Solutions to Math 53 Second Exam —May 13, 2013

1. (20 points) Consider the 2 x 2 matrix A = ( :; ? >

(a) (a and b together 14 pts) Find the solution Z(t) of the differential equation #'(t) = AZ(t) with

initial condition Z(0) = < _13 )

(b) Find the solution #(t) of the differential equation ¢ (t) = Ag(t) with initial condition #(0) =
2
(1)

(¢) (4 pts) Compute the Wronskian determinant of Z(¢) and ¢(¢). Do Z(¢) and ¢(t) form a fundamental
set, of solutions?

(d) (2 pts) Suppose (t) is the solution of @' (¢t) = Bu(t) with initial condition @(0) = ( i?’, ) and
7

¥(t) is the solution of ¢’(t) = Bv(t) with initial condition ¥(0) = < 1

) for some 2 x 2 matrix

B. Do #(t) and u(t) form a fundamental set of solutions?

The characteristic polynomial is (=7 — A)(1 — A) + 16 = A% + 6\ + 9 = (A + 3)2, so we have only
one eigenvalue. Since the matrix is not diagonal, we need to find an eigenvector ¥ and a generalized
eigenvector .

—

To find ¥ we solve ( :;1 i)ﬁzﬁ. husﬁz(é)works.

. —4 2 - o (1 o 0
Toﬁndwwesolve( )w—v— 9 ) Thus w = < 1/2 > works.

<
ool ()]
f

Hence the general solution is c;e ™! (

1
(a) We solve ¢; ( 9 ) +c2 ( 1/2 > to get c1 = 1,¢c2 = —10.

()

) to get 1 = 2,¢c9 = —2.
+

()]

= 7. Hence W[Z,#](t) = Te % . Since the Wronskian

So (t) = 3( ! ) 10 [e—wt( )
(b) Wesolvecl(;>+62( 2, ) _ (f
0= (3) ()

. . . 2
(c) The Wronskian at time zero is

-3 1
is non-zero, Z(t) and ¥(t) form a fundamental set of solutions.

(d) Yes, the Wronskian at time zero is non-zero, hence it stays non-zero for all time and (¢) and
7(t) form a fundamental set of solutions.
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2. (20 points) Consider the homogeneous system

(a)

(a)

i()=+(3)

(10 points) What condition on the eigenvalues of A corresponds to this system having:
(i) a spiral sink?
(ii) nodal source?
(iii) nodal sink?
In all cases, draw a sample phase portrait, being sure to note the direction of trajectories. In
nodal cases, clearly indicate on your picture the eigenvectors and which eigenvector has larger

eigenvalue.
a a
=(08)

For which values of a does the corresponding differential equation have a source, sink or saddle
at the origin?

(10 points) Now suppose that

Spiral sink: The eigenvalues should be complex and of the form a =+ ¢b where a < 0.
Nodal source: The eigenvalues should both be real and positive.
Picture: in the case of nodal source, the trajectories should go from vs to v when the eigenvalues

are A1 > Ao, and their directions should be appropriately consistent.

The characteristic polynomial is (A — z)(A — 2) — 22, so we have to solve
M —(z+2)A+ (2z — 2°) = 0.

The discriminant of this quadratic is (z +2)? —4(2z — 2%) = 522 — 4x + 4; this is always positive,
so the characteristic polynomial always has two real roots. (Short-cut to this conclusion: the
matrix is symmetric.)

Next, the product of the eigenvalues is 2z — 22 = 2(2 — ). This product is negative for z > 2 or
x < 0; for those x, we get a nodal saddle. For 0 < x < 2, the product is positive, and the sum
of the eigenvalues is x + 2; thus, we have a nodal source.
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d _ 3y — Y, % = bx — 3y. corresponding to the matrix

3. (20 points) Consider the system of equations f =

3 -1
5 =3 )
(a) (6 points) Find the solution with initial condition z(0) = 1,y(0) = 3.

(b) (14 points) Find the solution to the system ‘é—f =3z —y+t, ‘é—’é = 5z — 3y with the initial condition
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4. (20 points)
(a) (10 points) Write down the solution v(t) = < ;:g; > to the system of equations
dx dy
= —dr—5y, 2 =14 1
o =z by o =da (1)
with initial values z(0) = 5,y(0) = —2, in terms of real-valued functions.

(b) (5 points) Let v(t) be the solution from (i). Show that u(t) = %v(t) is also a solution to (1) and

evaluate the Wronskian of v(¢) and u(t) as a function of t.

(c¢) (5 points) Suppose the system % = az + by, % = cx + dy is known to have complex eigenvalues.

Give an interpretation in terms of trajectories for each of the following conditions:

(i) a+d>0;
(ii) b>0.
(a) The corresponding matrix is A = ( j =0 ), with characteristic polynomial (4 —\)(—\)+20 =

0, i.e. A2 —4X +20 = 0. The roots are A\ = 2 =+ 43.

The corresponding eigenvector for A = 2 + 47 solves

2-4 -5\, _,
4 244 )"
5

so we can take v = < 9 _ 4i

: . 5 2+4i.
imaginary parts of < o _ 4i ) =T

Q2 ( 5 cos(4t) + bisin(4t) ) _ o ( 5 cos(4t) + 5isin(4t)
(2 — 4i)(cos(4t) + isin(4t)) (2 cos(4t)

and so

5 cos(4t) 5 sin(4t)
“l ( 2 cos(4tc)o—sl— 4 sin(4t) > e ( (2 Sin(4t)S — 4 cos(4t)). )

is a general solution. To solve the initial value problem we must have

5 n 0 . 5
C1 9 (&) _4 = 9 o
so that ¢; = 1 and ¢y = 1; the solution is

< 5 cos(4t) + 5 sin(4t) >
—2cos(4t) + 6sin(4t) |-

(b) We just differentiate the equations: We see that

d(do\ _ydo_dy d (dy) _ do
dt \ dt ] dt dt’ dt \dt ) ~dt’

) . A fundamental set of solutions is then given by the real and

+ 4sin(4t)) + i(2sin(4t) — 4 cos(4t)) )

So (4, %) is a solution, too. Its initial value is given by (4 x5+5x 2,4 x5) = (30,20). Thus the

5 30

Wronskian at time 0 has value det [ _9 90

] = 160. Thus the Wronskian at time ¢ is 160e.
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(¢) Having a + d > 0 means the sum of the two eigenvalues is positive, i.e. the real part is positive,
so it is a spiral sink. Having b > 0 means that the direction of trajectory at x = 0,y = 1 is in

the direction of increasing x, i.e. clockwise.
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5. (20 points) Consider an isolated system of two bodies exchanging heat. Denote the temperature of the
first body by 77 (t) and the temperature of the second body by T5(t) (we assume that the temperature
does not vary inside each of the two bodies). Then the Newton’s law of cooling says that

Ty
Lo k(T,-T
dt 1( 2 1)
ATy

=2 — (T, — T
dt 2( 1 2)

(a) (9 pts) Compute the eigenvalues and eigenvectors for the above system of ODEs. Write down the
general solution. Describe what happens to this solution when time goes to infinity and explain
in a few words what it means for the physical system being modeled.

(b) (3pts) Given ki =1 and ky = 2, draw the phase portrait as well as you can.

(c) (8 pts) Suppose now that the second body is connected to a thermal bath - an external environment
that maintains a constant temperature 7. This changes the ODE system to

dTy

— = k(D-T

o 1(To 1)

dT:

d—f = ko(Ty — To) + ks(T — T)

Note that this is now an inhomogeneous system of ODEs.

Make the substitution 73 = T + u and T» = T + v and show that u,v satisfy a homogeneous
system of ODEs. Describe what happens to u, v as time goes to infinity, and say in a few words
what this means for the physical system being modeled.

k1 ki
ko —ko
kiko = A2 + A(k1 + k2). So the eigenvalues are 0 and —(k; + k2). For the 0 eigenvalue we

(a) The matrix is A = ( ), which has characteristic polynomial (—A — k1)(—=A — k2) —

need to solve < _kkl ké )v‘i = 0. The vector v]7 = < 1 ) works. For —(k; + ko) we
2 —R2
ky K S - k1 .
need to solve 3 3 v3 = 0. The vector v5 = works. The general solution
2 —Ri1 —R2

. 1 k P .

is ¢1 ( 1 ) + cge~ (k1tka)t ( ]i ) As t goes to infinity, the second component dies out and
— K2

the system converges to an equilibrium state where 77 = T5. Physically, this means that it

approaches a state where the temperatures are equal and there is no heat exchange, and does so

exponentially fast.

(b) The general solution is ¢; ( 1 ) +coe™3t ( ) The y = « line consists of equilibria solutions,

=%

and the phase flow is along lines parallel to ( _12 ) toward these equillibria.

dh _ du dly _ dv
(c) We have 5L = ¢ and %32 = % so

du
dt
dv
dt

= kl(TQ — Tl) = k:l(v — u)

= kQ(Tl = TQ) “F kg(T = TQ) = kg(u = 1)) — ksv
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—ky k1

ko —ka — ks
nomial is A2 + (k1 + ko + k3)\ + k1ks which has discriminant (k; + kg + k3)? — 4k1ks =
(k1 — k3)? + k3 + 2ka(k1 + k3) > 0. Thus it has real roots, which are both negative since
their product kiks is positive and their sum — (k1 + k2 + k3) is negative. Hence the system has a
nodal sink. Thus u and v go to zero exponentially fast. Physically, this means that the system
moves toward the equillibrium state 17 = T5 = T exponentially fast.

This is a homogeneous system with the matrix ( ) The characteristic poly-

Note: We could have also reasoned backwards - having a source of any kind or a saddle would
mean temperature going to infinity for one or both bodies; and having oscillations of any kind
would mean heat flowing from the first body to the second and then back, which can not happen
in the system like that; finally, since zero is not an eigenvalue and we can exclude the repeated
eigenvalue case by examining the matrix, we are left with only the nodal sink as a possibility.
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