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1 Introduction

In 1964, Kubota showed in [1] the surprising result that for every m > 2 and
totally complex algebraic number field F' containing the m-th roots of unity,
the m-th power Kubota symbol defined in Equation (1.4) is multiplicative
on certain congruence subgroups I'j; (defined in Equation (1.1)) of SLy(O),
where O is the ring of integers of F. Therefore, the Kubota symbol can be
used to construct a linear character of I'j;. Furthermore, Kubota showed
that this character is non-trivial.

While Kubota had shown that the Kubota symbol is multiplicative for
M = m?, he had not given the best possible value of M. In this thesis, we
consider the cases that F' is a cyclotomic field Q(¢,), and for a few pairs of
n and m we determine the best possible value of M.

For each n,m € N such that m | n, let F}, be the cyclotomic field Q(¢,),
D,, = Z[¢,] be the ring of integers of F,,, u;, be the group of the m-th
roots of unity, and M = ] (1 — Cpn)ki where pi'p5? - - - pp» is the prime
factorization of n in Z and k1, ko, . .. ,llcn € N [3]. Let I'ps be the set of 2 x 2
invertible matrices in D,, which are congruent to the identity modulo M,
namely

FM::{<: g)€M2X2(Dn)]azézl,ﬁzryzO(M),det(a ﬁ>—

v 0
(1.1)
The definition of the Kubota symbol depends on the power residue sym-
bol, which generalizes the Legendre symbol. The power residue symbol
satisfies a reciprocity law, which generalizes the quadratic reciprocity law
and plays a key role in this thesis. Next we define the power residue symbol.



Definition (m-th power residue symbol). For each o, € D,, where 7 is a
prime in D, which does not divide m, define

(g) [ 0if 7|«
7/ | the unique value in p,, such that (2) = oN™=Y/m(7), otherwise.
(1.2)

Definition (Generalized m-th power residue symbol). For each o, € D
such that gcd(NB,m) =1, define

(5)-1(5).

where [[I_, m; is the prime decomposition of 3.

Now we can define the Kubota symbol:

Definition (m-th power Kubota symbol). For each g = ( : ? ) e 'y,
we define

Knle) = (3) (1.4)

where (f) 1s the generalized m-th residue symbol defined above in Equation

(1.9).

In this thesis, for each of the following cases: (i) n = m = 3, (ii) n =
m = 4, (iii) n = 4, m = 2 we found the best value of M, i.e. for each case
we determined the minimum values of k such that IC,,, is multiplicative on
I'(1_¢,)x- We also observed some preliminary results for the case n = m = 8.

2 Caseof n=m=3

In this section, we denote (3, the primitive cube root of 1, as w.

Theorem 2.1. The minimum value of k such that K3(gg") = K3(9)Ks(g")
forall g,g" € Ti_yr is kb =2.

To prove the theorem, we first need the following results.

Definition (Primary primes in D3). A prime m € D3 is called primary if
T=1 (3).



By Proposition 9.3.5 of [2] and the facts that —1 is a unit of D3 and
(—1)-2 =1 (3), for each prime m € D3 such that N7 # 3, exactly one of its
six associates is primary.

Lemma 2.2. For every d € D3 such that d =1 (3), there exists a factor-
1zation mwymwo - - - of d such that w; is a primary prime for all 1 < ¢ < 7.
We call mymo - - - m- a primary factorization of d.

Proof. Let mimy - - -, be any prime decomposition of d. For each 1 <17 < r,
let €; be the unique unit in d such that &;m; = 1 (3) and denote 7, = &;7;.
Then d’' = 77} - -7 is an associate of d since d’ = (ey71)(e2m2) - - - (ep71y) =
(€169 -&p)(mme - m,) = (6182 - - &,)d. Note that d' = d (3) because d’ =
[[;[_;7 =1"=1=d (3). Since the unique unit ¢ € D3 such that ed = d (3)
is ¢ = 1, we have e1e2---&, = 1, and therefore 7j7h-- 7. is a primary
factorization of d. O

Lemma 2.3 (Cubic reciprocity law). For every c,d € D3 such that c =d =
1 (3), we have (§) = (51).

[

Proof. First consider the special case that ¢, d are primes in D3. In this case,
note that (3) = (%_1)3) = (_76) (_71)3 = (_TC) = (:—2) and similarly
(4) = (:—d) By Theorem 1 of Section 9.3 of [2], we have (§) = <:—§) =

C
—d\ _ (d
(=) =)
In general case, by Lemma 2.2 there exists primary factorizations mma - - - 74
and p1ps - - p, of c and d, respectively. Then by the special case above we

¢\ _ (mMim2Tg | ) T\ — ) Pi _— [ prp2-pr _
have (§) = (22202) = [Tisey (2) = [has (2) = (22222) =

1<j<r 1<j<r

(4). O

C

Lemma 2.4. For every c¢,d,d € D3 such thatd =d =1 (3),d = d (9),
and d =d' (c), we have () = (5).

Proof. Let ¢ = co(—1)%w!(1 — w)* where ¢g = 1 (3). Then by Lemma 2.3
we have (3) = (M) (%0) = ((_1)5“}#) (%) and similarly
(5) = (W) (%). Since d = d' (cg), we have (%) = <%), and

therefore we only need to show that ((_1)Swtd(1_w)u> = ((_1)5‘”;,(1_“)“).

Let d = 1+ 3(mg + now) and the primary factorization of d be my - - - 7,
where m; = 1 + 3(m; + nw) for each 1 < ¢ < r. By the definition of

the cubic residue symbol, for each 1 < ¢ < r we have (%) = wWNpi=1)/3 —



w((3mi+1)2—(3mi+1)(3nl) (3n:)2)/3 _ 3(m§fmmi+n?+mi)fmi*m = w M~ Anpd

by Theorem 1’ of Section 9.3 of [2], (1_—“’> = (1_“’> = (M%) =

T —T;

w?(=mi) = ™M Tt can be easily checked that mg = >;_;m; (3) and
ng = iy ni (3), thus we have (%) = [[i_; <7%) = [[iw ™ =

T . . —
wi=1(=mi=ni) — ,;=mo=n0 and similarly (17“’) =W

Let d’ = 1+ 3(m{, + nyw), then since d = d’' (9) we hz?ve my = (3)
and ng = n{, (3). Thus we have (¥) = w™ ™00 = ™00 = (ﬂ) nd

&’

(1_7“’) = WMo = M = (1;,“’). Together with the fact that (_71) ( ) =
s,,t u s, ,t T

1, we have (%) = (%) This completes the proof of

this lemma. O

Proof of Theorem 2.1. We prove the theorem by showing that I3 is multi-
plicative on I'i;_y» for k = 2 but not for k = 1.

_ _ (o B (B "o_
Whenk—2,letg—(fy 5>,g—<7, 5 € I'i_wy2, and ¢" =

O// /6// _ O// /8// 6/ _ﬁ/
99’ = ( N ) Then g = ¢"(¢') 1= < N DN Y. . By
comparing the matrices on both sides of the equation above, we have

N = ’7”(5/ _ 5//7/‘ (2.1)

Let 61 be any greatest common divisor of ¢’ and ¢§”. Since that ¢’ = 0" =
1 (3) and that (1 — w) | 3, we have &' = §" =1 (1 — w), and therefore
(1 —w) does not divide #;. Thus we can pick the associate 6 of 61 such that
0 =1 (3). Denote ¢/ = 630 and 0" = §(0, then we have &' = §" =1 (3).
Since 6 | ¢’,0”, we have 6 | 46" — 6"y = ~. Let v = o6, then (2.1) can be
rewritten as
Yo = //500 5// 0,

which implies

o = //50 . 5// ’ (2.2)

Thus we have

5)-@E-HE G e

y (2.2) we have vy = ~"§( (d3), thus (Vg,§6> = (g—‘)), and consequently
0

B
(2.3) can be rewritten as

H-G@'@) e

4




Since §" = 68 + 8 = 60 (v3) and 3 | ~,3, we have §" = 5§ (9),
namely 076 = 5030 (9). And since we have picked 6 such that 6 = 1 (3),
we have ged(0,9) = 1, and therefore o) = 60 (9). Furthermore, since
the equation §” = 60’ + v0' can be rewritten as 656 = 35,0 + 103, we
have 030 = 6040 (100), and consequently o5 = 0 (70). By Lemma 2.4,

(g—{?) = (%) = () (g—(,()’), so (2.4) can be rewritten as

BH-OOE @ -

Using (2.2) again we have yg = =037 (), thus

i = (Z)
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and therefore K3 is multiplicative for k = 2.

(

(since 7" = va' + 59 = 0’ + 69 = 5+ (9)

—1
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To conclude the proof, we propose a counterexample to show that I3 is

4
not multiplicative for £ = 1. Consider the matrices g = ( 3w:)— 3 25?_ 9 >

-2 3w
and ¢ = ( 3wt3 4 ) Although g, ¢’ € T'1_., we have K3(9)K3(g") =
w? w=1%#w=Ks(gq). Thus k = 2 is the minimum value of k such that
KCs is multiplicative. O

3 Caseof n=m=4

Since (1 —i)* and (1 4 i)* are associates, we have L—ir = Dqyr. For
convenience, in this and next sections we denote I'i;_;k as I'; .

Theorem 3.1. The minimum value of k such that K4(g99") = K4(9)K4(g")
forall g,g" € T4y is k = 4.

To prove the theorem, we first need the following results.

Definition (Primary primes in Dy). A prime m € Dy is called primary if
=1 ((1+14)3).

Since the natural homomorphism D} — (Dy/((1+14)3Dy4))* is bijective,
for each prime m € D4 such that Nm # 2 exactly one of its four associates
is primary.

Lemma 3.2. For every d € Dy such that d = 1 ((1 4 i)3), there exists a
factorization wymwo - - - . of d such that w; is a primary prime for all 1 < i <
r. Furthermore, we have ordy;(d — 1) = 3 if and only if there are an odd
number of factors m; such that ordiy;(m; — 1) = 3. We call mmy-- -7, a
primary factorization of d.

Proof. Let mimg---m, be any prime decomposition of d. For each 1 <
i < r, let g; be the unique unit in d such that e;m; = 1 ((1 4 4)%) and
denote 7, = g;m;. Then d = wjn}-- 7. is an associate of d since d' =
(e1m1)(gam2) « - - (ep7y) = (€182 - &) (mime - - -7, ) = (6162 - - &, )d. Note that
d =d ((1+41)3) because d = [[[_;7 = 1" =1 =d ((1+14)>). Since
the unique unit ¢ € Dy such that ed = d ((1 +i)3) is ¢ = 1, we have
e1€2+ - & = 1, and therefore 7} 7} - - - 7. is a primary factorization of d.

For each 1 < i < r, since m; is a primary prime we have ord;y;(m;—1) > 3,
that is m; = 1 ((1 +4)3). This implies that m; = 1 or 3 + 2i ((1 4+ i)*) and
the latter case happens precisely when ord;4;(m; — 1) > 4, we can infer that



T = { 3+2i ((1+4)7), ordiyi(m —1) = Suppose that there are ¢

1((1+49)Y), ordy(m; — 1) #
primes 7; such that ord;4(m — 1) = 3, then since (34 2i)2 =1 ((141)%),

3+2i (1+4i)1) qodd .
a4 =

we have d =[[_, m = (3+21)71 { 1 ((1+)Y) ¢ oven , that is
ordiy;(d —1) =3 if ¢ is odd and ord;4;(d — 1) > 4 if ¢ is even. O

Lemma 3.3 (Quartic reciprocity law). For every c,d € Dy such that ¢ =
_ N3 c d N(c)—1 N(d)—1
d=1((1+14)3), we have (§) = (%) (-1)" 1 1

C

Proof. First note that this theorem holds for the special case that c,d are
primes in D4 by Theorem 2 of Chapter 9 of [2].

In general case, by Lemma 3.2 there exists primary factorizations myma - - -

and p1ps2--- pr of ¢ and d, respectively. Then by the special case above we

c) — (M727Tg ) ; s Pi) _— (pip2pr )
have (5) = (5325) = ez (3) = Mham (%) = (82%) =
(£)- 0

c

The quartic characters for ¢ and 1 + ¢ need to be handled separately.

Lemma 3.4 (quartic character for i). For every d € Dy such that d
3a—3

1 ((1414)3), we have (5)4 =i 2

Proof. For the special case that d = a + bi is a prime in Dy, by Equation
. _ 2102
(1.2) we have (%), = "7 =T . Examine the possibilities of a,b

modulo 8, we have
a(8) b(8) a®+0%—1(16) CH=L (4)

1 0, 4 0 0
3 2.6 12 3
5 0,4 8 P
7 2,6 4 1
From the table above, for every a,b such that d = 1 ((1 + i)3) we have
2,12
% = 34°3 (4). Thus (5)4 = "= can be simplified as ((1'1)4 =i

For the general case, let mymy--- 7w, be a primary decomposition of d,
and we prove this lemma by applying mathematical induction on r. From
the special case above, this lemma holds for r = 1. Suppose that this

i 3(2a1+1)-3
=1 2 where mymg - - TR =
T2 TR ) 4

142(a; +b1) When r = k+1, let ﬂkH = 1+42(az +be)i. Since 1+2(a; +
bi)i = 14 2(az +b2)i =1 ((1 +14)?), a1 and b; have the same parity,
and so are ag and by. Furthermore, mimy - 711 = 1+ 2(ag + bs)i where

lemma holds for r = k, namely (

q



asz = a1 + az + 2(@10,2 — blbg) and bg = by + by — 2(a1b2 + CLle). By the
induction assumption,

TT2 " Tk4+1 /) 4 T1T2 Tk )4 \Tk+1/ 4

3((2a1+1)—1) 3((2a+1)-1)
= 1 2 7 2

— 7:3(0,1 +a2)

:3(a1+a2+2(a1az—b1b2))

1
(since ajas and bibe have the same parity, 4 | 2(ajas — b1ba))
-3as3

1

3((2a3+1)—1)
= 1 2 .

Thus this lemma holds for r = k£ + 1 as well. O

Lemma 3.5 (quartic character for 1 + i). For every d € Dy such that
. . 144 La—b—b2—1
d=1((141)%), we have (£), =i 2 .

Proof. For the special case that d = a+ bi is a prime in Dy, by Exercise 9.37

144 La—b—b2-1
of [2] we have (1), =i

For the general case, let mymy--- 7w, be a primary decomposition of d,
and we prove this lemma by applying mathematical induction on r. From
the special case above, this lemma holds for r = 1. Suppose that this

—by—b2—1
1+i e s
T .
P k) ] where mymo - - - T

142(a1+b1)i. When r = k+1, let 11 = 14+ 2(ag + b2)i. Since 1+ 2(a; +
b1)i = 1+ 2(ag +b2)i = 1 ((1+4)?), a; and b; have the same parity,
and so are ag and be. Furthermore, mimo - 711 = 1 4 2(ag + b3)i where
asz = a1 + az + 2(@10,2 — blbg) and bg = by + by — 2(@1[)2 + CLle). By the
induction assumption,

( 141 ) _( 141 >(1+i>
T2 Tk4+1 /4 TT2 Tk )4 \Tk+1/ 4

(2a1+1)—(2b7)—(2b7)2 1 (2ag+1)—(2b9)—(2b9)% 1
1 4 7 4

lemma holds for r = k, namely (

La1=by 32 ag—by ;9
1 2 7b11 2 b2

(a1—by) 32, (ap—bg) ;2
iz it b




Note that

—b
a32 3—b§
9(aras — biby)) — (by + by — 2(arby + azb
_ (a1 +ay+2(a1a2 — by 2))2 (b1 + b2 — 2(arbp + a2 1))+(b1+bz—2(a1b2+a261))2
9(aras — biba)) — (by + by — 2(arbs + azb
_ (a1 +ap + 2(araz 12))2(1+ 2 = 2(arby + ay 1))+(bl+b2)2

— b))+ —b
_ (a1 —by) 5 (ag — by) + (a1 +by)(ag + by) — 2b1by + (b1 + ba)?
a1 —b
_ (121)—bf+ — b3 + (a1 + b1)(az + b2)
(a1 —by) (a2 —by)

2
9 9 b2 (4)>
(since ay + by and ag + by are both even, 4 | (a1 + b1)(az + b2))

< 141 ) .a3=b3 2
- — 7 2 3
T2 Tht1 /) 4

(2a3+1)—(2b3)—(2b3)% 1
= 7 4

(a2 — b2)
2

— b +

SO

Thus this lemma holds for r = k + 1 as well. O

Lemma 3.6. Let c,d,d’ € Dy, and c = coi®(1 + i)' where cg = 1((1 +1)3).

Ifd=d =1 ((1+1)?),d=d ((1+4)°), and d = d' (c), we have (§), =
c N(d—d

(W)z; (=1)f (64 L,

Proof. Let ¢ = cpi®(1 +14)* where cg = 1 ((1 +)3). Then by Lemma 3.3 we

have

(5), - (@Y oy (5) (LY e (4) () (1)

(3.1)

and similarly

(F-e e (0,605, e

By Equations (3.1) and (3.2), it is equivalent to show that

(1) e (d) <i>s<1+i>t:(_1)1\lc41_Nd;1 (d’) (¢/>8<1+/¢)t(_1)tzv<cé1d’>'
0/, d 4 d 4 €0/ 4 d 4 d 4

(3.3)




Let d = a + bi, then since d = d’' (8), there exists integers k, [ such that

d' = (a+ 8k) + (b+ 8l)i. Thus we have

Nd—-1 Nd-1

a’ + b? B (a+ 8k)? + (b + 81)?

4 4 N 4 4

16ak + 64k% + 16bl + 641>
B 4
= —(4ak + 16Kk* 4 4bl + 161%),

which is divisible by 2, so ¥ ‘fl_l and & dzi_l have the same parity, and con-

sequently

And since d = d’ (cp), we have

(@)= ().

Furthermore, by Lemma 3.4 we have

7 3a—3 3a—3 3(a+8k)—3 7
<> R e () .
d 4 d 4

(3.6)

By comparing Equation (3.3) with Equations (3.4), (3.5), and (3.6), we only

need to show that

(1Y (L) g
d 4 d 4

By Lemma 3.5, we have
1+ La—b—b2_1
4
d /4

(1 + 2> (a+8k)—(b+81)— (b+81)2 1
4

I
-~

and

g 4
& !

_ e (k) - a(bl-412)

_ <1;i>4(—1)’”.




Therefore,

1 + 7/ _ ) (_1)71€+l
da ), a ),
1 + Z k‘2 12
- (e
4
1414 (=8k)2+(=80)2
= d/ (— 64
4
<1 + z) N(d—d')
= n — 64 s
dJ,
1+i\¢ 143\ ¢ Nd—d’) -
and consequently (T) A= ( 7 ) 4 (—=1)*~1 . This completes the proof of
this lemma. O

Proof of Theorem 8.1. We prove the theorem by showing that 4 is multi-
plicative on I'(y ;)x for k = 4 but not for k = 3.

a /8 a/ /8/
When k£ =4, let g = ( v 6 >,g’: < Y ) EF(1+i)4,andg”:

a// B// _ a// /8// 6/ _ﬂ/
99’ = < N ) Then g = ¢"(g") P = ( N o . By
comparing the matrices on both sides of the equation above, we have

N = 7//5/ _ 5//7/_ (3.7)

Let 01 be any greatest common divisor of ¢’ and §”. Since that §' = §” =
1 ((1+4)%) and that (1 +14) | (1 + )3, we have & = 6" =1 (1 + i), and
therefore (1 + ¢) does not divide ;. Thus we can pick the associate 6 of 6y
such that § = 1 ((1+4)3). Denote &' = &30 and §” = 530, then since 6 | &', 5",
we have 0 | 76" — 6"y = . Let v = 706, then (3.7) can be rewritten as

Y00 = "800 — 6470,
which implies
o =~"8y — 847 (3.8)
Thus we have
,7// 7// ,7// 7// 56 5(/) -1 ,Y// Y 5(/) -1 ’7”
#).- o), (7).~ (%), (), (5).- (), (&), (%),
(3.9)
in which the last equality holds because by (3.8) we have o = ~v"( (6() and

,Yl/(;/
consequently (5—,,0> = (%) .
0 4 0/4

11



Now we check that d = §(,d = §¢), and ¢ = 7 satisfy the conditions of
Lemma 3.6:

1. Since §" = §6' + v8' = 60’ (yB') and (1 +14)% | v, 3, we have §" =
60" ((1+414)%), namely 646 = 5640 ((1+4)%). And since we have picked
6 such that § = 1 ((1+4)3), we have ged(6, (1+14)%) = 1, and therefore
5 = 66) ((1+14)5).

2. Since " = §0 and 6" = 0 = 1 ((1+4)3), we must have 5 = 1 ((1+4)3).
And since (1 +1)3 | 8 — §6f, we also have 66y = 1 ((1 +1)3).

3. Furthermore, since the equation 6” = §8’ + v3’ can be rewritten as
500 = 06,0 + 003, we have §160 = 05(,0 (7o), and consequently o; =
665 (70)-

Now that d = d(, d’ = 04(), and ¢ = ~ satisty all the conditions of Lemma 3.6,
N(s{ —5680) N (8 —880)
we have (67—(,)9)4 = (%)4 (—l)ordlﬂ'(%) —%r 2 — (%0)4 (%)4 (_1)0rd1+i(vo)7°64 0

so (3.9) can be rewritten as

l// — (L 10 5—6 B l” _ Ord1+i(’Yo)N(66/7666)
(5”>4_<5>4<5()>4<5g AN 4( 1) o . (3.10)

N(sH —560)
In fact, the term (—1)°"41+:(%0) =6 can be dropped becase we have a

stronger result than the condition 1 above. Since §” = §§' +~5' = 68’ (v3')
and (1 +14)* | 7,8, we have §" = 68 ((1 +4)®), namely 550 = 5640 ((1 +
i)®).  And since we have picked @ such that § = 1 ((1 + 4)®), we have
ged(9, (1 +4)®) = 1, and therefore & = §6) ((1 +)®). This implies that
16 = (141)8 | 6 — 65}, 50 256 | N (8, — 66}), and therefore %%

N(8{ —580)
Consequently, (—1)°di+i(70) S =1

is even.

12



Using (3.8) again we have vg = =403+ (d(), thus

1
Ki(g") = g,,)
4

D). (Do

,Y// ( ) N§j—1 N§j -1 N&j—1
s -1 :
0

4 (—1) 4 4

4
/ ! " _
57 N3G 1(1\7551 1+1)

(7).

" / N&l/—1 N&\—

(we have (?B) = <§9,> (-1)" 4 - 1by Lemma 3.3)
0 0/4

(%) o™

7 =000 + 67 = v (0)
7’) (_1)N6§—1(N6§—1+1)
4

~ > (_1)N6371(N6é;1+1)(_1) Nifl.Nifl
4

( a3
(AR,
<

/ /1 "_
09) <7> (_I)ng 1(N6(i 1+1)(_1)N6‘;1‘#
4 4

5 500
_( v N NOGot gy Ne—1 Ne—t
- () ey
N&h—1 N&— _ _
= Kailg)Ka(g))(—1) (A (L) M A (3.11)

Note that since 6 = 1 ((1 + 4)%), N‘i_l is even, and therefore the term

N§—1 No—1 . ! — S — N3
(—1) 4 1 can be dropped. Furthermore, since o = ) = 1 ((1 +14)°)
and &) = &) (1 +14)b), % an NT% have the same parity. Therefore

13



exact}v}g ?nlseolf N(S?L_l and (Néi_l + 1) is even, and consequently the term

(=1)74 1 can be dropped. Now we have

Ka(g") = Ka(9)Ka(g'),

thus K4 is multiplicative for k& = 4.
To conclude the proof, we propose a counterexample to show that Iy is
1 147 2 41
not multiplicative for £ = 3. Consider the matrices g = < ) Z ’ g i ; ! >

19+ 67 68 + 32¢
A 15 + 2 ) Although g, ¢’ € F(1+i)37 we have IC4(g)IC4(g’) =

(—=1)- (1) =1 # —1 = K4(9¢'). Thus k = 4 is the minimum value of k
such that K4 is multiplicative. O

and ¢’ =

4 Caseofn=4m=2

In this section we consider the case that n = 4 and m = 2. As we will
show in Theorem 4.1, we can pick a better level of M than in the case of
n = m = 4 so that the Kubota symbol is multiplicative.

Theorem 4.1. The minimum value of k such that Ka(gg') = Ka(9)K2(g)
for all g,g" € T'(144yr 18 k= 3.

To prove this theorem, we need the fact that in D4 the quadratic Kubota
symbol K is the square of the quadratic Kubota symbol ICy.

Lemma 4.2. For every g € (144, Ka(g) = Ka(g)?.

Proof. First note that in D, the quadratic residue symbol is the square of the
quartic residue symbol. Let o be any element in D4 and 7 be any primary
prime in Dy. If 7 1 «, let (%)4 = i', then since the element (—1)* in s
satisfies that (—1)! = (i*)? = (%)i = (T )2=a"% (r), we must have
(2),=(-1)= (%)i If | a, then clearly we have (), =0=0? = (%)i
Thus in D4 the quadratic residue symbol is the square of the quartic residue

symbol.
For each g = < @
~y

5 ) € I'(144), let mma -+ m, be the prime factoriza-
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tion of 4. Then by the above property,

o = (9),

O

Proof of Theorem 4.1. By Lemma 4.2, it is equivalent to show that 3 is the
least value of k such that K4(g9')* = Ka(g)*Ka(g')? for all g,¢" € T (144
In the proof of Theorem 3.1, we showed in Equation (3.11) that for all

a a/ / a// /!
T S T e
Né—1 NO—1
4

/ "
Nép—1,Nog—1
4

Ki(gg') = Ka(g)Ka(g') (1)1 a0 (-1) ;

where 6 is a greatest common divisor of 6’ and ¢” such that § = 1 ((1+1)3),
and §)), & are such that &' = 640, ” = 6)6. Note that during the process of
deriving Equation (3.11), we have only used the fact that g,g" € T'(1443 D
['(144)1, except in the paragraph after Equation (3.10) we used the fact that

d N(3(—85()
99" € T'(344)s to drop the term (—1)°" 1+:(10) =67 in the right hand side of
Equation (3.10). Therefore, Equation (3.11) would be true for g, ¢’ € L1443

N(8(—85())

if the term (—1)°"91+:(00)="6 " is added in the right hand side, namely

Kalgg) = Ka(g)Kalg) (1) O M Cpperdon T
(4.1)

is true for g, 9" € T'(1443-
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By squaring both sides of Equation (4.1), we have

Nop—1 N56'—1+1) Né—1 No-1

Kalag? = (Kato)ala(-1) "4 N (o)

/ 1"
Néyg—1 Ny —1

= ’C4(9)2]C4(9/)2 A (D) R qordini (h0) =
= Ka(9)*Ka(g")?,
thus Ko is multiplicative on F(l—&—i):“ O

5 Caseofn=m=28

To study the case of n = 8, it would be convenient if we can form the octic
reciprocity law first. In this section, we denote (g, the primitive octic root
of 1, as 6.

Theorem 5.1. The greatest value of k such that the natural homomorphism
D& — (Ds/((1 - 0)*Dg))* is surjective is k = 5.

Proof. Since 1—6 is a prime in Dg and N(1—6) = 2, there are (1—3)-2% =
2F=1 elements in (Dg/((1 — 0)*Dg))*.

On the other hand, the units of D¢ are precisely the elements of the
form 0%(6 4+ 6~ — 1)® where 0 < a < 7,b € Z. Therefore, the range of the
natural homomorphism is the set {6¢(0 +6-1—1)* |0<a <7,0<b< B}
where B is the least positive integer such that {#2(6 +60-1 — 1) |0 < a <
7,0<b<B}={02(0+6"1—-1)[0<a<T7,0<b<B+1}

We ran the following sage program,

k.<theta> = CyclotomicField(8)
uO=theta+theta~7-1

for pow in range(1,21):
rc=[]
i=0
newUnits=true
while (newUnits==true):
newUnits=false
for j in range(0,8):
newRes=true
m=0
u=u0~i*theta”j
while(newRes==true and m<len(rc)):
if ((u-rc[m])/((1-theta) “pow)).is_integral():
newRes=false
m+=1
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if (newRes==true):
rc.append(u0~i*theta”j)
newUnits=true

i+=1

print len(rc), "of the", 2~ (pow-1),"units of (D_8 / ((1-theta)"", pow, "D_8\))"X occurred."

and obtained the following result:
elements of (Dg/((1 — 0)*Dg))*

k ‘(Dg/((l — 0)*Dg))* ‘ in the range of the homomorphism
1 1 1

2 2 2

3 4 4

4 8 8

5 16 16
6 32 16
7 64 32
8 128 32
9 256 32
10 512 32
11 1024 64
12 2048 64
13 4096 64
14 8192 64
15 16384 128
16 32768 128
17 65536 128
18 131072 128
19 262144 256
20 524288 256

Thus k = 5 is the greatest value of k such that the natural homomor-
phism Dg — (Ds/((1 — 0)kDg))* is surjective. O

Hypothesis 5.2. The minimum value of k such that (%) = (%) for all
primes 7, p € Dg satisfying m = p =1 (1 — 0)F) is k = 8, where () is the
octic residue symbol.

Reasoning. For each k =1,2,..., we generate the set Sy of all primes in Dg
which are congruent to 1 modulo (1 — 6)* with norms less than 40000, then
we randomly pick 100 pairs of primes m, p from S, and observe the number

of pairs of primes m, p satisfying that % = (%) g- This is done through

the following sage program:
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k.<theta> = CyclotomicField(8)

def gm(a, b, c, d):
return matrix(2, [a,b,c,d])

def kubota(matr):
return symbol(matr([1][0], matr[1][1])

def factorization(g):
return [[x[0].gens_reduced() [0], x[1]] for x in k.factor(g)]

def symbol(a, b):
return prod(primesymbol (k(a),gen) “mult for [gen,mult] in factorization(k(b)))

def primesymbol(a,p):
for x in [1,theta,theta”2,theta”3,theta”4,theta”5,theta”6,theta”7]:
if ((a” ((norm(k(p))-1)/8)-x)/p) .is_integral():
return x

def kprimes(n):
return flatten([[y[0] for y in factorization(x)] for x in list(primes(n))])

def kprimesmall(n):
v = kprimes(n)
w =[]
for i in range(0,len(v)):
if (norm(v[i]) <= n):
w.append(v[i])
return w

def isprime(a):
if (len(factorization(a))==1 and factorization(a)[0][1]==1):
return true
return false

maxnorm = 40000
minpow = 1
maxpow = 10
samples = 100
maxFailedC = 0
maxFailedD = 0
w=kprimesmall (maxnorm)
print "(power, primary primes, samples, samples that reciprocity holds, success rate %)"
for pow in range(minpow,maxpow+1) :
primaryprimes = []
for i in range(0,len(w)):
if ((w[i]-1)/((1-theta) "pow)).is_integral():
primaryprimes.append(w[i])
if (len(primaryprimes)>=10):
succ=0
for i in range(0,samples):
¢ = primaryprimes[ZZ(ntl.ZZ_random(len(primaryprimes)))]
d = primaryprimes[ZZ(ntl.ZZ_random(len(primaryprimes)))]
if (primesymbol (c,d)==primesymbol(d,c)):
succ+=1
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else:
maxFailedC c
maxFailedD d
print (pow,len(primaryprimes),samples,succ,100.0*succ/samples)
print (maxFailedC, maxFailedD)

We obtained the following result:
pairs of m, p pairs of m, p such that probability that

k  |Sk| picked from S (%)8 = (%)8 (%)8 = (%)8
1 4190 100 14 14%
2 2058 100 14 14%
3 1030 100 15 15%
4 518 100 36 36%
5 253 100 40 40%
6 142 100 57 57%
7 70 100 69 69%
8 34 100 100 100%
9 16 100 100 100%
10 14 100 100 100%

When k = 7, there exist counterexamples, e.g. when 7 = —26° — 26241060+
3,p = —6603+20% — 100 + 3 we have (%)8 =07 #4603 = (%)8. On the other

hand, all 300 samples of 7, p chosen when k > 8 satisfy that (%)8 = (ﬁ)s.
Thus we conjecture that the octic reciprocity law holds for primes congruent
to 1 modulo (1 — 6)8. O
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