation. In order to simplify notation in what follows, for r-colored semi-
infinite monomials I and J with ¢(I) = ¢(J) = ¢, let
9{,.] = %,J U Ceny (]Cc,C(Tu ‘I‘, ‘JD(I,J))

in the T-equivariant cohomology of a point. We define g ; to be zero when c(I) #

c(J). When non-zero, gj 5 is homogeneous of degree 2r(|I| + |J|).
Note that when r = 1, A(I) # A(J)r and A(I); = A(J); forall 1 < i < k, we have

g d_efgl _ (_1)‘1‘_1€‘I‘+|J‘hJ,I Hse)\(l), s#(kA (k) hLJ(S) if )‘(I)k > )‘(J)ka
1) = = .

1,7 (=)l [Liern), sty Pnr(s) ATk > A
Thus, by Lemma [L.1] g;; = 0 if and only if 0 occurs more than once as a relative
hook length for the partitions A\(1) and A(.J).

Recall that for I € M (r,n,)%, J € Mqy(r,n2)*, we defined
dLJ = 6T(7i_)eT(IZT]+) € C[bl, Ceey br, E],
and when r = 1, we have
dLJ = (—1)|I|h1hj€‘l‘+|J‘.

We will write g, , and d, , to denote g; ; and d; ; (respectively) for some semi-infinite
monomials I and J with A(I) = XA and A(J) = p. Since g;,; and d; ; are independent
of the charge of I and J, g, , and d, , are well-defined.

A 2 x 2 square is a set of the form

{(6,7),(i+1,7), 06,7+ 1), i+ 1,7+ 1)}, i,5€N.

For A\, u € P, we say 1 — A is a border strip if A C p (thatis, \; < p; for all ) and the
following two conditions hold:
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(1) i — A contains no 2 x 2 square, and
(2) u — X is not the disjoint union of two nonempty subsets ! and v? such that
no box in v! shares an edge with a box in /2.
The width of a border strip is defined to be the number of columns it occupies minus
one. That is, the width of a border strip x — Ais [{i | A; > p;}| — 1. Note that this is
often referred to as the height when Young diagrams are written in English or French
notation.

5.2. Combinatorics of the rank one bosonic Fock space.

Proposition 5.1. If |\| < |u/|, then

|n—Al

de if uw — X is a border strip,
9p = ;
0 otherwise.

Proof. We first prove that g5, = 0 unless A C p. Since |A\| < |p|, we must have
i > A for some positive integer k. Assume £ is the smallest such positive integer.
If A € i, we must have \; > p1; for some j. Again, we take the smallest such j. Then
hux((k, 1x)) = 0and hy ,((4, Ax)) = 0 and thus g, , = 0.

Now suppose A C . Let k be the smallest positive integer such that j;, > A, and
let s* = (k, pu,). Suppose i — A contains a 2 x 2 square. Pick one such 2 x 2 square

{G9), (4 1,5), (6,7 + 1), (0 + 1,5 + 1)}
in yo — A with the following properties:

D) (+1,j+2)¢p,
@) (i—1,5) ¢ pu—A

If property (1) is not satisfied, then
{16, 7+1),(+1,7+1),(,7+2),@+1,j+2)}
is a 2 x 2 square in i — A and if property () is not satisfied, then
{(0=15),(9),(0=1,7+1), 7+ 1)}

is a 2 x 2 square in ;1 — A\. Thus, we can always choose a 2 x 2 square in 1 — A
satisfying properties (I) and (2) by moving up and left as necessary. For such a
square, (i + 1, j) # s* but

hua((i+1,7)) = ap((i+1,5)) + (G + 1,5)) +1 =1+ (=2) + 1 =0,

and so gy, = 0.

Now suppose p — A contains no 2 x 2 square. It is a union of subsets /', ... v?
such that v’ and 1/ have no edges in common for i # j. By relabeling if necessary,
we may assume that all boxes in v are to the left of all boxes of v/ for i < j. By
definition s* is the top left box of v'. If p > 2, let (i, j) be the top left box of v*. Then
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n
A
n
R Yy
J J
I
ll A} (-I ' 4 ‘ ‘
k m

FIGURE 1. Unshaded boxes correspond to the partition A\. Shaded
boxes correspond to the border strip ;1 — .

(i—1,7), 0,5 +1) € 2. We also have (i — 1, j), (i, + 1) ¢ v/ for i # 2 since v* shares
no edges with v* for i # 2. Thus

Ry (0, 9)) = au((6, ) + (G 5)) +1 =04 (=1) + 1 =0,

and so gy, = 0.

It remains to consider the case when . — A is a border strip. We divide the boxes of
the partition p into subsets as follows. Recall that k is the smallest positive integer
such that ;i > A;. Let m be the largest positive integer such that p,, > A, let
be the smallest positive integer such that xf > !, and let n be the largest positive
integer such that pf, > A!. Then define (see Figure[I)

,j)EXN|(i<kori>m)and (j <lorj >n)},
LJ)EN I <k, 1<j<n},

,7) €Nk <i<m, j<l}, and,

L) Ep|i >k, j>1}.

Wehave y = AU BUCUD and

ua(8) = ha(s) = hu(s), forse A,
A(s), forse B,
ux(8) =hyu(s), forseC.
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We now focus our attention on the boxes in D. These boxes form a partition them-
selves. More precisely, if we define

Ni=Xipp1— 141, 1<i<m+1-—k,
fii = pigp— —1+1, 1<i<m+1-k,
then )\ and /i are partitions and we have
(LHeps(i+k—1,7+1-1)€p,
(i fNere (i+k—1,j+1—-1) €

aal60) = hau((C+ k=1, +1-1)),
aa((6:7)) = hua((+ k= 1,5 +1-1)),
hs((i, 7)) = ba((i + k = 1,5+ 1= 1)),
ha((@,9)) = hp((i+ k= 1,5 +1=1)).

Since /1 — A is a border strip, we have
Ai =pis1— 1, kE<i<m-—1,
No=pt,—1, 1<j<n-—1

Let 5 = (1,/i1) = (1, sx — [ 4+ 1). Let (i, j) € A. Since il > 5\§, we have (i + 1,j) € fi.
Also

ap((i+1,75)) = a5((i,5)) + 1,
(G +1,7)) = 15((6,9) — 1,
a((i+1,5)) = 1a((2, 7)) — L.
Thus
has((i+1,7)) = aa((@+1,7)) + I5(@ + 1,5)) + 1 = ax((2, 7)) + (2, 5)) + 1 = hs((i, 7)),
h3,a((2,5)) = ax((i,5) + 1a((2,5)) + 1 = ap((i + 1, 7)) + la((i + 1,7)) + 1 = ha((i + 1, 5)).

Therefore
1T ras(G+10) =TI hald) = by,

(i,)EN (3,5)€X
IT rsatGi) = T ha(G+1,5)
(i.5)EX (i,j)EX

Now, for (1,5) € g with 1 < j < [i; (the second inequality is equivalent to (1, j) #
§*), we have
aﬂ((luj)) = ~(<17.] + 1)) + 17

s((1,0) = la((1,j+ 1)) — L.
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has((1,5)) = aa((1,9)) +15((1,9) +1 = ap((L, 5+ 1)) +1a((1, 7+ 1) +1 = ha((1,j+1)),

II mx(@in=TI rati)

ji1<j<in j: 2<j<in

For 1 <j < i,

it A HI<i<pl

and

i N 1<i<plt

Note that
o ~ » pi—1
H<_1)ﬂ§_)\§_l = (—1) ! H (_1)ﬂ§—ﬂ§-+1 = (—1)1 = (—1)Width(e—Y)
Jj=1 j=1

where in the first equality we used the fact that )\t fif, —1for 1 <j <ji; —1land

5\% . = 0. Combining the above results, we have
[Trsa) TI hasts) = 0@ Tnss)  JT - hals).
sEX SE€R, s#5* SEX s€fi, s7(1,1)
Note that
ha((1,1)) = [ = Al

Thus
H h/\u H hu/\ H H h/w\
seDNA s€ED,s#s* SEN SEfL, sF£S*
= ()T ass) T hals)
365\ s€fi, s#(1,1)

— ( 1)w1dth,u A)

5 1T m@ TIhts)

|“ a seDm s€D
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Therefore,
I = (_1)|/\\€|/\\+|M| H hau(s) H hoau(s) H hua(s)
sc AuBUC seDNA s€D, s#s*
= (= 1)P(—1)WidthG2) A+~ |,u ~ H ha(s)h,(s) H ha(s) H hy(s)
SGAUBUC seDNA seD
width(u—A
— (—)N (—1|) ;T )hAhMeWH”'
M —
(_1)width(,u—)\) p
T p—A ™
as desired. 0

Let p(—n), n € N, be the operator on symmetric functions given by multiplication
by % Pn, Where p, is the power-sum symmetric function.

Lemma 5.2. With respect to the basis of Schur functions, the structure constants of the
operator p(—n) are given by

<p(_n)$>\,su> = {dx,# Zf|:u | n,

0 otherwise.
Proof. By [17, Example 1.3.11],

DSy = Z(_l)width(p—)\)su

I

where the sum is over all partitions ;z D A such that u — A is a border strip of size n.
Therefore, since the Schur functions form an orthonormal basis for the symmetric
functions,

(p(=n)sx, su) = <%pn8m 5u>

|

9, : _ —
_ { if uf = ]\ = .

(—1)Width(=2) " if i, — )\ is a border strip of size n,
otherwise

O 3=

D
0 otherwise.
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5.3. Combinatorics of the r-colored bosonic Fock space.

Proposition 5.3. If I and J are semi-infinite monomials with c(I) = c(J) and |\(I')| <
IAN(JY)|, then
z (_1)width(>\(ﬂ)—)\(ll))
TN = A )]
if ANI*) = N(J*) for all o # Land X(J') — A(I') is a border strip. Otherwise gj y = 0.

dr 3

Proof. Note that gf ; = 0 unless [I*| = |J*| for a < [ and |I'| # |J'| (due to the
presence of the factor 7 ;) in which case

(5.1) gy = gnn H (D) IXEP X57
1<a,B<r
a#l or B#l

where X7 f is defined in Section As in the proof of Proposition 4.5] for all o # [
we have X7y = 0 unless [* = J*. If [* = J* for all a # [, then

g{,J =gp. g H (‘U‘IQ\XICTiﬁ H X.??

1<a,B<r 1<a,B<r
a#l or B#l a#l or B#l
By Proposition
(_1)width(>\(Jl)—>\(Il)) (_1)width(>\(Jl)—>\(Il)) ol oLl
_ A n = —1)xh X
=R A T R g Y e

if \(J') — A(I') is a border strip and is equal to zero otherwise. Thus, when A(J') —
A(I') is a border strip, we have

wi _ () r
z (— 1)) =A(T)

= —D)IIXPY XS
91,3 |)\(Jl) _ )\(Il)‘ a:’l;ll( ) I1T <*JJ

The result follows. 0

Corollary 5.4. For n € N, we have

(5.2) <pl(—n) (qc”l)sle)a . -,qc”r’wm> , (qC(Jl)SA(Jl)v - an(JT)SA(J”")>> =

{— ife(T) = c(3), M) — NIH] = n,

0 otherwise.
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Proof. 1t follows easily from the definition of the bilinear form and the operators
p'(—n) that the left side of (5.2) is equal to zero unless c(I) = ¢(J) and I* = J* for
all o # [. In this case, by Propositions 5.1land 5.3}

9{_,J _ 9
dLJ d]l7Jl
and the result follows from Lemma[5.2] O

5.4. Proof of the theorem.
Proof of Theorem[3.14 Letn € N,I € Mc(r, k)" and J € Mc(r, k+n)’. By Lemma[l2.7,

! l
1.3 Y oy (Keo(r, 1 1)) g1a

Pl “n I, J ) ’ ’ = .

< ( )[] [ ]> eT(‘ZI_)eT< ZJ+) dI,J

As in Section [£4] we see that the operators P'(—n) (and hence their adjoints P'(n))
preserve the subspace A. Let ¢ be the vector space isomorphism A = B given by
(M) = (¢ sy, - -+, sagmy)- It follows from Corollary B4 that o(P'(—n)[I])) =
p'(—n)p([1]). Since P'(n) and p'(n) are adjoint to P'(—n) and p'(—n) respectively, we
see that p(P'(n)[I]) = p'(n)¢([1)) for all n € Z (the case n = 0 can be seen directly).
The result follows. 0

6. VERTEX OPERATORS AND GEOMETRY

6.1. A new geometric realization of the boson-fermion correspondence. From The-
orems [3.6land [3.14] we see that we have defined actions of the r-colored Heisenberg
and Clifford algebras on A C @, H¥"(M.(r,n)). In so doing, we obtain a natu-
ral geometrically defined isomorphism between bosonic and fermionic Fock spaces.
Under this isomorphism, the semi-infinite monomial I corresponds to the element
(¢ sx1), - -, ¢4 sy m)) of bosonic Fock space since both correspond to the ele-
ment [I] € A.(r,|I|). This matches up precisely with the classical (algebraic) boson-
fermion correspondence.

The complexes defined in this paper also yield geometric analogues of the vertex
operators appearing in the boson-fermion correspondence as follows. Let

H= ][] H M2 (M (r,mp) X Ma(r,ng)).

c,d,n1,n2

We can think of elements of H as formal (infinite) linear combinations of elements of
H?pr("ﬁm)(/\/lc(r, ny1) X Mq(r,ny)) forc,d € Z",ny,ny € Zso. Forl € {1,...,r},let N'
be the operator on [ [, 4, », 7 (Me(r,n1) X Ma(r,n2)) that acts on H7(Me(r,n1) X
M.(r,ny)) as ¥ (ny—ny) id for ny # ny and as ¢ id for ny = n,. Itacts on Hi (M. (r, ny)x
Ma(r,n2)), ¢ # d, as the identity (its action on these pieces is actually irrelevant).
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Now, the complex (3.1)) can be considered as a complex over

M U Me(r,ny) x Mqa(r,ns).

c,d,ni,na

Let K denote the vector bundle ker 7/im o on M and let 5, 5_, and B, be its restric-
tions to

|_| Me(r,ny) X Mc(r,ns),

c,n1,Nn2
|_| Me(r,n1) x Mc(r,ng), and |_| Me(r,n1) x Mc(r,ng)
c,ny,ng :ni<ng c,m1,N2 1 N1 >N
respectively. Then
(6.1) N'ewy(B) = P(0) + D |n|P'(n),
nez\{0}
(6.2) A Ceny (B Z Pl (—n) and —~legy (By) Z Pl
n>0 n>0

are elements of H and are geometric versions of the usual bosonic vertex operators.
Note that while vertex operators usually involve a formal variable, this can always
be recovered by degree considerations. Also, when comparing to the presentations
in [9} 26], one must remember that the variables z; used in the bosonic Fock space
there correspond to p; /1.

Now, let 7! and F"* denote the restriction of K to

|_| MC(Ta nl) X MC-l-lz(Ta 712) and |_| ./\/lc(’l“, nl) X Mc—lz (Tv n2)
respectively. Then
(6.3) Cone(F') =D Wl(n) and  cpy(Fo7) =) W
nez neZ

are elements of H and are geometric versions of the usual fermionic vertex opera-
tors.
We introduce the usual normal ordering operator

. e dot JWHR)PI(G)T i >0,
worer s {—\w@)*w) i) <0

Also, for I € {1,...,r}, define an operator @); : A — A by

Ql . AC(T> n) - Ac+1l(r> n)> Ql([I]) = [J]v
where J is the semi-infinite monomial of charge ¢ + 1; = ¢(I) + 1, with A(J) = A(I).
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Proposition 6.1. We have

(6.4) Ny (B) = : con (Feeny (FY) 2,
(6.5) Cone (F') = Quexp(v oy (B-)) exp(v ey (By)),  and
(6.6) Cony (F) = Q' exp(—7' conv (B-)) exp(—7 cine (By))

as formal operators on A. More precisely, if we decompose into blocks according to the de-
composition A = P, ,, Ac(r,n), the above equalities signify equality of blocks Ac(r,n1) —
Ad(’/’, n2)f01’ all C, deZ and ny,Ng € Zzo.

Proof. This follows from the (algebraic) boson-fermion correspondence. See, for ex-
ample, [26, Theorem 1.2] and note that our generators p'(m) of the oscillator algebra
are equal to ﬁal(m) for1 <1 <r,m e Z\ {0}, where the a;(m) are the generators
used in [26]. One could also produce a geometric proof of this result in the language
of the current paper that mimics the algebraic proof. O

Remark 6.2. We note the operators N'cyn, (B), iy (F'), and ¢y (F4*) (more precisely,
their homogeneous components) preserve the integral form Ay = Span,{[I]} of the
Fock space A.

We refer to Equation as geometric bosonization and to Equations (6.5) and (6.6)
as geometric fermionization. Note that the algebraic boson-fermion correspondence
involves the expression 2P (0) (or 22:(0) where z is the formal variable appearing in
the vertex operators. However, such factors are unnecessary in the geometric for-
mulation. Their role is played by the relative grading shift inherent in the definitions
of our geometric operators. More precisely, it arises from the fact that

Pl n) | acrr) € Har®* ™ (Me(r, k) x Me(r,k —n))
while
V()| o ey € HE =D (M (r, k) x Mgy, (rk+n—c —1)), and
V() agriy € Hy 7 (Me(r, k) X Mo (k= n+ ).

6.2. Additional vertex operator constructions and future directions. Vertex opera-
tors entered the mathematical literature as a method of providing explicit construc-
tions of integrable modules for affine Lie algebras. In fact, the same integrable rep-
resentation usually has several different vertex operator realizations, all of which
should acquire some geometric interpretation using moduli spaces of sheaves on
surfaces. For the basic level one representation of an affine Lie algebra g, vertex
operator constructions are parameterized by conjugacy classes of Heisenberg sub-

algebras b C g, which correspond bijectively to conjugacy classes in the finite Weyl

group. In the case of the affine Lie algebra gl,, this means that there is one ver-
tex operator construction of the basic representation for each conjugacy class in the
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symmetric group S,, and all of these vertex operators have been worked out ex-
plicitly in [26] (see also [10, [12]). For the conjugacy class of the identity element,
the corresponding vertex operator construction of the basic representation is known
as the homogeneous realization [7, 25]. This construction acquires a geometric in-

terpretation in the context of the current paper using an embedding of gl, into a
completion of the r-colored Clifford algebra. We expect that all of the vertex oper-
ators of the homogeneous realization have a natural geometric interpretation using
the moduli spaces M.(r, n) and complexes involving tautological bundles. Indeed,
the r-colored Heisenberg algebra action constructed in this paper defines the action

of the homogeneous Heisenberg subalgebra Bhom C gl .
It would be interesting to give geometric realizations of other vertex operator con-

structions of the basic representation of gl,, using cyclic group fixed point compo-
nents of moduli spaces of framed sheaves on P2. For example, the vertex operators
of the principal realization corresponding to the conjugacy class of the Coxeter el-
ement should acquire a geometric interpretation using Z,-fixed point components
of the moduli space of framed rank 1 sheaves on P?, which are Nakajima quiver

varieties of type ﬁr_l. In this context, Nakajima’s original Hecke operators will be
identified with homogeneous components of vertex operators in the principal re-
alization. Geometric constructions of other realizations of the basic representation
would yield, as a corollary, a geometric interpretation of the vertex operators needed
for level-rank duality. We hope to say more about this in a future paper.
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