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1. INTRODUCTION

The purpose of the present note is to give an explicit application of
equidistribution of Hecke points to the problem of small solutions of lin-
ear congruences modulo primes. Let p be an odd prime. For a random
system of d linear congruences in n variables modulo p, we shall ask how
many “small” solutions it has, i.e. solutions in Z of size about p%/™, the nat-
ural limiting point. We will show that the answer has a limit distribution
as p — oo.

Questions of a similar flavour for varieties of higher degree have been
studied, i.e. given an affine variety V' C A" over Z/pZ of codimension d,
it may be regarded as defining a system of polynomial congruences for n
integers (z1,...,2,) € Z". One can ask (if very optimistic) whether there
always exists an integral solution so that max;<;<, |z;| < Cp#™, for some
constant C' depending only on the invariants of V, e.g. degree. This is easily
seen to be false, but it turns out that one may prove weaker assertions of this
nature: see, for example, [L]. The present note shows that in the seemingly
easy case of linear varieties, the small solutions exhibit interesting statistical
properties which are, somewhat surprisingly, related to automorphic forms.

The question of small solutions of linear congruences is also closely related
to the study of fractional parts of linear forms (cf. Section 7 below), which
have been investigated by a number of authors using ergodic theory: see,
e.g., Marklof [M1]. In our context, we shall use automorphic forms and
spectral theory in place of ergodic theory; we are therefore able to give
explicit error estimates.

The application of the spectral theory of automorphic forms to certain
Diophantine questions in number theory is not new; see, for instance, Sar-
nak’s ICM address [Sa2]. Hecke equidistribution in particular has been
studied in great generality by Clozel, Oh and Ullmo in [COU]. Our problem
involves passing from smooth to sharp cutoff test functions in the equidis-
tribution results; for this we give a simple way of optimizing the harmonic
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analysis (Section 2). Our methods here allow us to get sharper error esti-
mates than previous authors (see comments after Theorem 2). The applica-
tion of Hecke equidistribution on SL,(R) to the case of homogeneous linear
congruences is carried out in Section 3.

We will also make use of the non-reductive group SLy,(R) x R™, and estab-
lish some results about its spectrum that may be of independent interest.
(Similar non-reductive groups have found applications in other works which
use ergodic theory, for example [EM] and [M2]; the spectral bounds that we
discuss here allow for error estimates, and we hope they will be useful in
other contexts.) These results are established in Section 4 and applied to
the statistics of inhomogeneous linear congruences in Section 5.

In the case of SLa(R) x R? we go further. By explicit geometric consid-
erations we show how to obtain a better error term than is obtainable by
“general representation-theoretic considerations” (Section 6). This involves
a careful analysis of the smoothness at the boundary for several subsets of
SL2(R) x R2.

We now give a typical result; prior to doing so, we fix some notation
that will be valid throughout the paper. Firstly, recalling that p will al-
ways denote an odd prime, we will repeatedly identify F,, = Z/pZ with the
set {—%, —%, Cee %} Correspondingly, we will identify ) = (Z/pZ)"
with the set {—%, —p=3 ...,%}T. Secondly, by affine line or affine hy-
perplane in a vector space V' we mean a translate of a (usual) line or hyper-
plane; thus, for instance, the linear congruence z+y+ 2z = 1 (mod p) defines
an affine hyperplane in (Z/pZ)3. With these conventions:

Theorem 1. Let K > 0 be fixed. Let p be a prime, and B the subset of
(Z./pZ)3 defined by {|z;| < Kp*?3,1 < i < 3}. There are real positive con-
stants ¢,, for r a non-negative integer, with the property that Y 2 c, =1,
and so that the number of affine lines in (Z/pZ)? that intersect B in precisely
r points is ¢,p*(1 + O.(p~/12)).

Thus the probability that a system of two linear congruence aix + b1y +
c1z = di, agx + bay + coz = dy (mod p) has exactly r solutions in the box
(z,y,2) € [~Kp*3, Kp*/3]3 converges to ¢, as p — oo. Note that one could
also make the implicit constant in O(p~/12) explicit.

The corresponding statement for usual (non-affine) lines in (Z/pZ)? (i.e.
lines passing through (0,0, 0)) is significantly easier, as it only uses SLs.

This theorem holds (with the appropriate modifications) for affine hy-
perplanes of any dimension in any (Z/pZ)™. In the case n = 2 we have
determined the constants ¢, explicitly for » or K small, by explicit compu-
tation of the relevant volumes in SLz(R) x R? (as well as in SLa(RR), for the
case of homogeneous congruences), see Section 8. The formulas obtained
generalize results of Mazel and Sinai [MS] in the context of Diophantine
approximation (cf. Section 7). It is interesting to note that the ¢, do not
vary smoothly with K, the parameter that controls the size of the box; a
similar phenomenon occurs in [EM].
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Our approach of course owes much to previous authors. The notion of
“smooth set” that we use appeared (in the notion of “well-rounded”) in the
paper [EsM] of Eskin-McMullen. The estimates in Hecke operators that are
used in Section 3 are already in [COU], and Sobolev norms are used elegantly
in [GO]. The computations in Section 8 are inspired by the method of Elkies
and McMullen [EM, pp. 30-37].

We would like to thank T. Ekholm, J. Marklof, S. Janson and P. Sarnak

for useful and inspiring discussions.

2. HARMONIC ANALYSIS ON LIE GROUPS

The material in this section contains no essential new ideas; we do how-
ever note in Lemma 2 a very simple method for obtaining essentially sharp
(within €) pointwise estimates for functions in terms of their Sobolev norms
without explicit interpolation. This will later allow us to get better esti-
mates for Hecke equidistribution with sharp cutoff functions than previous
authors (cf. Theorem 2).

Let G be a real Lie group, I' C G a lattice. Fix a basis {X;} for the Lie
algebra of G. If V is any unitary G-representation, we define the Sobolev
norm

(1) Siw)y= | > lIDvl,
ord(D)<k

the sum being over all monomials in the X; of degree < k. This norm
depends on the choice of basis only up to a constant; in each of our applica-
tions, we will regard a basis {X;} as having been fixed for all time, and we
will make use of it without explicit mention.

Throughout this paper, by representation we mean unitary representation.

If X is a metric space, S C X, and 6 > 0, we set B(S,d) to be the
d-neighbourhood of S in X. We further set (0.5) = B(S,e) N B(X — S, ¢).

If X is a metric space endowed with a measure v, we say a subset S C X
is K-smooth if v(0.S) < Ke (this being assumed for ¢ < 1, say). We say it
is smooth if it is K-smooth for some K.

Finally, suppose X that is as above (a metric space endowed with measure
v), and additionally suppose that it is a smooth manifold and G acts on X
smoothly and in a measure-preserving fashion. Then L?(X) is a unitary
G-representation. If f € C°°(X) is any smooth function, we may define the
k-Sobolev norm Sk (f) formally according to (1), even if f or its derivatives
do not belong to L?(X); with this definition it is possible that Sy(f) = oo.

To avoid confusion, we denote by p a Haar measure on G and vol the
standard Lebesgue measure on R™. For definiteness, we will normalize so
that u(I'\G) = 1.

We now set X = I'\G. We fix a Riemannian metric d on G, left invariant
for the G-action. Let U. be the e-neighbourhood of 1 € G. The metric d
descends to a Riemannian metric on X = I'\G that we also denote by d.
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In particular, for z,y € X, one has d(x,y) < ¢ if and only if z € yU.. We
endow X with the G-invariant measure with total mass 1. As above, we
have a notion of Sobolev norm Si(f) for f € C*(X).
For each 0 £ 1 we fix ks to be a positive smooth compactly supported
test functions on G, so that:
(1) fG ké(g)dg =1 A
(2) [o|Dks(g)|dg <; 07 for any D, a monomial in the X;s of order j;
(3) Supp ks C Us.
Our first lemma concerns approximating the characteristic function of a
smooth set by C*° functions. Let us recall that if G acts on the space X and
f is a function on X, we define the convolution fxks(z) = fgeG f(xg)ks(g~1)dyg.

Lemma 1. Let T C X be K-smooth, and let ey be its characteristic

function. For each 0 < § < 1/2 there exist functions e_ s and e4 s in
C>(X) so that for all j = 1 one has:

(2) 0SesSerSes<1
(3) Si(e_s), Sj(eq.5) < K'/261/2;
(4) llex.s(x) — er(z)||pn < 2K6.

Proof. Let T_ =T — (0sT) and Ty =T U 05T

Now set e7_ to be the characteristic function of 7', and set e_ 5 = eg_xks;
similarly define e; 5. It is easy to see the first and last conditions.

Let D be any monomial in the X;s of degree < j. Then De_;s =
er_*(Dkg) is supported in a 20-neighbourhood of the boundary of T', in par-
ticular a set of volume < 2K§; further ||[De_ 5|l < [, |Dks(g)|dg <; 677.
One obtains immediately the stated result. [J

The following lemma allows us to give an almost sharp (to within )
pointwise bound of Sobolev type.

Lemma 2. (Pointwise bounds) Let M = dim(G)/2. Let k = [M] and
{M}=M—k. Let x € X and f € C*°(X). Then

F(@) <ae Sp(f)MI=eg () MIe,

Proof. Indeed, by choosing a coordinate chart, it suffices to prove it for
R™, where the result follows (for example) from Hélder’s inequality and the
usual Sobolev estimate. [

It is more precise and more canonical to use interpolation (in fact, evi-
dently the lemma above is an approximate form of interpolation). However,
this very simple lemma allows us to get estimates that are just as good with
a minimum of technical overhead!

We now give a variant of Lemma 1, needed in Section 6 below. Specifically,
the above lemma concerned approximation of a characteristic function by
smooth functions. The next lemma concerns approximation of functions
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that have (roughly speaking) one more derivative of smoothness than a
characteristic function (e.g. the absolute value function on R).

Lemma 3. Let f: X — R be a continuous function such that for some
positive constants K,C,C1,Cs, ..., the following assumptions hold:
(1) |f(xz) — f(y)| £ C-d(z,y) for all z,y € X; (ii) there is a K-smooth
closed subset S C X of measure 0 such that f € C°(X —5); (i) |Df(z)] <
C;6179 for each monomial D in the X;’s of order j = 1 and all 0 < § < 1,
xr € X — B(S,96).

Then for each 0 < § < % there exist functions e_ s and ey 5 in C*®(X)
such that:

(5) e—s = f = et

1 forj=1
(6) Sile—s),Si(et,5) < {53/2—j forj = 2;
(7) llew,s — flln, < 6%log(6™1).

(The implied constants depend only on the constants K,C,Cq,Cy, ..., and
onj.)

Proof. The idea is to smooth f by convolving it with a kg, and then to
modify the result so as to ensure that it is either larger than or less than f.

Applying Taylor’s formula to the function ¢ — f(x exptY) for x € X and
Y in the Lie algebra of G, and using (iii) for j = 2, we find that there is a
constant C7 = C1(f) > 0 such that for all sufficiently small §; > 0 and all
re X — B(S,(Sl), d € (0,51/2],

() i)+ flag ™) - @] S o VgeUsc G,

We increase C1, if necessary, so that (8) holds whenever 0 < 2§ < §; < 1.
Now let ks be as before, and impose the extra assumption that ks(g~!) =
ks(g) for all g € G. We then have fxks(z) = & [, (f(zg)+ f(zg™))ks(g) dg,
and hence by (8),if 0 < 2§ <1 <1,

(9) |fxks(z) — f(z)] < C16716%, Vo€ X — B(S,6).
We also have, because of (i),
(10) |f *ks(z) — f(z)| < C6, Vo e X.

Now let 0 < § < £ be given. For any monomial D = Xy Xi; (72 1) we
have by (i) and (ii),

D[f x ks](x) = Xi, [f * Xiy... Xi ks | (2)
_ / (Ad(R) X)) f(xh™) - Xy ... X ks(h) db.
G

But {Ad(h)(X;,) | h € U%} is a compact subset of the Lie algebra of G, and

hence || D(fxks)||co < 6177, Similarly, if z ¢ B(S,26) we have D[fxks|(z) =
Jo(Ad(h)D) f(xh™') - ks(h) dh, and hence, writing M = [log, 6~ '] € ZT and
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using (iii), we have D[f % ks](z) < (2™8)'7 for all m = 1,2,..., M and all
x € X—B(S,2™¢). Using these bounds and decomposing X into the regions
B(S,26), B(S,2m*18) — B(S,2™6) form = 1,2, ..., M, and X — B(S,2M*15)
(which have measures < §, < 2™¢ and < 1, respectively), we obtain

1 if j=1

For any d; > 0 we define us, = 1p(s25,) * ks,, and let

M+1
e+ = [ x ks = max(C,Cy) (52 +9 Z 21*mu2m5).
m=1

Note that 0 < us, < 1 and ug, (z) = 1 for all x € B(S,01). Hence (5)
follows easily from (9) and (10). Furthermore, arguing as in the proof of

1
Lemma 1, we find that Sj(us,) <; K 51§_j for each 7 =2 1 and 0 < 6; < 10.
Combining this with (11), we obtain (6). Finally, decomposing X as before
and using (9), (10) we find that ||f x ks — f||1 < 0%log(d~!). We also have
l[us, [l1 = |[1B(s,36,) |1 < 61 for 0 < 41 < 10. Hence we obtain (7). [J

3. HOMOGENEOUS LINEAR CONGRUENCES

Let 2 be a compact subset of R®. We shall assume that 2 contains a
neighbourhood of the origin, and that €2 satisfies a certain mild smoothness
condition (see below). For instance, if K > 0, the sets Q = {(z1,...,2,) :
Sz £ K} or Q = {(z1,...,2) : |zj] £ K for all 1 £ j < n} are both
certainly admissible.

We shall now study how many solutions a system of j linear congruences
mod p has in the set p//"Q; the final result is stated in Theorem 2.

Set in this section I' = SL,,(Z), G = SL,(R), X = '\G. As usual, I'\G is
identified with the moduli space of unimodular rank n lattices, via g — Z"g.

3.1. Hecke operators for SL,,. Let T}, ; be the jth Hecke operator at p,
explicitly described as follows: if L is a lattice, T}, ; is the following formal
linear combination of lattices:

2=y [ L]
>l .

T),; induces a correspondence from SL;,(Z)\SL,(R) to itself, whereby it
induces an endomorphism of L2(SL,,(Z)\SL,(R)); we shall use the notation
T, ; to also denote this endomorphism. To compute the operator norms of
the 7T}, ;, we invoke some representation theory. Let uz; be the restriction of
Haar measure to the following GL,,(Zy)-double coset in GL,,(Q)):

(12) GL”(Zp)diag(p_lvp_lu e 7p_17 17 cey 1)GLTL(ZP)

Tp,j
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We normalize 7, so its total mass is 1. Here diag(as, ..., ay) refers to the
1

diagonal matrix with entries ay, as, ..., a,, and there are exactly j p~'s in
the matrix diag(p~,p~%,...,p~ 1, 1,...,1).

It is then easy to verify that the action of T}, ; corresponds (in the adelic
viewpoint) to the action of u7;. (To be precise, identify SL;,(Z)\SL;(R) with
PGL,(Z)\PGL,(R). This latter space may be identified with
PGL,(Q)\PGL,(A)/Kf, where A is the ring of adeles of Q and K; =
[, PGLy(Zp), where p ranges over finite places. Using this, one sees that a
GLy,(Z,)-bi-invariant measure on GL,(Q,) acts on L?(SL,(Z)\SL,(R)).)

It is also known, cf. [T], [O] that the operator norm of y7, on any irre-
ducible representation of GL,(Q)) that is not one-dimensional is bounded
above by ¢,p~™n@n=3)/2 if n > 92; here ¢, depends only on n. If n = 2
there is no such upper bound owing to the absence of property (T).

T, acts on L?(I'\G). Let L(I'\G) be the orthogonal complement of the
constants. We define for 1 £ j<n—1andn = 2:

-2t/ =1,m=2
1 = {—min(j,n —§)/2m > 2.

Then, by the above remarks (for n > 2) and by the work of Kim and
Sarnak [KS] (for n = 2) the operator norm of 7}, ;, acting on L3(I'\G) is
< PPN, (Implicitly, we are using the fact that the orthogonal complement
of the constants in L?(PGL,(Q)\PGL,(A)) does not weakly contain any
1-dimensional GL,(Qj)-subrepresentation; we omit the easy proof, cf. the
proof of Lemma 8 below.)

3.2. Homogeneous linear congruences and lattices. Set Q, = {g €
SL,,(Z)\SL,(R) : |Z"g N Q| = r}. We must first ascertain that 2, does not
have too badly behaved a boundary. Recall that the Haar measure p is
normalized so that p(SL,,(Z)\SL,(R)) = 1.

Lemma 4. Suppose Q) is smooth (w.r.t. Lebesgue measure) and contains a
neighbourhood of the origin. Then Q. is also smooth (w.r.t. Haar measure).

Proof. Take 0 < ¢ < 1. Let U; be an e-neighbourhood of the identity
in SL,(R). Suppose g € 8.Q,. Then there exist u,u’ € U. so that gu € Q,
and gu/ ¢ Q,.

It follows |Z"g N Qu~!| = r and |Z"g N Qu'~'| # r. There is a constant
C (depending on how large ) is) so that the symmetric difference of Qu~1
and Qu'~! is contained in 0c.Q. (Indeed, if h € U. and = € R", one has
lzh — ]| < eje]].

In particular the lattice Z"¢g must contain a point in dc.€2. Note that for
¢ sufficiently small, 0o-Q2 does not contain the origin. By Siegel’s theorem
(see [Si], Lecture XV) the Haar measure of the set of such ¢ is at most
vol(0c:2) = O(¢). O
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Lemma 5. Let ) satisfy the same hypotheses as in Lemma 4. Let 3(j,n)
be as in (13) and let € > 0. Then the number of Hecke translates (under
Tp.j) of Z" that lie in S, is

~ 28(5,n)
:U'(Qr)‘i‘OQ,r,a(p n? +E)-

Proof. We have seen that Qr is smooth.

Let f be an arbitrary smooth L' function on SL,(Z)\SL,(R), set fo =
- fF\G fdup, and k = [%],a = ”22_1 — k. The operator norm of T), j,
considered as an endomorphism of LZ(I'\G) with the usual norm, bounds
from above the operator norm of 7}, ; considered as an endomorphism of the
corresponding k-Sobolev spaces (i.e. the completion of the space of smooth
vectors in L3(T'\G) w.r.t. Sg). This is a straightforward deduction from the
fact that T}, ; commutes with the G-action; in fact the norms are equal, but
we do not need this.

Combining this, Lemma 2, and the definition of 5(j,n) (see (13) and the
remarks that follow), we obtain:

(14)

T, f(2") /F = T o) < PO Sl ) S (o)

Let eq, be the characteristic function of Q,. We have seen in Lemma 1
that one may approximate eg from above and below by smooth functions
€q, +5- We apply (14) with f = eq | ;. Using the estimates on Sobolev
norms supplied by Lemma 1:

Tyjeq, (Z") = p(Q) + O(8) + p UM O (51 /2= (= 1/2=2),

Choosing § optimally, one obtains (possibly for a new )
GQT (Zn) = M(Qr) + O(p2ﬁ(j7”)/n2+s)'
[l

Note that a hyperplane H C (Z/pZ)" of codimension j determines, by
taking its inverse image in Z", a sublattice Ly C Z" so that Z"/L =
(Z/pZ). As H varies through all hyperplanes in (Z/pZ)", the correspond-
ing (rescaled) lattices p~7/"Ly vary through the Hecke orbit of Z" under
T, ;. With this, we may translate the previous result into a statement about
hyperplanes. Note that the number of hyperplanes of codimension j in
(Z/pZ)™ is PP ") (1 4 O(p~1)); utilizing this, we obtain:

Theorem 2. Fiz j and let Q C R™ be compact. Lete > 0. For0 < r < o
set ¢ = p({g € SL,(Z)\SLp(R) : |Z"g N Q| =1}). Assume that Q contains
a neighbourhood of the origin and is smooth w.r.t. Lebesgue measure.
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Then the number of hyperplanes of codimension j in ¥y that intersect
P/ in precisely r points s

. . 28(5,n)
C’/‘p](nij)(]- + OQ,r,a(p n? e

Here 3(j,n) is as in (13).
In particular, as p — o0, a random system of j linear congruences in n
variables modulo p has ezactly v solutions in p?/™Q with probability c,.

By way of comparison, let us note that Gan and Oh in [GO] use Hecke
equidistribution to study points on certain varieties admitting a group ac-
tion, cf. [GO, Thm 4.7]. The idea of the above theorem is similar, but
in the context at hand our methods obtain considerably sharper error esti-
mates (indeed the exponent of the above error term is about twice as good
as that which would be obtained from [GO, Thm 4.7]).

4. ANALYSIS ON THE SPACE OF AFFINE LATTICES

In this section we set up the necessary framework to prove a version of
Theorem 2 in the context of affine hyperplanes. The main result is the
computation of the operator norm of an “affine Hecke operator”; this is
done by reducing to the case of the usual Hecke operators T}, ; on GLj,.

The reader who wishes to take the proof for granted may read only the
definition of these operators at the start of Section 4.1 and proceed to Sec-
tion 5.

4.1. Hecke operators for affine lattices. Let AL(V) denote the space
of affine lattices in R™ of covolume V. Here an affine lattice of covolume V
is a translate of a lattice of covolume V. These form a homogeneous space
for ASL,(R) = SL,(R) x R™. If L is an affine lattice, the set (L — L) =
{A — A2 : M, A2 € L} is a usual lattice of the same covolume. One has a
natural family of “Hecke operators”: for each 1 < j < n — 1 we define a
correspondence

AT, - .
Ac(v) 2B Acpivy
which is equivariant for the ASL, (R)-action. Namely,

L (L) (L —1)=(z/p) L
(15) AT, (L) = = b )Z/( - )=/ Y
Ll

This associates to a lattice of covolume L a formal sum of lattices of covolume
p'V; in particular, it induces a map from L2(AL(V)) to L2(AL(p~7V)); this
map will also be denoted AT), ;. Our aim (realized eventually in Lemma 9)
is to compute its norm when restricted to the complement of the constants;
it will be no worse than for the usual SL,,-Hecke operator.

Let AL = |Jy, AL(V). It is a homogeneous space for AGL,, (R) = GL,(R)x
R™, which we shall view as acting on the right, and it possesses an invariant
measure for this action (a caution: AGL,(R) is not unimodular and it has no
center). For any ring R, we consider AGL,(R) = {(A,v): A € GL,(R),v €
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R™} acting on the right on R" via x - (4,v) = xA 4+ v. The multiplication
rule is (A4,v).(A,v') = (AA",vA' + v'). With this definition, it is easy to
verify that the stabilizer of the affine lattice Z" under the AGL, (R)-action
is AGL,(Z).

Let Z[1/p] denote the ring of p-integers (rational numbers whose denom-
inators are divisible by no primes other than p), i.e. the localization of Z at
.

Let Z, C Q,, as usual, be the maximal compact subring of the p-adic
numbers. Considering Z[1/p] as a subset of Q,, we have Z[1/p]| N Z, = Z,
Z[1/p] + Zp = Qp and Z3 - Z[1/p]* = Q,

AGL,(Qy) acts on “affine Z,-lattices in Q)”, i.e. translates of a free, rank
n, Zp-submodule of Q. Set K;, C AGL,(Qy) to be the stabilizer of Z in
this action. Thus K, = AGL,(Z,) = {(A,v) : A € GL,(Zy),v € Zy}.

Lemma 6. AL is naturally identified with AGLy,(Z[1/p])\AGL,(R) X
AGL,(Qp)/ Kp.

Here note that we have considered AGL,,(Z[1/p]) as a subgroup of AGL,,(R) x
AGL,(Qp) by means of the natural diagonal embedding Z[1/p] — R x Q,.
Proof. Indeed, consider the map

AGL,(Z)\AGL,(R) < AGL,(Z[1/p])\AGLy (R) x AGL,(Q,)/K,

which is induced from the inclusion g — (g, 1) of AGL,(R) into AGL, (R) x
AGL,(Qp).

It is an inclusion as AGL,(Z[1/p]) N K, = AGL,(Z). We claim it is
surjective. It suffices to verify that AGL,(Q,) = AGL,(Z[1/p]) - K).

Note first that det(GLn(Z[1/p]) - GLn(Zy)) = Z[1/p]* - Z,; = Q;. On
the other hand, SL,(Z[1/p]) is dense in SL,(Q,) (as follows from strong
approximation for SL,) and we see that GL,(Z[1/p]) - GL,(Z,) is dense
in GL,,(Qp). This implies GL,(Z[1/p]) - GL,(Z,) = GLn(Qp) (for, given
g € GL,(Qp), the coset g - GLy(Zy,) must intersect GLy(Z[1/p]) - GL,(Zp)
by the denseness just established).

Therefore the set of products

{(AA' VA" +V') 1 A € GL,(Z[1/p]), A' € GL,(Z,),v € Z[1/p]", V' € 77}

projects surjectively onto the first factor. On the other hand, given A €
GL,(Z[1/p]) and A’ € GL,(Z,) the set of vectors (VA'+v') = (v4+v/ A1) A’
exhausts Q, as v varies through Z[1/p]™ and v’ varies through Zy. Thus
AGL(Z[1/p]) - Kp = AGLp(Qp). U

This allows us to transfer questions about the action of AT, ; to questions
about representation theory.

In fact, observe that the previous lemma ensures that any Kp-bi-invariant
measure on AGL,(Q,) acts on L?(AL). It is not hard to construct such a
measure whose action on AL corresponds to AT}, ; (defined in (15)). Namely,
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define piat, ; to be the restriction of Haar measure to
{(4,v): Ae GLn(Zp)diag(p_l,p_l, op L1, DGLy(Zp),v € Zy, - A}

16 = K, (diag(p~t,...,p7%1,1,1,...,1),0) - K,,,
p p

normalized so the total mass of par, ; is 1. (Here there are exactly j pls

in diag(p~t,p~,...,p7 %, 1,1,...,1).) In order to verify that the action of
pAr, ; coincides with that of AT}, ; one notes that, since the actions of par,
and AT, ; on L?(AL) are AGL,,(R)-equivariant, it suffices to check that they
coincide when applied to Z™. This is easily done.

Note that the resulting measure is independent of whether one chooses a
left or right Haar measure on AGL,,(Q,).

For each V' > 0, we normalize the ASL,,(R)-invariant measure on AL(V)
so that the total mass is 1. We also fix any AGL,,(R)-invariant measure on

AL.

Lemma 7. LetV > 0. Let L3(AL(V)) denote the orthogonal complement
of the constants in L*(AL(V)). Let C C L*(AL) denote the subspace of
L?(AL) consisting of functions that are essentially constant on each subset
AL(V) C AL. Let L3(AL) be the orthogonal complement of C in L?(AL).

The operator norm of AT, j, considered as a map L3(AL(V)) — L*(AL(p~IV)),
is bounded above by the operator norm of the map AT, ;, considered as a map

L2(AL) — L2(AL).

Proof. Fix s, a non-negative continuous compactly supported bump
function on R™ centered around 1. For L an affine lattice, we denote by
vol(L) the covolume of L.

For any V' and any function f on AL(V), let F; be the function on AL

given by Fy(L) = s(*32) f(L - (55z5)"/"). Then one has ||Ff||2 = C|| ]|
for some constant C' that depends on s, V' and the choice of measure on AL.
One may check also that f € LZ(AL(V)) holds if and only if Fy € L3(AL).

On the other hand, one verifies that AT, ;Fy = F AT, f and one deduces

the result. (J

4.2. Computation of the norm of AT, ; on L3(AL) for n = 3. In this
section we apply some representation theory to compute the operator norm
of AT, ; : L3(AL) — L?(AL).

We now recall the representation theory for AGL,(Q,). Let N be the
unipotent radical of AGL,,, so N(Q,) = »» and let ¢ be a nonzero character
of N(Qp); let Py be the stabilizer of ¢ in GL,(Q)p). (Here, GL,(Q)) is
viewed as acting on N(Q,), and therefore the character group of N(Q,), by
conjugation.)

Then — the Mackey theory implies — an irreducible representation of
AGL,(Qp) is either:

(1) Lifted from an irreducible representation of GL,,(Q,), via the natural
map AGL,(Q,) — GL,(Q,) with kernel N(Qy);
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(2) Induced, of the form

AGLn(Qp)
Inde.N(Qp) (o).
Here o is an irreducible representation of Py, and 0.1 is the repre-
sentation of Py - N(Q,) that is o when restricted to Py, and is scalar
multiplication by (n) when restricted to N(Qy).

Lemma 8. The operator norm of par, ; (defined as in (16)) on LE(AL)

Proof. We give the proof for n = 3. For n = 2 the result remains valid
and may be proved by a direct spectral decomposition of L3(AL) (roughly
speaking, “Fourier analysis along N”); since we present in subsequent sec-
tions an alternate and very direct approach to the case n = 2 we will not
give details here.

Set AL = AGL,,(Z[1/p])\AGL,(R) x AGL,,(Q,). Then AL is the quotient
of AL by the compact group AGL,(Zy).

Note that the right-invariant Haar measure on AGL,,(R) x AGL,(Q,) is
invariant under left multiplication by AGLy,(Z[1/p]). We equip AL with the
quotient measure.

There is a “determinant” map AL — Z[1/p]*\R* x Q. Let L3(AL)
be the orthogonal complement in L*(AL) to functions pulled back from
Z[1/p]*\R* x Q). (More precisely, take the orthogonal complement of the
pullbacks of continuous, compactly supported functions.) Then one sees
that, under the map AL — AL, functions in L%(AL) pull back to functions
in L3(AL).

LZ(AL) may be decomposed as a direct integral of AGL,,(Q,)-representations
which do not involve any one-dimensional irreducible representations. This
can be proved by an explicit spectral decomposition, or more abstractly as
follows: suppose that the spectral support of a nonzero F € LZ(AL) were
supported entirely on 1-dimensional representations of AGL,,(Q,). In partic-
ular, F' is ASL,,(Q))-invariant. Now, convolve F' with an appropriate com-
pactly supported, continuous function in AGL,(R) x AGL,(Q,); by doing
this, we may replace F' by F’ # 0 which is continuous and also ASL,(Q,)-
invariant. One verifies by an approximation argument (viz. ASL,(Z[1/p]) is
dense in ASL, (R)) together with the continuity of F’ that F’ is ASL,(R)-
invariant. Thus F” is ASL,(R) x ASL,(Q,) invariant; it is therefore the
pullback of a function on Z[1/p]*\R* x Q. On the other hand, since
F' € L3(AL), F' is perpendicular to such pullbacks, so ||F”|[3 = 0, which is
a contradiction.

It therefore suffices to bound the operator norm of p AT, ; in each of the
types of representation considered above, excluding case (1) when the rep-
resentation of GL,,(Q,) is one-dimensional.



LINEAR CONGRUENCES AND HECKE EQUIDISTRIBUTION 13

(1) Representations lifted from GL,,(Q,): It is clear from the definitions
— see remarks before (13) — that the operator norm of p 47, ; on a rep-
resentation that is lifted from an infinite-dimensional representation
of GL,(Q,) is bounded by p’U). (Remark that the push-forward
of the measure par, ; to GL,(Qp) is just the GL,(Z,)-bi-invariant
measure corresponding to the usual Hecke operator T} (for GL,,(Qy))
—see (12).)

Note this requires n = 3!

(2) Induced representations: It is formal to see that the operator norm
of piar, ; in the induced representation Indﬁfl;\?(g)p)) (0.1)) is bounded
by the corresponding operator norm in

W = Indyy ) (1),

the induction of the trivial representation. N(Q)) acts trivially on
W, so W is the extension of a certain unitary GL,,(Q,)-representation.
Further, one may check that W does not weakly contain any 1-
dimensional representation of GL,(Q,) — indeed, directly from the
definition, one may verify that W is a direct integral of represen-
tations of GL,(Qp) that are induced from the parabolic of type
(n—1,1).

One verifies as in Case (1) that the operator norm of a7, ; in this
case is again bounded by pfUm).

We conclude that the operator norm of par, ; on LZ(AL) (and so also the
operator norm of AT}, ; acting on L3(AL) — see Lemma 7 for definitions) is
bounded by p?@n). O

Combining Lemma 7, the definition of par, ; in (16), and Lemma 8, we
have proved:

Lemma 9. The operator AT, ;, considered as a map from LE(AL(V)) to
LE(AL(p~IV)), has operator norm <, pPom).

5. INHOMOGENEOUS LINEAR CONGRUENCES

We fix a left-invariant Riemannian metric on ASL,(R). For V € Ry, set
Lo(V) = V" . Z"; then g — Lo(V)g identifies AL(V) with a quotient of
ASL,,(R), and we give it the induced metric. We assign AL(V) the measure
w that is invariant under ASL,(R) and has total mass 1.

Set Q, = {L € AL(p) : |LNQp//"| = r}. WARNING: Note that the
map from AL(V) to AL(p’V) defined as “scaling by p//™” does not commute
with the ASL, (R)-action.

Lemma 10. Let Q C R be smooth w.r.t. Lebesque measure. Then €.,

considered as a subset of AL(p’), is C-smooth for a constant C that is
independent of p.
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Proof. We mimic the proof of Lemma 4. Let U, be an e-neighbourhood
of the identity in ASL,(R), and suppose L € 9.,. Then there exist u,u’ €
U. so that Lu € Q, and Lu/ ¢ Q,.

It follows that |[L N Qp//"u~'| =7 and |L N Qp?/™u/~1| # r. Now there is
a constant C' so that the symmetric difference of Qp//"u ! and Qpf/™u/~!
has volume < Cp’e, and L contains at least one point belonging to this
symmetric difference. Denote this symmetric difference by S.

Now note — by a version of Siegel’s theorem for AL that is actually much
easier, since one can integrate first over translates of a given lattice — one
has vol{L € AL(V) : |LNS| = 1} £ V~'vol(S). It follows that €, is smooth
as claimed. (Note that Q containing a neighbourhood of the origin is not
necessary for this argument.) [

Let f be an C* and L' function on AL(p’), fo = f— [ f, and k =
[%], o= % — k. Then, proceeding as in (14), and using Lemma 9,
we see:

ATy (27) - /AL( ) fdp = AT, ; fo(Z™) < pP9™) Sk (fo) =7 Sppn (fo)* .
p]

We may now proceed exactly as before, applying Lemma 1 with X = AL(p’).
At this point it is important to note (since p is varying) that the implicit
constants furnished when applying Lemma 1 to X = AL(p’) do not depend
on p. This is immediate from the proof of Lemma 1; indeed the implicit

constant depends only on kj.

Theorem 3. Fiz j and let Q C R"™ be compact and smooth w.r.t. Lebesque
measure. Let € > 0. Set ¢, = u{g € ASL,(Z)\ASL,(R) : |Z"gN Q| = r}.
Then the number of affine hyperplanes of codimension j in F) that intersect
/") in precisely r points is

o 268(im) |
G "I (14 Og e (p 740 7)),
Here 3(j,n) is as in (13). In particular, as p — oo, the corresponding
system of linear congruences has r solutions in p//™) with probability .

6. A STRONGER BOUND FOR 711 = 2

In this section we give an alternative approach in the inhomogeneous case;
this yields an improved error bound for n = 2 and special choices of 2. It
seems that it should be possible to extend this approach to the case n = 3,
but we have not carried this out.

Let Q, be as in Section 5. The starting point of our approach here is
Lemma 11 below, which allows us to (roughly speaking) “push down” the
characteristic function of Q,. to SL, (Z)\SLy(R) and work only with the usual
Hecke operators on SL,,(R). The main issue is then to get an understanding
of the smoothness of the pushed-down function on SL,(Z) \ SL,(R); this
is effected in Proposition 1 by two very explicit computations, dealing with
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the smoothness away from the cusp and near the cusp, respectively; both
these computations use n = 2 and the special choices of 2. However, up
until Proposition 1 we are able to work with general n and Q.

Let I' = SL,(Z), G = SL,(R), X =T'\ G, and let T}, ; be as in Section 3.
We fix r € Z>( once and for all. Given Q C R" we define fqo : X — [0,1] as

(17) fa(Tg) :vol({a: e (R/Z)" : [(Z" +2)gN Q| < r}).

Now taking 2 C R”™ to be fixed, for each § > 0 we assume given some subsets
Q5,94 5 CR" such that

(18) Q-5 CQ— 05 QU0 C Q.

Lemma 11. Fiz j, let 2 and Q4 5 be as above, and keep p > diam(Q)"%J
Let N(p) be the total number of affine hyperplanes of codimension j in Fy,

and let Nq (p) be the number of such hyperplanes that intersect P/ in at
most r points. We then have, for § = p=3/"\/n/2:

(19) Tyt o) S et STy fa,(20)
Proof. For L a sublattice of Z™ and x € R™ we define
g(x,L,Q) = ‘(x + 1) ﬁpj/”Q‘.
We then have
=P Y 15 Nap=p"">. > I(g9(z,L,9) =),
L L ze{0,1,..,p—1}"

where [ is the indicator function, and both L-sums are taken over all sub-
lattices L C Z™ such that Z"/L = (Z/pZ)?. 1t follows from (18) and our
choice of ¢ that

gz +2',L,Q_5) S g(x,L,Q) S g(x+ 2, L,y )
for all z € R" and 2’ € [—1, 2]". Hence, writing J = [-1,p — 1),

1
27

(20)  p- Z/ g(e, L, Q4 5) < 1) dz < N, (p)
<p- Z/ g(x,L,Q_5) < 1) da.

Note that for each L C Z" with Z"/L = (Z/pZ)’ we have pZ" C L, and
J" contains exactly p" 7 points from each L-congruence class x + L. Hence
the above integrals [ gn ---dx may be rewritten as pnI | - dx, where F is
any fundamental domain for R™ modulo L. Also note that p~I/™L is uni-
modular, and (17) implies after scaling: fo, ,(p~ inp)y =p= [RI(|(L+2)N
Py s < r) dz. Hence it follows from the definition of Tp,; that (20) is
equivalent to (19). O
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Lemma 12. Let Y C X be a compact subset and let @ C R™ be K-
smooth. Let fq be as in (17). Then fq is uniformly Lipshitz on Y : There
is a constant C = C(Y, K,diam(Q2)) > 0 such that

(21) [fa(@) = fa(y)| = C-d(z,y),  Vz,yeY.

Proof. Viewing fq as a function on SL,(R), it suffices to prove that
given any compact subset Y C SL,(R), there is some C' = C (Y, K, diam(2)) >
0 such that |fo(g1) — fa(g2)| < C - d(g1,g2) for all g1, g2 € Yp.

Let Aggy = {z € R* : [(Z"+2)gN Q| > r}, so that fo(g) = 1 —
vol(Aq,4/Z"). For each subset M C Z" we define

A4,00 = N ©@=vg)— | ©-0g).
veM veEZr—M
Then, given g, for each x € R™ there is a unique subset M C Z" for which
xg € Ag(M), and x € Aqg 4 holds if and only if the corresponding set M has
|M| > r. For each w € Z™ we note that xg € A (M) implies (z + w)g €
Ay(M —w); thus if the set corresponding to = is M then the set corresponding
to x+w is M —w. Let ~ be the equivalence relation on subsets of Z™ defined
by My ~ My <= [3w € Z" : My = My — w).

Given a compact subset Yy C SL,(R), we take ¢(Yp) > 0 so that |vg| =
c(Yp) - |v| for all g € Yy, v € R”, and let D = diam(€2)/c(yo). Then note
that if g € Yp, then Ay(M) # 0 implies [v — w| £ D for all v,w € M. Let
F be the family of all subsets M C Z" satisfying |M| > r and |v —w| < D
for all v,w € M, and let Fy be a set of representatives for F// ~. Clearly
Iy is finite, and it is easy to give an upper bound for its cardinality which
only depends on D. It follows from our observations that if g € Yp, then the
set | nrer, Ay (M)g~! (a disjoint union) is a fundamental domain for Aq 4
modulo Z", and hence since g is unimodular,

falg)=1- > vol(44(M)), VgeX.
MeFy

Hence it suffices to prove that for each M € Fj there is a constant C' > 0
such that |vol(Ag, (M)) — vol(Ag,(M))| £ C - d(g1,g2) for all gi,g2 € Yo.
We may assume that 0 € M; then note that Ay(M) may be expressed as a
finite intersection,

Q —wg ifveM
4,01) = ) {C(Q—v ) ifvgéM}’
vEBp 9
where Bp = {v € Z" : |v| £ D}. It follows that
|vol(Ag, (M)) — vol(Ag,(M))| £ > vol(8a9) £ K - a- §Bp,
vEBp

where a = sup,cp, [v(91 — g2)|. The proof is completed by noting that
a < C-d(g1,g2) for some constant C' = C(Yp, D) > 0 and all g1, 92 € Yp. O
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We now specialize to n = 2, so that X = SLy(Z) \ SLa(R). Recall that
we have fixed a basis X1, X9, X3 for the Lie algebra of SLy(R) and a left
invariant metric d on SLa(R).

Proposition 1. Let r € Z>( be as fized from start. Given any numbers
0 < Ay < A, there exist positive numbers K and Cy,Cs, ... such that the
following holds for each A € [A1, As]: If Q C R? equals either the disk
{(z,y) | % +y* £ A%} or the square {(z,y) | |z, |y| £ A}, then there exists
a K-smooth closed subset S C X of measure 0, such that fo € C*°(X —S)
and |Dfo(z)| = Cj maX(1,5%7j) for each monomial D in Xy, Xo, X3 of
order j 21 and all0 <6 <1, x € X — B(S,9).

Note that combined with Lemma 12, the bounds on the derivatives ob-
tained here are more than sufficient to make us able to later apply Lemma 3.

Proof. Let Yj be any fixed compact subset of SLy(R). To start with,
we will prove that the conclusion in Proposition 1 holds with X replaced
by Yy throughout. In view of the proof of Lemma 12, it suffices to prove a
corresponding statement with fq replaced by the function fys g : SLo(R) —

R,
Q—w ifveM
vaB(g):Area<m {E(Q —gvg) ivaM}) ’

veEB

where M, B are any fixed finite subsets () # M C B C Z?. We first assume
that € is the disk Q = {(z,y) | 22 + y? < A}. Then let S = S; U S, where

Sm,vg = {g € SLQ(R) : |U19 - U29| = 2A}§ S1 = U Sv1,v2§
v1,v2€B
3
Svl,vz,'ug =49€ SL2 m 89 - U]g 7& @ ; SQ = U Svl,vz,vg;
j=1 v1,v2,v3€EB

the unions being taken over all pairs vy, v9 and triples vy, vo, v3, respectively,
of pairwise distinct elements in B. We claim that S is of measure 0 and K-
smooth as a subset of SLg(R), where K only depends on Ay, Ay, B. To
see this, it suffices to show that Sy, », and Sy, v, 4, are of measure 0 and
K-smooth for any given pairwise distinct elements vy, vo,v3 € Z", where
now K only depends on Aj, A, vi,v2,v3. We prove this for Sy, v, v,; the
case of Sy, v, is easier. Since Sy, vy, only depends on vo — v1 and vz — vy,
we may assume vy = 0. We may then also assume v9,vs to be linearly

. . . » v
independent, since otherwise Sy, 4, 45 = 0. Hence, writing d = det U2>, we
3

have a diffeomorphism (R* x R x (R/27Z)) — SLa(R):

—1 .
(e a 0 Cosy Sl
(07 b, 80) = 9= <v3> (b d/a) <— sinep cos g0> '
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Note that g € SLa(R) satisfies ﬂ?zl(ﬁﬁ —vjg) # 0 if and only if the three
circles in R? with equal radii A and centers at (0,0), (a,0), (b,d/a) go
through a common point. One checks that this holds if and only if

(22) (a2b(b — a) + d?)* = (442 — a?)d%a>.

From the geometrical description it is clear that this implies |a|, |b] < 2A.
Solving for b we obtain the equivalent equation
a d > a®

(23) (1)—5)2:775 Au42—a2—a—2+Z (la| £ 24, n=+1).
Note that for each fixed 7, there are at most 8 values a € [-2A, 2A4] at which
the right hand side in (23) vanishes. It follows that the set of solutions
(a,b) € R? to (22) is a union of four graphs of the form {(a,b;(a)) : a €
I;}, j = 1,2,3,4, where each I; is a union of at most five closed intervals
C [-2A,2A] and each bj(a) is a continuous function on I; which is C*° in
the interior of ;. Implicit differentiation in (22) and Bézout’s theorem show
that there are certainly not more than 56 values of a for which b;- (a) =0 can
hold; hence each I; can be expressed as a union of at most 61 closed intervals
L, 1 = k < 61 such that bj(a) is either increasing or decreasing on each
interval I;;. Now each curve segment {(a,b;(a)) : a € I;} is easily seen to
be Kj-smooth with respect to the Euclidean metric in the (a,b)-plane with
K1 = 442|685 — (1] 42|ag —a1|, where (aq, 51) and (aq, 32) are the endpoints
of the curve segment. Indeed, assuming o < ap and that b;(a) is increasing
on I, one checks that for each 0 < € < 1, the e-neighbourhood of the given
curve segment is completely contained in the region which is bounded by
the two curves {(a —¢,b;(a) +¢) :a € Ij;} and {(a+¢€,bj(a) —¢) : a € Ij;},
and the four linesa = a1 — ¢, a =as +¢, b= 01 — ¢, b = B2 + ¢; and the
area of this region is 42 + 2(|B2 — B1] + |a2 — a1])e. Using |al,|b] < 24, it
follows that the full set of solutions to (22) has measure 0 and is Ks-smooth
in the (a,b)-plane, with Ky = 10%(1 + A). Hence Sy, vy, is of measure 0
and K-smooth for some K which only depends on As, v, v9, vs, Yp.

We now fix some g € Yy — S. Let us write M = {vy,...,0}, B— M =
{Vm+1, .-, b}, and

b (- if ¢ <
(24)  F=F(wy,...,wp) = Area (ﬂ {[;(QWW) ;ff;2}>7

/=1

so that far,g(9) = F(v1g,...,ug). By our construction of S, there is some
neighbourhood W C R? of (v1g, ..., vpg) such that for each (w1, ..., wy) € W,
the boundary B of the region considered in (24) consists of a finite number of
closed curves, each of which is a finite union of segments of the various circles
00 — wy, joined at points (z1,41), ..., (Tx, YK ), say, where each (xg,yx) is a
point of intersection between (exactly) two of the circles and varies smoothly
with respect to (wy,...,wy) € W. But we have F = [yaxdy = [»(—y)dz,
where the integrals are taken over 5 in positive direction. It follows that
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there are numbers 7, € {0,1,—1} such that, writing wy = (T, Yuw,), We
have 833”4 F = Zszl Neeyr and %F = — Zszl Nrexy, throughout W.
We now wish to give bounds on derivatives of the form Dz and Dy,
0

where D is a monomial in Ty and Ty (0 =1,...,b) of order j = 1. We

may assume that (xg,yx) is a point of intersection between 92 — w; and
O — wy. The functions zy, yx satisfy (x5 — 2w, )% + (Y — Yuy)? = A? and
(T — Twy)? + (Yk — Yu,)? = A%, and applying D to these two relations we
obtain

2(xp — wy ) Dy, + 2(yr — Yuw, ) Dy = *
2(xk — Tuws ) Dt + 2(Yk — Yuwo ) Dyi = *,

where the right hand sides are 0 or 2(xy — xy,) or 2(yx — Yw,) for some
¢ if j = 1, while for j = 2 they are finite sums of products of the form
[const]-[ [, Dsxy or [const]- ][, Dsyg, where all Dy are monomials in ﬁawe and
%we satisfying 1 < order(Ds) < j and ), order(Ds) < j. (Some product
may be empty, i.e. giving a constant term). Note that the determinant
T — Twy Yk — Yun
Tk — Twyg Yk — Yuwo
|wiws| denotes the distance between w; and wy. Note also that for g € Y —
B(S,9) and (wy, ..., wp) = (v19, ..., vpg) the distance |wiws| is bounded from
below by a positive constant which only depends on Yp, and 2A—|wjwsa| > 6.
Hence Dxy, Dy < 537 , by induction on j. It follows that for each j = 1
there is a positive constant C; which only depends on Yy, M, B, Ay, As, j
such that |Dfy g(g)| < Cjmax(1, 5%_j) for each monomial D in X7, Xo, X3
oforder j=2landall0<d <1, g€ Yy— B(S,0).

The case of a square, Q = {(z,y) | |z|, |y| £ A} is similar but easier. In
this case we let 64 = {(z,y) | z € {0,A,—A} or y € {0, A, —A}} and

S:{geYo\Hvl%vgeB:vlg—vggJGGA}.

Then S is of measure 0 and K-smooth as a subset of SLa(R), where K only
depends on Ay, Ay, Yy, B. Furthermore fy;p € C*°(Yy — S), and this time
we can give bounds on the derivatives which do not blow up: There are
positive constants C; which only depend on Yy, M, B, A;, As, j such that
|D far,(g9)] < Cj for each monomial D in Xy, X9, X3 of order j 2 1 and all
g €Yy — B(S,0).

It now remains to treat the case when I'g € X lies far out in the cusp.
We use a form of Iwasawa coordinates, writing

(1t p~t 0\ [cosp —sing
(25) g—<0 1)(0 p)(sm(p cosp ) teR, p>0, pcR.

We restrict attention to the cuspidal region X, C X defined by p < min((44)~!,
A(r +10)71). Writing v, = (cos ¢, —singp), w, = (sinp,cosp), we have

—1
g= (p U“;J tpw¢> and hence by (17), fo(I'g) is the volume of the set of
P

has absolute value |wiws| - /A2 — [wiws|?/4, where
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those (z,y) € [—3, 3] which satisfy
(26) ’{(n, m) € Z2 | (n+2)(p v, + tpw,) + (m + y)pw, € Q}) <r

For each # € R we let £(x) be the length of the line segment {y | zv, +yw, €
Q}. Then if Q is the disk {(z,y) | 22 + y*> < A%}, we have supp({) =
[—A, A] and {(z) = 2/ A% — 22 for x € [—A, A], whereas if Q is the square
{(z,y) | |z],|y| = A} then for 0 < ¢ = T we have supp({) = [~z1,x1] with
z1 = Av2cos(E — ), and
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0 < x < €T
_ ) cose =" = _ s
) {coflflc oSz <1 (r2 = AV2cos(§ + )
psing

Note also that ¢(x) is even, and concave in its interval of support. It follows
from our assumption on p that supp(¢) C [—(2p)~, (2p)7]; hence only

points (n,m) with n = 0 occur in the set in (26), when (z,y) € [—3, 3]?
This gives

/2 172

faltg) = [ [ H(ep e+ @ 4 y)own) N0 S 1) dy d
—1/2J-1/2
-1 | P if {(z) <rp
:/ (r 4 1)p— ) ifrp< i) < (r+1)p b da.
_ —1
S ) if (r+1)p < ()

Hence we obtain, in the case of the square and 0 < ¢ < 7:
fa(Tg) =1 —2A(cos ¢ + sin p)p + (2r + 1)p* cos @ sin ¢.

Note that this formula also holds for ¢ = 0, and since fq(I'g) is invariant
under ¢ — —¢ and ¢ — ¢ + 7, this determines fo(I'g) for all values of ¢.
Now let S be the subset of our cuspidal region X. defined by ¢ € §Z; we
then see that fo € C*°(X. —95), and a standard computation shows that S
is smooth (and of measure 0) as a subset of X. Finally, if we take the ba-
sis elements X1, X2, X3 to be <8 (1)) , (? 8) , <(1) _01>, respectively, one
quickly computes that in our coordinates t, p, ¢ (cf. (25)), the corresponding
differential operators are

0 0 0
Xi=[.]= i — —sin?p—;
1= }at—l—psmgocosgpap sin (P&p’
0 0 0
Xo=1[.]= i — 2o —,
2= }at—l—ps1ng0cosg08p+cos cp&P,
0 3} 0
Xs=1[.]= in? o — cos? v)— + 2 inp—.
3= }at + p(sin” ¢ — cos® p) ap + 2 cos psin (’O&p

Hence for each monomial D in X1, X5, X3 we see that |D fq(z)| is bounded
on all of X. — S, by some constant which only depends on A1, Ay, D, r.
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In the case of the disk we obtain fo(T'g) = 14 2h(%%) — 2h( (Tgl)p), where
h(z) = 2/ A2 — 22 — A% arctan (v~ 1/ A2 — 22).

Note that h'(z) = 2v/A? — 2. Hence in this case we may take S = (J; we find
that fo € C*°(X,) and |D fq(z)| is bounded on all of X, for each monomial
D. O

For  a disk or a square we now have the following improvement of The-
orem 3. We write § = (1, 2), cf. (13) above.

Theorem 4. Fiz e > 0 and A > 0 and let Q C R? be either the disk
{(z,y) | 2% +y* £ A%} or the square {(x,y) | |z|,|y| £ A}. Set c. = M(Qr)
where Q, = {g € ASLy(Z) \ ASLy(R) ‘ |Z2g N Q| =r}. Then the number of
affine lines in IF'ZQ, that intersect p'/2Q in precisely r points is

88
c;,p2(1 +O04,re(po *e), as p — oo.

Proof. Let Q, = U"_Q, = {g € ASLy(R) : |Z2g N Q| < r}, which we
view as a subset of ASLy(Z)\ ASLy(R). Clearly, it suffices to prove, for each
fixed r € Z>, that the number of affine lines in IFI% that intersect p'/2Q in
at most r points is

~ B8
(27) n(Qs,) - p*(1+ Oare(pt9)), as p — 00.

Note that we may take {21 5 in (18) as the disk or square with parameter
A replaced by A +§. Note also that by Lemma 12 and Proposition 1, the
functions fq, ; satisfy the assumptions in Lemma 3, for some constants
K,C,Cy,Cy, ... which do not depend on ¢§. (To extend the uniform Lipshitz
bound in Lemma 12 to all of X we use the uniform bounds on the first
derivatives of fq, ; proved in Proposition 1, together with the fact that
any two points p1,ps in X can be joined by a piecewise C'*° curve of length
(14¢)d(p1, p2) which only intersects the exceptional set S in a finite number
of points. Note that this last fact is trivial in view of our explicit description
of S in the proof of Proposition 1, but it actually holds for any smooth
closed subset S C X of measure 0.)

Now by the same Sobolev technique as before we find that T}, fo, ;(Z?) =

Jx fay s dv + O(p%"’a), uniformly for 0 < 6 < A/2 and p — oo. But by a

similar argument to that of Lemma 10, we have [y fo, ; dr = u(ﬁgr)—i—O(d).

—-1/2

Hence the estimate in (27) follows from Lemma 11, since § = (2p) and

62-1 0

Remark 1. It is clear that the same technique allows us to prove Theo-
rem 4 for many other explicit regions Q C R2. It is an interesting problem
to try to extend Proposition 1 to nice regions €2 in dimension n = 3. Espe-
cially the treatment of the cuspidal region seems to be much more difficult for
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n = 3 than for n = 2. If such an extension of Proposition 1 to n = 3 would
turn out to be possible, this would lead to a corresponding improvement in

23
Theorem 3; the error term O(pn»?+n +6)

O(pni™).

therein could then be replaced by

Remark 2. By extending Lemma 3 to non-integral values of j, and using
a more refined spectral analysis, it is possible improve the error term in
Theorem 4 to O(p”*¢).

7. FRACTIONAL PARTS OF LINEAR FORMS

In this section we recall and comment on a result by Marklof [M1], con-
cerning the number of values modulo one of a random linear form ay;m +
e + ap_1mp_1 at integer points (my,...,m,—1) which fall inside a given
small interval. This problem may be regarded as a kind of non-discrete
relative of the counting problems in F) studied in earlier sections, and it
leads to limits involving the same type of volumes in SL,(Z) \ SL,(R) and
ASL,(Z) \ ASL,(R) as in Theorems 2 and 3. Hence our explicit computa-
tions in Section 8 will be of relevance also here.

We will use the following notation. Given any subset 2 C R™ we write
O = (g € SLu(Z) \ SL.(R) | |Z"g N Q| = r} and Q™Y = (g €
ASL,(Z) \ ASLyp(R) | |Z"g N Q| =r}. Also, for a = 0 we define

28) (0 = w@) N () = (@A),

for 2 equal to the box (—3,3)" ! x (=%, %) C R" of volume a. (Note that p

denotes Haar measure on different groups in the two formulae in (28).) The

proofs of Lemma 4 and Lemma 10 show that f,]? OX’SL”(a) and f;D 0xASLy (a)

are continuous in a > 0, and that we may as well include part or all of the
boundary of the box (—%,2)""! x (=%,%) in Q. It follows from the right
invariance of the Haar measure that we may take Q2 to be any box of volume

a in the definition of ff 0X’ASL”(a), and any box of volume a centered at the

origin in the definition of £ (a).

Theorem 5. (Marklof, [M1]) Let a > 0, r € Z>q, let dy, ...,dp—1 > 0 be
fixzed numbers with Hj dj =1, and let h be a continuous probability density
on (R/Z)"L. For a = (a1,...,an_1) € (R/Z)" L, N > 0 and £ € R/Z,
let N*(&,N) be the number of values of integer tuples (mq,...,mp_1) with
Im;| < %Nl/(”*l) such that aymy + ... + ap_1mp_1 € [ — 5%, &+ 55 + Z.
Now take o = (g, ..., n—1) Tandom according to the density function h.
We then have

(29) Prob{NX(0,N) =r} — ffox’SL"(a), as N — .
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If € is instead taken as a uniformly distributed random variable on R/Z,
independent of o, then

(30) Prob{NX(¢,N) =r} — ff”’ASL”(a), as N — oo

To see the relationship between Theorem 5 and Theorem 2 (with j = 1),
note that to each of the p"~! tuples B = (81, ..., Bn_1) € Fgfl, there corre-
sponds a hyperplane of codimension one in [} given by x,, = Z?:_ll Bjxj; the
number of codimension one hyperplanes which are not parametrized in this
way is of lower order, namely < p"~2. Furthermore, if Q = (—%, %)”_1 X
(—5,5) and p is any large prime, then one easily checks that the Fp-
hyperplane x,, = Z;:ll B;x; intersects the set p!/"(Q in exactly Nf/p(o,p"%)
points, where N*(&, N) is the number described in Theorem 5, with d; =
... =dp—1 = 1. Hence Theorem 2 can be viewed as a discrete version of (29)
for N = pnT_l, where we only consider the p"~! points a € (p~1Z/Z)"!
instead of all points a € (R/Z)""!. A similar relationship holds between
Theorem 3 and (30).

Note that Theorem 5 is the same as Theorem 4.2 and Theorem 4.4 in [M1],
except that we consider |m;| < %Nl/(”_l) and the interval [§ — 5%, §+57%] +
Z, instead of 1 < m; < dle/(”_l) and [, & + & + Z; corresponding to this
we take Q = (=3, 5)" "1 x (%, %) in (28), and not Q2 = (0,1]" "1 x (0,a]. (Note
that (30) remains true in both these settings, but the limit in (29) depends
on which of the two settings we consider.) The proof remains virtually the
same as in [M1].

Theorem 5 generalizes a result of Mazel and Sinai, [MS], where the case
n = 2, constant h, and a < 1 was treated, and an explicit formula was given
for the limit. In Section 8 we will show how to extend these explicit formulas

to all a > 0 for n = 2 and small 7.

Remark 3. In principle it should be possible to prove an explicit rate of
convergence in Theorem 5 by methods similar to those used in the present
paper. For n = 2 in (29), the proof in [M1] hinges on the asymptotic
equidistribution of long closed horocycles in SLa(Z) \ SL2(R), and in this
case the question of the rate of convergence has been studied by a number
of authors, cf. [Z, Sal, FF, St]

Remark 4. Using a result by Shah, [Sh, Thm. 1.4], one can actually
prove that any fixed, irrational & gives the same limit as random ¢ in (30):
For a as in Theorem 5 and any fixed, irrational £ € R/Z, we have

(31) Prob{N>(¢,N) =r} — FRoAShn ), as N — o0

Proof of (31). We denote G = SL,(R), L = ASL,(R), A = ASL,(Z),
and let p be the Haar measure on L normalized by u(A\ L) = 1. We
write N; = d;NY D ay = diag(N; ', Ny*,.., N, 2 N) € G, ve =

i3 n—1°
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1 (05}

(0,...,0,¢) € R", and u(ax) = ) : eGfora=(ay,...an_1) €
Qn—1

1
R™~1. Arguing as in Marklof [M1, p. 1157] and using [M1, Lemma 4.1] (cf.
our Lemma 10) and standard approximation from above and below, we find
that it suffices to prove that
(32)

/ 7((u(e)an. Nve) ) h(@yda — [ flg)dug).  as N — oo,
ac(R/Z)n—1 A\L

for each bounded continuous function f : A\ L — C. (Note: We continue to
use the same conventions regarding the multiplication law in L = ASL,,(R)
and the identification A\ L = AL(1) as in Section 4, which differ from those
used in [M1].)

We now consider G as a subgroup of L via the imbedding

G>g~ (1,ve)-(9,0)- (1,—ve) € L.

It then follows from Shah, [Sh, Thm. 1.4], applied to the sequence ay, as, ...,
that if A -G is dense in L, then

Jim fo((1.ve) (@), 0) (an, 0)(1, ~ve) (@) dev = | folg) du(g).
=0 Jae(R/Z)n—1 A\L

for each bounded continuous function fo : A\ L — C. Taking fj as the right
(1, ve)-shift of f, viz., fo(Al) := f(AE- 1, V5)) for all A¢ € A\ L, we obtain
(32).

Hence it only remains to prove that A-G is dense in L. But for each fixed
go € G, one checks by a quick computation that

{WGR”‘(go,W)EA'G}:Mg'go—Vg,
where
Me = {x+vey|v€SLy(Z), x€Z"} CR".

Hence it suffices to prove that M is dense in R™. This, however, is ele-
mentary: Given y € R" and ¢ > 0 we may find integers z; and ~v,; (j =
1,2,...,n—1) such that |z; + v, ;& — y;| < &; letting d = ged(Vn,15 s Ynn—1)
and taking r to be any integer relatively prime to d, we may then also
find integers m and x, such that ‘:cn + md§ — (yn — r{)‘ < e. Letting
Yn,n = md + r and choosing integers v;; for 1 £i<n—1,1 =< j < nsuch
that v = (i) € SL,(Z) (this is possible by [Si, Thm. 32]), we then have
Ix+vey—y|l<n-e. O
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8. COMPUTATIONS

We will now discuss how to compute f 0X’ASLQ(a), i.e. the volume p(,)

of the set Q. = {L € AL(1) : |[LNQ| = r}, for @ C R? an arbitrary rectangle
of area a (cf. (28)). We will use the same basic method as in Elkies and
McMullen [EM, pp. 30-37], where the case corresponding to 2 a triangle
and r = 0 was treated.

We fix r € Z>q, and write f.(a) = flo ox,ASL, (a) for short. For any interval
I C R we write Qf = I x (0,1), so that fr(a) = p{L : |[L N Qg a0)| = 7}
for any real numbers ay,as with ag — a; = a. We noted in Section 7 that
fr(a) is continuous. Set A F(a) = F(a + ¢) — F(a). We wish to study the
iterated difference A, A., fr(a) for £1,e9 > 0 small. We will show that for
each r = 0 there exists a continuous function g,.(a) of a > 0 such that the
following two ratios

(33)
(5152)71M{L : |L N Q(al,ag)‘ =T, |L N Q[alfsl,al]‘ 21, ’L N Q[ag,angsg]‘ 2 1};

(5152)_1/‘{11 : |L N Q(al,a2)| =, |L N Q[al—el,al]‘ =1, |L N Q[ag,a2+€2]| = 1}a

both tend to g,(a) as 1,62 — 07, uniformly for a in compact subsets of R
Interpreting (s169) "tA¢, Ac, fr(a) in terms of such ratios, we obtain
lim  (e162) 7' Az Acy fr(a) = gr(a) = 29,-1(a) + gr—2(a),
£1,62—01
where we understand g_1(a) = g_2(a) = 0. It follows that f, is a C? function
satisfying

(34) f7(a) = gr(a) = 29r-1(a) + gr—2(a).

Form € Z*, ag < aq and xq, y1,y2 € R, we define g = gl (a3, ay, o, y1, y2)
to be the unique element in ASLy(R) with (0,0)g = (as,y1), (m,0)g =
(a4,y2) and such that (0,1)g has z-coordinate = ag + (a4 — az)xo/m. In
this parametrization, the Haar measure on ASLg(R), normalized as usual so
that p(ASLo(Z) \ ASLy(R)) = 1, equals

dgi™ = dxodyrdysdasgday.

m2m?
Let S and S’ denote the subsets of AL(1) occurring in the first and the

second line of (33), respectively. Then S’ C S, and for each element L in S
there exists at least one m € Z* such that L has a representative in the set

sy = {g = 9" (a3, as, 0,1, 92) ’ ag € la1 —e1,a1], aq € laz, a2 + e2],
To,Y1,Y2 € [0’ 1)7 |Zgg N Q(alya2)‘ = T}'
Clearly

35)  u(sy) =

6 al az+e2 im]
2.9 / / ‘/rm (a17 az, ag, a4)da3da4a
m=m a1—e1 Jag
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where V' = V?‘[m] (a1, az2,as,aq) is the three-dimensional Euclidean volume
(36)
V= H(xoyyh?ﬂ) €(0,1) ’ ‘ZQg[m](a3,a4,xo,y1,y2) N Qs a0)| = TH

Writing Vr[m](a) =y (a1,az2,a1,a2) (recall a = ags — a1), we will prove
that for ag € [a; — e1,a1] and a4 € [ag, ay + £2] we have

(37) Vi™(ay, as, as, as) — VI"(a)

as €1,62 — 0, uniformly for as — a1 = a in any compact subset of R*.
Hence lim,, ., 0 (6182)_111(5%7”]) = 6(m7r)_2‘/}[m] (a). We will also prove that
V}[m](a) is continuous, and that if ng] is the subset of those g € S([Jm] for
which ‘Z2gﬂﬂ[a1_5haﬂ’ = 2or ’ZQgﬂQ[%aﬁ@” 2> 2, then M(ng]) = o(e1€2)
as €1, 9 — 0, uniformly for a in compacta. Let us first note that these facts

will immediately allow us to deduce our earlier claims regarding the two
ratios in (33), with

r+1 6
(38) gr(a) = Z mvjm}(a)
m=1

Indeed, note that if 1,69 < a/(r + 2) then S([)m] = for m > r 41, so that

u(S) < p(s) < ot M(S([)m}). On the other hand, the sets (S([)m] — ng]),
[”ﬂ)

m =1,2,...,7+1 are pairwise disjoint, and every element g in Um(S([)m] =5
certainly represents a lattice in S’; and is not ASLy(Z)-left equivalent to any
other element in UmS([]m}; hence p(S’) = Z:nJr:ll(u(S([)m]) - M(ng})). This
leads to the desired conclusion.

Hence it now only remains to prove our statements made in connection
with (37). We fix J as some large integer. We keep 0 < 2a < J, 0 < €1, <
a/(r+2), as—a; =a >0, ag € [a1 —e1,a1], ag € [az,az+¢e32], and m < r+1.
Given j € Z and any g = g[™(as, a4, zo, y1,y2) in the set defining V we let
L; be the line {(¢,7)g | t € R}. Using the definition of g one checks that the
equation of L; is

1 .
(39) y= (Jm+ (y2 — y1)(z — az)) + y1.
aqs — asg
From this it follows easily that L; N Q,, 4,) =  whenever [j| > 2a; hence
only lines L; with |j| = J can have any points inside €

Define (z(k, j),y(k,4)) = (k,j)g € Z* N L;j. Then

(40) 2(k,j) = a3 + S0 T KN a1~ as),

. a . i
y(k, §) = Jjm +(y2 y1)(Jzo + )+y1.

a4 — as m

az,aq)"
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In particular, because of our restriction on e1,e9, we have x(k,0) € (a1, az)
for1 £ k < m, and 2(0,0) = a3, (0, m) = a4, while 2(k,0) ¢ [a1—¢e1, as+e2]
whenever k£ < 0 or k > m. By (40),

(41) az = z(k,j) S ay &= —jro S k= m — jxo.

In particular, |j| £ J and a3 < z(k,j) < aq forces —J < k < m + J.
For each such pair j, k, the locus of those xy € (0,1) for which z(k,j) €
[a1 — €1,a1] U [ag, a2 + €2] is a set (a union of at most two intervals) of
measure < m(eq +2)(|7](as — a3))™! £ (m/a)(e1 + e2). Let & € (0,1) be
the union of these sets taken over all 1 < |j| < Jand —J < k < m+J. Then,
by construction, the symmetric difference between the set in (36) defining
Vr[m](al, az,as,as) and the set defining Vr[m} (as,aq,a3,a4) = Vr[m] (ag — a3)
contains only points (xg, y1,y2) € (0,1)% with xyp € &. Hence

2J(2J +m+ I)m

a

Viml(ay, as, ag, as) — V™ (as — a3)’§ 8] < (e1 + €2).

Here a < ag — a3 £ a+ €1 + 2. Hence (37) will be proved once we have
proved that Vr[m}(a) is continuous. Similarly we obtain ,u(SEm]) = o(e1e2)
as €1,e2 — 0, by writing ng] as an integral analogous to (35), (36), and
noticing that this will only involve points (zg,y1,y2) € (0,1)% with 2o € &.

It now only remains to prove that Vr[m}(a) is continuous. At the same
time we will indicate how this volume can be calculated explicitly. Thus
from now on we keep a3 = a1, ag = az. Note that in this case the set in (36)
is symmetric under (zg,y1,y2) <— (z0,1 — y1,1 — y2). It follows from our
observations above that we may decompose the set in (36) as follows. For
each sequence e = {e;} ;< of integers satisfying 0 = ej = m, eg =m — 1
and . e; =r, we define

lmel — yyrimel(q)
= {(iﬂo,yhyz) € (0,1)° ‘ y1 < y2 and |Z*g N Qg 0,) N Lj| = €, Vj}-

(Note that the condition for j = 0 is fulfilled for all (xq,y1,%2) € (0,1)3,
because of eg = m — 1 and our observations above.) Furthermore, for any
interval I C [0, 1] we define

W}m’e](a) = {(xoayl,yﬂ e wimel(q) ‘ T € I}.

We let Iy, Is, ..., In be the consecutive open intervals in a Farey dissection
of [0,1] of order J, viz., I, Is,...,Iy are the connected components which
remain after all the Farey fractions {q1/¢2 | 0= q1 < q2 = J, (q1,¢q2) = 1}

have been removed from [0,1). Then V}[m](a) can be expressed as a finite
sum,

N
(42) va) =23 3w a)),

e n=1
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where e runs through all sequences as above. Hence it now suffices to prove
that ’WI[:L’G] (a)’ is continuous for all e, n.

The point of using the Farey dissection is to ensure that if (zg,y1,y2) €
W}T’e}(a) then for each j with 1 < [j| < J, the number jzo falls strictly
between two consecutive integers which only depend on n and j. Hence, in
view of (41), there is an integer K = K (n,j) such that a1 < x(k,j) < as
holds if and only if k € {K, K + 1,..., K + m — 1}. Furthermore, each line
L; has positive slope, since we require y; < y2. Hence if 1 < j < J and
1 < e; < m—1, the condition |Z%g N Q(ay,a0) N Lj| = €; can be reformulated
asy(K+e;j—1,5) <1,y(K+ej,j) 2 1. If1 £ j < Jand e; =0 (or e = m),
then the corresponding reformulation is y(K,j) = 1 (or y(K+m—1,5) <1,
respectively). Similarly, if —J < j < —1, then |Z%g N Qar,an) N Ljl = €5
can be formulated as one or both of the inequalities y(K +m —e;,j) > 0,
y(K+m—e; —1,7) £0.

Let us now substitute

yzs=y2 —y1 and w4 =m/a+ ysxo/m.

Then note that y(k,j) = y1 + (k/m)ys + jya, a linear expression in y1, Y3, y4.
Also note that the inequalities 0 < y; < y2 < 1 are equivalent to 0 < yi,
0 < ys3, y1 +y3 < 1. In conclusion, for any given admissible m,e,n, we
can construct a finite set of linear inequalities in y1,y3, y4 (the coeffients of
which only depend on m, e, n) such that if Cy, e », denotes the corresponding
convex region in the (y1,y3, y4)-space, then for all (xg,y1,y2) € R? we have

(x()ayhyQ) € W[[;n’e}(a‘) <~ Zo € ITL7 (Z/l,y3>y4) € Cm,e,n-

(The region Cy, ¢, may well be empty. In general, it contains part but not
all of its boundary 0Cy, e,n.) Hence, since dyidys = dyidys,

(43) wimel(a)] = / A (0, @) dao,

xo€ln

where Ay, en(20,a) is the area of the projection onto the y;, y3-plane of the
intersection between Cj, e and the plane y4 = m/a + yszo/m.

Since Cyp e is defined by a finite set of linear inequalities, there is at
most a finite subset F' C I, of x¢-values for which the plane y4 = m/a +
y3xo/m is parallel to a bounding 2-simplex of Cy, e . Clearly A, e n(z0,a) is
continuous for (z, a) € (I,—F)x (0, 3J). Note also that 0 < Ay, e n(20,a) <
% everywhere, since Cy, ¢ p is restricted by 0 < y1, 0 < y3, y1 +y3 < 1. Hence

(43) implies that }WI[:n’e} (a)| is a continuous function of a, as claimed. Note
that it is also clear from the above how to compute f/(a) explicitly, at least
in principle.

For a sufficiently small there is a simple explicit formula for f,(a):
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Proposition 2. We have
3a2—a+1 ifr=20

2
fr(a) = —%(ﬂ—ka ifr=1 for0<a< 1.
%((r — D)2 224 (r+1)"2)a® ifr=>2

If r 25, the formula f.(a) = %((7‘ — 172 —2r2 4 (r+1)72)a? actually
holds for all 0 < a < [%]

In view of our remarks in Section 7, the case 0 < a < 1 of the above
proposition can be viewed as a rederivation of the formulae proved by Mazel
and Sinai in [MS]. The fact that the same formula also holds for larger
values of a when r 2 5 seems to be new.

Proof. We will show that

(44)  g(a)= S +1)?  forall 0<a< max <1, [THD.

™ 2

Clearly this suffices to prove the proposition, using (34) and the fact that
lim, o+ fr(a) and lim, o+ f/(a) can be computed easily.

Now fix r,a as in (44), and let J be an integer > 2a as before. Let
e = {ej}mgj be any sequence of integers satisfying 0 < e; < ep + 1 and
Ej e; =r, and write m = ey + 1 (thus 1 < m = r +1). We will prove that
Wlmel(a) = () except if eg = r and e; = 0 for all j # 0, and that for this
exceptional sequence e we have W™l (a) = {(z0,y1,92) € (0,1)3 : y1 < y2}.
Since this set has volume 3, we obtain (44) via (38) and (42).

2
If m = a then (39) implies L; N Q(q, q,) = 0 for all j # 0, and the desired

conclusion follows directly from the definition of V,n[m](a) and W™el(a). In
particular, the proof is completed for the case 0 < a < 1.

Now assume 1 < m < a. Note that we then have r 2 3 and m < a <,
by (44). We have to prove W™®el(a) = (); we will do this by assuming
Wlmel(a) to contain an element (xg,y1,%2), and showing that this leads to
a contradiction.

Let N = [a/m] 2 1. Then note that by (39) we have L; N Q4 q,) = 0
for all |j| > N, and hence e; = 0 for all these j. Furthermore, for each
Jj € {1,2,..., N} we note that if e; = 1 then it follows from (zo,y1,y2) €
Wlmel(q) and (39), (40) that jm/a + (y2 — y1)(e; — 1)/m +y1 < 1, since
the line L; has positive slope (y2 — y1)/a. Similarly, if e;_n_1 2 1 we find
(GJ—N-1)mja+ (y2—y)(m+1—ej_n_1)/m+y1 > 0. By considering
the difference between these two inequalities and using (N + 1)m/a > 1 we
obtain ej +ej_n_1 < m+ 1. Note that this holds even if e; or ej_y_1 is 0,
since ej,e;_n—1 < m. Hence

N
r:Zej:eo+Z(ej+ej_N_1)§m—1+N(m+1).
J Jj=1
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But N < a/m < [©Z2]/m and hence N < ([“E1] — 1)/m = m~![Z52]. Note
here that 1 < m < [“51]. Using these facts we obtain

r<m+m {T;l] —1+[T;1] £2[r;1] <r—1.

This is a contradiction. I

The evaluation of f,.(a) for larger values of a is much more involved. We
have written a Maple program to evaluate f,(a) for small values of 7, using
the formulae (34), (38), (42), (43). To present the result, it is convenient to
define E(a) for a > 0 by

='(a) = (1 —a')?log|l —a™!; 2(1)=Z='(1)=0.

Then = € C3(R*), but the fourth derivative of = has a logarithmic singu-
larity at a = 1. Now

1

" Sa? —a+1 if0<as
Ob0 7ASL2(G) = fola) = {}g(a(a) —2(9) + Saloga+cia+ e if 1<,
where ¢; = G'Fi# —2and ¢ = 18;(;%2; furthermore
—2La? +a if0<a<1
— B (3Z2(a) —4E(2)) + l1(a) if1<a<2
o=y 12(32(a) — 105(2) + 6Z(2) +2E(2)) + fo(a) f2Za<4
— 12(32(a) —62(%) +32(%)) + 3(a) if 4 < a;
%(f 0Za
L2 (32(a) —62(%)) + la(a) 1<a
L2 (32(a) —24E(%) +24E(%) +4E2(%)) + l5(a) 2<a
fala) = ¢ 2(32(a) —20E(%) + 36 2(%) — 12E(%) —6E(2)) + ls(a) 3=a
L2(32(a) —8E(%) +272(%) —20E(%) —62(%)) + l7(a) 4Za
L2 (32(a) —8E(%) + 21 (%) — 18E(%)) + L3(a) 9/2 <
L (32(a) — 122(%) + 155(%) — 62(%)) + Lo(a) 6 < a;

where ¢1(a), ..., £9(a) are expressions of the form d; log? a-+dsa log a-+ds log a+
dsa® + dsa+ dg, with explicit constants dj. The formulae grow quickly more
complicated as r increases. We have posted a Maple file on the web con-
taining the exact formulae for f,.(a), r =0,1,2,3,4, cf. [SV].

The graphs of f,(a) for r =0,1,2,3,4, and their cumulative sums

Z?:o r(a).
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The derivation of the precise formulae in [SV] involved heavy use of com-
puter algebra applied on long and complicated expressions, and it is only
reasonable to ask what type of tests were implemented to ascertain the cor-
rectness of the results. We consider the numerical data presented in Section 9
to be our strongest evidence in this regard. As further evidence we mention
that we verified lim,—,o fr(a) =0 for r = 0, 1,2, 3,4 by exact computation;
note that this relation is far from “built-in” to our computations, as f,(a)
is obtained by integration of (34) starting from a = 0.

One more test is provided by considering the second moment of the ran-
dom variable X, given by Prob{X, = r} = f.(a) for r = 0,1,2,... (ie.,
X, is the number of points in the intersection L N Q) of a random trans-
lated lattice L and the box € = (0,1) x (0,a)). By a computation using

Siegel’s theorem for SL, (Z)\ SL,(R), one can show that for any compact set

Q C R" one has ) o2, r? -u(ﬁ&ASL)) = vol(2)2 +vol(Q2). Hence in particular,

E(X2) =>2,r* fr(a) = a®> +a for all @ > 0. This is of course easy to
check by a direct computation for 0 < a < 1 in view of Proposition 2, but
since fr(a) = S ((r—1)72 = 2r=2 + (r + 1)72) a? also holds for 1 £ a < 2
whenever r 2 5 one obtains the non-trivial relation

4

6929
E 2 =7 42 <a<
r* fr(a) 1200.2 & +a, for 1<a <2

r=1

We have verified this to hold for our explicit formulae for f,(a).

Regarding other moments, note that > > r - fr(a) = E(X,) = a by
the ASL,,(R)-version of Siegel’s theorem; but this formula is also a trivial
consequence of (34) (which implies %E(Xa) = 0) and Proposition 2, and
hence does not give an independent test of our formulae. Note also that all
higher moments are infinite; F(X}') = oo for n = 3, by Proposition 2.

Using methods similar to those described above, we have also computed

explicit formulas for £ (a), cf. (28). The details of these computations

are slightly less involved than for fqp ox,ASLy (a), since we may there proceed by

studying % Dox.SL (a), i.e. the first derivative instead of the second. Note

that by symmetry in the origin, f;f)x’SLQ(a) = 0 for all » =2 0. Note also

that f;,,ofls% (a) = 0 whenever a = 4(r + 1), by an easy generalization of

Minkowski’s theorem [Si, Thm. 10]. Our results are as follows.

Proposition 3. We have for allr € Z>; and 0 < a = 2:

box,SLy (CL) _ 1-— %a Zf?" =0
2r 41 %(7’72 - (7“ + 1)*2) a @'f’r 2 1.

If r =2 3, the formula fzbf_flsLQ(a) = %(T*Q — (r+1)"%) a actually holds for
all0<a <25 +2.
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We define ¥(a) for a > 0 by

V(a)=(a"' = 1logla™t = 1f;  ¥(1)=0.
Now
[1 ~ 3a if0<a<2
fOX’SLQ(a) =4 B(V(4) —loga) + Ha+ 3 (2log2—1) if25a<4
0 if 4 < a,
%a 0<as?2
- 2($) + () 25a<d
F377 (@) = € B(W(2) +20(2)) + ga(a) 4= a < 16/3
20(%) + gs(a) 16/3<a<s
0 8 < a,
#a 0<as2
L)+ u) 25as4
— 220(2) +30(2)) + gs(a) 45a=16/3
bosta ) _ ) - 75(5\1!(3) ~30(8)) + as(a) 16/3=a=6
— Z(50(9) —3W(2) —2W(3)) +ar(a) 6=a<36/5
— Z2(4U() - 39(§)) +as(a 36/55as8
H0(§) + as(0) 8<as12
0 12 < q,

\
where ¢1(a), ...,q9(a) are expressions of the form djloga + dsa + ds, with
explicit constants d;. We refer again to [SV] for the exact formulae for
%2 (a), r = 3,5,7,9.

Regarding moments, note that » 2 7 - fPOX’SLQ(a) = a + 1 by Siegel’s
theorem, and ) 2 r™ - DoxSL (a) = oo for all n = 2 (and all a > 0), by
Proposition 3.

—

9. NUMERICAL EXPERIMENTS

In this section we present some data from numerical experiments related
to several of the main results in this paper.
Table 1 concerns the error term in Theorem 2 for € a two dimensional

square, ) = Q, = [—g, %]2 C R2. We let N, ,(p) denote the number of
lines through the origin in IFI% which intersect p'/2Q), in exactly r points.

Recall the definition of f:)OX’SLQ(a) in (28). We note that both N, ,(p) =0

and f’ ox,SL (a) = 0 hold whenever r is even, and also for all a = 2r + 2
(the fact that N, ,(p) = 0 for all a = 2r 4 2 follows by an easy extension of
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Thue’s theorem, [N, Thm. 75]). We have computed the deviations

Na,r (P) box,SLy (a)

- Jr

a€{0.2,0.4,0.6,..}, a < 2r+2,

p+1
for r € {1,3,5,7,9} and certain values of p. The exact value of kaX’SLQ (a)
was computed using the explicit formalae in [SV]. In Table 1 we list the

maximum 5£max) and the average (5§av') of these deviations.

Table 2 gives similar data concerning the error term in Theorem 4 (cf.

also Remark 2): We list the maximum 5£max) and the average 61Eav,) he

deviations

Nar(p)  ibox,ASL, (0)

ZartF) gt a€{0.1,0.2,0.3, ... 15.0},
p(p+1) t J

where N, (p) is the number of affine lines in Fg which intersect the square
p'/2Q, in exactly r points.

5§max) 5§max) 55()max) 5$max) 5émax)
(ﬁav.) 5§av.) 5éav.) 5$av.) 5!(;av.)

p=5003| 1.2-1072(1.9-1072|2.1-1072|2.1-1072|2.7-1072
59-1073 | 5.6-1073{4.8-1073 | 4.6-1073|3.9-1073
p=50021| 54-1073]6.3-1073|5.6-103|6.1-1073|8.5-1073
1.7-1073 | 1.8-1073 | 1.5-1073 | 1.5-1073 | 1.3-1073
p=500009 | 0.99-1073|24-1073|2.5-1072|2.6-1073 |2.5-1073
42-107%152-1074|50-107%|4.2-107%|45-107%
p=5000011 | 4.4-107*|57-107%*|6.0-107*|8.8-107* |85 -107*
1.8-107%[1.5-107*|1.8-107%|1.2-107%|14-107%

Table 1: Max. and mean deviation, lines through the origin in }F}%.

6(()max) 6§max) 5émax) 6§max) 5£max)
5(()av.) 5§av.) 5éav.) 5éav.) 5Z(Lav.)

p=503| 3.7-1072| 39-1072|4.1-1072|5.0-1072|5.2-1072
2.7-1073| 3.1-10734.0-10734.5-1073|5.5-103

p=5003 | 1.4-1072| 1.1-1072|1.6-1072|1.6-1072|1.6-102
0.80-107210.18-1072 |1.3-1073 |1.5-1073 | 1.8-1073

p=50021| 3.9-1073| 4.0-1073|42-1073 [45-1073[5.9.-1073
3.1-107%| 3.0-1074[42-107*]49-107*|5.8-10~*

p=500009 | 1.4-1073| 1.3-103|1.5-1073|1.5-1073| 1.6-1073
0.87-10741090-1074[1.3-107*|1.5-107*| 1.6-10~*

Table 2: Max. and mean deviation, affine lines in IFZQ,.
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Note that the above data are consistent with a p~'/2-decay of the de-
viations, both for the SLy and the ASLsy case. For the ASLy case this is
in agreement with Remark 2 and the Ramanujan-Petersson conjecture that
B(1,2) = —%. For the Sl case the tables might suggest that at least when
Q sufficiently “nice”, the exponent in the error term in Theorem 2 is not
optimal.
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