MATH 53 HOMEWORK 7 SOLUTION

Section 4.3 problems 27, 30, 37, 40, 42.
Section 4.4 problem 7, 11.
Section 4.5 problems 1, 3, 13, 17.
Problem 4.3.27 The characteristic equation is

MiEA-2=0 = A+2)0-1)=0 = Xx=1,-2
So the general solution is given by

y(t) = Cret + Che ™ = 4/(t) = Cre’ — 2052

Using the initial condition, we get

1:y(0)=C’1+C'2

1=y/(0)201—202 = 01:1702:0

so the solution to IVP is
y(t) =¢'

The solution goes to +oo as t — co.

Problem 4.3.30 The characteristic equation is
MN4+daA+3=0 = A+3)A+1)=0 = I=-3-1
So the general solution is given by
y(t) = Cre '+ Coe™ = y/(t) = —Cre™" — 3Cse™
Using the initial condition, we get

2:y(0) =C1 4+ Cy
-1 = y/(O) = —C1 - 302

so the solution to IVP is

= (y=-1/2 = C,=5/2

y(t) = 564 - 567‘%

The solution goes to 0 as t — co.

Problem 4.3.37 The characteristic equation is
Mid+4=0 = (A\+22? =0 = =2
So the general solution is given by
y(t) = Cre ™' 4 Cote™ = 3/(t) = —2C1e 2" + Coe " — 205te 2!
Using the initial condition, we get

2= y(—l) = 0162 — 0262
1= y/(—l) = —20162 + 0262 + 20262

so the solution to IVP is

= Oy = 56_2 = (O, = 76_2

y(t) = Te 2+ | 5pe20t+1)

The solution goes to 0 as t — oc.



Problem 4.3.40 The characteristic equation is

1+ yTT3R 1+
MILA—d=0 = A= 132 _ V33

4 4
So the general solution is given by
y(t) = Ce™ T 4 e o () = (TS Z*@)cle;limt (Vs ;m)@e;‘lmt
Using the initial condition, we get
0=y(0) =C1 + Cs 2 2
= Ci = — = Oy = ——
L=y/(0) = (FH)01 + (F57) 0 TV P TUE
so the solution to IVP is
2 -—1tves, 2 _ivss,
= T s

—1++v33
4

Because > 0, the solution goes to +o00 as t — oco.

Problem 4.3.42 The characteristic equation is
M420+2=0 = A+1)P2?=-1 = A=-1%4i

So the general solution is given by

y(t) = Cre tcost + Cae 'sint = y/(t) = —Cre cost — Cre 'sint — Cae 'sint + Coe ' cost
Using the initial condition, we get

2 = y(n/4) = e /L2(C) + Co)
—2=y/(n/4) = e /R (~Cr = C1)

so the solution to IVP is

= 01202:\/5677/4

y(t) = V2e= T/ cost + V2e =T/ sin t

The solution oscillates with decaying amplitude as t — oco.

Problem 4.4.7 The mass is given by

_w_ 3
g 32ft/s?
The spring constant k is found from the statement that the mass stretches the spring by 3 in = 1/4 ft
3
k=— =121b/ ft
1/4 /

Consequently, y satisfies

3
=y +12=0 = y’' +128y=0

32
so we get
A= +V128 = +8v2
Thus,
y(t) = Acos(8v/2t) + Bsin(8v/2t)
SO

Yy (t) = 8V2(—Asin(8v/2t) + B cos(8v/2t))
Plugging in ¢ = 0 and using the given initial condition y(0) =1 in = 1/12 ft and 3/(0) = 2 ft/ s.
1/12 =y(0) = A _ _
2C (O =8v3B T A=1/12,B=+/2/8
Thus,
1
y(t) = (v/2/8) sin(8v/2t) — D cos(8v/2t)
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so the frequency w = 8v/2rad/ s, the prediod T' = 27/w = v/27/8 s, the amplitude R = /2/64 + 1/144 ~
0.1954 ft, the phase § = 7 — arctan((3/+/2)) ~ 2.0113.

Problem 4.4.11 (a) The spring constant k can be found by
F(Ay)=—-kAy = -3=-k01 = k=30

The damp coefficient is given by
3N

5m/ s

y=Fu/y' = =0.6

So the equation for y(t) is
2y (t) + 0.6y’ (t) + 30y(t) =0
The characteristic equation is
—0.6 + 1/0.62 — 4(2)(30)
4

2224061 +30=0 = \= = —0.15+ 3.87i

SO
y(t) = e 1% (A cos 3.87t + Bsin 3.87t)

Thus,
y'(t) = —0.15¢ 71" (A cos 3.87t 4 Bsin 3.87t) + 3.87¢ 15 (B cos 3.87t — Asin 3.87t)

Using y(0) = 0.05,3(0) = 0.1 m/ s, we get
A=0.05,B=(0.1+0.15%0.05)/3.87 = 0.0277

Thus,
y(t) = e 154(0.05 cos 3.87t + 0.0277 sin 3.87t) ~ 0.057e 1% cos(3.87t — 0.51)

From the above expression, one get
v=3.87, v/wy=3.87/4/30/2=0.99925
(b) See the back of the text book.

Problem 4.5.1 The characteristic equation is given by
M -2 -32=0 = A=3-1
so the general solution for the homogeneous equation
yn(t) = C1e3t + Che™!

Suppose y,(t) = Ae?

, we get

yp (1) = 2y (t) = yp(t) = (4A —4A - 3A)e* =3¢ = A=-1
so the general solution is
y(t) = yp(t) + yn(t) = —e** + C1e3 + Coe™*

Problem 4.5.3 the characteristic equation is given by
M2 -31=0 = A=3-1
so the general solution for the homogeneous equation
yn(t) = C1e3t + Che™!
Suppose y,(t) = t(At + B)e™! = (At? + Bt)e~! [we need to multiply by ¢ because Be™! is a solution to the
homogeneous equation], so we get
yp(t) = —(At* + Bt)e™" 4 (2At + B)e " = (—At* — Bt + 2At 4+ B)e™"

yn(t) = (At* + Bt — 2At — B — 2At — B+ 2A)e”" = (At* + (B — 4A)t + 2A — 2B)e™"
Thus,

—3te™" =y, (t) — 2y, (t) — 3yp(t) = (B —4A — 2(2A — B) = 3B)t + 2A — 2B — 2B)e "
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—3= -84

_(_ _ —t
= (-8At+24—-4B)e”" = T T

= A=3/8,B=3/16
so the general solution is

y(t) = yp(t) +yn(t) = gtze*t + %teft + C1e3t 4 Che™t
Problem 4.5.13 The characteristic equation is given by
MNir—22=0 = Ix=-21
so the general solution for the homogeneous equation
yn(t) = Cre’ + Cye™
Suppose y,(t) = At + B, then
2t =y, (t) +y,(t) — 2y, (t) = A= 2(At + B) = 2At + A-2B = A=-1,B=-1/2
Thus, the general solution is
y(t) = yp(t) +yn(t) = —t — 1/2 + Cre + Cge™ 2"
SO
y'(t) = =1+ Cre’ — 2Coe™ 2
Use the initial conditions, we get

0=y0)=-1/24+C1+Cy=0

L=y(0)=-1+C—20, — G =hG=-12

SO
y(t) = —t—1/2+e" — %e*%
Problem 4.5.17 The characteristic equation is given by
M+4=0 = A\==2
so the general solution for the homogeneous equation
yn(t) = Cy cos 2t + Cysin 2t

Suppose y,(t) = t(Acos 2t + B sin 2t)[we need to multiply by ¢ because A cos2t+ Bsin 2t is a solution to the
homogeneous equation] , then

y,(t) = Acos 2t + Bsin 2t + 2t(B cos 2t — Asin 2t)
Y, (t) = 2(B cos 2t — Asin 2t) + 2(B cos 2t — Asin 2t) — 4t(A cos 2t 4 Bsin 2t)
S0
3sin2t =y (t) + 4y = 4(Bcos2t — Asin2t) = B=0,A=-3/4
Thus,

3
y(t) = —itcos 2t + Cycos2t + Casin 2t

3
y'(t) = fz(cos 2t — 2t sin 2t) — 2C sin 2t + 2C5 cos 2t
Plugging in the initial conditions,

2=y(0)=C1

1
—lzy/(O):—%—&—QCQ = 01:2’02:7§

Therefore,

3 1
y(t) = —Ztcos 2t + 2 cos 2t — 3 sin 2t



