
OPEN PROBLEMS (gathered by N. Berger, A. Bufetov, C. Demeter and N. Frantzik-
inakis)

I. Assani. Let (X,B, µ) be a finite measure space,Ti be measure preserving transforma-
tions acting onX, andfi be bounded functions,i = 1, . . . , 2k − 1. The averages along the
cubes for three terms(k = 2) and seven terms(k = 3) are defined as follows:

MN (f1, f2, f3)(x) =
1
N2

N∑
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f1(Tm
1 x) · f2(Tn

2 x) · f3(Tm+n
3 x)

and

MN (f1, f2, . . . , f7)(x) =
1
N3

N∑
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2 x) · f3(T
p
3 x)·

f4(Tm+n
4 x) · f5(Tm+p

5 x) · f6(Tn+p
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7 x).

Similarly, we define the averages along the cubes for2k − 1 terms and we denote them by
MN (f1, f2, . . . , f2k−1). The averages along cubes for a single transformation (i.e.Ti = T
for all i) were introduced by V. Bergelson who provedL2 convergence fork = 2. His
result was extended by B. Host and B. Kra who provedL2 convergence fork > 2 (for a
single transformation). I. Assani proved a.e. convergence in this case.

Problem 1. Do the averagesMN (f1, f2, . . . , f2k−1) converge inL2 and a.e. for every
k ∈ N?

Assuming that the transformationsTi are ergodic and commute, I. Assani remarks that
the answer is yes for everyk, and without further assumptions the answer is yes fork = 2.
If the transformations are weak mixing (not necessarily commuting) then the limit (a.e.
and inL2) exist and equals the product of the integrals.

Problem 2. Find characteristic factors forL2 and a.e. convergence for the averages
MN (f1, f2, . . . , f2k−1).

J. Campbell. For a sequence{Tn} of operators andn1 < n2 < . . . < nk < . . . define
the oscillation operator

O2(Tn, f, {nk})(x) :=

( ∞∑
k=1

sup
nk<n≤nk+1

|Tnk
f(x)− Tnf(x)|2

) 1
2

,

and thep-variation operator

Vp(Tn, f)(x) = sup
{nk}

(∑
k

|Tnk
f(x)− Tnk+1f(x)|p

) 1
p

,

p > 2.
An easy exercise shows that ifO2(Tn, f)(x) <∞ a.e. x for each{nk} thenlimn→∞ Tnf(x)

exists a.e.
Set now

T θ
nf(x) =

∑
0<|k|≤n

eikθf(T kx)
k

for eachθ ∈ [0, 1) andf measurable in the dynamical system(X,Σ,m, T ).
1
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Problem 3. The fundamental question is whether it is true that there exists a Wiener-
Wintner result for these averages, i.e. whether for eachf ∈ L∞(X) there existsX0 ⊂ X
with m(X0) = 1 such thatlimn→∞ T θ

nf(x) exists for eachx ∈ X0 andθ ∈ [0, 1).

Problem 4. If one wants to use harmonic analysis to answer this question, one approach is
to prove an oscillation inequality for the continuous model and then transfer it back to the
ergodic theory setting. This amounts to proving that for each decreasing sequence{tk} of
positive real numbers, one has

‖ sup
θ∈[0,1)

(∑
k

sup
tk+1≤t<tk

∣∣∣∣∣
∫

tk+1≤|y|<t

f(x− y)
y

eiyθdy

∣∣∣∣∣
) 1

2

‖2,∞ . ‖f‖2,

for f ∈ L2(R).

Denote also forf ∈ L1([0, 2π))

Cnf(x) =
∑
|j|≤n

f̂(j)eijx

Problem 5. Is it true that

Vp(Cn, f) : L2 → L2

boundedly?

H. Furstenberg. A system(X,σ, τ) is a compact metric spaceX together with two com-
muting continuous transformationsσ, τ acting onX. A system(X,σ, τ) satisfies thedi-
mension subadditivityproperty if for everyx ∈ X we have

dim {σmτnx}m,n∈N ≤ dim {σmx}m∈N + dim {τnx}n∈N

wheredim denotes the Hausdorff dimension. It satisfies thetransversality property if
wheneverA,B ⊂ X are closed such thatσA ⊂ A, τB ⊂ B, we have

dim(A ∩B) ≤ max{dimA+ dimB − dimX, 0}.

Problem 6. Let n ∈ N andσ, τ be expanding (continuous) homomorphisms ofTn with
the standard metric such that every orbit{σmτnx}m,n∈N is either finite or dense,x ∈ Tn.
Does the system(X,σ, τ) satisfy the dimension subadditivity and/or the transversality
property?

The assumption that bothσ andτ are expanding is necessary as one can see by choosing

σ =
(

2 0
0 2

)
, τ =

(
2 1
0 2

)
; then it can be shown that the system(T2, σ, τ) does not

satisfy the dimension subadditivity or the transversality property.

Problem 7. Suppose thatΛ is a finite additive group with the discrete metric. On the
sequence spaceX = ΛN with the product metric we letσ be the shift transformation and
τ = 1 + σ (i.e. (τx)i = xi + xi+1). Does the system(X,σ, τ) satisfy the dimension
subadditivity property?

Note that this system doesn’t satisfy the transversality property because there are many
infinite closed subsets invariant under both transformations.
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S. Gunturk. [Invariant sets of a class of piecewise affine maps on the Euclidean space]
Let L be then× n lower triangular matrix of1’s, i.e.,

L =


1 0 · · · 0
...

...
...

...
...

... 0
1 · · · · · · 1

 ,

ande be then dimensional vector(1, · · · , 1)>.
Let x be a real number,Π = {Ω1, . . . ,ΩK} be a partition ofRn into Lebesgue measur-

able sets, andD = {d1, . . . ,dK} be a set of vectors inZn. Given the triple(x,Π,D), we
define a piecewise affine mapT : Rn → Rn by

T (u) = Lu + xe + di, if u ∈ Ωi.

We say thatT is stable if there exists a bounded setA ⊂ Rn of positive Lebesgue
measure such thatT (A) ⊂ A. It is easy to see thatT is stable if and only if there exist
bounded setsB andC in Rn of positive measure such that

∞⋃
k=0

T k(B) ⊂ C.

We would like to understand the invariant sets of the mapT , given the triple(x,Π,D).
The following theorem is not difficult to prove:

Theorem1 Let x be an irrational number andT be stable. Then there exist a finite and
non-empty collection of disjoint setsτ1, . . . , τN ⊂ Rn such that

(a) eachτi tilesRn by Zn translations, i.e., the collection{
τi + m : m ∈ Zn

}
is a partition ofRn, and

(b) if we letΓ =
⋃
τi, thenT (Γ) = Γ. Also, we haveΓ =

∞⋂
k=0

T k(A).

Notes.
(1) Note that the affine mapu 7→ Lu + xe is always unstable in all dimensions. The

role of the partitionΠ and the corresponding set of translationsD is to overcome
this inherent instability.

(2) Perhaps the simplest stable mapsT are those given (implicitly) byT (u) = Lu +
xe (mod 1). Here, we have the invariant setΓ = [0, 1)n. (In reality, the corre-
sponding partitionΠ would have infinitely many sets, but one can always reduce
it to a finite partition by restricting thedi to those produced byu ∈ [0, 1)n. In
general, this requiresK = 2n.)

(3) The most interesting case is whenK = 2 regardless of the dimensionn, i.e., when
there are only two sets in the partitionΠ. This is the most challenging setup for
finding stable mapsT , though it is known that stable maps exist in all dimensions
(for values ofx in an interval).

1For a proof, see S. G̈untürk, N.T. Thao, “Ergodic Dynamics in Sigma-Delta Quantization: Tiling In-
variant Sets and Spectral Analysis of Error,” Advances in Applied Mathematics, in press. Available at
http://www.cims.nyu.edu/ ∼gunturk/research.html
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(4) In one dimension, there is a strong link to interval exchange transformations.
Higher dimensional versions are not much studied.

Some open problems.

Problem 8. For which(x,Π,D) is T stable?
(Here, it would be desirable to have a characterization, or a set of sufficient or necessary
conditions that can be checked, preferably via a finite algorithmic test.)

Problem 9. Determine the (maximal) invariant setΓ as an explicit function of the param-
eters ofT (i.e.,(x,Π,D)).

Problem 10. If this is not possible, predict the size ofΓ and/or the number of tilesN in
Γ. (Here, the single tile caseN = 1 is particularly important as then the dynamics ofT
within Γ is isomorphic to the skew translationu 7→ Lu + xe (mod1) on [0, 1)n, which is
uniquely ergodic for irrational values ofx.)

Problem 11. What is the regularity ofΓ for a given mapT?
(For instance, determine the Hausdorff dimension of∂Γ. These results are useful in deriv-
ing quantitative results for the convergence of ergodic averages via the standard machinery
of Weyl sums.)
Tiling invariant sets are observed even whenx is rational, however the theorem mentioned
above is unable to explain this. Explain the tiling phenomenon without using ergodic
theory arguments.

J. P. Kahane. [Genericity and Prevalence]
Given a class of functions, if we say that a property holdsin general, what does it mean?
We restrict ourselves to classes of functions that are Fréchet spaces. A “property” can

be identified with a subset of the space.
Since a Fŕechet space is a Baire space, we have the notion ofgeneric property,mbelongs

to this class or this intersection. eaning that it holds on a countable intersection of dense
open sets. Instead ofgenericwe also sayquasi sure.

There is also the notion ofalmost sure, when we equip the Frechet space with a proba-
bility measure (we always assume that it is carried by aσ-compact set in the space).

When the Fŕechet space is given, the notion of generic, or quasi sure, is well defined,
but the notion of almost sure depends on the choice of a probability.

However, using the group structure of the space, we’ll say that a property isprevalentif
it is almost sure forsomeprobability measure andall its translates.

The notion was introduced by Christiansen in 1972, and was developed by Hunt, Sauer,
and Yorke in 1992 (Bull. AMS 27, 217–238; see also Bull. AMS 28, 306–307). I learned
it from St́ephane Jaffard and his student Aurelia Fraysse, who have a series of examples
in various spaces, where the properties they consider (multifractal formalism, failure of
analytic continuation) are both generic and prevalent (2005). A simple example inC(R)
is the nowhere-differentiability, known to be generic and also prevalent, using the Wiener
measure (Holicky and Zagicek, Acta Univ. Carol 41 (2000), 7–11).

Our general question can be split into two parts:

Problem 12. Give other examples of spaces and properties both generic and prevalent.

Problem 13. Give spaces and properties which are as different as possible from the generic
and from the prevalent point of view.

Here is a contribution for question 2): The Fréchet space is the real spaceC(R), and
we consider a Cantor setE in R and a continuous probability measureµ onR. We look at
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properties of the images ofE and ofµ by f ∈ C(R), say,F = f(E) andν = µ ◦ f−1.
Generically,F is a Kronecker set, meaning a Cantor set such that each function continuous
onF whose absolute value is 1, can be approximated uniformly by imaginary exponentials.
It is a thin set in most aspects of harmonic analysis (R. Kaufman, 1967).

Using this fact, one sees thatν is generically a singular measure, and moreover

lim sup
n→∞

|ν̂(n)| = 1.

The prevalent properties are quite different. Prevalently,F has non-empty interior
(question: is it a union of intervals?). Prevalently,ν is absolutely continuous, its den-
sity is C∞ and moreover, given any non quasi-analytic class of infinitely differentiable
functions (or a countable intersection of such classes), its density belongs to this class or
this intersection.

Y. Katznelson. A setΛ ⊂ N is a set of recurrence for the system(X, d, T ) if for every
open setU ⊂ X there existsn ∈ Λ such thatU ∩ T−nU is nonempty. Λ is a set of
topological recurrence if it is a set of recurrence for every minimal topological system,
and a set ofBohr recurrence if it is a set of recurrence for every translation on a finite
dimensional torus (with the standard metric).

Problem 14. If Λ ⊂ N is a set of Bohr recurrence is it necessarily a set of topological
recurrence?

For background see Y. Katznelson,Chromatic Numbers of Caley Graphs onZ and
recurrence, Combinatorica, 21, No 2, 211-219, also available at

http://math.stanford.edu/ ∼katznel

B. Kra.

Problem 15. Let (X,B, µ) be a finite measure space and letT1, . . . , Tk be ergodic com-
muting measure preserving transformations acting onX. If ε > 0 when is the set

{n ∈ N : µ(A ∩ T−n
1 A ∩ . . . ∩ T−n

k A) > µ(A)k+1 − ε}

syndetic?

If T1 = T, T2 = T 2, . . . , Tk = T k, V. Bergelson, B. Host and B. Kra showed that the
set is always syndetic fork ≤ 3 and gave examples where it is empty fork = 4.

Problem 16. Let (X,B, µ) be a finite measure space,T1, . . . , Tk be commuting measure
preserving transformations acting onX, andp1, . . . , pk be linearly independent integer
valued polynomials with zero constant term. Ifε > 0 when is the set

{n ∈ N : µ(A ∩ T−p1(n)
1 A ∩ . . . ∩ T−pk(n)

k A) > µ(A)k+1 − ε}

syndetic?

For a single transformation (i.e.Ti = T for all i) N. Frantzikinakis and B. Kra showed
that the set is syndetic for everyk ∈ N.
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E. Lesigne. Two measure-preserving dynamical systems(X,T, µ), (Y, S, ν) are said to
be weakly disjointif, given f ∈ L2(X,µ), g ∈ L2(Y, ν), there exist setsA ⊂ X and
B ⊂ Y , µ(A) = 1, ν(B) = 1, such that for anyx ∈ A, y ∈ B, the sequence

1
N

N−1∑
n=0

f(Tnx)g(Sny)

converges asN →∞.
We recall the following properties: disjointness implies weak disjointness; a dynamical

system with discrete spectrum is weakly disjoint from any other system; the Chacon map
is weakly disjoint from any other system (in particular, from itself); the Morse system is
weakly disjoint from any ergodic system; two systems of positive entropy are never weakly
disjoint.

Problem 17. Assume that a measure-preserving dynamical system is weakly disjoint from
any ergodic system. Does it follow that it is disjoint from any measure-preserving dynam-
ical system?

A subsetE ⊂ Z is called aset of strong recurrencefor a measure-preserving dynamical
system(X,µ, T ) if for an arbitrary subsetA ⊂ X of positive measure, there existsε > 0
such thatµ(A ∩ T−nA) > ε for infinitely manyn ∈ E.

Problem 18. LetE be a set of strong recurrence for an arbitrary ergodic system. Does it
follow thatE is a set of strong recurrence for any measure-preserving dynamical system.

A. Naor. LetX,Y be metric spaces. Assume that there exists a constantC such that for
any subsetZ ⊂ X, anyK > 0, and any Lipschitz mapF : Z → Y with Lipshitz constant
K, one can find an extensionF : X → Y , agreeing withF on Z and having Lipschitz
constant at mostCK. The smallest suchC is denoted bye(X,Y ) (we sete(X,Y ) = ∞
if no such constant exists).

The classical theorem of Kirszbraun (1934) says thate(H1,H2) = 1 for two Hilbert
spacesH1,H2: in other words, a Lipschitz map from a subset of a Hilbert space into
another Hilbert space can be extended to a global map between these spaces without any
increase in the Lipschitz constant.

In 1992, Keith Ball showed thate(L2, Lp) is finite for1 < p < 2.

Problem 19. Is e(L2, L1) finite or infinite?

For maps into Banach spaces, a different approach to the extension problem was sug-
gested by Lee and Naor (2003). Given a metric spaceX, assume that there exists a constant
C such that for any metric spaceY , containingX, any Banach spaceZ, and any Lipschitz
mapf : X → Z with Lipschitz constantK, there exists an extensionF : Y → Z, agree-
ing with f onX and having Lipschitz constant at mostCK. The smallest suchC is called
theabsolute extendability constantofX and denoted byae(X) (again, we setae(X) = ∞
if no such constant exists). The problem of estimating the absolute extendability constant
is already interesting for finite metric spaces. It is known that there exist two constantsC1

andC2 such that

C1

√
log n

log log n
≤ sup
|X|≤n

ae(X) ≤ C2
log n

log log n
.

Problem 20. What is the precise asymtotics inn of sup|X|≤n ae(X)?
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D. Ornstein. Find an approach to KAM (i.e. a method to produce invariant curves and
surfaces) that is: (i) elementary, (ii) unified, (iii) gives results that are optimal, (iv) relaxes
the condition: small perturbation of a completely integrable system. This can be done in
dimensions1 and2 (work partly joint with Y. Katznelson).

In dimension1, given a diffeomorphismψ of the circle the method gives the complete
answer to the smoothness of the invariant measure (i.e. the function conjugatingψ to a
rigid rotation) in terms of the smoothness ofψ and the rate of growth of the coefficients of
the continued fraction expansion of the rotation numberα. It gives the optimal results for
any diophantineα (completing results of Herman and Yoccoz).

The main results in dimension2 are:
(A) Let ψ be a measure preserving diffeomorphism of the disc and assume that the

rotation numberα of ψ restricted to the boundary is diophantine, and thatψ is smooth
enough givenα. Then the method produces invariant curves of optimal smoothness. For
example ifψ ∈ C3+γ and the coefficients of the continued fraction expansion ofα grow
polynomially then there are invariant curves (filling a set of positive measure near the
boundary) inC2+γ . A recent result of Herman produces invariant curves inC1+γ . He
uses standard KAM where the loss in smoothness is not optimal because the curve and its
invariant measure are produced together (and the invariant measure is less smooth than the
invariant curve). Standard KAM can be applied because if the boundary is rotated rigidly
then near the boundary we have a small perturbation of a completely integrable system.
Conjugating to this situation requires more smoothness forψ. Note that we could replace
the circle by any invariant curve inC1+γ .

Problem 21. Is there a3-dimensional analog of (A)?

(B) We assume thatψ is a twist map of the disc or the cylinder. Then a necessary and
sufficient condition for the existence of an invariant curve inCβ (β > 2) with rotation
numberα is: A “sufficiently long” finite orbit lies on aCβ curve. We get the optimal
smoothness needed forψ in terms ofα andβ and “sufficiently long” depends onα andβ.
The completely integrable system has disappeared (as in the Morse twist) but the ghost of
a “small” perturbation appears in “sufficiently long”. The main machinery of our method
does not depend on being in dimension1 or 2. We can get an analog of (B) for invariant
2-tori in a3-torus.

Problem 22. Find and prove optimal smoothness conditions in this situation.

Y. Peres. [ Projections of planar Cantor sets and a related Kakeya set] LetKn be the
product of twon-stage middle-half Cantor sets, and letK = ∩Kn be the product of the
two Cantor sets. Forθ ∈ [0, π), let Pθ be the operator of projection at angleθ. It is
well-known (Besicovitch) that

lim
n→∞

∫ π

0

µ(Pθ(Kn))dθ =
∫ π

0

µ(Pθ(K))dθ = 0.

Problem 23. What is the rate of convergence? It is known (Peres, Solomyak) that

C

n
<

∫ π

0

µ(Pθ(Kn))dθ <
c

log∗(n)

for some constantsC andc, wherelog∗(n) is defined to be the minimalk such thatn ≤
exp(k)(1) andexp(k) denotes thekth iterate ofexp. .

Note that this is related to a construction of Kakeya set, i.e. a compact set of area zero
containing a unit interval in every direction: LetK be a middle half cantor set, and let
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K(1),K(2) ⊆ R2 beK(1) = K × {0} andK(2) = 1
2K × {1}. TakeC = {αx + (1 −

αy)|0 < α < 1, x ∈ K(1), y ∈ K(2)}. ThenC contains a unit interval in every direction
within a range of 60 degrees, and the cutsC ∩ ({α} × R) are projections ofK2.

D. Rudolph. We start by defining anRn or Zn borel foliation of a Polish spaceX. This
will be a countable collection of chartsCi which have the formSi×Bri

whereSi is Polish
andBri is a ball or box of radiusri centered at~0 in Rn or Zn. With each chartCi we have
a borel injectionφi : Ci → X, i.e.

(1) the setsφi(Ci) cover
(2) on intersectionsIi,j = φ−1

i (φi(Ci)∩φj(Cj)) restricted to to a leaf(s×Bri
)∩Ii,j

will have the form
s× (Bri ∩ (fi,j,s(Brj ))),

wherefi,j,s is an isometry ofRn or Zn

(3) for all x ∈ X, x ∈ φi(Ci) if one seeks to develope the leaf throughx starting with
s × Bri

, φi(s,~v) = x, and extending through leaves of charts that intersect this
leaf, one obtains a full copy ofRn or Zn.

We call the leaf throughx, Lx. A natural example would be free borel actions ofRn or Zn

on a Polich space.
Now supposeµ is a borel probability measure onX. On any chartCi we can consider

µi = (φ−1
i )∗(µ), the pull back ofµ to a chart. On a chart one can take the Rohklin decom-

position of the measureµi =
∫
µsdµi(s). The measuresµs are unique up to normalization.

This means that on intersections of charts, the measuresµi and(φ−1
i φj)∗µj agree up to

a normalization. This means, forµ a.e. x one can construct a measureµx obtained by
extending the measures chart by chart with the correct normalization, to the full leafLx.
For expliciteness we normalize so that for a.e.x µx(B1(x)) = 1, whereB1(x) is the unit
ball aboutx in Lx.

For anyf ∈ L1(µ) one can use theµx to compute leaf averages

Ar,µ(x) =
∫
fdµx

µx(Br(x))
.

Problem 24. Is it true, at this level of generality thatAr,µ(x) converges inr a.s., or in
alternatively inL1(µ)?

It is known that (1) the answer is yes forR or Z foliations, by a slight extension of the
Hurewicz ergodic theorem. (2) ForRn or Zn foliations one does have a general maximal
inequality (these are joint work with E. Lindenstauss).

W. Schlag. Let Hω,λ be the disctete quasi-periodic Schrödinger operator given by the
skew-shift:

(Hω,λψ)n = −ψn+1 − ψn−1 + λv(Tn
ω (x, y))ψn,

where(ψn) ∈ l2, v(x, y) = cos(2πx) for each(x, y) ∈ T2 andTω(x, y) = (x+ y, y+ω)
is the skew-shift on the 2 dimentional torusT2. For each eigenvalueE we denote by

Aj(x, y;E) =
(

λv(T j
ω(x, y))− E −1

1 0

)
,

Mn(x, y;E) =
1∏

j=n

Aj(x, y;E),

Ln(E) =
∫

T2

1
n

log ‖Mn(x, y;E)‖dxdy
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andL(E) = limn→∞ Ln(E) = inf Ln(E) denotes the Lyapunov exponent. Clearly
L(E) ≥ 0, for all E andλ. J. Bourgain, M. Goldstein and W. Schlag have proved that for
eachε there exists a setΩε ⊂ T with mes[T \ Ωε] < ε and a large constantλ0(ε) such
that for eachω ∈ Ωε andλ ≥ λ0, the Lyapunov exponentsL(E) are strictly positive for
all energies, for a.e.(x, y).

Problem 25. Is it true that one can replaceλ ≥ λ0 with λ > 0 in the above?

This would contrast with the case of simple shift onT , Tω(x) = x+ω, where the result
only holds forλ > 2.

Scott Sheffield. [Differentiability of infinity harmonic functions]
We begin with an× n-grid on the plane and a real-valued functionf(x, y), defined on

the vertices of the grid.
The game oftug of warhas two players and a moving point, which is placed at the

origin in the beginning of the game. Each player moves the point into an adjacent vertex
of the grid. When the point hits the boundary of the grid at a point(x0, y0), the first player
collectsf(x0, y0) dollars.

Problem 26. Is it true that there existN ∈ N andδ > 0 such that ifn > N and|f(x, y)−
y| < δn, then the optimal first move for the first player is up?

We can now consider the continuous version of the game. Heref is a continuous func-
tion on the boundary of then × n-grid, and the players are allowed to move the point at
distance one in any direction. FixC > 0. We say that the point goes “up” by a given move
of the game if the vertical coordinate of the vector by which it is moved is at leastC. It
would be interesting to answer the question in this case also.

B. Solomyak. [Interior points of self-similar sets]
A nonempty compact setE ⊂ R is calledself-similar if there existsm ∈ Z, m ≥ 2,

λ1, . . . , λm ∈ R, 0 < λi < 1, andd1, . . . , dm ∈ R such that

E = ∪m
i=1fi(E), where fi(x) = λix+ di.

We shall sometimes write

E = E(λ1, . . . , λm; d1, . . . , dm).

Problem 27. LetE be a self-similar of positive Lebesgue measure. DoesE have nonempty
interior?

If m = 2, then it is easy to see that the answer is ”yes”; we shall therefore assume
m ≥ 3 in what follows.

Thesimilarity dimensionof E is α > 0 such that
m∑

i=1

λα
i = 1.

It is well-known that the Hausdorff dimension ofE does not exceed its similarity di-
mension, so we are interested in the caseα ≥ 1. If α = 1, then the answer to Question
27 is ”yes” (A. Schief). Forα > 1, it is known (Marstrand and Mattila), that, given
λ1, . . . , λm, for almost everym-tuple d1, . . . , dm the corresponding self-similar set has
positive Lebesgue measure. We thus have

Problem 28. Take a vector(λ1, . . . , λm), whose self-similarity dimension is greater than
1. Is it true that for almost every (with respect to Lebesgue) vector(d1, . . . , dm), the set
E = E(λ1, . . . , λm; d1, . . . , dm) has nonempty interior?
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Questions 27 and 28 are already interesting for special families of self-similar sets. For
example, let14 < λ < 1

2 , denote byCλ the standard middle1−2λ Cantor set and consider
its Cartesian squareKλ = Cλ × Cλ. For 0 ≤ θ ≤ 2π, denote bypθ the orthogonal
projection onto a line with slopeθ. Consider the familypθ(Kλ). By Marstrand, for almost
all θ, the Lebesgue measure ofpθ(Kλ) is positive. Is it also true that the interior ofpθ(Kλ)
is nonempty for almost allθ? is there at least a singleθ such thatpθ(Kλ) has positive
measure but empty interior?

One may also ask what happens in higher dimensions. Recently, an example was found
(joint with M. Csörnyei, T. Jordan, M. Pollicott, and D. Preiss) of a self-similar set inR2

with positive Lebesgue measure but empty interior.

B. Weiss. [ Shanon Entropy of linear factors]

Problem 29. Let {Xn}∞n=−∞ be a stationary process in the reals such thath(Xn) = ∞.
Assume further that theXn-s are bounded. Let0 6= {cn} ∈ `1(Z) and letYn be the
convolution

Yn =
∞∑

k=−∞

Yn−kck.

Is it true thath(Yn) = ∞?

Problem 30. Suppose{Xi,j}(i,j)∈Z2 is a stationary finite valued process. Let0 6= {cn} ∈
`1(Z2) and letY = c ∗X. Is it true thath(X) = h(Y )?

M. Wierdl. Let {σn}n∈N be a non-increasing sequence satisfying0 ≤ σn ≤ 1, and
{Xn}n∈N be a sequence of independent0− 1 valued random variables withP (Xn(ω) =
1) = σn. Givenω ∈ Ω we construct the integer subsetAω of N by takingk ∈ Aω if and
only if Xk(ω) = 1. By writing the elements ofAω in increasing order we get a sequence
{an(ω)}n∈N. M. Boshernitzan and J. Bourgain showed that if

(1) lim
t→∞

w(t)
log t

= ∞

wherew(t) =
∑

n≤t σn thenω-almost surely we have: in every measure preserving sys-
tem the ”random averages”

1
w(t)

∑
n≤t

n∈Aω

Tnf

converge inL2 ast→∞. Moreover, they showed thatω-almost surely the setAω is a set
of (single) recurrence.

Problem 31. Assuming that (1) holds, is it true thatω-almost surely we have: for every
measure preserving system and bounded measurable functionsf, g the multiple ergodic
averages

1
w(t)

∑
n≤t

n∈Aω

Tnf T 2ng

converge inL2 ast→∞?

A set Λ ⊂ N is called a set ofdouble recurrence if for every measure preserving
system and measurable setA with positive measure there existsn ∈ Λ such thatµ(A ∩
T−nA ∩ T−2nA) > 0.
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Problem 32. Assuming that (1) holds, is it true thatω-almost surely the setAω is a set of
double recurrence?

M. Wierdl notes that the answer to both questions is yes ifσn = 1/na for some0 ≤
a < 1/2, and unknown ifa = 1/2.


